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Worldvolume supersymmetry
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A general set of rules is given on how to convert a localk symmetry of a brane action and space-time
supersymmetry into the global supersymmetry of the worldvolume. A Killing spinor adapted gauge for quan-
tization ofk symmetry is defined for this purpose. As an application of these rules we perform the gauge fixing
of the M-5-brane to get the theory of the~0,2! tensor supermultiplet ind56. @S0556-2821~98!50206-8#

PACS number~s!: 11.25.2w, 04.65.1e, 11.30.Pb
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I. INTRODUCTION

The set of knownk-symmetric actions include p-brane
and more recently D-p-branes@1–3# and M-5-branes@4,5#.
The worldvolume fields ofk-symmetric p-brane action
comprise the mapsZM(j i) from the worldvolume coordi-
nates j i50, . . . ,p to the superspaceZM5(Xm,um). D-p-
branes depend in addition on the worldvolume 1-form ga
potential and, M-5-branes depend on a 2-form gauge po
tial with the self-dual field strength. All these actions in a fl
background have a global space-time supersymmetry as
as a localk symmetry which is, in general, infinite reducib
and difficult to deal with. The quantization was develop
mostly in the light-cone gauge for the Green-Schwarz~GS!
string and for the Bergshoeff-Sezgin-Townsend membra
Recently it became possible in the case of D-p-branes
define an irreduciblek symmetry and to exhibit the world
volume supersymmetry upon gauge fixing an irreduciblek
symmetry@6#. The gauge fixing of D-p-branes was possib
in a covariant way with respect to a 10-dimensional Lore
symmetry@2,7,6#.

The purpose of this note is to introduce the concept
irreduciblek symmetry and its consequent gauge fixing fo
general case ofk-symmetric actions. We are not trying t
achieve here the quantization covariant in embedding sp
time, in general, although the experience with covari
quantization of D-p-branes is helpful. For the M-branes
different from D-p-branes, this type of covariant quantizati
is certainly not possible as the 32 component Majora
spinor forms the smallest representation of the
dimensional Lorentz group.

Our main purpose here is to find the best way to exh
the worldvolume global supersymmetry of the brane. In p
ticular we would like to get the supersymmetric action a
global supersymmetry transformation rules for the~0,2! ten-
sor multiplet ind56 theory. Not very much is known abou
the tensor multiplets ind56. In the case of~2,0! supersym-
metry, the equations of motion describing the coupling on
tensor multiplets to supergravity have been constructed@8#.
In the case of~1,0! supersymmetry the coupling of the tens
multiplet to Yang-Mills multiplet in the absence of supe
gravity is known@9#. The interest in the 6-dimensional su
persymmetric theory of a tensor multiplet, in addition to th
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it is a gauge-fixed M-5-brane theory, is also motivated by
expectation that in matrix theory@10#, the theory ofn inter-
acting ~0,2! tensor supermultiplets may play an importa
role @11#.

We will use both the action of the M-5-brane@4# as well
as the geometric approach to the M-5-brane developed
@12# based on superembedding the target superspace int
worldvolume superspace of the brane.

The relation between space-time supersymmetry,k sym-
metry, and unbroken worldvolume supersymmetry was
tablished in@7#. The unbroken worldvolume supersymmet
defining the Bogomol’nyi-Prasad-Sommerfield~BPS! states
on the brane was found to be given by a universal formu

duunbr5~12G!e50, ~1!

where (11G) is the generator of k symmetry
dku5(11G)k. Also the algebra of Noether supercharges
the M-5-brane classical action was studied in@13#.

In this note we will find the worldvolume supersymmet
which appears in the gauge-fixed action of the M-5-bran

The strategy is to adopt here the rules of duality symm
ric quantization in@14# where it was suggested togauge fix
the infinite reducibility of thek symmetry using the Killing
spinors admitted by a consistent background of a given
tended object. This will give us a suitable way to get th
worldvolume supersymmetry. However we will not restri
ourselves to these classes of gauges only. In fact we
work out the general class of gauges which will serve
purpose of quantization ofk symmetry. It is expected tha
the physical matrix elements of the theory are independen
the choice of the gauge. However the global symmetries
the theories may take different forms in different gaug
This freedom will be used for the simplest possible desc
tion of the worldvolume supersymmetric theories.

II. IRREDUCIBLE k SYMMETRY

The class of actions we consider have 32-dimensio
global space-time supersymmetry and the localk supersym-
metry are

deu5e, deX
m5 ēGmu, ~2!

du5~11G!k, dXm5 ūGmdu, . . . . ~3!
R3214 © 1998 The American Physical Society
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Here the ellipsis means the transformation of the Born-Inf
or tensor field.G is a function of the fields of the brane an
depends onj i therefore. The matrixG~j! squares to 1 and ha
a vanishing trace:

tr G50, G251, ~11G!~12G!50; ~4!

i.e., 11G is a projector which makes a 32-dimensional p
rameter of k supersymmetry effectively only 16
dimensional. Let us pick up some constant,j i-independent
projectors

P65 1
2 ~16g!, ~5!

which can divide any 32-dimensional spinor into 2 par
Here again we assume that

tr g50, g251, ~11g!~12g!50. ~6!

