
RAPID COMMUNICATIONS

PHYSICAL REVIEW D 15 JUNE 1998VOLUME 57, NUMBER 12
Origin of structure in supersymmetric quantum cosmology

P. Vargas Moniz*
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Can the imprint of an early supersymmetric quantum cosmological epoch be present in our cosmological
observations? Addressing this question is the precise purpose of this paper. Perturbations about a supersym-
metric Friedmann-Robertson-Walker FRW model are introduced, in particular by expanding scalar and fermi-
onic fields in adequate harmonics inS3. The homogeneous and isotropic degrees of freedom are treated
exactly, while the others are considered up to quartic order. A set of quantum states is then obtained by
employing the supersymmetry and Lorentz constraint equations of this model. Finally, a particular quantum
state which has properties typical of the conventional no-boundary~Hartle-Hawking! solution is identified. Its
relevance towards a scale-free spectrum of density perturbations is then discussed.@S0556-2821~98!50512-7#

PACS number~s!: 98.80.Hw, 04.60.Kz, 11.30.Pb, 98.80.Cq
ce
uc
e
o
s
sl
’
s

em
nd
ifi
t-
ic

o
-
g
ta

vi
m
rl
rie

le
e
e

ly
tu

er

es
y

se

the
t
se-
any

ple
s.
ym-

on-

n-
i-

the

nd

nd

-

TC
R

The objective of this paper is to establishif andhow the
inclusion of supersymmetry in a quantum cosmological s
nario @1–3# can lead to a scale-free spectrum of density fl
tuations. We will construct here a model that describes p
turbations about a supersymmetric Friedmann-Roberts
Walker ~FRW! minisuperspace with complex scalar field
By doing so, we will advance some of the ideas previou
presented in Refs.@1,2# towards an ‘‘observational context.’

To be more precise, most of the previous research in
persymmetric quantum cosmology~SQC! was aimed at find-
ing quantum states and overcoming consistency probl
~see Ref.@1#!. No plausible attempt was ever made to fi
new quantum states which would have a physical sign
cance regarding~i! a period of evolution from supersymme
ric quantum gravitational physics towards a semiclass
stage, together with~ii ! identifying the existence of any
quantum state associated to structure formation,~iii ! fol-
lowed by establishing how does conventional quantum c
mology harmonize into this picture,~iv! and hence, deter
mining if a path from supersymmetric quantum cosmolo
physics down to a classical level can be consistently es
lished.
This paper reports on what is a response regarding~ii ! above.

In addition, we are also endorsing quantum supergra
@4,5# as an adequate and more attractive low-energy li
theory. In particular, concerning the study of the very ea
Universe, instead of using standard gravitational theo
with matter fields, butno supersymmetry@6#.

Our approach is further based in two fundamental e
ments. First, we subscribe to the idea that the presenc
supersymmetry in a quantum universe constitutes an elem
of the most value. SQC is a framework which is entire
devoted to describe the very early Universe, when quan
gravity effects and supersymmetry areboth dominant. This
contrasts with conventional quantum cosmology, wh
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quantum gravity is present, butnot supersymmetry. Within
this point of view, either~a! supersymmetry has beenen-
tirely broken, while quantum gravity prevalence continu
afterwards, or then,~b! conventional quantum cosmolog
simply constitutes acoarse graineddescription. In particular,
extracted from SQC with some ‘‘averaging’’ process, who
physical justification is yet to be established.

Secondly, our research is based in thatN51 supergravity
@4,5# constitutes a ‘‘square-root’’ of gravity@7#. This means
that in finding a physical stateC, it may be sufficient to
solve the Lorentz and supersymmetry constraints of
theory. In fact, the algebra of constraints then implies thaC
will consequently obey the Hamiltonian constraints. Con
quently, this interesting property has been explored in m
quantum cosmological cases: see Refs.@1,8–10#, where the
supersymmetry and Lorentz constraints conducted to sim
first-order differential equations in the bosonic variable
This advantage contrasts with the situation in nonsupers
metric quantum cosmology: asecond-orderWheeler-DeWitt
equation has to be solved, employing specific boundary c
ditions @6,11,12#.

