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BRST–anti-BRST symmetry and observables for topological gravity

M. Menaa and M. Tahiri
Laboratoire de Physique The´orique, Universite´ d’Oran Es-senia, 31100 Oran, Algeria

~Received 12 November 1997; published 4 June 1998!

We consider topological four-dimensional~4D! gravity with an independent spin connection by using a
superspace formalism. This gives rise to the basic fields of the quantized theory as well as to two pairs of extra
fields, which are needed to close the BRST–anti-BRST algebra off shell. Therefore we build a gauge-fixing
action written in BRST–anti-BRST exact form leading to an effective one, which allows us to fix all of the
symmetries at once. In particular, the topological symmetries are fixed as in the model of topological 4D
self-dual gravity. We construct the observables related to both BRST symmetry and anti-BRST symmetry. We
find that the anti-BRST invariant observables are not fundamentally different from the BRST invariant ones,
since there is a complete mirror symmetry between them. The obtained observables extend those constructed
within the equivariant method in the context of topological 4D self-dual gravity.@S0556-2821~98!00712-7#

PACS number~s!: 04.50.1h
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Topological field theories provide quantum field theore
models which incorporate a way of constructing topologi
invariants, for a review see Ref.@1#. An important example is
given by Witten’s topological Yang-Mills theory~TYMT !
@2–5#. This suggests that one can also describe the glo
structure of 4D manifolds by constructing topological 4
gravity as a gravitational counterpart of TYMT. In this co
text, various models were proposed. For example, topol
cal 4D conformal gravity was first discussed in Ref.@6#. This
was developed further in Ref.@7#, where the authors star
with the topological action constructed from the Weyl tens
Other examples of topological 4D gravity were considered
Refs.@8–10#. There, the theory is constructed from topolog
cal combinations of the curvature tensor. In particular,
Ref. @10# the topological symmetries are fixed by anti–se
duality on both the curvature and the torsion; and the obs
ables are derived studying the equivariant cohomology~see
also Ref.@9#! as in the case of TYMT@11#. These observ-
ables are constructed from operators, which are only
forms, contrary to what happens in TYMT where the ope
tors are forms of any degree. Let us note that it is in Ref.@12#
where one has shown how to build observables from op
tors, which are forms of any degree, in the context of
metric approach to topological gravity.

The purpose of this paper is to present topological
gravity with an independent spin connection in terms o
superspace formalism. The basic fields of the theory are
troduced through a superconnection and its associated s
curvature. The use of the superspace formalism natur
yields the off-shell nilpotent Becchi-Rouet-Stora-Tyut
~BRST! and anti-BRST transformations. Hence it should
possible to consider the BRST and anti-BRST invari
quantum action for topological 4D gravity. At this point, w
remark that the coexistence of both BRST symmetry a
anti-BRST symmetry was already realized in TYMT@13#
and in topological antisymmetric tensor gauge theory@14#,
so-called BF theory~see Ref.@1#!, as well as in topologica
2D gravity without torsion@15#. In the present work, we
consider topological 4D gravity with torsion and show ho
the model of topological 4D self-dual gravity developed
Ref. @10# possesses the anti-BRST symmetry as well in
570556-2821/98/57~12!/7312~6!/$15.00
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dition to the BRST symmetry. However, following the pro
cedure discussed in Ref.@12#, we consider the observable
based on the BRST symmetry as well as on the anti-BR
symmetry. These observables are defined from operator
cluding forms of any degree constructed out of a generali
curvature. The method used allows us to also see that
anti-BRST invariant observables can be derived from
BRST invariant ones by an obvious mirror symmetry of t
ghost numbers.

Now, let f be an ISO~4!-superconnection on the~4,2!-
dimensional superspace obtained, as usual, by extending
4D spacetime manifold with local coordinates (xm) with two
ordinary anticommuting coordinates (ua). The superconnec
tion f can be written as

f5dZM~ 1
2 fM

abMab1fM
aPa!, ~1!

