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BRST-anti-BRST symmetry and observables for topological gravity
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We consider topological four-dimension@D) gravity with an independent spin connection by using a
superspace formalism. This gives rise to the basic fields of the quantized theory as well as to two pairs of extra
fields, which are needed to close the BRST-anti-BRST algebra off shell. Therefore we build a gauge-fixing
action written in BRST—anti-BRST exact form leading to an effective one, which allows us to fix all of the
symmetries at once. In particular, the topological symmetries are fixed as in the model of topological 4D
self-dual gravity. We construct the observables related to both BRST symmetry and anti-BRST symmetry. We
find that the anti-BRST invariant observables are not fundamentally different from the BRST invariant ones,
since there is a complete mirror symmetry between them. The obtained observables extend those constructed
within the equivariant method in the context of topological 4D self-dual graj89556-282(198)00712-7

PACS numbd(s): 04.50+h

Topological field theories provide quantum field theoreticdition to the BRST symmetry. However, following the pro-
models which incorporate a way of constructing topologicalcedure discussed in Rdf12], we consider the observables
invariants, for a review see R¢fL]. An important example is based on the BRST symmetry as well as on the anti-BRST
given by Witten’s topological Yang-Mills theoryTYMT) symmetry. These observables are defined from operators in-
[2-5]. This suggests that one can also describe the globdluding forms of any degree constructed out of a generalized
structure of 4D manifolds by constructing topological 4D curvature. The method used allows us to also see that the
gravity as a gravitational counterpart of TYMT. In this con- @nti-BRST invariant observables can be derived from the
text, various models were proposed. For example, topologiBRST invariant ones by an obvious mirror symmetry of the
cal 4D conformal gravity was first discussed in Réfl. This ~ ghost numbers. _
was developed further in Ref7], where the authors start ~ Now, let ¢ be an IS@4)-superconnection on thét,2)-
with the topological action constructed from the Weyl tensor.dimensional superspace obtained, as usual, by extending the
Other examples of topological 4D gravity were considered irD spacetime manifold with local coordinates] with two
Refs.[8—10]. There, the theory is constructed from topologi- ordinary anticommuting coordinateg<). The superconnec-
cal combinations of the curvature tensor. In particular, intion ¢ can be written as
Ref.[10] the topological symmetries are fixed by anti—self-
duality on both the curvature and the torsion; and the observ- d=dZ"(3 pp* ™M ap+ dy?Pa), 1)
ables are derived studying the equivariant cohnomolgpe
also Ref.[9]) as in the case of TYMT11]. These observ- Where {M,,,P,} are the generators of the gauge group
ables are constructed from operators, which are only 40SO(4) and ZV'=(x*,6%). The Grassmann degrees of the
forms, contrary to what happens in TYMT where the opera-superfield componenisy®° and ¢y ? are given bym, where
tors are forms of any degree. Let us note that itis in Rf] M is the Grassmann degree@f'. We assign however to the
where one has shown how to build observables from operzanticommuting coordinateg® and 6° the ghost numbers
tors, which are forms of any degree, in the context of the(—1) and (+1), respectively, and to an even quantity,
metric approach to topological gravity. which could be a coordinate, a generator, or a superform, the

The purpose of this paper is to present topological 4Dghost number zero. These rules determine the ghost numbers
gravity with an independent spin connection in terms of aof the superfields ¢y?°, #y®) which are zerdfor M= u),
superspace formalism. The basic fields of the theory are ing+1) (for M=a=1), and (—1) (for M=a=2).
troduced through a superconnection and its associated super-We note that¢>ﬂab and ¢€a represent the gauge super-
curvature. The use of the superspace formalism naturallfields, whereasp,*® and ¢,2° (4, and ¢,%) represent the
yields the off-shell nilpotent Becchi-Rouet-Stora-Tyutin Lorentz(translation ghost and antighost superfields, respec-
(BRST) and anti-BRST transformations. Hence it should betively. Therefore, we introduce the coordinate ghost and an-
possible to consider the BRST and anti-BRST invarianttighost superfields»,“ by the following replacement:
quantum action for topological 4D gravity. At this point, we ¢,%— ¢,%7,* and the inverse supervierbeift‘, by the re-
remark that the coexistence of both BRST symmetry andations ¢ ,%¢*,=&p and ¢,%¢*,= 84 . Now, it is conve-
anti-BRST symmetry was already realized in TYMI3] nient to use a new basidY), instead of the natural one
and in topological antisymmetric tensor gauge theld, (dzM), so that any superfield component@tould not be a
so-called BF theorysee Ref[1]), as well as in topological product of the superfields. Indeed, if we also realize the fol-
2D gravity without torsion[15]. In the present work, we |owing replacementip,2*— ¢ 20+ ¢,Mab7]an, then the su-
consider topological 4D gravity with torsion and show how perconnectionp can be put in the form
the model of topological 4D self-dual gravity developed in
Ref.[10] possesses the anti-BRST symmetry as well in ad- d=bMepy, 2
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with field components of) are determined as in the case @f
For example, the Grassmann degree and the ghost number of

