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The relation between the trace andR-current anomalies in supersymmetric theories implies that the
U(1)RF2, U(1)R , and U(1)R

3 anomalies which are matched in studies ofN51 Seiberg duality satisfy posi-
tivity constraints. Some constraints are rigorous and others conjectured as four-dimensional generalizations of
the Zamolodchikovc theorem. These constraints are tested in a large number ofN51 supersymmetric gauge
theories in the non-Abelian Coulomb phase, and they are satisfied in all renormalizable models with unique
anomaly-freeR current, including those with accidental symmetry. Most striking is the fact that the flow of the
Euler anomaly coefficientaUV2aIR is always positive, as conjectured by Cardy.
@S0556-2821~98!01112-6#
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I. INTRODUCTION

The computation of chiral anomalies of theR current and
conserved flavor currents is one of the important tools u
to determine the nonperturbative infrared behavior of
many supersymmetric gauge theories analyzed during
last few years. The anomaly coefficients are subject to rig
ous positivity constraints by virtue of their relation to tw
point functions of currents and stress tensors, and to o
constraints conjectured in connection with possible fo
dimensional analogues of the Zamolodchikovc theorem@1#.
The two-point functions have been considered@2# as central
functions whose ultraviolet and infrared limits define cent
charges of superconformal theories at the endpoints of
renormalization group flow. The positivity conditions a
reasonably well known from studies of the trace anomaly
field theories in external backgrounds. In supersymme
theories the trace anomaly of the stress tensor and cons
tion anomaly of theR current are closely related, which lead
@3# to positivity constraints on chiral anomalies.

Two studies of positivity constraints in the SU(Nc) series
of supersymmetric~SUSY! gauge theories withNf funda-
mental quark flavors have previously appeared. The firs
these@4# analyzed the confined and free magnetic phases
Nc,Nf,3Nc/2, while the basic techniques for computin
the flow of central charges when there is an interacting
fixed point were developed in Ref.@3# and applied to the
conformal phase for 3Nc/2,Nf,3Nc . The most striking
result of Refs.@3,4# was the positive flowaUV2aIR.0 of
the coefficient a@g(m)# of the Euler term in the trace
anomaly in an external gravitational background, wh
g(m) is the gauge coupling at renormalization group~RG!
scalem. This result agrees with the conjecture of Cardy@5#
that the Euler anomaly obeys ac theorem. Positivity is also
satisfied in all non-supersymmetric theories tested@5,6#. We
shall refer to the inequalityaUV2aIR.0 as thea theorem.
570556-2821/98/57~12!/7570~19!/$15.00
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The purpose of this paper is to present an extensive expl
tion of the rigorous positivity constraints and those asso
ated with thea theorem in many supersymmetric gauge the
ries with interacting IR fixed points~and some IR free
models!. We find that thea theorem and other constraints a
satisfied in all renormalizable theories we have examin
and there are other results of interest.

In Sec. II, which is largely a review of Ref.@3#, the vari-
ous anomalies, the theoretical basis of the positivity c
straints, and the computation of central charge flows are
cussed. In Sec. III we discuss some general aspect
positivity constraints and thea theorem in models withR
charges uniquely fixed by classical conservation and can
lation of internal anomalies. In some models an acciden
symmetry has been postulated to preserve unitarity, and
central charges must be corrected accordingly. This is
cussed in Sec. IV. In Sec. V, the positivity constraints a
tested in many examples of renormalizable SUSY ga
models with uniquely determinedR charges. We also chec
the a theorem for various types of flows between conform
fixed points. The situation of some nonrenormalizable m
els is discussed in Sec. VI. There are other models in wh
the conserved, anomaly freeR current is not unique. Our
methods are less precise in this case, but we discuss an
ample in Sec. VII. Section VIII contains a discussion of r
sults and conclusions.

II. ANOMALIES AND POSITIVITY CONSTRAINTS

The theoretical basis for the analysis of anomalies in
persymmetric theories comes from a combination of th
fairly conventional ideas: namely,~A! the close relation be-
tween the trace anomaly of a four-dimensional field the
with external sources for flavor currents and stress tensor
the two point correlatorŝJm(x)Jn(y)& and^Tmn(x)Trs(y)&
and their central charges;~B! the close relation in a super
7570 © 1998 The American Physical Society
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symmetric theory between the trace anomalyQ5Tm
m and the

anomalous divergence of theR current]mRm; ~C! the fact
that anomalies of theR current can be calculated at an infr
red superconformal fixed point using ’t Hooft anoma
matching. This is the standard procedure, and one wa
explain it is to use the all orders anomaly freeS current of
Kogan, Shifman, and Vainshtein@7#.

We now review these ideas briefly. More details are c
tained in Refs.@2,3#.

A. Trace anomaly and central charges

We consider a supersymmetric gauge theory contain
chiral superfieldsF i

a in irreducible representationsRi of the
gauge groupG. To simplify the discussion we assume th
the superpotentialW50, but the treatment can be genera
ized to include nonvanishing superpotential, and this will
done in Sec. II C below.

We consider a conserved currentJm(x) for a nonanoma-
lous flavor symmetryF of the theory, and we add a sourc
Bm(x) for the current, effectively considering a new theo
with an additional gauged U~1! symmetry but without kinetic
terms forBm . The source can be introduced as an exter
gauge superfieldB(x,u,ū) so supersymmetry is preserve
We also couple the theory to an external supergravity ba
ground, contained in a superfieldHa(x,u,ū), but we discuss
only the vierbeinem

a (x) and the componentVm(x) which is
the source for theRm current of the gauge theory.

The trace anomaly of the theory then contains sev
terms

Q5
1

2g3 b̃~g!~Fmn
a !21

1

32p2 b̃~g!Bmn
2 1

c̃~g!

16p2 ~Wmnrs!2

2
a~g!

16p2 ~R̃mnrs!21
c̃~g!

6p2 Vmn
2 , ~2.1!

whereWmnrs is the Weyl tensor,R̃mnrs is the dual of the
curvature, andBmn andVmn are the field strengths ofBm and
Vm , respectively. All anomaly coefficients depend on t
couplingg(m) at renormalization scalem. The first term of
Eq. ~2.1! is the internal trace anomaly, whereb̃(g) is the
numerator of the Novikov-Shifman-Vainshtein-Zakhar
~NSVZ! beta function@8#

b̃„g~m!…52
g3

16p2 F3T~G!2(
i

T~Ri !@12g i„g~m!…#G .
~2.2!

HereT(G) andT(Ri) are the Dynkin indices of the adjoin
representation ofG and the representationRi of the chiral
superfieldF i

a , andg i /2 is the anomalous dimension ofF i
a .

The various external trace anomalies are contained in
three coefficientsb̃(g), c̃(g), anda(g). The free field~i.e.,
one-loop! values ofc̃ anda have been known for many yea
@9#. In a free theory ofN0 real scalars,N1/2 Majorana
spinors, andN1 gauge vectors, the results are

c5
1

120
~12N113N1/21N0!,
to

-

g

t

e
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e

a5
1

720
~124N1111N1/212N0!. ~2.3!

In a supersymmetric gauge theory withNv5dim G gauge
multiplets andNx chiral multiplets these values regroup a

cUV5
1

24
~3NV1Nx!, aUV5

1

48
~9NV1Nx!. ~2.4!

If Ti
j is the flavor matrix for the currentJm(x) which is the

ūu component of the superfieldF̄a
i Ti

jF j
a , and dimRi is the

dimension of the representationRi , the free-field value ofb̃
is

bUV5(
i , j

~dim Ri !Ti
jTj

i . ~2.5!

The subscript UV indicates that the free-field values
reached in the ultraviolet limit of an asymptotically fre
theory. Clearlyc̃ and a count degrees of freedom of th
microscopic theory with different weights for the variou
spin fields.

The current correlation function is

^Jm~x!Jn~0!&5
1

16p4 ~hdmn2]m]n!
b„g~1/x!…

x4 .

~2.6!

It follows from reflection positivity or the Lehmann repre
sentation as used in Ref.@10# that the renormalization group
invariant central function@3# b„g(1/x)… is strictly positive.
We assume that the theory in question has UV and IR fi
points so that the following limits exist:

bUV5b~gUV!5 limx→0 b„g~1/x!…,

bIR5b~gIR!5 limx→` b„g~1/x!…. ~2.7!

These endpoint values appear as central charges in the
erator product expansion of currents in the UV and IR sup
conformal theories at the endpoints of the RG flow.

The correlator̂ Tmn(x)Trs(0)& has the tensor decompo
sition @2#

^Tmn~x!Trs~0!&5
1

48p4 Pmnrs

c„g~1/x!…

x4

1PmnPrs

f „ln xL,g~1/x!…

x4 , ~2.8!

where Pmn5(]m]n2dmnh) and Pmnrs52PmnPrs

23(PmrPns1PmsPnr) is the transverse traceless project
andL is the dynamical scale of the theory. The central fun
tion c„g(1/x)… is a positive RG invariant function. Its end
point valuescUV andcIR are also central charges. The seco
tensor structure in Eq.~2.8! arises because of the intern
trace anomaly. It is proportional tob̃„g(1/x)… and thus van-
ishes at critical points.

The important point is that there is a close relation b
tween the anomaly coefficientsb̃„g(m)… and c̃„g(m)… and
the central functionsb„g(m)… and c„g(m)…. Namely,
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b̃„g(m)… and b„g(m)… differ by terms proportional to
b̃„g(m)…, so they coincide at RG fixed points. The sam
holds for c̃„g(m)… and c„g(m)…. This means that the end
point values of the anomaly coefficients are rigorously po
tive. This is evident for the free field ultraviolet values
Eqs. ~2.3!–~2.5!. The infrared valuesbIR and cIR must also
be positive, and this is an important check on the hypoth
that the long distance dynamics of a theory is governed by
interacting fixed point.

This important relation between trace anomaly coe
cients and current correlators was derived in Refs.@2,3# by
an argument with the following ingredients.

~i! Since the explicit scale derivative of a renormaliz
correlator corresponds to the insertion of the integrated tr
anomaly, thê Jm(x)Jn(0)& correlator satisfies

m
]

]m
^Jm~x!Jn~0!&

5
1

8p2 b̃~m!~hdmn2]m]n!d4~x!

2
b̃„g~m!…

2g3 K Jm~x!Jn~0!E d4z~Frs
a !2L .

~2.9!

~ii ! The central functionb„g(1/x)… satisfies a standard ho
mogeneous renormalization group equation,
b„g(1/x)…/x4 requires additional regularization because it
singular at the origin. The regulated amplitude satisfies

m
]

]m

b„g~1/x!…

x4 U
reg

5
1

8p2 b̂„g~m!…d4~x!

1
b„g~m!…

g3

b„g~1/x!…

x4 U
reg

,

~2.10!

where b̂„g(m)… is associated with the overall divergence
x50.

~iii ! Using the method of differential renormalization@11#
and the RG equation, one can resum a series in power
(ln xm)k to derive a nonperturbative differential equatio
namely,

b~g!
]b̂~g!

