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Measuring zVtd /Vubz „5sin g/sin b within the SM … through B˜M nn̄ „M 5p,K,r,K* … decays
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We propose a new method for the precise determination ofuVtd /Vubu from the ratios of branching ratios

B(B→rnn̄)/B(B→r ln) andB(B→pnn̄)/B(B→p ln). These ratios depend only on the ratio of the Cabibbo-
Kobayashi-Maskawa~CKM! elementsuVtd /Vubu with little theoretical uncertainty, when very small isospin
breaking effects are neglected. As is well known,uVtd /Vubu equals (sing/sinb) for the CKM version ofCP
violation within the standard model. We also give in detail analytical and numerical results on the differential

decay width dG(B→K* nn̄)/dq2 and the ratio of the differential ratesdB(B→rnn̄)/dq2/

dB(B→K* nn̄)/dq2 as well asB(B→rnn̄)/B(B→K* nn̄) andB(B→pnn̄)/B(B→Knn̄).
@S0556-2821~98!00513-X#
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I. INTRODUCTION

The determination of the elements of the Cabibb
Kobayashi-Maskawa~CKM! matrix is one of the most im-
portant issues of quark flavor physics. The precise dete
nation of Vtd and Vub elements has a principal meanin
since they are closely related to the origin ofCP violation in
the CKM version ofCP violation within the standard mode
~SM!. Furthermore, the accurate knowledge of these ma
elements can be useful in relating them to the ferm
masses and also in searches for hints of new physics be
the SM. Therefore, strategies for the accurate determina
of Vtd and Vub are urgently required. In the existing litera
ture, we can find proposals of different methods for the p
cise determination ofVub andVtd from inclusive and exclu-
sive, semileptonic and nonleptonic decays of theB meson
~see@1# for a recent review!.

The quantityuVub /Vcbu has been historically measured b
looking at the end point of the inclusive lepton spectrum
semileptonicB decays, or from the exclusive semilepton
decaysB→r ln. It has been suggested that the measurem
of the hadronic invariant mass spectrum@2,3# as well as had-
ronic energy spectrum@4# in the inclusiveB→Xc(u)ln de-
cays can be useful in extractinguVubu with better theoretical
understanding. The measurement of the ratiouVub /Vtsu from
the differential decay widths of the processesB→r ln and
B→K* l l̄ by using SU~3!-flavor symmetry and heavy quar
symmetry has also been proposed@5#. There has also bee
recent theoretical progress on the exclusiveb→u semilep-
tonic decay form factors using heavy quark effective the
~HQET! based scaling laws to extrapolate the form fact
from semileptonicD meson decays@6#. The elementVtd can
be extracted indirectly fromBd-Bd mixing. However, in
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Bd-Bd mixing the large uncertainty of hadronic matrix el
ments prevents one from extractingVtd with good accuracy.
A better extraction ofuVtd /Vtsu can be made ifBs-Bs mixing
is measured as well, since the ratio (f Bd

2 BBd
)/( f Bs

2 BBs
) can be

determined much better. Another method to determ
uVtd /Vtsu comes from the analysis of the invariant dilepto
mass distributions ofB→Xd,sl

1l 2 decays@7#. An interesting
strategy for measuringuVtd /Vusu was proposed in@8#, which
uses isospin symmetry to relate the decayK1→p1nn̄ to the
well measured decayK1→p0ln.

We propose a new method to determine the ra
uVtd /Vubu from an analysis of exclusiveB→Mnn̄ decays,
whereM means pseudoscalarp,K and vectorr,K* mesons.
The inclusiveB→Xqnn̄ decay is theoretically very clean be
cause of the absence of any long distance effects and
small QCD corrections (;3%) @1,9#, and is therefore prac
tically free from the scale (m) dependence. However, in spit
of such theoretical advantages, it would be very difficult
detect this inclusive decay in experiments because the
state contains two missing neutrinos and~many! hadrons.

This paper is organized as follows. In Sec. II we give t
necessary theoretical framework to describeB→Mnn̄ de-
cays. In Sec. III we study the ratios of branching fraction

B~B→rnn̄!/B~B→r ln! and B~B→pnn̄!/B~B→p ln!.