This j i-independent projector will be used to fix the gaug
We will call the gauge adapted to the Killing spinor when

g5Gucl , ~7!

i.e., the constant projector 11g is thek-symmetry projector
11G taken at the values of fields which form a classic
solution describing the relevant bosonic brane. The Killi
spinor of a space-time geometry naturally cannot depend
the coordinates of the worldvolume. We will see it in a
example of a M-5-brane later. In general we do not requ
any relations between possible projectors for gauge fix
andk-symmetry generators. We will find out later some co
straints which are required to make a projector defining
gauge fixing possible.

The steps to gauge fixk symmetry and get the worldvol
ume global supersymmetry in the most general case are
following:

~1! Find the basis in whichg is diagonal so that

P15S 1 0

0 0D , P25S 0 0

0 1D ~8!

and split all spinors accordingly:

u5S ua

ua8D , k5S ka

ka8D , e5S ea

ea8D . ~9!

~2! On this basis define the block structure of 16G as
follows:

11G5S 11C ~12C2!A21

A 12C D ,

12G5S 12C 2~12C2!A21

2A 11C D , ~10!

where the 16316 dimensional matricesC andA commute,

AC2CA50. ~11!

The matrices 16G have vanishing determinants and rank 1
which means that the 16-dimensional matrices 16C andA
are invertible.
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~3! If some choice of a projectorP6 leads to noninvert-
ible A or 16C, this projector cannot be used for quantiz
tion. Examples included510 covariant gauges for th
Green-Schwarz string.

~4! Introduce the irreducible 16-dimensionalk symmetry
by the constraint

P2k5 1
2 ~12g!k50. ~12!

In our basis this means that 16 components ofk symmetry
vanish

k5S ka

0 D ka850. ~13!

Irreduciblek symmetry takes the form

dkua5~11C!a
bkb,

dkua85Aa8
bkb. ~14!

~5! Consider a combination of 16-dimensional irreducib
k symmetry and 32-dimensional space-time supersymme

dk,eu
a5~11C!a

bkb1ea,

dk,e8u
a85Aa8

bkb1ea8. ~15!

~6! Fix the 16-dimensional irreduciblek symmetry by im-
posing 16 gauge conditions

P1u5
1

2
~11g!u50⇒u5S 0

ua8D ua50. ~16!

~7! Find the relation betweenk ande which will keep the
gaugeua50

kb52@~11C!21#b
aea. ~17!

~8! Finally get the 32-dimensional supersymmet
transformation1 of 16 ua8 living on the brane

de,e8u
a852Aa8

b@~11C!21#b
aea1ea8. ~18!

This is thegeneral answer. Given ak symmetry of the action
is known and the right choice of the constant projector
made, which supplies us with 16316 matricesC andA, we
have the answer for the worldvolume supersymmetry.

For example for D-p-branes we have forp eveng5G11,
C50 and an invertibleA can be found in@2,7,6# together
with the total procedure, described here in steps 1–8. Th
an example when both 11C andA are invertible for a given
choice ofg. With the same choice ofg type IIA GS string
will have a noninvertibleA50 and this gauge is not accep
able as one can verify.

1If the reparametrization symmetry is fixed by choosing a sta
gauge, the space-time spinors~former scalars on the worldvolume!

like ua8 andea,ea8 become worldvolume spinors.



g
e

-

g

Th
e
5-
r-

th

n,

by
th
r-

s
to

r

it of
and

or

rs
p-

d

sis

RAPID COMMUNICATIONS

R3216 57RENATA KALLOSH
III. THE THEORY OF THE „0,2… TENSOR
SUPERMULTIPLET IN D56

We will give here a brief description of the gauge-fixin
procedure of the M-5-brane theory which provides the sup
symmetric action for~0,2! tensor supermultiplet ind56. The
Padova-Kharkov manifestlyd56 general coordinate invari
ant M-5-brane action is@4#

SM25„Xm~j!,um~j!,Ajk~j!,a~j!…5E d6j~L01LWZ!,

~19!

where

L052A2det~gi j 1H̃ i j !1A 2g

4~]a•]a!
~] ia!

3~H* ! i jkH jkl~] la!, ~20!

LWZ5
1

6!
« i 1 . . . i 6@Ci 1 . . . i 6

~6! 110Hi 1i 2i 3
Ci 4i 5i 6

~3! #. ~21!