]g
12b̂~g!52b~g!. ~2.11!

This shows thatb̂„g(m)… and the central function itself
b„g(m)…, coincide at fixed points. Comparing Eqs.~2.9! and
~2.10! it is tempting to identifyb̌„g(m)…5b̂„g(m)…, but this
also holds only at fixed points since we cannot exclude p
sible locald4(x) terms in thê JJ*F2& correlator. It is easy
to see that contributions tôJJ*F2& begin at orderg(m)4. It
is assumed that the local terms have no singularities wh
could cancel the zero ofb̃(g).

The anomaly coefficienta„g(m)… is related to three-poin
correlators of the stress tensor@12# rather than tô TmnTrs&.
However, it is clear thata„g(m)… is significant, and that the
i-
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fixed point valuesaUV , bUV , cUV and aIR , bIR , cIR are
important quantities which characterize the superconfor
theories at the fixed points of the RG flow.

c theorems.In two dimensions Zamolodchikov estab
lished thec theorem by constructing a functionC„g(m)… as a
linear combination of~suitably scaled! ^TzzTzz&, ^TzzQ&,
and ^QQ& correlators which satisfies

m
]

]m
C„g~m!…>0,

]

]g
C„g~m!…ug5g* 50,

C~g* !5c* , ~2.12!

wherec* is the Virasoro central charge of the critical theo
at the fixed pointg5g* or, equivalently, the fixed poin
value of the external trace anomaly coefficient

Q5
1

24p
c* R, ~2.13!

whereR is the scalar curvature. The properties~2.12! imply
cUV2cIR.0 which is the form in which thec theorem is
usually tested@13#. The ingredients of Zamolodchikov’s
proof of these properties are conservation Ward identit
rotational symmetry, reflection positivity, and Wilsonia
renormalizability. There is a similar proof@10# of a k theo-
rem for the central charges of conserved currents, wh
leads tobUV2bIR>0 in our notation. There are alternativ
proofs @6,10# of the c and k theorems in two dimension
based on the Lehmann representation for the invariant
plitudes in the decomposition of̂Tmn(p)Trs(2p)& and
^Jm(p)Jn(2p)&.

The techniques used in the two-dimensional case can
be extended to four dimensions@5,6#, and it has not so far
been possible to construct anyC function for four-
dimensional theories which satisfies Eq.~2.11!. The best
thing one now has is Cardy’s conjecture@5# that there is a
universal c theorem based on the Euler anomaly, so t
aUV2aIR.0 in all theories. There is theoretical support f
this conjecture@12#, and empirical support by direct test i
models where the infrared dynamics is understood. Tha
theorem is true in all models so far tested which include
following.

~i! SU(Nc) QCD with Nc
221 gluons andNfNc quarks@5#.

An infrared realization as a confined theory with chiral sy
metry breaking andNf

221 decoupled Goldstone bosons
assumed.

~ii ! QCD at large Nc with Nf511Nc/22k near the
asymptotic freedom limit. The infrared limit is computable
perturbation theory because of the well known close tw
loop fixed point@14#. Actually aUV2aIR50 to order 1/Nc

2

for reasons we discuss below.
~iii ! SU(Nc) N51 SUSY QCD in the confined and fre

magnetic phase forNc<Nf<3Nc/2 @4#.
~iv! SU(Nc) N51 SUSY QCD in the non-Abelian Cou

lomb phase for 3Nc/2,Nf,3Nc @3#.
One may take a more general empirical approach and

whether otherc-theorem candidates such as the total flo
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bUV2bIR andcUV2cIR ~or possible linear combinations wit
aUV2aIR! are positive in the models above. It is known th
cUV2cIR is positive in the situations~i! @6# and ~iii ! @4#
above, but negative in situation~ii ! @6# and changes sign
from positive to negative asNf increases in the theories o
~iv!. Thus a universal ‘‘c theorem’’ is ruled out. In the Ap-
pendix below we present brief calculations to show thatb
theorem cannot hold in situations~i!–~iii ! above, and it is
known @3# not to hold in situation~iv!.

Thus thea theoremaUV2aIR.0 emerges as the onl
surviving candidate for a universal theorem in four dime
sions. The desired physical interpretation requires the e
tence of anA function A„g(m)… which decreases monoton
cally from aUV to aIR and counts effective degrees
freedom at a given scale. Thus the relationaUV2aIR.0
would make little physical sense unlessaIR is positive. In-
deed it has been argued@15# thata„g(m)… is positive at criti-
cal points if a conjectured quantum extension of the we
energy condition of general relativity is valid.

Let us now summarize this discussion of the positiv
properties of trace anomaly coefficients. The free-field val
aUV , bUV , cUV are automatically positive. Positivity is rig
orously required forbIR andcIR , and it is a useful test of ou
understanding of the infrared dynamics to check this pr
erty in models. We will also explore the conjecture
a-theorem and the related conditionaIR.0. We will also
show that the ‘‘data’’ forN51 SUSY gauge theories in th
non-Abelian Coulomb phase imply that there is no line
combinationu(aUV2aIR)1v(cUV2cIR) which is positive in
all models~except forv50, u.0!.

B. Relation betweenQ and µRµ anomalies in SUSY/SG

In a supersymmetric theory in the external U~1! gauge
and supergravity backgrounds discussed above, the d
gence of theRm current and the trace of the stress tensor
components of a single superfield. Therefore the supers
metry partner of the trace anomalyQ of Eq. ~2.1! is

]m~AgRm!52
1

3g3 b̃~g!~FF̃ !2
b̃~g!

48p2 ~BB̃!

1
c̃~g!2a~g!

24p2 RR̃

1
5a~g!23c̃~g!

9p2 ~VṼ!, ~2.14!

whereR andR̃ on the right hand side are the curvature ten
and its dual. The ratio2 2

3 between the first two terms of Eqs
~2.1! and~2.14! is well known in global supersymmetry, bu
the detailed relation of the anomaly coefficients of the gra
tational section was first derived in Ref.@3# by evaluating the
appropriate components of the curved superspace ano
equation

D̄ ȧJaȧ5
1

24p2 ~ c̃W22aJ!, ~2.15!

whereJaȧ , W2, andJ are the supercurrent, super-Weyl, a
super-Euler superfields, respectively. This equation sh
t
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e
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r
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that all gravitational anomalies are described by the t
functionsc̃(g) anda(g), and this is also the reason why th
coefficients of the third and fifth terms of Eq.~2.1! are re-
lated. An alternate derivation of Eq.~2.14! which does not
require superspace technology was also given in Ref.@3#.

The last three terms of Eq.~2.14! are essentially the sam
as the anomalies usually computed in studies ofN51
Seiberg duality. It is this fact that leads to immediate po
tivity constraints on supersymmetry anomalies which we c
test easily in the various models in the literature which flo
to infrared fixed points.

C. Computing infrared anomaly coefficients

In this section we discuss how the infrared central char
bIR , cIR , andaIR are related to the conventional U(1)RF2,
U(1)R , and U(1)R

3 anomalies. This is already quite clea
and some readers may wish to jump ahead to the final
mulas at the end. However, we do think that it is useful
derive this relation using the formalism of the all-orde
anomaly-freeSm current introduced in Ref.@7#. The external
anomalies of this current can be clearly seen to agree in
infrared limit with those of theRm current which is in the
same multiplet as the stress tensor, and thus part of thN
51 superconformal algebra of the infrared fixed po
theory. A very clear explanation of theSm current is given in
Sec. III of @7# for the case of general gauge groupG and
arbitrary superpotentialW(f). We summarize and exem
plify the argument for the slightly simpler case of cub
W(f).

Gaugino fields are denoted byla(x), a51, . . . ,dimG,
and scalar and fermionic components ofF i

a(x) by f i
a(x)

andc i
a(x), respectively. The canonicalRm current~which is

the partner of the stress tensor!, and the matter Konishi cur
rentsKi

m for each representation are

Rm5
1

2
l̄agmg5la2

1

6 (
i

c̄a
i gmg5c i

a1
2

3 (
i

f̄a
i DJ mf i

a ,

Ki
m5

1

2 (
i

c̄a
i gmg5c i

a1(
i

f̄a
i DJ mf i

a . ~2.16!

Conservation of the Konishi current is spoiled by a classi
violation for any nonvanishingW and a one-loop exact chira
anomaly. The internal anomaly ofRm in Eq. ~2.14! can also
be generalized to includeW. The divergences of these cu
rents are then~external sources are dropped!

]mKi
m5F i

a ]W

]F i
aU1 T~Ri !

16p2 FF̃, ~2.17!

]mRm5
1

3 (
i

g iF i
a ]W

]F i
aU1 1

48p2

3F3T~G!2(
i

T~Ri !~12g i !GFF̃, ~2.18!

where the vertical bar indicates theu2 component of the
superfield minus its adjoint. The anomaly-freeR current usu-
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ally stated in the literature for any given model is a spec
linear combination~assumed unique here!

S0
m5Rm1

1

3 (
i

g i* Ki
m , ~2.19!

which is conserved classically and nonanomalous to o
loop order. This means that all terms in its divergence

]mS0
m5

1

3 (
i

~g i* 1g i !F i
a ]W

]F i
aU1 1

48p2

3F3T~G!2(
i

T~Ri !@12~g i* 1g i !#GFmv
a F̃mva

~2.20!

cancel except those with coefficientsg i . There is then a
unique~flavor singlet! all-order conserved current

Sm5Rm1
1

3 (
i

~g i* 2g i !Ki
m . ~2.21!

Its divergence vanishes,

]mSm5
1

3 (
i

g i* f i
a ]W

]f i
aU1 1

48p2

3F3T~G!2(
i

T~Ri !~12g i* !GFF̃50,

~2.22!

and the vanishing of the coefficients ofFF̃ and the indepen-
dent cubic terms means that theg i* are the unique set o
numbers which make the gauge and various Yukawab func-
tions vanish. Theg i* then have the physical interpretation
IR anomalous dimensions of the superfieldsf i

a , assuming
that there is an IR fixed point. In the infrared limit,g i→g i*
in Eq. ~2.21!, andSm→Rm. It is worth noting that the coef-
ficient in front of the Konishi current in Eq.~2.21! is a mani-
festation of positive anomalous dimension of the anomal
Konishi current @16#. In physical correlators the infrare
limit can be associated with large distance behavior. The
fore in the infrared~large distance! limit of correlators with
an insertion ofRm5Sm2 1

3 ( i(g i* 2g i)Ki
m the contribution of

the Konishi current decreases faster than the contributio
theSm current which has no anomalous dimension. Thus
Sm andRm operators and their correlators agree in the lo
distance limit, as is required at the superconformal IR fix
point. In the free UV limitg i→0, andSm→S0

m . As we will
see shortly this means that external anomalies ofSm coincide
with those computed in the literature.