We also study theq2 dependence of the differential deca
rate ofB→K* nn̄, and the ratio of the differential decay rate

dG~B→rnn̄!

dq2 Y dG~B→K* nn̄!

dq2
,

as well as B(B→rnn̄)/B(B→K* nn̄) and B(B
→pnn̄)/B(B→Knn̄). Section IV is devoted to a discussio
of our results and conclusion.
© 1998 The American Physical Society03-1
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II. THEORY OF B˜M nn̄ „M 5p,K,r,K* … DECAYS

In the standard model~SM!, the processB→Mnn̄ is de-
scribed at quark level by theb→qnn̄ transition, and receives
contributions from Z-penguin and box diagrams, whe
dominant contributions come from intermediate top quar
The effective Hamiltonian responsible forb→qnn̄ decays is
described by only one Wilson coefficient, namelyC10

n , and
its explicit form is

He f f5
GFa

2pA2
C10

n ~VtbVtq* !q̄gm~12g5!bn̄gm~12g5!n, ~1!

whereGF is the Fermi constant,a is the fine structure con
stant~at theZ mass scale!, andVi j are elements of the CKM
matrix. In Eq.~1!, the Wilson coefficientC10

n has the follow-
ing form, includingO(as) corrections:

C10
n 5X~xt!/sin2uw , ~2!

where

X~xt!5X0~xt!1 ~as/4p! X1~xt!. ~3!

In Eq. ~3!,

X0~xt!5
xt

8Fxt12

xt21
1

3xt26

~xt21!2
ln~xt!G

is the Inami-Lim function@10#, and

X1~xt!5
4xt

325xt
2223xt

3~xt21!2
2

xt
41xt

3211xt
21xt

~xt21!3
ln~xt!

1
xt

42xt
324xt

228xt

2~xt21!3
ln2~xt!

1
xt

324xt

~xt21!2
Li 2~12xt!18xt

]X0~xt!

]xt
ln~xm!,

where

Li2~12xt!5E
1

xt
dt

ln~ t !

12t

is the Spence function, andxt5mt
2/mW

2 , and xm

5m2/mW
2 . Here m describes the scale dependence wh

leading QCD corrections are taken into account. The te
X1(xt) is calculated in Ref.@9#. The presence of only on
operator in the effective Hamiltonian makes the procesb

→qnn̄ very attractive, because the estimated theoretical
certainty is related only to the value of the Wilson coefficie
C10

n ~i.e., the uncertainty due to the top quark mass!, which is
well under control. Another favorable property of this dec
is the absence of any long distance effects, which make
b→ql1l 2 process on the other hand considerably m
01300
.
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complicated. In spite of such theoretical advantages, in p
tice the inclusive channelB→Xqnn̄ would be very difficult
to detect in experiments.

At this point we consider the problem of computing th
matrix elements of the effective Hamiltonian~1! betweenB
andM states. This problem is related to the nonperturbat
sector of QCD, and it can be solved only by using nonp
turbative methods. The matrix element^M uHe f fuB& has been
investigated through different approaches, such as chiral
turbation theory@11#, three point QCD sum rules@12#, rela-
tivistic quark model by the light front formalism@13#, effec-
tive heavy quark theory@14#, light-cone QCD sum rules
@15–17#, etc.

The hadronic matrix elements forB→Pnn̄ (P is a pseu-
doscalar meson,p or K) decays can be parametrized
terms of the form factorsf 1

P (q2) and f 2
P (q2):

^P~p2!uq̄gm~12g5!buB~p1!&5pm f 1
P ~q2!1qm f 2

P ~q2!, ~4!

where p5p11p2 and q5p12p2. For B→Vnn̄ (V is the
vectorr or K* meson! decays, the hadronic matrix eleme
can be written in terms of five form factors:

^V~p2 ,«!uq̄gm~12g5!buB~p1!&

52«mnab«* np2
aqb

2V~q2!

mB1mV
2 i F«m* ~mB1mV!A1~q2!

2~«* q!~p11p2!m

A2~q2!

mB1mV

2qm~«* q!
2mV

q2
„A3~q2!2A0~q2!…G ~5!

with the condition

A3~q250!5A0~q250!. ~6!

Note that after using the equations of motion the form fac
A3(q2) can be written as a linear combination of the for
factorsA1 andA2 ~for more details see the first reference
@12#!:

A3~q2!5
1

2mV
@~mB1mV!A1~q2!2~mB2mV!A2~q2!#. ~7!

In Eq. ~5!, «m , p2 , andmV are the polarization 4-vector
4-momentum, and mass of the vector particle, respectiv
Using Eqs.~1!, ~4!, and~5!, and after performing summatio
over vector meson polarization and taking into account
number of light neutrinosNn53, we have

dG

dq2
~B6→P6nn̄!5

GF
2a2

28p5
uVtqVtb* u2l3/2~1,r P ,s!

3mB
3 uC10

n u2u f p
1~q2!u2 ~8!

and
3-2
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dG

dq2
~B6→V6nn̄!5

GF
2a2

210p5
uVtqVtb* u2l1/2~1,r V ,s!mB

3 uC10
n u2

3S 8ls
V2

~11Ar V!2

1
1

r V
Fl2

A2
2

~11Ar V!2

1~11Ar V!2~l112r Vs!A1
2

22l~12r V2s!Re~A1A2!G D . ~9!