b*=dx*+d6*n,", b*=de°, () the superfield,;? are given by zero and#2), respec-
_ 14 a4 AP _14 aby 4 tively.
bu=2¢, abT 9" Pay =260 ab- (4) Inserting Egs(2) and (5) into the structure equation, we
Using the exterior covariant superdifferential ¢rwe define obtain
then its associated supercurvat@egiven by the structure
equationQ=dé+ [ ¢, ¢], and satisfying the Bianchi iden- Qur=09u b=+, ,], (73
tity, dQ+[¢,Q]=0. In the new basisi"), we expres€)
as Q,uuz: a,u,d)a_ aa¢ﬂ+ nayav¢u+ ﬁ,unavd)v—’— [d),u 1 d)a] 1(7b)
Q=3b"bMQyy, 5
where Qaﬁz (aanﬁﬂ_ navavnﬁﬂ)d)u—’—(aagﬁﬁ_ nﬁﬂau(ﬁa)
1
Qun=20un*"Mapt QunPa- (6) Telbadpltlacp). (79

The Grassmann degrees and the ghost numbers of the sup8&imilarly, from the Bianchi identity, we find

> (D,0,)=0, (8a
(uvp)
$Duy0t D Qe 37020, Ly 3,10 Q= () =0, (8b)
DaQ,uB_ %Duﬂaﬁ+(aanﬁv_ napﬁpnﬁv)ﬂ,uv_ naV&VQMB_ a#navﬂvﬁ+(a<_>ﬁ):0! (80)
Z {DaQBy+[(9a7]BM_ 77“”(9]}77’3/“_{_ (a“_)ﬁ)]ﬂ,uy_ naﬂﬁuﬂﬁy}zol (8d)

(aBy)

where Dy =dy+[ ¢y ,.] and S mnr Means a cyclic sum  k*°=30,0,,"" is the associated auxiliary field, &
overM, N, andR. =0#,K*=0,0.]) and @2°=0Q,,*°,K*"=0,0,,""))

The evaluation of the Eq$7a and(8a) at =0 allows  are two pairs of extra fields which take into account further
the determination of the curvatut%wab=ﬂwab|, the tor- degeneracies associated with the fac_t that we wish to incor-
sion T,,,2=0,,%, and their associated Bianchi identities, POrate both BRST symmetry and anti-BRST symmetry into
wheree, 2= ¢Ma| is the vierbein andu,uab: ¢ﬂab|’ the spin the quantization of topological gravity. In the above identi-

connection. On the other hand, to translate the remaininé
equations into the equations determining the BRST and antf:
BRST transformations of topological 4D gravity, we should 2.9=0.(S).” where S is any superfield and

interpret all the fields occurring in such a theory geometri- . .
nterp ! rming In su y g IQ=Q1(Q=Q2) is the BRST(anti-BRST) operator.

cally. Besides the vierbein and the spin connection, the su < ) .

perconnection permits us to introduce the following fields: Substituting EqS(A.') and (6) |ntao_the structyre equations