where $Mab ,Pa% are the generators of the gauge gro
ISO~4! and ZM5(xm,ua). The Grassmann degrees of th
superfield componentsfM

ab andfM
a are given bym, where

m is the Grassmann degree ofZM. We assign however to the
anticommuting coordinatesu1 and u2 the ghost numbers
(21) and (11), respectively, and to an even quantit
which could be a coordinate, a generator, or a superform,
ghost number zero. These rules determine the ghost num
of the superfields (fM

ab,fM
a) which are zero~for M5m!,

(11) ~for M5a51!, and (21) ~for M5a52!.
We note thatfm

ab and fm
a represent the gauge supe

fields, whereasf1
ab and f2

ab ~f1
a and f2

a! represent the
Lorentz~translation! ghost and antighost superfields, respe
tively. Therefore, we introduce the coordinate ghost and
tighost superfieldsha

m by the following replacement
fa

a→fm
aha

m and the inverse supervierbeinfm
a by the re-

lations fm
afm

b5db
a and fn

afm
a5dn

m . Now, it is conve-
nient to use a new basis (bM), instead of the natural one
(dZM), so that any superfield component off could not be a
product of the superfields. Indeed, if we also realize the
lowing replacement:fa

ab→fa
ab1fm

abha
m, then the su-

perconnectionf can be put in the form

f5bMfM , ~2!
7312 © 1998 The American Physical Society
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with

bm5dxm1duaha
m, ba5dua, ~3!

fm5 1
2 fm

abMab1fm
aPa , fa5 1

2 fa
abMab . ~4!

Using the exterior covariant superdifferential onf we define
then its associated supercurvatureV given by the structure
equation,V5df1 1

2 @f,f#, and satisfying the Bianchi iden
tity, dV1@f,V#50. In the new basis (bM), we expressV
as

V5 1
2 bNbMVMN , ~5!

where

VMN5 1
2 VMN

abMab1VMN
aPa . ~6!

The Grassmann degrees and the ghost numbers of the s
s,

in
n
ld
tri
s
s

,

.
pe
w

f

,

er-

field components ofV are determined as in the case off.
For example, the Grassmann degree and the ghost numb
the superfieldV11

ab are given by zero and (12), respec-
tively.

Inserting Eqs.~2! and ~5! into the structure equation, w
obtain

Vmn5]mfn2]nfm1@fm ,fn#, ~7a!

Vma5]mfa2]afm1ha
n]nfm1]mha

nfn1@fm ,fa#,
~7b!

Vab5~]ahb
m2ha

n]nhb
m!fm1~]afb2hb

m]mfa!

1 1
2 @fa ,fb#1~a↔b!. ~7c!

Similarly, from the Bianchi identity, we find
(
~mnr!

~D̃mVnr!50, ~8a!

1
2 D̃aVmn1D̃mVna2 1

2 ha
r]rVmn2]mha

rVrn2~m↔n!50, ~8b!

D̃aVmb2 1
2 D̃mVab1~]ahb

n2ha
r]rhb

n!Vmn2ha
n]nVmb2]mha

nVnb1~a↔b!50, ~8c!

(
~abg!

$D̃aVbg1@]ahb
m2ha

n]nhb
m1~a↔b!#Vmg2ha

m]mVbg%50, ~8d!
er
cor-
to
ti-
om-

s:

s

ld
e

where D̃M5]M1@fM ,.# and ( (MNR) means a cyclic sum
over M , N, andR.

The evaluation of the Eqs.~7a! and ~8a! at ua50 allows
the determination of the curvatureRmn

ab5Vmn
abu, the tor-

sion Tmn
a5Vmn

au, and their associated Bianchi identitie
whereem

a5fm
au is the vierbein andvm

ab5fm
abu, the spin

connection. On the other hand, to translate the remain
equations into the equations determining the BRST and a
BRST transformations of topological 4D gravity, we shou
interpret all the fields occurring in such a theory geome
cally. Besides the vierbein and the spin connection, the
perconnection permits us to introduce the following field
c̄m5h1

mu is the coordinate ghost,c̄m5h2
mu is the antighost

of cm, hm5]1h2
mu is the associated auxiliary field

cab5f1
abu is the Lorentz ghost, c̄ab5f2

abu is the antig-
host ofcab, hab5]1f2

abu is the associated auxiliary field
In addition, besides the curvature and the torsion, the su
curvature also permits us to consider the following no
cm