We distinguish three classes of models in which one
tains uniqueS0

m andSm currents. The first is the set of mode
with chiral fields inNf copies of a single~real! irreducible
representationR ~or Nf fields in R% R̄! and no superpoten
tial. It is easy to see that the uniqueSm current in these two
cases is
c

e-

s

e-

of
e
g
d

-

Sm5Rm1
1

3 S 12
3T~G!

NfT~R!
2g„g~m!…D(

i
Ki

m ,

Sm5Rm1
1

3 S 12
3T~G!

2NfT~R!
2g„g~m!…D(

i
~Ki

m1K̃ i
m!

~2.23!

@whereKi
m andK̃ i

m are the Konishi currents of fields in theR
andR̄ representations, respectively, and we useT(R)5T(R̄)
and g5g̃#. Comparing with Eq.~2.2!, one can see that th
coefficient of the Konishi terms is proportional tob̃„g(m)…
and thus vanishes in the infrared limit if there is a fix
point.

The second class of models are those of Kutasov@17# and
generalizations@18,19# in which we add a superfieldX in the
adjoint representation to the previous matter content and
W5 f Tr X3. We let KX

m and gX denote the Konishi curren
and anomalous dimension for the adjoint fields. The pro
dure outlined above leads to the unique currents

Sm5Rm1
1

3 S 12
2T~G!

NfT~R!
2g~g, f ! D(

i
Ki

m2
1

3
gXKX

m ,

Sm5Rm1
1

3 S 12
T~G!

NfT~R!
2g~g, f ! D

3(
i

~Ki
m1K̃ i

m!2
1

3
gXKX

m , ~2.24!

for the cases of representationsR% adj andR% R̄% adj, re-
spectively. If there is an IR fixed point, then bothb f

53 f gX/2 andb̃(g) given in Eq.~2.2! must vanish, and it is
easy to see that all coefficients of the Konishi terms in E
~2.24! vanish if this occurs. The procedure may be extend
to more general models withW5 f Tr Xk11, k.2, using the
modification of Eq.~2.20! ~see Sec. III of@7#! for general
superpotentials.

Another common class of models resembles the ‘‘m
netic’’ version of SU(Nc) SUSY QCD. There areNf flavors
of quark and antiquark fieldsq and q̃ in conjugate represen
tationsR8 and R̄8 of a dual gauge groupG8 plus a gauge
singletM in the (Nf ,N̄f) representation of the flavor group
The models have a cubic superpotentialW5 f q̃Mq. In this
case the uniqueSm current is

Sm5Rm1
1

3 S 12
3T~G8!

2NfT~R8!
2gqD ~Ki

m1K̃ i
m22KM

m !

2
1

3
~2gq1gM !KM

m , ~2.25!

and one can check again that the coefficients of indepen
Konishi currents vanish exactly whenbg5b f50.

Because the operatorSm is exactly conserved without in
ternal anomalies, ’t Hooft anomaly matching@20# can be
applied to calculate the anomalies of its matrix elements w
other exactly conserved currents, such as]m^SmTrsTlt&.
One argument for this~Sec. III of Ref.@3#! is the following.
The operator equation]mSm50 holds in the absence o
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sources, and it must remain local when sources are in
duced. For an external metric source dimensional and s
metry considerations restrict the possible form of the ma
element to

^]mSm~x!&5s0RR̃~x!, ~2.26!

where the right hand side is local.A priori s0„g(m)… could
depend on the RG scalem. However,Sm in this case is an
RG invariant operator, so matrix elements cannot depend
g(m). Therefores0 must be a constant, hence one-loop e
act. If we now use the fact thatS and R coincide at long
distances we have the chain of equalities

]^RTT& IR5]^STT& IR5]^STT&UV5]^S0TT&,
~2.27!

where the last term simply includes the one loop graphs
the currentS0 and gives the U(1)R anomaly coefficient
quoted in the literature. Similar arguments justify the co
ventional calculation of U(1)RFF and U(1)R

3 anomalies.
Formulas for anomaly coefficients.The previous discus

sion enables us to write simple formulas for the infrar
values of the anomaly coefficients in terms of the anoma
freeR charges quoted in the literature. For a chiral superfi
F i

a in the representationRi of dimension dimRi the R
charger i is related tog i* in the S0

m current ~2.19! by r i

5(21g i* )/3.
The quantitiesbIR , cIR , andaIR are the infrared values o

the trace anomaly coefficientsb̃, c̃, anda in Eq. ~2.1!. They
are normalized by the free field values in Eqs.~2.4! and~2.5!
and are related toR-current anomalies by Eq.~2.14!. One
then obtains

bIR523U~1!RF253(
i j

~dim Ri !~12r i !Ti
jTj

i ,

cIR2aIR52
1

16
U~1!R

52
1

16 S dim G1(
i

~dim Ri !~r i21! D ,

aIR23cIR5
9

16
U~1!R

3

5
9

16 S dim G1(
i

~dim Ri !~r i21!3D ,

cIR5
1

32
@9U~1!R

325U~1!R#

5
1

32 S 4 dim G

1(
i

~dim Ri !~12r i !@529~12r i !
2# D ,

aIR5
3

32
@3U~1!R

32U~1!R#
o-
-

x

on
-

f

-

-
d

5
3

32 S 2 dim G

1(
i

~dim Ri !~12r i !@123~12r i !
2# D . ~2.28!

Note that theR charge of the fermionic component ofF i
a

is r i21 and appears in these formulas, which are valid
theories in an interacting conformal phase with uniq
anomaly freeR charges and no accidental symmetry. T
treatment is extended to include accidental symmetry
theories with nonuniqueR charge in later sections.

The hypothesis that there is a nontrivial infrared fix
point in any given model is established by several con
tency tests which in the past did not include the positiv
conditions we have discussed. The set of infraredR charges
assigned in the literature is not guaranteed to produce p
tive bIR , cIR , aIR so the positivity constraints provide a
additional check that the hypothesis of an interacting fix
point is correct.

The corresponding UV quantities are obtained from E
~2.28! by replacingr i→ 2

3 , and one can check that Eqs.~2.4!
and ~2.5! are reproduced when this is done. Thus for flo
without gauge symmetry breaking the total flow of the ce
tral charges from the UV to the IR is due to the differen
between the canonical and nonanomalousR charges, and are
given by the following formulas:

bUV2bIR53(
i j

~dim Ri !F S r i2
2

3DTi
jTj

i G , ~2.29!

cUV2cIR5
1

384 (
i

~dim Ri !~223r i !@~726r i !
2

217#, ~2.30!

aUV2aIR5
1

96 (
i

~dim Ri !~3r i22!2~523r i !.

~2.31!

Higgs flows with spontaneous symmetry breaking of gau
symmetry are studied in Sec. III.

There is a rather interesting aspect of the formulas~2.29!–
~2.31! for central charge flows. In perturbation theory abou
UV free fixed point the quantity (223r i) is of order g2.
Thus our formulas are consistent with the two-loop calcu
tions of Ref.@21# where it was found that radiative correc
tions to c(g) begin at two-loop order@and quantitatively
agree@3# with the perturbative limit of Eq.~2.30!#, while
corrections toa(g) vanish at two-loop order. The ‘‘input’’ to
Eq. ~2.31! comes from one-loop chiral anomalies, so it
curious that the formula foraUV2aIR ‘‘knows’’ about two-
loop curved space computations.

The perturbative structure becomes more significant w
we consider the physical requirement that ac function must
be stationary at a fixed point, and that Zamolodchikov’sc
function actually satisfies (]/]g)C(g)50 at a fixed point. A
monotonic interpolatingA function is not known in four di-
mensions but one can consider a candidateA function ob-
tained fromaIR in Eq. ~2.28! by replacing the infrared value
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7576 57ANSELMI, ERLICH, FREEDMAN, AND JOHANSEN
of r i by their values calculated along the flow, i.e.,r i→@2
1g i„g(m)…#/3. This candidateA function naturally satisfies
Zamolodchikov’s stationarity condition at weak couplin
The analogous candidateC function obtained fromcIR of Eq.
~2.28! does not.

III. MODELS WITH UNIQUE R CHARGE

In this section we discuss the positivity conditionsbIR
.0, cIR.0, aIR.0, andaUV2aIR.0 in a large set of mod-
els in the literature where the anomaly-freeR charge is
unique. While some of these models will be considered
more detail in the next two sections, here we are going
analyze some general aspects. It is worth emphasizing
even though the positivity ofbIR and cIR follows generally
from unitarity constraints, the fact that they turn out to
positive in our approach is additional evidence that our
derstanding of the infrared dynamics is correct.

The positivity constraintaUV2aIR.0 deserves some
comments. As explained above, the gravitational effec
action depends on the functionsa and c. It is natural to
assume that a candidateC function measuring the irrevers
ibility of the RG flow may be a universal model independe
linear combinationC5ua1vc. We are going to show tha
the only combination C5ua1vc which satisfies DC
5u(aUV2aIR)1v(cUV2cIR)>0 for all models is justC
5a. First note that since there are theories@e.g., SU(Nc)
SUSY QCD withNf,3Nc# with cUV2cIR of either sign@3#
andaUV2aIR positive, one must takeu.0. It is then suffi-
cient to assumeu51. Consider the electric version o
Seiberg’s SU(Nc) QCD with Nf fundamental flavors in the
conformal window 3Nc/2,Nf,3Nc . In the weak coupling
limit Nc , Nf→`, and Nc /Nf→3, the work of Ref.@3#
shows thatDc,0 and 0<Da!uDcu. So we havev<0. On
the other hand, in the weak coupling limitNf→` and
Nc /Nf→3/2 of the magnetic theory one can see that
<Da!Dc so we havev>0. Thenv50, andaUV2aIR.0 is
the only universala-theorem candidate.

Below we state simple sufficient conditions for the po
tivity constraintsbIR.0, cIR.0, aIR.0, and also foraUV
2aIR.0 in the case of RG flows from a free ultraviolet to a
infrared fixed point. Remarkably enough, these suffici
conditions can be quickly seen to be satisfied in most of
conformal window of all renormalizable theories that w
have analyzed. Closer examination is required for cases
accidental symmetry. There are also many examples of fl
between interacting fixed points which are generated by v
ous deformations. These situations are discussed in later
tions.

A. Sufficient conditions

We first note that in part of the conformal window o
some models, the unitarity boundr> 2

3 fails for one or more
composite operators of the chiral ring. Then the formu
~2.28! for infrared anomalies require correction for the ens
ing accidental symmetry. Such cases are discussed sepa
in Sec. IV, and we consider here models without accide
symmetry, which necessarily haver i>

1
3 for all fields of the

microscopic theory.
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The simplest way in which the positivity conditions ca
be satisfied is if the contributions tobIR , cIR , andaIR in Eq.
~2.28!, and toaUV2aIR in Eq. ~2.31!, are separately positive
for each contributing representationRi . This leads to the
following sufficient conditions:~i! bIR.0 if r i<1 for all
chiral superfieldsF i ; ~ii ! cIR.0 if 12A5/350.254<r i<1
or r i>11A5/351.745 for all F i ; ~iii ! aIR.0 if 121/)
50.423<r i<1 or r i>111/)51.577 for allF i ; ~iv! aUV

2aIR>0 if r i<
5
3 for all F i .