Ci= ;4| is the coordinate ghost,c*= 5,*| is the antighost _(7b) Qnd(?_c), evaluating these &*=0 and using the above
71 ’ 72 identifications as well as the structure constants of (0

of c#, h*#=g,79,* is the associated auxiliary field . . S
' _ = ) -~ we obtain the following BRST transformations:
c®= ¢,29 is the Lorentz ghost, c3°= ¢,2"| is the antig- g

host ofc®, haP=g,¢,2" is the associated auxiliary field. Qe,®=y,2+L.e,2—ce,,
In addition, besides the curvature and the torsion, the super- wooTe e e
curvature also permits us to consider the following now: g, ab—y abi)  abip cab
,°2=—Q,,% is the superpartner &,*, ,%=—Q 5% is g . a a

cations, we have used, instead of the supercurvature com-
onents Q,5% the superfields Q,z* defined by
Q5" = "0 ,5% We also realize the usual identifications:

the antighost ofy,?, h,%=-0,Q,,% is the associated Qct=gH+1il.c* Qct=h#, Qh*=0,
auxiliary _field, ¢,2"=-Q,,% is the superpartner of

0,2 ¢,2=-0,,"" is the antighost of y,, Q= — ot w 2P+ L 2P — P,
h,2°=-3,0,,%" is the associated auxiliary field,

e*=30,4* is the ghost for the ghost oft*, o* Qc*P=h2" Qh3P=0, 9

=30, is the antighost ofp*, k*=3d,0,,| is the as-
sociated auxiliary field, ©?°=30,,29 is the ghost for the wherel, represents the Lie derivative along a vector field
ghost of ¢, ¢*"=30,7" is the antighost of¢®*, v=(v*) andD,, the covariant derivative with respect to the
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spin connection. We also obtain the anti-BRST transforma- QZ a—p a  Qh,A=0,
tions, which can be derived from E¢9) by the following B ”

mirrora syr:bmetry of the ghost numbeér‘sz?bX (for Q%ab:—DMgoabJrgoVRwabJr Lc%ab_ Cadl/,Mdb
X=e, o, ), X—X (for X=Q,c* h* c?" h?", and b . da
X=X, where P
hit=—h#t dr+ 1L CH+ e, Qy,2*=h,® Qh,2=0,
b= — b pab_ gy, a4 | (GA4 oo RGP Qet=Leo", QeF=kH, Qk'=0,
_F:ldc_db_ (10 Q‘Pab: (P'ulﬂuab+ Lc‘Pab_ Cad‘de"_ de(Pda,

However, after a similar straightforward calculation, from QgP=k QkP=0
the Bianchi identitieg8b)—(8d) we get the following BRST ' '

transformations: Qq)uz K/,L’ QK'MZO, Qq)abz Kab, QKab= 0,

11
QT;LVa:DM(pVa_DV¢Ma+LCT,uVa_CabTMVb! ( )
as well as the anti-BRST transformations, which can

ab_ ab__ ab ab__ ~a db
QR,, =D, =D, b, LR, TR, be derived from Eg.(11) by the mirror symmetry

+deRWda, of the ghost numbers given by X—X_(for
o . . - X=e,%0,%T,,%R,, 2 ®* 0, X=X, andX—X (oth-
Q:pﬂ =90 p—¢'w, eMb—L(PeM +|—c% —Cup, erwise, where

h,2=—h 2+ % - d’w, 2%, —Lee, 2+ Ly, 2+ Loy, 2~ ¢y, P — Py,

hMab: _ hﬂab_ DM(Dab_;r_ q)VR;LVab+ LC¢Mab+ L?/l'uab_ Cadlﬂ’udb_i_ del,b'Mda_Eadlpﬂdb'f'Ebbl//ﬂda,

k#=—KH*+ L D*+ Lgp*,
Eb: _Kaby ¢#Jﬂab+ (D,Ll//MabJr LC(I)ab+ LE(Pab_ Cadq)db+ de(I)da_Ead(de_,_Ebd(Pda’

K= —kt+ Lo+ Lgd*,

Kab= _ kab+;ﬂ%ab+ (I),uaﬂab_'_ |_C$abJr Lo® ab__ Cadader deada_gadq)db_,rgbdq)da_ (12)

We note that the BRST—anti-BRST algebra is a nilpotent offgravity is a first stage reducible gauge theory. To realize the
shell, i.e.,Q>=Q?=[Q,Q]=0 on all the fields. In particu- quantization of such a theory, one may apply the formalism
lar, the two pairs of extra fields{*,K#) and (@3° K2 are  of Batalin-Vilkovisky [16]. In this framework, the necessary
required to achieve the anticommutation of the BRST andields to describe the quantized theory have been introduced
anti-BRST operators. and the action of the off-shell nilpotent BRST operator on