In Eqs. ~8! and ~9!, l(1,r M ,s) is the usual triangle func
tion l(1,r M ,s)511r M

2 1s222r M22s22r Ms with r M

5 mM
2 /mB

2 , s5 q2/mB
2 .

Similarly, calculations for theB6→M0e6n decay lead to

dG

dq2
~B6→P0e6n!

5
GF

2

192 p3
uVqbu2l3/2~1,r P ,s!mB

3 u f p
1~q2!u2, ~10!

dG

dq2
~B6→V0e6n!

5
GF

2 uVqbu2l1/2mB
3

768p3 S 8ls
V2

~11Ar V!2
1

1

r V

3Fl2
A2

2

~11Ar V!2
1~11Ar V!2~l112r Vs!A1

2

22l~12r V2s!Re~A1A2!G D . ~11!

III. NUMERICAL ANALYSIS

In deriving Eqs.~8!–~11!, we set the masses ofM 1 and
M0 equal and the electron mass is neglected. Using iso
symmetry the branching ratio forB6→r6n̄n can be related
to that forB6→r0ēn. It is clear that their ratio is indepen
dent of form factors, i.e., free of hadronic long-distance u
certainties in the limitmr65mr0. Corrections to the stric
isospin symmetry, which come from phase space factors
to the difference of masses ofr6 andr0, isospin violation in
the B→r form factors and electromagnetic radiative corre
tions to theb→qen transition, are all small. In the following
discussions we shall neglect these small isospin viola
effects. Also note that these corrections forK→p transition
have been calculated in@18# and found to be small,;5%.

Now we relate the branching ratioB(B6→r6n̄n) with
B(B6→r0e6n). From Eqs.~9! and ~11!, we have
01300
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B~B6→r6n̄n!

B~B6→r0e6n!
56

a2

4p2
uC10

n u2UVtd

Vub
U2

. ~12!

Here the numerical factor 6 comes from the number of lig
neutrinos, and isospin symmetry relation between the fo
factors ofB6→r6 and B6→r0. In Eq. ~12!, we also put
uVtbu51. From Eq.~12!, we get

UVtd

Vub
U2

5
1

6C

Bexp~B6→r6nn̄!

Bexp~B6→r0e6n!
5S sin g

sin b D 2

, ~13!

whereC5(a2/4p2)uC10
n u2.

The second relation in Eq.~13! holds only for the CKM
version ofCP violation within the SM.

From Eq.~13!, we can see that measurements of the ra
of the branching fractions allow us to determine the ratio
sing and sinb. Up to now,1 various methods for measurin
each angle separately have been proposed, e.g., the anb
will be measured fromB→J/cKs decay with high accuracy
and angleg is from the chargedB decayB6→DK6 with
larger uncertainty. As follows from Eq.~13!, one can mea-
sure the angleg with small theoretical uncertainty, if sinb is
measured independently with high accuracy. The follow
relations will also be useful for extracting the phase angleg
precisely:

B~B0→r0nn̄!

B~B0→r6e7n!
5

3

2S sin g

sin b D 2

C, ~14!

B~B6→p6nn̄!

B~B6→p0e6n̄ !
56S sin g

sin b D 2

C, ~15!

B~B0→p0nn̄!

B~B0→p6e7n!
5

3

2S sin g

sin b D 2

C, ~16!

B~B6→K* 6nn̄!

B~B6→r0e6n!
'6UVts

Vub
U2

C. ~17!

In derivation ~14!–~17!, we assumed that the mass
charged and neutral final states mesons are equal.

Now we consider the differential decay width
(dG/dq2)(B→r,K* 1n1 n̄). For the hadronic form factors
we have used the results of the works@15–17#, i.e., the
monopole type form factors based on light cone QCD s
rules. The values of the form factors atq250 are~see also
Ref. @20#!

A1
B→K* ~0!50.3660.05,

A2
B→K* ~0!50.4060.05,

1See also the recent work@19# on the simultaneous determinatio
of sina and sing from Bd,s

0 →K,p decays.
3-3
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T. M. ALIEV AND C. S. KIM PHYSICAL REVIEW D 58 013003
VB→K* ~0!50.4560.08,

A1
B→r~0!50.3060.05,

A2
B→r~0!50.32560.05,

VB→r~0!50.3760.07,

f 1
B→K~0!50.2960.05,

f 1
B→p~0!50.3260.05. ~18!

A few words about error analysis in the differential dec
rates and their ratios are in order. In both cases the er
which come from different form factors are added quardr
cally since they are theoretically independent of each ot
Note also that all errors, which come from the uncertaint
of the b quark mass, the Borel parameter variation, wa
functions, non-inclusion of higher twists and radiative co
rections, are added in quadrature. The uncertainty in the r
is estimated as the half distance between the maximum
minimum values of the ratio.