The action for our model is then retrieved from the ge
eral action ofN51 of supergravity with scalar supermult
plets, as represented in Eq.~25.12! of Ref. @5#. Our back-
ground supersymmetric minisuperspace is constituted by

gravitational field, which is represented by a tetradem
AA8

5em
a sa

AA8 ~in two-spinor notation!, where@1,2#

eam5S N~ t ! 0

0 a~ t !Eâi
D , ~1!

with â and i run from 1 to 3,Eâi is a basis of left-invariant

1-forms on the unitS3 and N(t), a(t), sa
AA8 (A50,1) de-

note, respectively, the lapse function, scale factor, a
Infeld-Van der Warden symbols@4,5,2#. In addition, we also
have the gravitinos which must have the form~see Refs.@1,
2#!

cA
i5eAA8

i c̄A8~ t !, c̄A8
i5eAA8

icA~ t !, ~2!

where cA ,c̄A8 constitute time-dependent spinor fields a

c0
A(t),c̄0

A8(t) are Lagrange multipliers. A set of time

-
.
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dependent complex scalar fields,f,f̄, and their fermionic
superpartners,xA(t),x̄A8(t) are also included. Finally, we
choose a flat Ka¨hler manifold for the scalar fields.

As far as the perturbations about the background min
perspace are concerned, we take the scalar fields as

F~xi ,t !5f~ t !1Snlmf n
lm~ t !Qlm

n ~xi !, ~3!

together with its complex conjugate, where the coefficie
f n

lm , f̄ n
lm are functions of the time coordinatet and Qlm

n are
standard scalar spherical harmonics onS3, xi are coordinates
on the three-sphere, and withn51,2,3 . . . , l 50, . . . ,n21,
m52 l , . . . ,l @13#. The fermionic superpartners are e
panded as@14#

XA~xi ,t !5xA~ t !1a23/2Smpqbm
pq@smp~ t !rA

nq~xi !

1 t̄ mp~ t !t̄A
mq~xi !#, ~4!

together with its Hermitian conjugate, withm51, . . . ,̀ ,
p,q51, . . . ,(m11)(m12) and, whererA

mq ,r̄A8
mq ,tA8

mq ,t̄A
mq

are spinor hyperspherical harmonics onS3. In addition, the
time-dependent coefficientstmp ,smp and their Hermitian
conjugates are odd elements of a Grassmanian alge
where the matrixbpq

n satisfybnpq
2 521n.

Inserting now Eqs.~1!–~4! into the general action ofN
51 supergravity with scalar supermatter@5# and using the
properties of the harmonics mentioned in Refs.@13,14#, we
can obtain~after integration! a reduced action which include
an infinite sum of time-dependent harmonic and Fermi os
lators. The next step is to construct the relevant constr
equations for our model.

In order to write down the supersymmetry constrain
we first need to obtain the Hamiltonian of the theo

which has the formH5NH1c0
ASA1S̄A8c̄0

A81MABJAB

1M̄A8B8J̄A8B8 , whereMAB,M̄A8B8 are additional Lagrange
th
te

es
p
te
h

-

s

ra,

l-
nt

,
,

multipliers.H represents the Hamiltonian constraint, wh
SA ,S̄A8 and JAB ,J̄A8B8 denote, respectively, the supersym
metry and Lorentz constraints. After some suitable redefi
tions of thecA andxA variables~see Refs.@1,2#!, the quan-
tum supersymmetry constraints of the model can
constructed from the coefficients inc0

A ,c̄0
A8 in the Hamil-

tonian. They take the formSA5SA
(0)1SA

(pertb.), with

SA
~0!52 ixA

]

]f
2

acA

2)

]

]a
2)a2cA2

i

8
f̄xBxB

]

]xA

2
i

4
f̄xAcB

]

]cB 1
3

4)
cAxB

]

]xB 1
cBcB

8)

]

]cA ,

~5!

and

SA
~pertb.!5

cA

)
SmS smp

]

]smp
2tmp

]

]tmp
D

1
i

2
f̄SmS sm

]

]sm
2tm

]

]tm
DxA

2 ixASn

]

] f n
lm 12ia2Snf̄ n

lm~n11!xA , ~6!

together with their Hermitian conjugates,S̄A5S̄A
(0)

1S̄A
(pertb.). SA

(0) ,S̄A8
(0) will denote the supersymmetry con

straints of the unperturbed background, whileSA
(pertb.),S̄A

(pertb.)

correspond to the perturbed sector and have the neces
form to produce the corresponding bosonic Hamiltonian c
straint of Ref.@14#. Hereafter, the labelsn,l ,m andm,p will
be denoted simply byn andm, respectively.