In all of the models examined we find, that in the part
the conformal window where no accidental symmetry is
quired, ~a! remarkably,r i<

5
3 for all renormalizable models

so thea theorem is always satisfied,~b! 12A5/3,r i,1 in
all electric models without accidental symmetry~since elec-
tric and magnetic anomalies match in all models, we ha
bIR.0 andcIR.0 on both sides of the duality!, and,~c! 1
21/),r i,1 is satisfied in part of the conformal window
of all theories, but not always. But the sufficient condition
rather weak, and the positive contribution of the gauge m
tiplet aIR always ensuresaIR.0 in the nonaccidental region

Thus, most of the positivity conditions, especially thea
theorem, can be verified essentially by inspection of
tables ofR charges presented in the literature on the vario
models. Actually, in many cases one can prove thatr i,

5
3 as

a consequence of asymptotic freedom in absence of acci
tal symmetry~i.e., when allr i>

1
3!. Explicit check is then

unnecessary. We illustrate this in three simple situations
~i! For models withNf copies of a single irreducible rea

representationR ~or Nf copies ofR% R̄!, one can see from
theSm current in Eq.~2.24! thatg* 5123T(G)/NfT(R) @or
g* 5123T(G)/2NfT(R)# and asymptotic freedom give
g* ,0 in both cases. Thusr 5(21g* )/3, 2

3 .
~ii ! For renormalizable Kutasov-Schwimmer type mod

the current~2.25! immediately gives the same information
r , 2

3 for the fields inR and R̄ and r X5 2
3 .

~iii ! We also consider models which have the same str
ture as magnetic SU(Nc) SUSY QCD, namely,Nf fieldsq in
a real representationR8 of a dual gauge groupG8 ~or Nf

fieldsq, q̃ in R8% R̄8! plus a gauge singlet meson field in th
Nf ^ Nf @or (1,Nf) ^ (Nf ,1)# representation of the flavo
group SU(Nf) @or SU(Nf)3SU(Nf)#. There is a superpoten
tial W5qMq ~or W5qMq̃!. Here again one can inspect th
gaugeb function @or the appropriateSm current~2.25!# and
find gq* ,0 and 1

3 <r q, 2
3 . The superpotential then tells u

that r M5222r q satisfies 2
3 ,r M< 4

3 with the upper limit
from unitarity without accidental symmetry. Thus againr i
, 5

3 for all fields.

B. Flows between superconformal fixed points

A conformal fixed point is characterized by the values
b, c, and a. These values do not depend on the particu
flow which leads to or from this conformal theory. Therefo
one may be interested in a computation of the flowaUV
2aIR for a theory which interpolates between two interacti
conformal fixed points. Such an interpolation may be o
tained by deforming a superconformal theory with a relev
operator which generates an RG flow driving the theory
another superconformal fixed point. Since we know the c
formal theories at both ultraviolet and infrared limits of th
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interpolating theory, the computation simply requires su
traction of the end-point central charges. In this case we
not need to construct anyS-current interpolating between th
ultraviolet and infrared conformal fixed points. However,
is interesting that in some cases one can construct suchS
current and check directly the value of the flowaUV2aIR .
We discuss below aspects of various types of deformatio

Mass deformations. The simplest case is a mass deform
tion. Consider a conformal theory (H) characterized byaH,
bH, and cH which contains a chiral superfieldF in a real
representation of the gauge group~or a pair of chiral super-
fields F and F̃ in conjugate representations!. Such a theory
may be deformed by adding a gauge invariant mass t
Wm5(m/2)F2 ~or Wm5mFF̃!. We assume that the heav
superfieldF ~or F and F̃! decouples from the low-energ
spectrum, and that the resulting theory flows to a new c
formal fixed point with a smaller global symmetry grou
and characterized by the valuesaL, bL, and cL. Since the
heavy fields of the original theory do not contribute to infr
red anomalies, we haveaIR5aL, bIR5bL, cIR5cL. On the
other hand, the heavy fields contribute to ultraviolet anom
lies so thataUV5aH, bUV5bH, andcUV5cH. Thus we have
aUV2aIR5aH2aL. As a result we expect thataUV.aIR .
This is indeed the case for all the models that we have a
lyzed.

One can obtain a simple analytic formula in the case of
electric type theory withNf copies ofR% R̄ representation
and no superpotential. In this theoryr 512T(G)/2NfT(R)
for the Nf quarks of the theoryH. We consider a mass de
formation of H which leavesNf2n massless quarks in th
theory L. These quarks haver 512T(G)/2(Nf2n)T(R).
Substituting these charges in the formula~2.31! we subtract
with the result

aH2aL5
9 dim RT~G!3

128T~R!2 S 2
1

Nf
2 1

1

~Nf2n!2D .0.

In the special case of interpolation between an ultravio
free theory and an infrared nontrivial conformal fixed po
one can apply a more formal argument. In this case we c
sider the electric theory above with added mass term for
n massive quarks. The uniqueSm current of this new theory
is

Sm5Rm1
1

3 S 12
3T~G!

2~Nf2n!T~R!
2gLD

3Km
L 1

1

3
~12gH!Km

H ,

where the superscriptsL andH indicate Konishi currents for
the light and heavy quarks, respectively. ThusgH* 51 and
r H51 so that the heavy quarks do not contribute toaIR5aL

in Eq. ~2.31!. For the light quarks gL* 5123T(G)/
2(Nf2n)T(R) and r L512T(G)/2(Nf2n)T(R) which is
exactly the correct value in the low-energy theory ofNf2n
flavors. Thus theSm current analysis leads to the same va
of aIR5aL used above.

Higgs deformations.There are two qualitatively differen
types of Higgs deformations. The first is a deformation alo
-
o

s.
-

m

-

-

a-

n

t
t
n-
e

g

flat directions of the potential for the scalar fields. Und
such a deformation one generically breaks both the ga
and flavor symmetries. While the Goldstone bosons co
sponding to the gauge symmetry breaking are absorbed
the Higgs mechanism, the Goldstone bosons of the fla
symmetry breaking remain in the massless spectrum of
theory. Therefore these Goldstone bosons~and their super-
partners! have to be taken into account in the computation
the infrared values ofa, b, andc of the resulting theory. It is
implicitly assumed in the literature that these Goldstone
perfields decouple from other light fields of the low-ener
theory and are free in the infrared. We thus assignr 5 2

3 to
these fields.

In general the positivity of the flowaUV2aIR under the
Higgs deformations is nontrivial evidence for thea theorem.
In a simple situation of flow from the ultraviolet free theo
deformed by the Higgs mechanism to an infrared conform
fixed point the positivity ofaUV2aIR follows from the fol-
lowing argument. Let us consider an asymptotically fr
theoryT. Let us also consider an asymptotically free theo
T(1) which is a Higgs deformed version ofT along a flat
direction and flows to a nontrivial conformal theory in th
infrared CFTIR

~1!. We are going to argue that the flow
aUV(T(1))2aIR

(1).0. We assume that there aren Goldstone
chiral superfields that decouple from the rest of the theory
is convenient to define another asymptotically free the
T(2) which is just the theoryT(1) with all massive fields
dropped out plusn free chiral superfields. Let us assume th
the interacting part of the theoryT(2) is also in its conformal
window and flows to a nontrivial conformal theory CFTIR

~2!,
and the a theorem is satisfied for this flow. We hav
CFTIR

~1!5CFTIR
~2!

% (n free chiral superfields). Therefore in
stead of the flowT(1)→CFTIR

~1! one can consider the two ste
flow TUV

(1)→TUV
(2)

% (n free chiral superfields)→CFTIR
~1! ~see

Fig. 1!.
Since thea theorem is trivially satisfied for the flow

TUV
(1)→TUV

(2)
% (n free chiral superfields) we arrive at th

conclusion thataUV(T(1))2aIR
(1).0.

The second type of Higgs deformation is the magne
counterpart of a mass term in the electric theory. To be c
crete we consider SU(Nc) SUSY QCD with electric quarks
Qa

i and antiquarksQ̃i
a , wherea51,...,Nc , and i 51,...,Nf

are color and flower indices, respectively. The magne
theory hasG5SU(Nf2Nc) with quarks, antiquarks, and
meson qi

a , q̃a
i , and M j

i . The mass perturbationWm

5mQa
NfQ̃Nf

a in the electric theory is mapped toWm5mMNf

Nf

on the magnetic side@23# so that flavor symmetry is broke
explicitly to SU(Nf21). Analysis @23# of the magnetic
equations of motion shows that there is a Higgs effect w
^qNf

q̃Nf&Þ0, so the gauge group is broken to SU(Nf2Nc

21). The spectrum contains massive fields plus the li

FIG. 1. The diagram of flows under Higgs deformations.
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fields of the magnetic effective low-energy theory withG
5SU(Nf2Nc21) andNf21 flavors. If this theory is still in
its conformal window, i.e.,Nf21. 3

2 Nc , then aIR can be
computed from Eq.~2.28! with the matter content and th
gauge group of the low-energy theory.

As an example one may consider a special case of
flow from the Higgs deformed ultraviolet free theory to a
infrared conformal fixed point. It should be no surprise th
there is also a formal argument~based on a consideration o
a conservedSm current! since the conservedR current on the
electric side corresponds to a conserved current on the m
netic. One can verify that the magnetic theory, withWm

5mMNf

Nf , has a unique set of anomaly freeR charges. There

is an elaborate cancellation of the contributions of hea
fields to the U(1)R and U(1)R

3 anomalies, and only the ex
pected contributions from fields of the low-energy effecti
theory remain.

Deformations of superpotential.One can also conside
more general deformations of the superconformal theorie
relevant operators. A particular type of deformation is o
tained by adding a relevant chiral gauge invariant operato
the superpotential of a superconformal theory. As a result
deformed theory may flow to another fixed point along t
RG flow generated by the deformation. In all renormaliza
models that we studied the induced flow ofa is positive but
this is not true in nonrenormalizable models~see Sec. VI!.
Examples of interpolating flows are those between thek and
k21 Kutasov-Schwimmer models which are discussed
Sec. V.

IV. ACCIDENTAL SYMMETRIES

In this section we explain the computation of the infrar
values ofa, b, andc in the presence of accidental symmetr
The appearance of accidental symmetry is associated wit
apparent violation of the unitarity boundr> 2

3 for a primary
gauge invariant chiral composite fieldM . The simplest hy-
pothesis explored in the literature~for a review and discus
sion see Ref.@22#! is that this signals that the fieldM is
actually decoupled from the interacting part of the theo
and becomes a free chiral superfield in the infrared@22#.

On the other hand theR charge is equal to23 for a free
chiral superfield, which contradicts the result of computat
with the Sm current. A plausible explanation is that there
an additional anomaly free global U~1! generated by the
spin-1 componentJm

(M ) of the composite superfieldM̄M .
The field M is charged with respect to the currentJm

(M ) but
the other fields are not. In this case the perturbative anom
free Sm current can mix with theJm

(M ) current under the RG
flow because the scaling dimension of the latter tends to
canonical dimension 3 of a conserved current. Thus the
fraredR current can be determined as an infrared limit o
linear combination

Rm
IR5Sm1Am , ~4.1!

whereAm5lJm
(M ) . The coefficientl is fixed by the condi-

tion thatR5 2
3 for the fieldM .