a52Vm1
au is the superpartner ofem

a, c̄m
a52Vm2

au is
the antighost ofcm

a, hm
a52]1Vm2

au is the associated
auxiliary field, cm

ab52Vm1
abu is the superpartner o

vm
ab, c̄m

ab52Vm2
abu is the antighost of cm

ab,
hm

ab52]1Vm2
abu is the associated auxiliary field

wm5 1
2 V11

mu is the ghost for the ghost ofcm, w̄m

5 1
2 V22

mu is the antighost ofwm, km5 1
2 ]1V22

mu is the as-
sociated auxiliary field, wab5 1

2 V11
abu is the ghost for the

ghost of cab, w̄ab5 1
2 V22

abu is the antighost ofwab,
g
ti-

-
u-
:

r-
:

kab5 1
2 ]1V22

abu is the associated auxiliary field, (Fm

5V12
mu,Km5]1V12

mu) and (Fab5V12
abu,Kab5]1V12

abu)
are two pairs of extra fields which take into account furth
degeneracies associated with the fact that we wish to in
porate both BRST symmetry and anti-BRST symmetry in
the quantization of topological gravity. In the above iden
fications, we have used, instead of the supercurvature c
ponents Vab

a, the superfields Vab
m defined by

Vab
m5fm

aVab
a. We also realize the usual identification

]aSu5Qa(Su), where S is any superfield and
Q5Q1(Q̄5Q2) is the BRST~anti-BRST! operator.

Substituting Eqs.~4! and ~6! into the structure equation
~7b! and~7c!, evaluating these atua50 and using the above
identifications as well as the structure constants of ISO~4!,
we obtain the following BRST transformations:

Qem
a5cm

a1Lcem
a2cabemb ,

Qvm
ab5cm

ab1Lcvm
ab1Dmcab,

Qcm5wm1 1
2 Lcc

m, Qc̄m5hm, Qhm50,

Qcab5wab2wmvm
ab1Lcc

ab2cadcd
b,

Qc̄ab5hab, Qhab50, ~9!

whereLv represents the Lie derivative along a vector fie
v5(vm) andDm , the covariant derivative with respect to th
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spin connection. We also obtain the anti-BRST transform
tions, which can be derived from Eq.~9! by the following
mirror symmetry of the ghost numbers:X→X ~for
X5em

a,vm
ab!, X→X̄ ~for X5Q,cm,hm,cab,hab!, and

X% 5X, where

h̄m52hm1Fm1 1
2 Lcc̄

m1 1
2 Lc̄c

m,

h̄ab52hab1Fab2Fmvm
ab1Lcc̄

ab1Lc̄c
ab2cadc̄d

b

2 c̄adc̄d
b . ~10!

However, after a similar straightforward calculation, fro
the Bianchi identities~8b!–~8d! we get the following BRST
transformations:

QTmn
a5Dmcn

a2Dncm
a1LcTmn

a2ca
bTmn

b,

QRmn
ab5Dmcn

ab2Dncm
ab1LcRmn

ab2ca
dRmn

db

1cb
dRmn

da,

Qcm
a5wabemb2wnvn

abemb2Lwem
a1Lccm

a2cabcmb ,
o

n

an
t

gi
e
o

r

p

l 4
- Qc̄m
a5hm

a, Qhm
a50,

Qcm
ab52Dmwab1wnRmn

ab1Lccm
ab2ca

dcm
db

1cb
dcm

da,

Qc̄m
ab5hm

ab, Qhm
ab50,

Qwm5Lcw
m, Qw̄m5km, Qkm50,

Qwab5wmcm
ab1Lcw

ab2ca
dwdb1cb

dwda,

Qw̄ab5kab, Qkab50,

QFm5Km, QKm50, QFab5Kab, QKab50,
~11!

as well as the anti-BRST transformations, which c
be derived from Eq. ~11! by the mirror symmetry
of the ghost numbers given by X→X ~for
X5em