Let us now turn to the construction of the complete quanihese fields has been determing-10. There, the antig-
tum actionS, of topological 4D gravity which is defined at hosts and their corresponding auxiliary fields are introduced
the classical level by the topological invarig® given as a  in relation to the choice of the gauge-fixing conditions.
linear combination of the Euler number and the Pontryagin It is worth noting that the superspace formalism permits
number[8—10]. This is similar to the case of TYMT, where US to recast all the fields in topological 4D gravity in a geo-
the topological classical action can be taken as the secorf@iétric way. It also permits us to see that the anti-BRST
Chern class. In order to build the quantum actBywe shall ~ Symmetry necessarily coexists with the BRST symmetry. To
add toS, the gauge-fixing actios,; which includes all the this end, we will establish that the gauge-fixing actigy
relevant gauge-fixing terms associated with all the invarican be written in BRST and anti-BRST exact form. The re-
ances ofS,. We note that, is invariant under local Lorentz  sulting full quantum actior,= Sy + Syt will then be a BRST
transformations and diffeomorphisms as well as under topoand anti-BRST invariant, thanks to the off-shell nilpotency
logical (shift) symmetries, sinc&, is a topological invariant. ~ of the BRST—-anti-BRST algebra. Let us start wgly given
These transformations are redundant so that topological 4Bs



57 BRST—-ANTI-BRST SYMMETRY AND OBSERVABLES F®&.. .. 7315

= I e A Furthermore, making use of the replacemerif%:@ab
ng=QQJ d™%e(zR., R apt 2 T T a= 4, -V ,@3°—h 2+ 2 and V,d3-V ,02—h 2+ee?,
_ we can writeS>; given by Eq.(19) modulo higher-order
gf
— 2P = s 0, 0t~ F6), (13 terms as follows:

where e=dete,?, Ezwab and hfwab represent the self-dual g0 _ _f dAXdKabVﬂZMab_*' ®,,VB, 20+ KaV”ZMa

components of the curvature and the torsion with respect to of
the coordinate indices, +D,V4B,2). (20)
~Rwab= R+ 7€, "R, (14 Therefore, we remark that the path integrals over the extra
fields K2, ®2° K2 and ®? yield delta functions which
-Nrwa:-rwajL 1,07 00 (150  enforce the conditions that
VA, =0, V*h,2b=0, (21)

In order to show thaSy; effectively represents a gauge-
fixing action, we shall verify that it leads to an appropriate
set of symmetry constraints, which allow us to fix all the
symmetries present in topological 4D gravity. To this pur- . . - ooff

pose, we use the fact that we are in the presence of a top%-hus’ we end up with an effective actnﬁ‘jf given by Eqg.

logical field theory of the Witten type. However, one can 16) without the extra terng;. It is now easy to see that this

introduce a coupling constant by rescaling the various fieldsSfective action represents a true symmetry-fixing action for

In this case all the interaction terms are proportional to théoPelogical ef‘le gravity. Indeed, from the different terms
higher power of the couplinf2,4]. Using the weak coupling Present inS¢, we learn that the topological symmetries are
limit which is in fact an exact limit, we can then write Eq. fixed by R,,2’=0 andT,,?=0, i.e., anti-self-duality on
(13) up to negligible higher-order terms, since only its qua-both the curvature and the torsion. However, the reduced
dratic terms contribute to the partition function. We recall Symmetries are fixed by “y,2°=0 andV*y,?=0, while
that in topological fields theories of the Witten type the semi-local Lorentz transformations and diffeomorphisms are fixed
classical approximation is exa@]. Let us remark that simi- by V*w,2"=0 ande”,d,e,?=0. Except the latter, these
lar arguments have been used in TYMTI3] and in BF  gauge conditions are the same as in the model of topological
theory[14] as well as in topological 2D gravity15]. Thus, 4D self-dual gravity proposed in Ref10]. Here, to fix dif-
from the BRST and anti-BRST transformations together withfeomorphism invariance, the authors adopt the harmonic
the relations(10) and (12) and after some computations, it gauge condition. At this point, we remark that there are the
follows that Sy; as in Eq.(13) can be put modulo higher- antighostg,//#ab and ¢,* and their auxiliary fields b and
order terms and modulo a total divergence in the form h,2, which permit us to introduce the antighogt$”,, and
MY, and their auxiliary fields H*”,,=Qx*"p and
H*",=QMN*", [see Eqs(17) and (18)], and to take off the
extra fieldsK®, ®23° K2 and ®? through the conditions
— — — (21) and(22). However, in order to impose other gauge con-
+‘Pavﬂ'pﬂa+cabvﬂw#ab+cﬁee aaﬂevaHng' ditions, in particular, for the topological symmetries, we
(16)  have to change the first two terms 8¢ as in Eq.(13).
Let us note that the analysis of R¢fL0] considers the