Hereg5det(gij), and

~H* ! i jk5
1

3!A2g
« i jki 8 j 8k8Hi 8 j 8k8 ,

H̃ i j 5
1

A2~]a•]a!
~H* ! i jk]ka. ~22!

The generalized field strength of the tensor field is

Hi jk5] [ iAjk]2Ci jk
~3! , ~23!

whereCi jk
(3) is the pullback of the superspace 3-form gau

potential C(3). The induced worldvolume metric
gi j (j)5Ei

aEj
bhab , whereh is theD511 Minkowski met-

ric andEi
a5] iZ

MEM
a. The worldvolume six-formCi 1 . . . i 6

(6)

is induced by the superspace 6-form gauge potential.
auxiliary worldvolume scalar fielda(j) serves to achieve th
manifestlyd56 general coordinate invariance of the M-
brane action. Thek-symmetry transformations and supe
symmetry of space-time fermions are

dk,eu5~11G!k1e, ~24!

where

G5G~0!1G~3! ~25!

and

G~0!5
1

6!Augu
e i 1¯ i 6g i 1

¯g i 6
G~3!5

1

2•3!
hi jkg i jk ,

i 50, . . . ,5, m50, . . . ,10, g i5Ei
mGm . ~26!

Here we are using the form ofk-symmetry transformations
found originally in the superembedding approach@12# and
proved later to be also a symmetry transformation of
M-5-brane action in@15#. The worldvolume fieldhi jk of @12#
r-

e

e

e

turns out to be a nonlinear function of the fields in the actio
whose explicit form can be found in@15#. Note that due to
the self-duality ofh and the nilpotency ofG (3) , G can also
be given in a form@7#

G5eG~3!G~0! , ~G~3!!
250. ~27!

The gauge fixing of the M-5-brane action is inspired
the superembedding@12# of the space-time superspace wi
coordinatesXm,Qm into worldvolume superspace with coo
dinatesj i ,ua. We split m5( i ,a8),m5(a,a8). The supe-
rembedding is Xi5j i ,Qa5ua and
Xa85Xa8(j,u),Qa85Qa8(j,u). To be as close to this a
possible in the bosonic action of the 5-brane we have
require that in our action

Xi5j i ,ua50 ~28!

and the fields of the~0,2! tensor multiplet remaining in the
action which depend onj are

Xa8~j!,ua8~j!,Ai j ~j!,a~j!, a851,2,3,4,5,

a851,2, . . .,16. ~29!

Thus we have 5 scalarsXa8(j), a 16-component spino
ua8(j) which can be considered~see below! as a chirald
56 spinor with aUSp(4) symplectic Majorana-Weyl reality

conditionus
â , a tensorAi j (j) with the self-dual field strength

and an auxiliary scalara(j). The 11d 32332 Gm matrices
have to be taken in the basis which correspond to the spl
the target superspace into the superspace of the 5-brane
the rest@12#. This reflects theSpin(1,5)3USp(4) symme-
try of the six-dimensional theory. An 11d Majorana spin
decomposes as

c5~câs ,cs
â!, ~30!

wheres51,2,3,4 is anUSp(4) index andâ51,2,3,4 is a 6d
Weyl spinor index with upper~lower! indices corresponding
to anti-chiral ~chiral! spinors, respectively. The 6d spino
satisfy a Majorana-Weyl reality condition. The relevant re
resentation of 11dGm is

Gâs,b̂t
i

5hst~s i !âb̂ , ~31!

wherehst is theUSp(4) antisymmetric invariant metric an
s i the 6d chirally projected gamma-matrices, etc.,@12#. In

terms of 16-component spinors we havecâs5ca8,cs
â5ca.

Thus we choose a projectorg to be a chiral projector of
the 6-dimensional space times the unit matrix. In the ba
above this means that

g5GUcl5
1

6!
e i 1¯ i 6g i 1

¯g i 6U
cl

5S 1 0

0 21D . ~32!

Here the subscriptcl means that we takeXcl
a85const,

ucl50,(hi jk)cl50,(Ei
j )cl5d i

j ,(Ei
a8)cl50, and the field-

independent part of thek-symmetry generator 11G provides
us with the projector for gauge-fixingk symmetry. Note that
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this is exactly the projector which specifies the M-5-bra
Killing spinor in the target space.2

The gauge-fixed theory is given by the classical action
the gauge~28!. Since both the reparametrization symme
and k symmetry are fixed in a unitary way, there are
propagating ghosts. We do not gauge fix the Maxwell the
of the tensor fields as our main purpose is to get the
theory of the~0,2! tensor supermultiplet ind56.