Assuming that this picture is correct one can easily co
pute the infrared values of the central functionsa, b, andc.
e
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In the notation of Sec. II, one has to compute the three p
correlators^RRR& IR and ^RTT& IR . Substituting the expres
sion ~4.1! for Rm into these correlators one has~the subscript
IR is omitted here!

^RRR&5^SSS&13^SSA&13^SAA&1^AAA&,

^RTT&5^STT&1^ATT&. ~4.2!

At this point we note that the correlators^SSA&, ^SAA&,
^AAA&, and^ATT& are saturated by the free chiral fieldM
and hence they can be easily computed, i.e., we have

^SSA&5^SSA& free, ^SAA&5^SAA& free,

^AAA&5^AAA& free, ^ATT&5^ATT& free.

Thus the correlatorŝRRR& IR and^RTT& IR can be rewritten
as follows:

^RRR& IR5^SSS&1^RRR& free2^SSS& free,

^RTT& IR5^STT&1^RTT& free2^STT& free. ~4.3!

As we explained in Sec. II the central chargesaIR andcIR are
just given by linear combinations of the correlators^RRR& IR
and^RTT& IR . We consider the case where there is one ac
dental U~1! symmetry for the gauge invariant composite s
perfield M in an irreducible representation of the flav
group of dimension dimM ~more general cases can easily
handled!. The corrected infrared values of the central charg
are

aIR5aIR
~0!1

dim M

96
~223r M !2~523r M !,

cIR5cIR
~0!1

dim M

384
~223r M !@~726r M !2217#. ~4.4!

Here we denoted byaIR
(0) andcIR

(0) the expressions fora andc
given by Eqs.~2.28!, andr M stands for theS charge of the
chiral field M , specifically the sum of theS charges of its
elementary constituents. Since by assumptionr , 2

3 it is easy
to see that the correction toa is always positive. The correc
tion to c is positive atr ,(72A17)/6'0.479 and negative a
0.479'(72A17)/6,r , 2

3 . In some models the accidenta
correction is required to makeaIR and cIR positive, so the
sign is important.

In general the formulas for the infrared values of flav
central functions should also be corrected due to the pres
of accidental symmetries. The general formula for the c
rectedb can be easily obtained along the above lines a
reads

bIR5bIR
~0!13Tj

i Ti
j S r M2

2

3D .

Here we denoted bybIR
(0) the expression forbIR given in Eq.

~2.28!, Tj
i stands for the flavor generator associated withb.

The correction dimM (r M2 2
3 ) is always negative.

Deformations of conformal fixed points with acciden
symmetry.In the following we test various examples of s
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TABLE I. Flows from UV free theories to Seiberg’s conformal QCD.

Gauge group aUV2aIR in electric theory aUV2aIR in magnetic theory

SU(Nc)
NfNc

48 S 12
3Nc

Nf
D 2S 21

3Nc

Nf
D 1

12 S 12
3Nc

2Nf
D 2

~3Nc
214NcNf13Nf

2!

SO(Nc) Nc~2612Nf13Nc!~61Nf23Nc!
2

96Nf
2

Nc~2622Nf13Nc!
2~3Nf

226Nc14NcNf13Nc
2!

96Nf
2

Sp(2Nc) ~231Nf23Nc!
2Nc~312Nf13Nc!

24Nf
2

~322Nf13Nc!
2~3Nf

213Nc14NcNf13Nc
2!

24Nf
2
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perconformal models and flows between them. In particu
we will consider flows from superconformal models wi
accidental symmetries taken as an ultraviolet fixed poin
different infrared fixed points. Such a flow may be genera
by appropriate deformation of the ultraviolet theory with
relevant operator. It is important that the ultraviolet theo
has to be taken together with the free chiral fields genera
the accidental symmetry. In fact the deformation of the
traviolet theory by a relevant operator generates a nontri
coupling of the interacting part of the UV theory to the a
cidental chiral superfields. This turns out to be important
positivity of aUV2aIR .

V. EXAMPLES OF MODELS WITH UNIQUELY DEFINED
S CURRENT AND THE FLOWS

In this section we give detailed results for the models t
we have analyzed. We mainly focus on subtleties met in
computations of the infrared values ofa andc.

A. Models with one type of irreducible representation

This class of models includes the SU(Nc) series, SO(Nc)
series@23#, Sp(2Nc) series@24#, Pouliot Spin~7! model@25#,
Distler-Karch models with exceptional groups@26#.

Seiberg’s QCD withG5SU(Nc), SO(Nc) with Nf , and
Sp(2Nc) with 2Nf fundamentals. Conformal windows ar
3Nc/2,Nf(SU),3Nc , 3(Nc22)/2,Nf(SO),3(Nc22),
3(Nc11)/2,Nf(Sp),3(Nc11). There are no accidenta
symmetries. Since allR charges obeyr< 5

3 we always have
Da5aUV2aIR.0 for the flows from the free ultraviolet to
conformal fixed points. The results of our computations
given Table I. It should be noted that all flows vanish qu
dratically in the respective weakly coupled limits of elect
and magnetic theories. This agrees with the discussion o
perturbative limit at the end of Sec. II.

The models considered below have nonrenormaliza
magnetic versions. Therefore we discuss only the elec
versions that are renormalizable. The results of our com
tations are given in Table II. Aspects of the RG flows
nonrenormalizable theories are considered in the next
tion.

Spin ~7! Pouliot model withNf spinors8, Qi . Conformal
window: 7<Nf<14. We have in the infraredr 8

IR51
25/Nf . There is an accidental symmetry atNf57 due to
decoupledQQ singlet. In Table II we separated the accide
tal corrections toaIR andcIR from the regular ones. Note tha
r

o
d

g
-
al

r

t
e

e
-

he

le
ic
u-
f
c-

-

the correction tocIR turns out to be negative.
G2 with Nf 7. Conformal window: 6<Nf<11. We have

R7
IR5124/Nf . The accidental symmetry point appears

Nf56 whereQQ has r 5 2
3 and hence it is free. Therefor

there are no accidental corrections to the central charge
E7 Distler-Karch model: four fundamentals56, Qi ; r Q

5 1
4 .
E6 Distler-Karch model~I!: six fundamentals27, Qi ;

r Q5 1
3 .

E6 Distler-Karch model~II !: 33(27127) fundamentals
Qi ; r Q5 1

3 .
F4 Distler-Karch model: five fundamentals26, Qi ; r Q

5 2
5 .
F4 Distler-Karch model: four fundamentals26, Qi ; r Q

5 1
4 . There is an accidental symmetry associated with dec

pling of meson fieldsMi j 5QiQj . In Table II we separated
the accidental corrections toaIR and cIR from the regular
ones. Again the correction tocIR turns out to be negative.

Spin ~8! Distler-Karch model: 43(8v18c18s) funda-
mentalsQ; r Q5 1

2 .

B. Deformations

Deformations ofSU(Nc), SO(Nc), and Sp(2Nc) Seiberg
QCD models. Higgs deformation of the Seiberg superconfo
mal models corresponds toNc , Nf→Nc85Nc21, Nf85Nf

21. The infrared theory has 2(Nf21) decoupled Goldstone
gauge singlets for SU(Nc) and Sp(2Nc) models andNf21
for SO(Nc).

~1! Consider first the SU(Nc) theory. In the region
3Nc/2,Nf<3Nc23 both the ultraviolet and infrared theo
ries are in their conformal windows and we have

Da5
12Nf

24
1

3~2Nc21!

8
2

9Nc
4

16Nf
2 1

9~Nc21!4

16~Nf21!2.0.

In the casesNf53Nc21, 3Nc22 the infrared theory is free
sinceNf853Nc811 andNf853Nc8 , respectively. The infrared
value aIR is then computed usingr 5 2

3 for all chiral super-
fields of the low-energyNc8 , Nf8 theory and the Goldstone
fields. The results are

Da5
29176Nc2210Nc

21180Nc
3

48~2113Nc!
2 .0
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TABLE II. The infrareda andc charges, and flows from the ultraviolet free theory to conformal fix
points.

Model aIR cIR

Electric theory,
aUV

free2aIR

Spin ~7! with Nf,7 spinors8
no accidental symmetry

123

16
2

1125

4Nf
2 .0

71

8
2

1125

4Nf
2 .0

Nf

12 S 12
15

Nf
D 2S 21

15

Nf
D

Spin ~7! with Nf57 spinors8
accidental symmetry

1527

784
1

23

168
5

4903

2352

1229

392
2

13

84
5

3505

1176

3551

1176

G2 with 7<Nf<11 in 7
no accidental symmetry

21

4
2

126

Nf
2 .0

49

8
2

126

Nf
2 .0

7Nf

48 S 12
12

Nf
D 2S 11

6

Nf
D

E7 with 4 fundamentals56
903

64

1043

64

2975

192

E6 with 6 fundamentals in27
45

4

105

8

27

4

E6 with matter in 33(27127)
45

4

105

8

27

4

F4 with Nf55 in 26
1833

200

1079

100

247

75
F4 with Nf54 in 26
accidental symmetry

1209

256
1

7

48
5

3739

768

1625

256
2

1

48
5

4859

768

5413

768
Spin ~8! with matter in
43(8v18c18s)

51

8

61

8

7

8

-

c

-

and

Da5
~2215Nc!~6219Nc112Nc

2!

16~2213Nc!
2 .0.

~2! Consider the SO(Nc) theory. In the region 3(Nc
22)/2,Nf<3Nc28 both the ultraviolet and infrared theo
ries are at their conformal fixed points and we have

Da5
12Nf

48
1

3

32 F2Nf18~Nf2Nc12!29S Nc

Nf
2

Nc21

Nf21D
3~Nf2Nc12!213S Nc

Nf
22

Nc21

~Nf21!2D
3~Nf2Nc12!3G.0

In the cases ofNf53Nc27, 3Nc28 ~in the latter case we
limit ourselves toNc>4 for the ultraviolet theory to be in the
conformal window! the infrared theory is free so that, respe
tively,

Da5
288211756Nc21011Nc

21180Nc
3

96~2713Nc!
2 .0,

Da5
21921372Nc2193Nc

2130Nc
3

16~2813Nc!
2 .0.

~3! Consider the Sp(2Nc) theory. In the region 3(Nc
11)/2,Nf<3Nc11 both the ultraviolet and infrared theo
ries are at their conformal fixed points and we have
-

Da5
12Nf

24
1

1

32 F6~324Nf !196~Nf2Nc21!

2108S Nc11

Nf
2

Nc

Nf21D ~Nf2Nc21!2

136S Nc11

Nf
2 2

Nc

~Nf21!2D ~Nf2Nc21!3G.0.