At this stage, we introduce a natural ansatz for the wa
function of the Universe, which has the form
C5A1BcCcC1 iCcCxC1DxDxD1EcCcCxDxD

5A~0!~a,f,f̄ !PnA~n!~a,f̄,f; f n f̄ n!PmA~m!~a,f,f̄,sm ,tm!1B~0!~a,f,f̄ !PnB~n!~a,f̄,f; f n f̄ n!

3PmB~m!~a,f,f̄,sm ,tm!cCcC1C~0!~a,f,f̄ !PnC~n!~a,f̄,f; f n f̄ n!PmC~m!~a,f,f̄,sm ,tm!cCxC

1D ~0!~a,f,f̄ !PnD ~n!~a,f̄,f; f n f̄ n!PmD ~m!~a,f,f̄,sm ,tm!xCxC1E~0!~a,f,f̄ !PnE~n!~a,f̄,f; f n f̄ n!

3PmE~m!~a,f,f̄,sm ,tm!cCcCxDxD , ~7!
w-
of

to

n
a

where each wave functionalA(n),A(m), . . . ,E(n),E(m) de-
pends only on the individual perturbation modesf n or
sm ,tm . Several comments are in order at this point. First,
expression~7! satisfies the Lorentz constraints associa

with the unperturbed field variablescA ,c̄A8 ,xA and x̄A8 :

JAB5c (Ac̄B)2x (Ax̄B)50. Second, the perturbation mod
of the scalar fields and the fermionic partners do not cou
to each other in our approximation and this is also transla
in the ansatz~7!. In addition, we also follow the approac
e
d

le
d

described in@14#, where the coefficientssm ,tm ,s̄m , t̄ m are
taken as invariant under local Lorentz transformation to lo
est order in perturbation. We will see ahead that the form
Eqs. ~5!,~6! together with Eq.~7! will produce consistent
solutions. Concerning the coefficientssm ,tm ,s̄m , t̄ m , these
are taken as invariant under local Lorentz transformation
lowest order in perturbation~see@14# for a related discussion
on this issue!. Overall, this approach is fully satisfactory. I
fact, we will see in the following, how we can extract
consistent set of solutions from Eqs.~5!–~7!.
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Now, let us substitute Eq.~7! into the supersymmetry
constraint~5!,~6! and their Hermitian conjugates. It is impo
tant to notice that the terms independent of the perturba
modes have to vanish separately from the ones involving
perturbation modes. Furthermore, the several terms with
turbation modes must also vanish independently—since
do not couple with each other~cf. Refs.@13,14#, where this
procedure was similarly employed!. After having divided
SAC50 and S̄AC50 by C as given in Eq.~7!, we then
obtain a set of first-order differential equations. Among th
we have:

]A

]f
2

1

2
f̄SmS sm

]

]sm
2tm

]

]tm
DA1Sn

]A

] f n

12a2Sn~n11! f̄ nA50, ~8!

]E

]f̄
1

1

2
fSmS sm

]

]sm

2tm

]

]tm
D E1Sn

]E

] f̄ n

22a2Sn~n21! f nE50, ~9!

a

)

]A

]a
12)a2A2

2

)
fSmS sm

]

]sm
2tm

]

]tm
DA50, ~10!

a

)

]E

]a
22)a2E1

2

)
fSmS sm

]

]sm
2tm

]

]tm
DE50. ~11!

Concerning the analysis of a full set of equations, notice t
Eqs.~8!–~11! are uncoupled, while the remaining ones co
stitute coupled partial differential equations. With respect
the former ones, it is straightforward to obtain the followin
solutions:

A~0!5Â0
~0!

e23a21f̄~2l12V2!2V2f

aV1
, ~12!

A~n!5A0
~n!e2l2f1f̄~2l32l2!

3e2l4f n22a2~n11! f n f̄ n2~V32l2! f̄ n1~V32l2! f n, ~13!

A~m!5A0
~m!e2l5f2C1ff̄2V4f̄1V4fÃ, ~14!

E~0!5Ê0
~0!

e3a21f~2l62V5!2V5f̄

aV6
, ~15!

E~n!5E0
~n!e2l7f̄1f~2l82l7!

3e2l9 f̄ n12a2~n21! f n f̄ n2~V72l9! f n1~V72l9! f̄ n, ~16!