VA, 2=0, V*h,2=0, (22)

ng: QJ d4xe(;ﬁwabR,u,vab+ )\MVaT,uVa—i_EabVMl//,uab

with reduced BRST operator, which is used to fix the topological
and reducible symmetries, whereas diffeomorphisms and lo-
?“VabZ(V“Z”ab—VVZ“abH %Sww(w;«rab_vaﬁab), cal Lorentz transformations are fixed using a second BRST

(17) operator. The reduced BRST operator is defined from a full
BRST operatofsee also Refg8, 9]), which is equivalent to
that given in Eqs(9) and (11). In our approach, we have
used a single BRST operator and the obtained BRST exact
effective actionsgfff is also anti-BRST exact, since it is, up to
negligible higher-order terms, the same as the BRST—anti-
ng:Qj d4xe{ZMab(h#ab+ VM<I>ab— wﬂab) BRST exact actiorg,; given by Eq.(13). We can now ask
how to construct the observables for both BRST symmetry
and anti-BRST symmetry, and whether the fixing of all the
symmetries at once could be used to extend the set of ob-
servables constructed in R¢L0]. For this purpose, we shall
connectione. 2 and Christoffel svmbol™? determine a set of operators satisfying descent equations,
Note thatﬂ in deriving Eq (12;) wewfl.ave used that which involve the BRST and anti-BRST operat@<sandQ.
— — . = R . Inspired mainly by the results obtained in REf2], we can
Qe=ee’,Qe, "=ee’y, +d,(ec”), andl'), =d,e/e. We \yite down the generalized descent equation
have also used relations such Bg,°—D,,%=V 4,2 -
-V,y,°, sincel”, =T% . (d+Q+Q)(ecT9P)=0. (23

ﬁwa: (VMEVa_ v VZMa) + %8MVpo(szga_ Vggpa)- 18)

+ it o(h, 24V B2~ ee,d)}, (19

where V,, denotes the covariant derivative with both spin
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i(v) is the inner product along a vector field=(v*) and  mentally different from the BRST invariant ones, since they

P(R,R,....R) is a characteristic polynomial in the general- &€ in complete duality, with respect to the mirror symmetry

ized curvatureR given by of the ghost numbers. In fact, such observables are defined

from the operatoraV;, ®N~™ which can simply be derived
R=R+ w+¥+ ot+o+d, (24)  from Eq.(28) by replacing the ghosts with their associated

anti-ghosts.

where we have used differential forms to represent the Finally, let us also note that the constructed observables

SQ(4)-valued components. For example, we havecan lead to the Euler number and the Pontryagin one used in

R=fdX"dx*R,,2M,p,, ¢=3dx*1,2"M,;. Indeed, work-  the construction of the classical acti@g. This is the same

ing in the same spirit as in Refl2] (see also Ref[8]), result obtained in Refl10]. For example, explicitly given

we define the generalized covariant derivative asP=tr(ROR), we have the operators given by HGS8) with

D=e'C*9(d+Q+Q+w+cyt+Cp)e'®™®, where o N=2 and

=30x“®,2M,p,  Co=32C%M,,, and Co=3CMy,y,. o .