The action for a tensor multiplet is an action of aM-5
brane in a Killing spinor adapted gauge with vanishingi

2j i and ua(j):

S~0,2!„X
a8~j!,ua8~j!,Ajk~j!,a~j!…

5SM25„Xa8~j!,ua8~j!,Ajk~j!,a~j!,Xi2j i

50,ua~j!50…. ~33!

To find the exact nonlinear worldvolume supersymme
transformations of theS(0,2) action, we may now procee
using the rules from the previous section. In addition
gauge fixing the spinor theta, we have to gauge fix the i
nite reduciblek symmetry. We choose as before

ua50 ka850. ~34!

To extract from the generator ofk-symmetryG the matrices
C andA which define the worldvolume supersymmetry, w
have to take into account that in the flat 11-dimensio
background

G5
1

6!Augu
e i 1¯ i 6~g i 1

¯g i 6
140g i 1

g i 2
g i 3

hi 4i 5i 6
!, ~35!

g i5~d i
j2 i ūG j] iu!G j1] iX

a8Ga8 . ~36!

Here we used the fact that the spinors are chiral and there
ūGa8] iu vanishes. Using Eq.~36! we may rewriteG as a sum
of products ofG’s

G5(
n

G i 1
¯G i nFi i¯ i m

~Xa8,ua8,hi jk !. ~37!

All terms with even numbern52,4,6 of 6G i will contribute
only to C, all terms with odd numbern51,3,5 of G i will
contribute toA since G i is off-diagonal in our basis. The
dependence on diagonal matricesGa8 is included inF. Thus

G5GC1GA5S C 0

0 2CD 1S 0 ~12C2!A21

A 0 D , ~38!

where

2An interesting possibility suggested by E. Bergshoeff of anot
gauge fixing the M-5-brane will use the new classical solution
Howe, Lambert, and West@12#, with (hi jk)clÞ0 describing the self-
dual string soliton of the M-5-brane. Our quantization proced
may require modification when the BPS classical solutions on
brane are used for projectors.
e

n

y
ll

y

-

l
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GC[S C 0

0 2CD 5 (
n52,4,6

G i 1
¯G i nFi i¯ i m

~Xa8,ua8,hi jk ,a!,

~39!

and

GA[S 0 ~12C2!A21

A 0 D
5 (

n51,3,5
G i 1

¯G i nFi i¯ i m
~Xa8,ua8,hi jk ,a!. ~40!

Finally the 32-dimensional supersymmetry transformation
the brane is given by

de,e8u
a852Aa8

b@~11C!21#b
aea1ea8 ~41!

with A(Xa8,ua8,hi jk ,a) and C(Xa8,ua8,hi jk ,a) presented
for the M-5-brane above.

The supersymmetry transformations of the bosonic fie
5 scalars and a tensor, can be obtained using the combin
of k symmetry and space-time supersymmetry of these fie
and the expression~41!. The linearized form of the world-
volume supersymmetry of the~0,2! tensor multiplet was
given in @12#. In notation appropriate for a 6-dimension
theory fore850,

deub̂
s
5eât~ 1

2 sâb̂
i

~gb8! t
s] iX

b82 1
6 sâb̂

i jk d t
shi jk !. ~42!

One can recognize here terms linear and cubic inG i which
form the linear approximation of our matrixA.

Note however that the full nonlinear action of the se
interacting tensor multiplet has also a symmetry under ad
tional 16-component chiral spinorea85eâs . The one with

the anti-chiral spinorea5es
â in the linear approximation re

lates the spinor of the tensor multiplet to the derivative
scalars and to the tensor field strength. The nonlinear ac
has both chiral as well as anti-chiral supersymmetries.

IV. CONCLUSION

We have presented here new possibilities to gauge fik
symmetry which may be useful in the context ofthe new
generation ofk-symmetric actions. In particular the most re-
cent k-symmetric theory describing anSL(2,Z) covariant
superstring@16# may need for quantization a Killing spino
of the background to keep theSL(2,Z) symmetry of the
quantized theory. The main emphasis of the new quant
tion is to take into account the Killing spinors of the bac
ground for makingk symmetry irreducible and for projectin
out 1/2 of the space-time fermions. This leads in particula
a natural construction of globally supersymmetric theories
the worldvolume. Our main general result is for the spa
time Killing spinor adapted gauges, given thek-symmetry
generator

G5S C ~12C2!A21

A 2C D ,

the global supersymmetry on the world volume is

r
f

e
e
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du52A~11C!21e1e8.

As an application of this new quantization we have gau
fixed the M-5-brane action in a Killing spinor adapted gau
and obtained the nonlinear action and nonlinear supers
metry of the self-interacting~0,2! tensor multiplet ind56. A
further study of this theory will be necessary to presen
t-

rg
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sti

uc

l.
e
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a

more detailed and explicit structure of it. Even more effo
may be required to construct the interaction ofn of such
tensor multiplets.
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