E~m!5E0
~m!e2l8f̄2C2ff̄2V9f1V9f̄Ẽ, ~17!

where Â0
(0)5A0

(0)e3a0
2
,A0

(n) ,A0
(m) ,Ê0

(0)5E0
(0)e23a2

E0
(n) ,E0

(m)

denote integration constants andÃ and Ẽ;smp or tmp . It is
important to emphasize the use off5f11 if2 or f5reiu

in the process of integration to decouple the physical deg
of freedom encompassed inf,f̄. Notice as well that
l1 ,l2 . . . and C1 ,C2 constitute further integration
n
e
r-

ey

at
-
o

es

separation constants. The quantitiesV1 ,V2 , . . . represent
back reactions of the scalar and fermionic perturbed mo
in the homogeneous modes and are assumed to be of a
small value~cf. Refs.@13,14#!.

Characteristic features of the no-boundary~Hartle-
Hawking! solution are present in the bosonic coefficientE
~15!–~17! ~see Refs.@13,14,1,2#!. This state requiresuV6u
!1 and the terme2na2f n f̄ n, (n@1) in Eq. ~16! to dominate
over the other remaining exponential terms. This is equi
lent to assuming that the corresponding separat
integration constants in Eqs.~16!,~17! to be very small. It
seems that the presence of supersymmetryselectsa set of
solutions, where the no-boundary~Hartle-Hawking! quantum
state is mandatory. Finally, it is also important to menti
that the states corresponding toẼ;smp or Ẽ;tmp mean that
these solutions would represent one-particle or o
antiparticle states if we adopt the interpretative framew
introduced in Ref.@14#.

Concerning theB,C,D coefficients, the correspondin
equations lead to integral expressions, similar to the one
Refs. @1,2#. However, the terms inf n , f̄ n present in those
equations imply thatC(n)50 is the only possible solution
Hence, we cannot avoidC50, which is a particularly inter-
esting result.

But do the results hereby presented contribute to our
derstanding of the very early Universe and if yes, ho
Some answers to these enticing questions are advanced i
following.

As both a summary and a point of departure for futu
research, we presented here an extension of the current
ertoire of quantum cosmological models. In particular, inc
porating supersymmetry and matter fields expanded in
equate spatial harmonics. As a result, we obtainednew
physical solutions. Among these, we identified one w
characteristics typical of the no-boundary proposal@11#.

But the most important point brought about in this inve
tigation is that supersymmetric quantum cosmology can c
stitute an ‘‘observational’’ subject—namely, in the sense
making specific predictions for cosmological properties fro
a quantum description. Thus, this endorses supersymmet
a mandatory component in any realistic analysis of a qu
tum universe. Within this context, the answer to those qu
tions above is ayes, but where some caution is neverthele
required.

In fact, let us take the bosonic coefficientE @see expres-
sions~15!–~17!#, when the terme2na2f n f̄ n,(n@1) in Eq.~16!
is dominant over the other remaining exponential term
Then, this particular fermionic state implies the followin
expectation values:̂ f n

(1)&;^ f n
(2)&;n21a

*
22 (a* would be

the value ofa, when the wavelength of the perturbatio
modes equal a particular horizon side!. Once such conditions
have been established, they constitute part of the requ
ments such that the density perturbationsdr/r represent an
almost scale-free spectrum of fluctuations, in similarity
what is present in Ref.@4#.

In addition, notice that each of the several bosonic am
tudes in Eq.~7! corresponds to a specific quantum scena
for the very early Universe. Supersymmetry seems thus
assign several possible fermionic states with distinct boso
features, each one leading to different scenarios of evolut
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In particular, we found the Hartle-Hawking quantum sta
Since such a state may lead to a satisfactory spectrum
density perturbations@13#, our results indicate that supe
symmetry within a quantum description of the very ea
Universe intrinsically contains the relevant seeds for str
ture formation.

Let us also point out that our model has no poten
V(f,f̄; f n , f̄ n) for the homogeneous and inhomogeneo
modes. The presence of such potential could induce a t
sition from a quantum supersymmetric Euclidian phase i
an inflationary expansion period. But such potentials w
also lead to a mixing in the fermionic sectors ofC as present
in Eq. ~7!. In other words, it will imply an additional com
plex coupling between the equations to solve. Currently,
solutions have yet been found in such a scenario, not eve
the corresponding homogeneous sector. Hence, we are
n-
.

s.
.
of

-

l
s
n-
o
l

o
in
al-

ing with a quantum dominated era of evolution. Eventually

potential term, e.g.,V(f,f̄);M2ff̄ @1,2,8# will be ad-
equately analyzed within this program@15# and permit us to
include a suitable inflationary scenario derived from sup
gravity ~e.g., Ref.@16#!. A natural extension will be to ex-
pand the tetrad and gravitinos within spherical harmon
This would further illuminate on the states associated w
the inhomogeneous fermionic modes@17#.
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