a,vm
ab,Tmn

a,Rmn
ab,Fm,Fab!, X% 5X, andX→X̄ ~oth-

erwise!, where
h̄m
a52hm

a1Fabemb2Fnvn
abemb2LFem

a1Lcc̄m
a1Lc̄cm

a2ca
bc̄m

b2 c̄a
bcm

b,

h̄m
ab52hm

ab2DmFab1FnRmn
ab1Lcc̄m

ab1Lc̄cm
ab2ca

dc̄m
db1cb

dc̄m
da2 c̄a

dcm
db1 c̄b

bcm
da,

k̄m52Km1LcF
m1Lc̄w

m,

k̄ab52Kab1wmc̄m
ab1Fmcm

ab1LcF
ab1Lc̄w

ab2ca
dFdb1cb

dFda2 c̄a
dwdb1 c̄b

dwda,

K̄m52km1Lcw̄
m1Lc̄F

m,

K̄ab52kab1w̄mcm
ab1Fmc̄m

ab1Lcw̄
ab1Lc̄F

ab2ca
dw̄db1cb

dw̄da2 c̄a
dFdb1 c̄b

dFda. ~12!
the
sm
y
ced
on

ced

its
o-
ST
To

re-

cy
We note that the BRST–anti-BRST algebra is a nilpotent
shell, i.e.,Q25Q̄25@Q,Q̄#50 on all the fields. In particu-
lar, the two pairs of extra fields (Fm,Km) and (Fab,Kab) are
required to achieve the anticommutation of the BRST a
anti-BRST operators.

Let us now turn to the construction of the complete qu
tum actionSq of topological 4D gravity which is defined a
the classical level by the topological invariantS0 given as a
linear combination of the Euler number and the Pontrya
number@8–10#. This is similar to the case of TYMT, wher
the topological classical action can be taken as the sec
Chern class. In order to build the quantum actionSq we shall
add toS0 the gauge-fixing actionSg f which includes all the
relevant gauge-fixing terms associated with all the inva
ances ofS0 . We note thatS0 is invariant under local Lorentz
transformations and diffeomorphisms as well as under to
logical ~shift! symmetries, sinceS0 is a topological invariant.
These transformations are redundant so that topologica
ff

d

-

n

nd

i-

o-

D

gravity is a first stage reducible gauge theory. To realize
quantization of such a theory, one may apply the formali
of Batalin-Vilkovisky @16#. In this framework, the necessar
fields to describe the quantized theory have been introdu
and the action of the off-shell nilpotent BRST operator
these fields has been determined@8–10#. There, the antig-
hosts and their corresponding auxiliary fields are introdu
in relation to the choice of the gauge-fixing conditions.

It is worth noting that the superspace formalism perm
us to recast all the fields in topological 4D gravity in a ge
metric way. It also permits us to see that the anti-BR
symmetry necessarily coexists with the BRST symmetry.
this end, we will establish that the gauge-fixing actionSg f

can be written in BRST and anti-BRST exact form. The
sulting full quantum actionSq5S01Sg f will then be a BRST
and anti-BRST invariant, thanks to the off-shell nilpoten
of the BRST–anti-BRST algebra. Let us start withSg f given
as
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Sg f5QQ̄E d4xe~ 1
2 R̃mn

abR̃mn
ab1 1

2 T̃mn
aT̃mn

a2cm
abc̄m

ab

2cm
ac̄m

a2 1
2 vm

abvm
ab2 1

2 e!, ~13!

where e5detem
a, R̃mn

ab and T̃mn
ab represent the self-dua

components of the curvature and the torsion with respec
the coordinate indices,

R̃mn
ab5Rmn

ab1 1
2 «mn

rsRrs
ab, ~14!

T̃mn
a5Tmn

a1 1
2 «mn

rsTrs
a. ~15!

In order to show thatSg f effectively represents a gauge
fixing action, we shall verify that it leads to an appropria
set of symmetry constraints, which allow us to fix all th
symmetries present in topological 4D gravity. To this pu
pose, we use the fact that we are in the presence of a t
logical field theory of the Witten type. However, one c
introduce a coupling constant by rescaling the various fie
In this case all the interaction terms are proportional to
higher power of the coupling@2,4#. Using the weak coupling
limit which is in fact an exact limit, we can then write Eq
~13! up to negligible higher-order terms, since only its qu
dratic terms contribute to the partition function. We rec
that in topological fields theories of the Witten type the sem
classical approximation is exact@2#. Let us remark that simi-
lar arguments have been used in TYMT@13# and in BF
theory @14# as well as in topological 2D gravity@15#. Thus,
from the BRST and anti-BRST transformations together w
the relations~10! and ~12! and after some computations,
follows that Sg f as in Eq.~13! can be put modulo higher
order terms and modulo a total divergence in the form

Sg f5QE d4xe~ x̄mn
abR̃mn

ab1l̄mn
aT̃mn

a1w̄ab¹mcmab

1w̄a¹mcma1 c̄ab¹mvmab1 c̄meen
a]men

a!1Sg f
0 ,

~16!

with

x̄mn
ab5~¹mc̄n

ab2¹nc̄m
ab!1 1

2 «mn
rs~¹rc̄s

ab2¹sc̄r
ab!,
~17!

l̄mn
a5~¹mc̄n

a2¹nc̄m
a!1 1

2 «mn
rs~¹rc̄s

a2¹sc̄r
a!,

~18!