In the cases ofNf53Nc11, 3Nc12 the infrared theory is
free so that, respectively,

Da5
23216Nc141Nc

21138Nc
3

16~113Nc!
2 .0

and

Da5
228186Nc1471Nc

21414Nc
3

48~213Nc!
2 .0.

The mass deformations obviously respect thea theorem be-
cause]a/]Nf.0 in all cases~see explicit computation in
Sec. III!.

Deformations of spin~7! Pouliot model.First consider the
Higgs deformation of the spin~7! Pouliot model with 7
<Nf<14 fundamentals to theG2 model withNf21 funda-
mentals andNf21 Goldstone superfields.
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In the region 8<Nf<14 there are no accidental symm
tries either in the ultraviolet or in the infrared. Thus we ha
r 8

UV5125/Nf , r 7
IR5124/(Nf21), andr 1

IR5 2
3 . The flow is

Da5
1

144Nf
2~Nf21!2 ~13500227000Nf17523Nf

22141Nf
3

169Nf
41Nf

5!.0.

Note that forNf513,14 the infraredG2 theory is free. In
this case we have

Da~Nf513!5
3781

2704
, Da~Nf514!5

859

588
.

For Nf57 the UV theory has an accidental symmetry. O
has

Da5
1945

2352
.

Mass deformations.By giving a mass to one of the flavor
one can generate the flowNf→Nf21. Obviously, aUV
2aIR5a(Nf)2a(Nf21).0.

The results of computations for the flows induced
Higgs deformation of Distler-Karch superconformal mod
are given in Table III.

Mass deformation of F4 model@26#. By giving a mass to
one of flavors the theory withNf55 is driven to a new
conformal fixed point withNf54 flavorsQi andr Q5 1

4 . The
theory has an accidental symmetry associated with de
pling of the 16 mesonsMi j 5QiQj , r M5 2

3 . For the flow
from Nf55 to Nf54 we have

Da5
85693

19200
.

C. Models with two types of irreducible representations
with uniquely determined S current

This set of models includes those given in Refs.@17# for
SU @18,19#, SO, and Sp gauge groups. We discuss in de
only the SU Kutasov-Schwimmer models and the Pou
spin ~7! model withNc14 flavors in8 and singlets@25#. For
these models we discuss also various flows between con
mal fixed points.

Consider the Kutasov-Schwimmer model@17# with the
SU(Nc) gauge group,Nf flavors of quarks,Q and Q̃ in the
fundamental, and a chiral superfieldX in the adjoint repre-
sentation. The superpotential isW5Xk11. TheR charges are
given in Table IV.

The theory has a dual with gauge group SU(kNf2Nc),
with Nf flavors of ( 1 ), an adjoint and gauge singlet
The conformal window is presumed to be the region

TABLE III. Higgs deformations of Distler-Karch models.

Higgs deformation F4→Spin(8) E6→F4 E7→E6

aUV2aIR
2623
300

2377
1200

175
64
e

u-

il
t

r-

Nf ,Nc where both the electric and magnetic theories are
ymptotically free,

2Nc

2k21
,Nf,2Nc .

There is an accidental symmetry in the range

2Nc

2k21
,Nf<

3Nc

k11
,

where it corresponds toQXjQ̃ out of the unitary region for
one or more values ofj . This accidental symmetry may ap
pear in the conformal window for anyk>2 ~and sufficiently
largeNc!. In particular, fork52 it appears forNf<Nc , and
for k53 it appears forNf<3Nc/4.

The only explicitly renormalizable Kutasov-Schwimm
model corresponds tok52, and it is studied below. Thek
53 theory can be made renormalizable in part of its conf
mal window, and this is discussed in Sec. VI.

In the case of absence of the accidental symmetry we m
use Eqs.~2.28!. We have

aIR5
9

32 H F S 2

k11
21D 3

11G~Nc
221!

2
16

~k11!3

Nc
4

Nf
2 1

2

3

Nc
211

k11 J ,

cIR5
9

32 H F S 2

k11
21D 3

11G~Nc
221!

2
16

~k11!3

Nc
4

Nf
2 1

10

9

Nc
211

k11 J ,

~5.1!

Da52
9

32 H F S 2

k11
21D 3

1
7

27G~Nc
221!

2
16

~k11!3

Nc
4

Nf
2 1

2

3

Nc
211

k11
2

4NfNc

27 J .

It is obvious thatDa.0 in the conformal window since fo
all chiral fieldsr IR< 5

3 .

TABLE IV. Matter content of Kutasov-Schwimmer models.

SU(Nc) SU(Nf)Q SU(Nf)Q̃ U(1)R

Q 12
2Nc

(k11)Nf

Q̃ 12
2Nc

(k11)Nf

X adj 2
k11
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At k52 we have

Da5
Nc

24 S 12
2Nc

Nf
D 2

~Nc1Nf !>0.

Note also that the first two equations in Eq.~5.1! agree with
the results for Seiberg’s QCD atk51.

We now consider the contribution of the accidental sy
metry. We concentrate on the renormalizable casek52. In
the region 2Nc/3,Nf<Nc , the meson operatorM5QQ̃ has
r M52(122Nc/3Nf), 2

3 , so there is an accidental correctio
to cIR andaIR ~5.1!. First we note that for largeNc andNf
'2Nc/3, the previous formulas~5.1! for the k52 central
charges without accidental contributions give

cIR
~0!52

1

6
, aIR

~0!52
1

24
Nc

2

and are negative. This is not surprising since the theor
effectively nonunitary if the decoupling of the meson field
not taken into account. Positivity is restored by the accid
tal contribution, and this is an interesting check on the en
hypothesis of accidental symmetry. The sum of Eq.~5.1! and
the accidental correction~4.4! are

aIR52
3

16
2

Nf
2

6
1NfNc2

7Nc
2

6
1

2Nc
3

3Nf
2

Nc
4

6Nf
2.0,

cIR52
1

8
2

Nf
2

12
1

11NfNc

12
2

9Nc
2

8
1

2Nc
3

3Nf
2

Nc
4

6Nf
2.0.

~5.2!

We note that intrinsically positive accidental corrections
aIR decreaseaUV2aIR and thus tend to threaten thea theo-
rem. Nevertheless we find that with the accidental contri
tion included

Da5
11Nc

2

8
1

Nc
4

6Nf
22

2Nc
3

3Nf
2

23NfNc

24
1

Nf
2

6
>0. ~5.3!

The contribution of the accidental symmetry tob is always
negative. However, we find that all positivity conditions, i
cluding b.0, are satisfied forNf ,Nc in the accidental win-
dow. For example, for the central charge of the SU(Nf)Q
current we find fork52

bIR5
4

3Nf
~2Nf

222NfNc1Nc
2!.0. ~5.4!

Deformations of Kutasov-Schwimmer superconform
models.

~i! Consider now the k→k21 interpolation.The simplest
case is to considerW5Tr Xk111Tr Xk with ^X&50 and
unbroken gauge group@17#.

As mentioned above our approach is not expected to w
for k.3 where there is no renormalizable description of
theory. Fork53 andNc>Nf there is a renormalizable de
scription that will be discussed in the next section. Here
just note that in this region in the absence of accidental s
metries the central charges are given by Eqs.~5.1! at k53. In
-

is

-
e

-

l

rk
e

e
-

particular atNc5Nf>3 ~the only point in the renormalizable
conformal window with no accidental symmetry! and for the
flow k53→k52 we have

Da5
7

768
1

43Nc
2

768
.0.

At Nc52 the k52 Kutasov-Schwimmer model is not de
fined since TrX350. Instead one can consider the flow fro
the k53 Nf52 fixed point in the ultraviolet tok51, i.e., to
Seiberg’s SU~2! SUSY QCD withNf52 flavors. This infra-
red theory is confining and the flat directions are lifted due
nonperturbative quantum corrections@27#. As a result the
SU~4! global symmetry is broken to Sp~4!. The infrared low-
energy theory is described by five free chiral superfields w
r 5 2

3 . Thus we have

Da5
451

768
.

Accidental symmetry.Consider first thek53→k52 flow
with an accidental symmetry (QQ̃) in the IR and none in the
UV. This corresponds to 3Nc/4,Nf,Nc . We have

Da52
3

256
1

Nf
2

6
2NfNc1

1121Nc
2

768
2

2Nc
3

3Nf
1

37Nc
4

384Nf
2.0.

In the region 2Nc/3,Nf,3Nc/4 there is an accidental sym
metry (QQ̃) in both the IR and UV, and the above expre
sion has to be corrected. Obviously,Da.0 since the acci-
dental contribution to the UV theory is positive.

For Nf<2Nc/3 the infrared theory is the free magnet
k52 theory@17# ~again we must considerNc>3!. The value
of aIR can be computed by assigningr 5 2

3 to all chiral super-
fields of the magnetic theory. In the region 6Nc/11<Nf
,2Nc/3 the ultraviolet theory has only one accidental sy
metry (QQ̃) and we have

Da52
51

256
1

211Nf
2

1152
1

5Nf
4

288
2

3NfNc

4
2

Nf
3Nc

64
1

291Nc
2

256

1
5Nf

2Nc
2

1152
2

9Nc
2

32Nf
2

9Nc
4

128Nf
2.0.

For Nf,6Nc/11 there is an additional accidental symme
(QXQ̃) so thataUV increases and againDa.0.

Consider thek52→k51 flow. The infrared theory is jus
Seiberg’s QCD in the conformal phase. There is no accid
tal symmetry in the physical window in the IR, forNf
>Nc . In the regionNf>3Nc/2 the IR theory is at the con
formal fixed point we have

Da52
1

48
2

Nc
2

24
1

19Nc
4

48Nf
2.0.

For Nf<3Nc/2 the IR theory is free. By using the magnet
description of Seiberg’s QCD to computeaIR we get

Da5
7

48
2

1

48Nc
22

Nc
2

6Nf
2 1

5Nf

12Nc
2

Nf
2

4Nc
2.0.
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~ii ! Higgs deformation bŷX&Þ0. We now consider the
nontrivial stationary point of the deformed superpoten
@17# that corresponds to the breaking SU(Nc)→SU(Nc21)
3U(1). ConsiderNc→Nc21 and k→k21, k22 and k
52,3.

The flow k52→k51, Nc→Nc21(Nc>3). The infrared
theory is Seiberg’s QCD~plus 2Nf free chiral superfields! so
that we have to consider onlyNc<Nf,2Nc . At Nc<Nf
<3Nc/2 the infrared theory is confining and can be d
scribed by the free magnetic theory withr 5 2

3 for all chiral
superfields. In this case we have

Da52
19

48
2

11Nf

24
2

Nf
2

4
1

3Nc

8
1

5NfNc

12
1

7Nc
2

48
2

Nc
4

6Nf
2.0.

At 3Nc/2,Nf,2Nc the infrared theory is in the non
Abelian Coulomb phase~plus 2Nf free chiral superfields!
and we have

Da52
7

12
1

9

16Nf
22

Nf

24
1

3Nc

4
2

9Nc

4Nf
22

Nc
2

24

1
27Nc

2

8Nf
2 2

9Nc
3

4Nf
2 1

19Nc
4

48Nf
2.0.