Therefore, we find thab?=R satisfying the generalized Bi- Pa=t(ROR),  P3=2 tr(4LR),

anchi identityDR=0, so that Eq(23) holds for any charac- _, 3 4

teristic polynomial. Now, expanding Eq23) in terms of P2=U(¥L¥+2¢R), P1=2t(ey), Po=tr(ee).

form degree, we obtain the relations (29)

We remark that the operators as in E29) are analogous to
those characterizing TYMT with S@) as the gauge group.
with Wn:Eﬁ(_r(‘)(l/m!)im(cﬂL?) P,.., andW_,=0, where Workipg with the_ gauge group 1S9 allows us to intrqduce
P (0<k=4) denotes thé form of P. the diffeomorphism ghost and to construct, besides the

Moreover, denoting the number &in P by N and in Pont_ryagin number given by integratirdgﬁ= P_Snover the 4D
view of Eq. (24), we can expand, in ghost number as ma.nlfold [10], the obsewablgw4_n=f7nwﬁ (0§ns3)
follows: P,== 4P, where—(2N—k)<g<(2N—k) andg which only appear when we fix all of the symmetries at once.

is even(odd) for k even(odd). This allows the expansion of We also have the observabléd'_,_, which are just

W, in ghost number and from Eq25) it follows that the ~Wa-n, but with negative ghost numbers. .
integrals We summarize the results of this paper. We have applied

the superspace formalism to topological 4D gravity. In our
N treatment, the gauge fieldshe spin connection and vier-
W2an:j Wq (26) bein), the Lorentz, and diffeomorphism ghosts and their an-
n tighosts have been introduced via an (8P
over nontrivial homology cycles, of the 4D spacetime of supercqnnection, Wherea§ the curvature, the t_orsion, and the
dimensionn are observables with ghost numberN(2 n) topploglcal ghosts associated to the gauge fields and thelr
since W,y,_,, are BRST invariant and metric independent. antighosts as well as the second generation ghosts and their

We also have anti-BRST invariant observables given by antlghqgts have been introduced through the supercurvature.
In addition, the supercurvature allows us to introduce two

pairs of extra fields. These are necessary in order to close the
W_ion-m= | W, @7, (27)  BRST-anti-BRST algebra off shell by using the structure
n equations and the Bianchi identities.

Therefore, we have performed a construction of a gauge-
fixing action which is BRST—anti-BRST exact, so that we
have the anti-BRST symmetry as well in addition to the
BRST symmetry. We have also shown how this action effec-
tively includes all the relevant gauge-fixing terms associated
N2 with all the invariances of the classical action given as a

: : 2N—-4
structed by integratingV™ "=P3" " over the 4D space- jinear combination of the Euler number and the Pontryagin
time manifold. These are the only observables provided by e |n particular, the fixing of the topological symmetries

the equivariant Bianchi identity in the context of the reducedy55 peen realized through the anti—self-duality on both the
BRST symmetrysee also Re{9]). By using a single BRST  ¢yature and the torsion, in analogy to what happens in
symmetry, one has more observables given in Bf),  gpological 4D self-dual gravity10]. In our approach, we

which are constructed from the operators have considered the single BRST method in order to fix all

(Q+Q)W,+dW,_,=0, 0<n<=4, (25)

We remark that Eq(25 also gives rise to the relations
QWe+QWI*2=—dW8*l  —(2N—n)=g<(2N-n)-2
andg is even(odd for n even(odd), which will not contrib-
ute to the construction of observables.

Let us note that the observables in REI0] are con-

4-n of the symmetries at once, rather than the equivariant method
Ww2N-n_ E i im(c)yp2N-n-m (29) used in Ref[10]. We note that the inclusion of the anti-
n m=o m! ntmoc BRST symmetry has been ensured by the presence of the

extra fields. These are necessary in order to define the anti-
Besidesw2" "4, we have other operators, namaly>N ™" ghosts and their auxiliary fields associated with the topologi-
(0=n=<3), which are only present within the single BRST cal symmetries from those coming from the supercurvature
method. However, the incorporation of the anti-BRST sym-and corresponding to the topological ghosts.
metry permits us to construct other observables given in Eq. Furthermore, the recursive relations which are essential to
(27). These anti-BRST invariant observables are not fundaeonstruct the BRST invariant observables as well as the anti-
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BRST invariant ones are derived from the characteristidrom the BRST invariant ones, since there is a complete
polynomials in the generalized curvature. The latter has beemirror symmetry between them. We have also seen how the
constructed from the Lorentz curvature and thg4g@alued observables constructed in R¢.0] are supplemented by
fields introduced via the supercurvature. The obtained antiether observables defined from operators including forms of
BRST invariant observables are not fundamentally differentany degree.
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