Sg f
0 5QE d4xe$c̄m

ab~hm
ab1¹mFab2vm

ab!

1c̄m
a~hm

a1¹mFa2eem
a!%, ~19!

where ¹m denotes the covariant derivative with both sp
connectionvm

ab and Christoffel symbolGmn
r .

Note that in deriving Eq.~16!, we have used tha
Q̄e5eem

aQ̄em
a5eem

ac̄m
a1]m(ec̄m), andGnm

n 5]me/e. We
have also used relations such asDmc̄n

a2Dnc̄m
a5¹mc̄n

a

2¹nc̄m
a, sinceGmn

r 5Gnm
r .
to

-
o-

s.
e

-
l
-

h

Furthermore, making use of the replacements:¹mFab

→¹mFab2hm
ab1vm

ab and ¹mFa→¹mFa2hm
a1eem

a,
we can writeSg f

0 given by Eq. ~19! modulo higher-order
terms as follows:

Sg f
0 52E d4xe~Kab¹

mc̄m
ab1Fab¹

mBm
ab1Ka¹mc̄m

a

1Fa¹mBm
a!. ~20!

Therefore, we remark that the path integrals over the e
fields Kab, Fab, Ka, and Fa yield delta functions which
enforce the conditions that

¹mc̄m
ab50, ¹mhm

ab50, ~21!

¹mc̄m
a50, ¹mhm

a50. ~22!

Thus, we end up with an effective actionSg f
eff given by Eq.

~16! without the extra termSg f
0 . It is now easy to see that thi

effective action represents a true symmetry-fixing action
topological 4D gravity. Indeed, from the different term
present inSg f

eff , we learn that the topological symmetries a
fixed by R̃mn

ab50 and T̃mn
a50, i.e., anti–self-duality on

both the curvature and the torsion. However, the redu
symmetries are fixed by¹mcm

ab50 and¹mcm
a50, while

local Lorentz transformations and diffeomorphisms are fix
by ¹mvm

ab50 and en
a]men

a50. Except the latter, thes
gauge conditions are the same as in the model of topolog
4D self-dual gravity proposed in Ref.@10#. Here, to fix dif-
feomorphism invariance, the authors adopt the harmo
gauge condition. At this point, we remark that there are
antighostsc̄m

ab and c̄m
a and their auxiliary fieldshm

ab and
hm

a, which permit us to introduce the antighostsx̄mn
ab and

l̄mn
a and their auxiliary fields Hmn

ab5Qx̄mn
ab and

Hmn
a5Ql̄mn

a @see Eqs.~17! and ~18!#, and to take off the
extra fieldsKab, Fab, Ka, and Fa through the conditions
~21! and~22!. However, in order to impose other gauge co
ditions, in particular, for the topological symmetries, w
have to change the first two terms inSg f as in Eq.~13!.

Let us note that the analysis of Ref.@10# considers the
reduced BRST operator, which is used to fix the topologi
and reducible symmetries, whereas diffeomorphisms and
cal Lorentz transformations are fixed using a second BR
operator. The reduced BRST operator is defined from a
BRST operator~see also Refs.@8, 9#!, which is equivalent to
that given in Eqs.~9! and ~11!. In our approach, we have
used a single BRST operator and the obtained BRST e
effective actionSg f

eff is also anti-BRST exact, since it is, up t
negligible higher-order terms, the same as the BRST–a
BRST exact actionSg f given by Eq.~13!. We can now ask
how to construct the observables for both BRST symme
and anti-BRST symmetry, and whether the fixing of all t
symmetries at once could be used to extend the set of
servables constructed in Ref.@10#. For this purpose, we sha
determine a set of operators satisfying descent equati
which involve the BRST and anti-BRST operatorsQ andQ̄.
Inspired mainly by the results obtained in Ref.@12#, we can
write down the generalized descent equation