The flow k53→k52, Nc→Nc21(Nc>4). The infrared
theory is in its non-Abelian Coulomb phase. IfNc5Nf then
there are no accidental symmetries either in the UV or
Thus we have

Da5
125

256
1

1

6Nc
22

2

3Nc
2

Nc

24
1

43Nc
2

768
.0.

In the region 3Nc/4<Nf,Nc there is an accidental symme
try in the IR and none in the UV. We have

Da5
253

256
1

1

6Nf
2 1

2

3Nf
1

23Nf

24
1

Nj
2

6
2

7Nc

3
2

2Nc

3Nf
2

2
2Nc

Nf
2NfNc1

1121Nc
2

768
1

Nc
2

Nf
2 1

2Nc
2

Nf
2

2Nc
3

3Nf
2

2
2Nc

3

3Nf
1

37Nc
4

384Nf
2.0.

In the region 2Nc/5,Nf,3Nc/4 both the UV and IR theo-
ries have accidental symmetries so that bothaUV and aIR
increase. This accidental contribution in the UV is crucial
Da.0 in this region.

The flow k53→k51, Nc53. We have to considerNf
52,3. In both cases the infrared theory is Seiberg’s SU~2!
QCD with Nf flavors in the confining phase. AtNf52 the
infrared theory contains just five free chiral superfields w
r 5 2

3 . The UV theory has an accidental symmetry (QQ̃).
Thus we have

Da5
1453

1536
.

At Nf53 the infrared theory is described by nine free m
sons and two baryons (r 52/3), and
l

-

.

r

-

Da5
605

384
.

The flow k53→k51, Nc52. We have to considerNf
52. The infrared theory is a U~1! gauge theory with two
flavors, which is infrared free. We have

Da5
323

768
.

~iii ! Higgs deformation along flat directions.One can
changeNc→Nc21 and Nf→Nf21 by turning on^QNf

&

5^Q̃Nf
&Þ0. One can show for sufficiently largek which

correspond to nonrenormalizable models thea theorem is
violated due to the negative contribution of Goldstone sup
fields. However,Da.0 in the renormalizable casesk<3.
This is the first observed problem with thea theorem and we
discuss it in Sec. VI after further study of nonrenormalizab
cases.

~iv! Massive deformations.By adding a mass term to on
of the flavors one can reduceNf→Nf21. This obviously
givesDa.0 since]a/]Nf,0.

Spin ~7! Pouliot model withNc14 spinors8, qi , with
r q5125/(Nc14), singlets M $ i , j % with r M510/(Nc14).
There is a superpotentialMqq̃. We have

c5
2398187Nc174Nc

2138Nc
32Nc

4

16~41Nc!
2 ,

a5
3~2308142Nc144Nc

2123Nc
32Nc

4!

32~41Nc!
2 .

For the flow from the ultraviolet free theory to the co
formal fixed point we have

Da5
~2111Nc!

2~42123Nc15Nc
2!

48~41Nc!
2 .0.

Higgs deformation of the modelone can check thatDa
.0 under the flowNc→Nc21 in the conformal window
(Nc<10).

VI. NONRENORMALIZABLE KUTASOV-SCHWIMMER
MODELS

In this section we shall study flows of central charges
models which are nonrenormalizable as fundamental theo
with Kutasov-Schwimmer models fork>3 as examples. It is
open to question whether our method is correct for nonren
malizable theories, but we analyze the data first and t
discuss the situation. To simplify the presentation we sh
restrict to largeNc and setNf5xNc , and we shall takek
<5 and 3Nc /(k11),Nf,2Nc to avoid complications of
accidental symmetry. The upper limit is the naive asympto
freedom condition. Many more cases were actually stud
with results in the same pattern we report here.

In the largeNc , Nf region the value ofaIR in Eq. ~5.1! for
the caseW5Tr Xk11 is
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a~k11!5
9Nc

2

32 H 11
2

3~k11!
2S 12

2

k11D 3

2
16

~k11!3x2J ,

~6.1!

which is positive in the region indicated above. T
S-current method by which this value is computed implici
assumes that there is a free ultraviolet fixed point and that
Sm current is well defined along the RG flow. If we make th
assumption then thea theorem is satisfied for the flow from
this fixed point sincer , 5

3 for both adjoint and fundamentals
We can also test thea theorem for flows which interpo

late between nontrivial fixed points in the Kutaso
Schwimmer series. Indeed, evidence was given in R
@17,28# that in the perturbed theory withW5Tr Xk11

1Tr Xk, there are flows from the (k11)-fixed point theory
in the UV ~where TrXk is an irrelevant operator! to the
k-fixed point theory in the IR~where TrXk11 is irrelevant!.
Therefore the differencesa(k11)2a(k) provide further
tests of the theorem in the new situation of interacting cr
cal theories atboth ends of the flow. The differences an
their signs are as follows:

a~3!2a~2!5
9Nc

2

32 F20.1481
1.407

x2 G.0,
3

2
,x,2;

a~4!2a~3!5
9Nc

2

32 F20.1431
0.342

x2 G,0,

1.546,x,2.0, 1,x,1.546;

a~5!2a~4!5
9Nc

2

32 F20.1251
0.122

x2 G,0,

0.988,x,2.0, 0.75,x,0.988;

a~6!2a~5!5
9Nc

2

32 F20.1021
0.054

x2 G,0,

0.728,x,2.0, 0.6,x,0.728. ~6.2!

We thus observe additional violations of thea theorem,
which occur in the three nonrenormalizable cases above fx
in the upper part of its allowed range. We will discuss th
below, but let us digress briefly to discuss a special prop
of theW5Tr X4 theory, which will strengthen our inferenc
that failure of thea theorem is due to nonrenormalizability

We consider a theory whose field content is that of
Kutasov-Schwimmer model with an extra chiral superfie
Yb

a in the reducible adj% 1 representation of the gauge grou
The superpotential isW52Tr Y212 Tr(YX2). The fieldY
is massive and may be integrated out to giveWeff5Tr X4.
Thus the new theory is equivalent to theW5Tr X4 Kutasov-
Schwimmer theory in the infrared, and is renormalizab
asymptotically free, and without accidental symmetry in t
reduced range 3Nc/4,Nf,Nc . In the presence of the new
chiral superfieldY the value ofaUV changes so that for th
flow from the ultraviolet free fixed point to the infrared w
have
e

s.

-

ty

e

,
e

Da5
7

768
2

NfNc

24
1

49Nc
2

768
2

9Nc
4

128Nf
2.0.

The computation above fora(4)2a(3) was valid only for
x.1 because we did not include accidental contributio
However, we can now add the previously computed con
bution to a(3), namely, Da(3)5Nc

2(12x)2(42x)/6x
@which should be multiplied by a step functionu(12x)#.
The new result for the flow ofa, namely, a(4)2a(3)
2Da(3) is now valid for 0.75Nc,Nf,Nc and is positive in
this range. So the observed violation above occurs only
the nonrenormalizable region.

We must consider the question whether one can exp
thea theorem to hold for nonrenormalizable theories. In tw
dimensions, Zamolodchikov assumed Wilsonian renorma
ability in his proof of the two-dimensionalc theorem. The
structure of the theory above some large cutoffL was not
relevant to his demonstration that thec function C„g(m)… is
monotonically decreasing toward the infrared below t
scale. In the approach of Cappelli, Friedan, and Latorre@6#
the ultraviolet central chargecUV is expressed as an integr
over a Lehmann weight function, and the integral diverges
a ~power counting! nonrenormalizable two-dimensiona
theory. The well known Cardy sum rulecUV2cIR
;*d2xx2^Q(x)Q(0)& also diverges. It is entirely possibl
that in future work anA function can be identified and mono
tonicity proven without assumptions concerning the ultrav
let behavior. However, at present we have theoretical con
of the Euler anomaly coefficient only at fixed points, and o
must expect that this control is lost in the ultraviolet limit
a nonrenormalizable theory. One possible technical reaso
a problem with theS-current method we have used. TheS
current can be viewed as the solution of the operator mix
problem for the currentRm. In a renormalizable theory it can
mix only with a flavor singlet combination of Konishi cur
rents, but in a nonrenormalizable theory there are an infi
number of possibilities.

VII. THEORIES WITH ADDITIONAL GLOBAL U „1…
SYMMETRIES

In theories with anomaly-free global U(1)F symmetries
the R symmetry is not unique and wea priori do not know
which R-symmetry participates in the superconformal alg
bra of the infrared theory. As a result we cannot determ
aIR , bIR , and cIR by the procedure described above. F
simplicity we assume that there is a single U(1)F symmetry.
In this situation the anomaly freeR current is not unique, and
there is a one parameter ambiguity in the choice of const
g i* in the anomaly-freeS0

m and Sm currents of Eqs.~2.19!
and ~2.21!. We choose any member of this one-parame
family as a particularR symmetry with currentS̄m. This
corresponds to a particular assignment ofR chargesr̄ i5(2
1g i* )/3 for chiral superfieldsF i

a , each of which has a
unique flavor chargeqi . The most generalR current is then
Sm5S̄m2vJm, where v is a real parameter andJm is the
flavor current, and theR charges for this current arer i(v)
5 r̄ i2vqi . For one particular value ofv this S current is in
the same multiplet as the stress tensor at the IR fixed po
but it is usually possible to determinev only near the weakly
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coupled end of the conformal window, where the RG flow
perturbative.

We can compute the anomaly coefficientsaIR(v), bIR(v),
cIR(v) as functions ofv from Eq. ~2.28! and use the various
positivity conditions to constrain the value ofv. A weak
check of thea theorem and conformality is then provided b
the constraint that there exist a region inv for which all of
the positivity conditions are satisfied. Conversely, these p
tivity conditions constrain the scaling dimensions of ope
tors at the fixed point. Furthermore, the physically allow
value ofv is restricted by the assumption that all chiral co
posite fields haver (v). 2

3 so that unitarity is satisfied with
out accidental symmetry.

We now illustrate this procedure for the Sp(2Nc) gauge
theories with 2Nf fundamentals and one two-index symme
ric tensor, previously studied in Ref.@29#, where evidence
for a non-Abelian Coulomb phase was given in the conf
mal window 0,Nf,2Nc12. The charges of the fields un
der the global symmetries are given below, with a sim
choice for the anomaly-freeS̄ symmetry

Sp(2Nc) Su(2Nf) U(1)F U(1)S̃

S 1 21 0

Q
Nc11

Nf
1

As discussed above the value ofv is constrained by unitarity
For this modelQ2 and S2 must have scaling dimensio
greater than one, orR charge greater than23 . This requiresv
to lie in the range

1

3
,v,

2Nf

3~Nc11!
, ~7.1!

and also determines the lower limit onNf in

Nc11

2
,Nf,2~Nc11!, ~7.2!

where the upper bound is from asymptotic freedom. Eq
tions ~7.1! and ~7.2! determine the triangular ‘‘physical re
gion’’ of the two parametersNf andv. It is actually expected
@29# that v exits from the triangular physical region belo
some value ofNf . In this case an accidental symmetry
required, and our analysis is valid only above this value
Nf . In thev2Nf plane we plot the curvescIR(v,Nf)50 and
aIR(v,Nf)50 for various values ofNc . The results, shown
in Fig. 2, indicate that positivitycIR.0 andaIR.0 holds in
the entire physical region. Further, the flowaUV2aIR and the
value of bIR for both SU(Nf) and U(1)F central charges is
positive in the entire region shown. Thus there is no c
straint on the parameterv from any of the positivity condi-
tions studied.