In Fig. 1 we present the differential decay wid
dG/ds(B→K* nn̄) as a function of the normalized mome
tum transfer square,s[q2/mB

2. In Fig. 2 we show theq2

dependence of the ratio of the differential decay ratesB

→rnn̄ and B→K* nn̄, normalized touVtd /Vtsu2. In these
figures, dotted and dash-dotted curves correspond to
cases when the uncertainty is added and subtracted from
central values of all form factors, respectively. For the c
tral solid curve we use the central values of form factors.
note that the errors in the differential decay width of Fig
due to the form factors uncertainties are about;620%.
However, the errors in the ratio of Fig. 2 are reduced to ab
;610%. We conclude that even though the errors fr
uncertainties of the form factors for each channel are s
stantial, those in the corresponding ratio are comparativ
small, and that for precise determination of the elements
the CKM matrix the investigation of the corresponding ra

FIG. 1. Differential decay width (dG/ds)(B→K* nn̄) as a func-
tion of the normalized momentum transfer square,s[q2/mB

2, in
units of @8.84310218 (uVtbVts* u/0.045)2# GeV. Dotted and dash
dotted curves correspond to the cases when the uncertainty is a
and subtracted from the central values of all form factors, resp
tively.
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is very suitable. We also note that the uncertainties for
main results, Eqs.~12!–~16!, where we only assume flavo
SU~2! ~isospin!, should be even much smaller than th
shown in Fig. 2, since there we had to assume flavor SU~3!
symmetry.

For completeness we present the integrated value for
branching fractions ofB→K* nn̄ andB→Knn̄ as well as the
value of the ratio B(B→rnn̄)/B(B→K* nn̄) and B(B
→pnn̄)/B(B→Knn̄):

B~B→K* nn̄!51.73~160.16!31025UVtsVtb

0.045U
2

,

B~B→rnn̄!

B~B→K* nn̄!
50.523~160.1!UVtd

Vts
U2

,

B~B→Knn̄!57.83~160.25!31026UVtsVtb

0.045U
2

,

B~B→pnn̄!

B~B→Knn̄!
51.293~160.2!UVtd

Vts
U2

. ~19!

The values of the main input parameters, which appear in
expressions for the decay widths, aremb5(4.8
60.1) GeV, mr'0.77 GeV, mK* 50.892 GeV. For the
B meson lifetime, we take t(Bd)
51.56310212 sec@21#.

IV. DISCUSSIONS AND CONCLUSIONS

We proposed a new method for the precise determina
of uVtd /Vubu from the ratios of the branching fractions

Rr5
B~B→rnn̄!

B~B→rne!
and Rp5

B~B→pnn̄!

B~B→pen!
.

As is well known, each partial decay width depends ve
strongly on hadronic form factors. However, as also sho
in Eqs.~9!–~13!, these ratios,Rr ,Rp , are free of any had-
ronic uncertainties, if small isospin breaking effects are

ded
c-

FIG. 2. Ratio of the differential decay ratesB→rnn̄ and B

→K* nn̄, in units of uVtd /Vtsu2, as a function of the normalized
momentum transfer square,s[q2/mB

2.
3-4
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glected. Measurements ofRr,p allow us to determine
uVtd /Vubu with little theoretical error, which equal
(sing/sinb) for the CKM version ofCP violation within the
standard model. Therefore,Rr,p measures a relation be
tween two different phases angles, which can be meas
separately by experiments. We also found that each ex
sive channelB→(K,K* ,r,p)nn̄ has rather large theoretica
uncertainties due to the unknown hadronic form factors,
shown in Fig. 1. In order to reduce these uncertainties
have considered the ratio of the corresponding exclus
channels, e.g. (B→rnn̄)/(B→K* nn̄), as shown in Fig. 2.

A few words about experimental statistics for detecti
the B→rnn̄ decay follow: Future symmetric and asymme
ric B factories should produce much more than;109 B-B̄
mesons by the year 2010. With 109 B mesons effectively
reconstructed, the number of expected events forB6

→r6nn̄ channel is N[B(B→rnn̄)3109;100

@and N(B→K* nn̄);23104#. And the statistically esti-
mated error forB→rnn̄ decay is approximately 1/AN
ys

r-
ad

,

d

B
all
o

01300
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' 1/10510%. We argue that within the next decade t

decay channelB6→r6nn̄ has a good chance for being d
tected in futureB factories. Note that the inclusive channe

B→Xd,snn̄ are also free of any theoretical uncertaintie
However, measuring inclusive channels in experime
would be very difficult because of the two missing neutrin
and ~many! hadrons.
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