Near the edge of the conformal window, i.e., near
upper bound forNf , we can determine the scaling dime
sions of operators perturbatively, hence determining the
rect R current order by order in the gauge coupling at t
fixed pointa* . The anomalous dimensions for the operat
Q2 andS2 are, near the pointNf /(Nc11);2 @14,29#,
i-
-

-

-

e

-

f

-

e

r-

s

gS25
a*
p

~Nc11!1O~a
*
2 !,

gQ252
a*
2p S Nc1

1

2D1O~a
*
2 !. ~7.3!

Defining«522Nf /(Nc11), vanishing of the beta function
b}4(Nc11)22Nf12(Nc11)gS212NfgQ2, to order« de-
termines the gauge coupling and anomalous dimensions

2gS25
a*
p

~Nc11!5
«

2
1O~«2!. ~7.4!

Since the scaling dimensions are proportional to theR
charges, this fixesv to be

v5
2

3 S 11
gS2

2 D5
2

3
2

«

6
. ~7.5!

At the pointNf52(Nc11), aUV2aIR50. This point is a
local minimum as a function ofNf and v, so the flow is
necessarily positive asv moves away from the free field
value. In fact, the perturbative analysis is certain to prese
positivity sincebIR , cIR , andaIR are large and positive nea
the free point.

VIII. REVIEW OF RESULTS

Let us summarize the conclusions of this paper. There
rigorous positivity constraints on the flavor current a
Weyl2 trace anomaly coefficients in any renormalizable fo
dimensional theory which flows from a conformal theory
the UV to another in the IR. These constraints arise beca
the fixed-point values of the anomaly coefficients coinc
with central charges of the conformal algebra at the fix
point, and the central charges must be positive by unitar
This part of the argument was first presented in Ref.@2#.
There are additional conjectured positivity conditions@15# on
the Euler anomaly coefficienta„g(m)… and on its flow@5#
from the UV to the IR. In particular the only viable candida
for a universalc theorem in four dimensions seems to be t
inequalityaUV2aIR.0. There is no proof of this result, so
is important to test it in models where both the UV and
behavior are known. It is fortunate that many such mod
are now known from the study ofN51 Seiberg duality.
Because of asymptotic freedom the UV values of t
anomaly coefficients can be simply obtained from low
order one-loop graphs, but the IR values are more diffic
because the coupling is strong at long distance. It was
shown in Ref.@3# that the IR values can be easily comput
from the U(1)RFF, U(1)R , and U(1)R

3 anomalies which are
usually calculated to establish the IR equivalence of the e
tric and magnetic duals. This is possible because of the c
relation between the trace anomaly and the anomalous d
gence of the U(1)R current in global and local supersymm
try. Results@3# of tests of the positivity conditions in the
SU(Nc) series of SUSY gauge theories showed that all c
ditions were satisfied throughout the conformal window, a
that other possiblec-theorem candidates could be ruled ou

The major purpose of the present paper was to test
positivity constraints in many more models. For this purpo
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FIG. 2. Positivity conditions are satisfied below thec50 anda50 curves, which includes the entire physical region. The short das
line is the weak coupling limit ofv from Eq. ~7.5!. Results are shown for variousNc . The flowaUV2aIR andbIR are positive everywhere
in the graphs.
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we developed general formulas~2.28! for the infrared
anomaly coefficients in terms of the anomaly freeR charges.
In models where the nonanomalousR charges are unique,
precise test of the positivity conditions can be carried
with little difficulty, and this has been done for the rigoro
conditionsbIR.0 andcIR.0 for flavor and Weyl2 anoma-
lies, as well as thea theorem itself and the associated co
dition aIR.0. In many cases positivity can be establish
from rather weak sufficient conditions, but a closer analy
is required for models with accidental symmetry and
flows between interacting fixed points generated by a
evant perturbation or Higgs deformations of the UV fix
point theory. All conditions are satisfied in the large numb
of renormalizable theories we have studied, but there
counterexamples for interpolating flows in nonrenorma
able theories whereaUV2aIR can have either sign. There
considerably less theoretical control in nonrenormaliza
cases and, even in two dimensions, tests of thec theorem
which involve the ultraviolet limit of a power-counting non
renormalizable theory seem to be problematic. Provisiona
then, we believe that the cases of negative flows in nonre
malizable should not be viewed as ruling out a universaa
theorem.

The assignment ofR charges in theories conjectured to
in the non-Abelian Coulomb phase is important for the u
derstanding of infrared dynamics because theN51 super-
conformal algebra necessarily includes the generator
t

-
d
is
r
l-

r
re
-

e

y,
r-

-

of

U(1)R transformations. This assignment is not guarantee
satisfy the rigorous positivity conditions, and the fact th
these are satisfied is a broad consistency check ofN51 du-
ality. The fact thataIR.0 andaUV2aIR.0 in all renormal-
izable models is very strong evidence that there is a unive
a theorem, and that the RG flow is irreversible in fou
dimensional supersymmetric theories, and perhaps more
hope that this empirical result might stimulate a succes
theoretical proof.

It is worth noting that the present approach is not imm
diately applicable to some superconformal models withN52
@30–33# andN51 @34#. It would be interesting to extend th
present method to these cases. Note that an approach t
computation of the flavorbIR in the N52 theories has been
recently suggested in Ref.@35#.

ACKNOWLEDGMENTS

We are grateful to Michael Bershadsky, Asad Naq
Csaba Csaki, Witold Skiba, Matthew Strassler, Cumr
Vafa, and Fabian Waleffe for useful discussions. The
search of D.A. was partially supported by EEC Grant N
CHRX-CT93-0340 and TMR-516055. The research of J
was supported by U.S. DOE cooperative research agreem
No. DE-FC02-94ER40818. The research of D.Z.F. was s
ported by NSF Grant No. PHY-97-22072. The research



an

n

ak

th

or

.
tic
re

e

.
ti
ns

he

g

ce

e
gen-

lies

r-
r
ss

ic
a-
of

that
nd

or
rop-

57 7587POSITIVITY CONSTRAINTS ON ANOMALIES IN . . .
A.A.J. was supported in part by the Packard Foundation
by NSF Grant No. PHY-92-18167.

APPENDIX: TESTS OF A POSSIBLE b THEOREM

We present here tests of the inequalitybUV2bIR.0 for
the flow of flavor current central charges in the situatio
~i!–~iv! for which previous tests of thea theorem were dis-
cussed in Sec. II.

~i! Let us assume~as was done in@5#! that SU(Nc) QCD
is realized in a confined phase with chiral symmetry bre
ing, so the massless spectrum consists ofNf

221 Goldstone
bosons which decouple in the long distance limit. For
baryon number current one clearly hasbUV2bIR.0 since
there are no massless baryons. For a current of the vect
SU(Nf) flavor group, on the other hand, we findbUV}4Nc
and bIR}Nf with a common constant of proportionality
ThusbUV2bIR changes sign within the region of asympto
freedom. Of course this could just mean that the conjectu
Goldstone realization fails for 4Nc,Nf,11Nc/2.

~ii ! To investigate theb theorem for largeNc ,Nf we can
make use of the well known QEDb function. Up to two-
loop order it is given bybQED(a)52a2/3p1a3/2p2. The
graphs for the flavor current correlator in QCD are obtain
from the identical QED graphs~see Fig. 3! by replacing the
U~1! coupling by the SU(Nf) flavor matrix TA/2 at each
external vertex and by the gauge coupling matrixgta/2,
whereta is an SU(Nc) color matrix at each internal vertex
The point is that these replacements preserve the rela
positive sign between the one and two-loop contributio
The current correlator then takes the form

^Jm
A~x!Jn

A~x!&;~hdmn2]m]n!
Tr~TA!2

x4 @Nc1rg* 2#,

~A1!

wherer is a positive constant and the fixed point value of t
coupling isg* 2/4p5(22Nc24Nf)/75Nc

2. The same is true
for the correlator of baryon number currents. ThusbUV
2bIR;@Nc2(Nc1rg* 2)#,0.

~iii ! One may also test a possibleb theorem in the free
magnetic phase of SU(Nc) SUSY QCD as follows. In the
ultraviolet we computebUV from the free field^RmJnJr&
correlator in the electric theory. The infrared valuebIR is
obtained from a similar free field computation in the ma
netic theory. The difference is
o-

-

d

s

-

e

ial

d

d

ve
.

-

bUV2bIR52
1

3 F 2Nc
2Nf

Nf2Nc
22NfNcG5

2NfNc

Nf2Nc
@Nf22Nc#,

~A2!

which is negative in the entire free magnetic region. Hen
the b theorem fails again.

~iv! In the entire conformal window 3Nc/2,Nf,3Nc of
SU(Nc) supersymmetric QCD, it is known@3# that bUV
2bIR,0 in both electric and magnetic theories for th
baryon number central charge. We present here a more
eral computation for an electric type theory withNf copies of
(R% R̄), and we include a mass deformation, makingn fla-
vors massive. For a current of the low-energy SU(Nf2n)
flavor group, we have, using Tr(TA)25 1

2 , the central charges
bUV5dim R at the free UV point, and

bn53 dim R
T~G!

2~Nf2n!T~R!

for the interacting fixed point theory withNf2n massless
flavors. One can then see that asymptotic freedom imp
bUV2bn,0 so theb theorem fails for a flow from the free
UV fixed point to any of the IR fixed point theories. Furthe
more,bn1

2bn2
,0 if n1,n2 , so the flow between any pai

of fixed point theories in which the number of massle
quarks decreases also violates ab theorem. At this point one
might think that an anti-b theorem holds in supersymmetr
theories. However, this is not the case for Higgs deform
tions. To see this we consider the basic Higgs deformation
the SU(Nc), SU(Nf) theory, leading to the SU(Nc21),
SU(Nf21) IR theory plus 2(Nf21) decoupled Goldstone
fields. For an SU(Nf21) flavor current we havebUV5Nc at
the free UV point, whilebIR* 53(Nc21)2/(Nf21)11 in the
Higgs deformed low-energy theory. The contribution11
comes from Goldstone fields. One sees quite easily
bUV2bIR* can have either sign in the conformal window, a
the same is true for the flow from the SU(Nc), SU(Nf) fixed
point to that of the Higgs deformed theory.

The conclusion of this analysis is that the flow of flav
central charges does not have a recognizable universal p
erty.

FIG. 3. The graphs for the flavor current correlator.
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