~d1Q1Q̄!~ei ~c1 c̄!P!50. ~23!
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i (v) is the inner product along a vector fieldv5(vm) and
P(R̃,R̃,...,R̃) is a characteristic polynomial in the genera
ized curvatureR̃ given by

R̃5R1c1c̄1w1w̄1F, ~24!

where we have used differential forms to represent
SO~4!-valued components. For example, we ha
R5 1

4 dxndxmRmn
abMab , c5 1

2 dxmcm
abMab . Indeed, work-

ing in the same spirit as in Ref.@12# ~see also Ref.@8#!,
we define the generalized covariant derivative
D̃5e2 i (c1 c̄)(d1Q1Q̄1v1c01 c̄0)ei (c1 c̄), where v
5 1

2 dxmvm
abMab , c05 1

2 cabMab , and c̄05 1
2 c̄abMab .

Therefore, we find thatD̃25R̃ satisfying the generalized Bi
anchi identityD̃R̃50, so that Eq.~23! holds for any charac-
teristic polynomial. Now, expanding Eq.~23! in terms of
form degree, we obtain the relations

~Q1Q̄!Wn1dWn2150, 0<n<4, ~25!

with Wn5(m50
42n (1/m!) i m(c1 c̄)Pn1m and W2150, where

Pk(0<k<4) denotes thek form of P.
Moreover, denoting the number ofR̃ in P by N and in

view of Eq. ~24!, we can expandPk in ghost number as
follows: Pk5(gPk

g , where2(2N2k)<g<(2N2k) andg
is even~odd! for k even~odd!. This allows the expansion o
Wn in ghost number and from Eq.~25! it follows that the
integrals

W2N2n5E
gn

Wn
2N2n ~26!

over nontrivial homology cyclesgn of the 4D spacetime o
dimensionn are observables with ghost number (2N2n)
since W2N2n are BRST invariant and metric independe
We also have anti-BRST invariant observables given by

W2~2N2n!5E
gn

Wn
2~2N2n! . ~27!

We remark that Eq.~25! also gives rise to the relation
QWn

g1Q̄Wn
g1252dWn21

g11, 2(2N2n)<g<(2N2n)22
andg is even~odd! for n even~odd!, which will not contrib-
ute to the construction of observables.

Let us note that the observables in Ref.@10# are con-
structed by integratingW4

2N245P4
2N24 over the 4D space

time manifold. These are the only observables provided
the equivariant Bianchi identity in the context of the reduc
BRST symmetry~see also Ref.@9#!. By using a single BRST
symmetry, one has more observables given in Eq.~26!,
which are constructed from the operators

Wn
2N2n5 (

m50

42n
1

m!
i m~c!Pn1m

2N2n2m . ~28!

BesidesW4
2N24, we have other operators, namelyWn

2N2n

(0<n<3), which are only present within the single BRS
method. However, the incorporation of the anti-BRST sy
metry permits us to construct other observables given in
~27!. These anti-BRST invariant observables are not fun
e

s

.

y
d

-
q.
-

mentally different from the BRST invariant ones, since th
are in complete duality, with respect to the mirror symme
of the ghost numbers. In fact, such observables are defi
from the operatorsWn

2(2N2n) which can simply be derived
from Eq. ~28! by replacing the ghosts with their associat
anti-ghosts.

Finally, let us also note that the constructed observab
can lead to the Euler number and the Pontryagin one use
the construction of the classical actionS0 . This is the same
result obtained in Ref.@10#. For example, explicitly given
P5tr(R̃∧R̃), we have the operators given by Eq.~28! with
N52 and

P4
05tr~R∧R!, P3

152 tr~c∧R!,

P2
25tr~c∧c12wR!, P1

352 tr~wc!, P0
45tr~ww!.

~29!

We remark that the operators as in Eq.~29! are analogous to
those characterizing TYMT with SO~4! as the gauge group
Working with the gauge group ISO~4! allows us to introduce
the diffeomorphism ghost and to construct, besides
Pontryagin number given by integratingW4

05P4
0 over the 4D

manifold @10#, the observablesW42n5*gn
Wn

42n (0<n<3)
which only appear when we fix all of the symmetries at on
We also have the observablesW2(42n) which are just
W42n , but with negative ghost numbers.

We summarize the results of this paper. We have app
the superspace formalism to topological 4D gravity. In o
treatment, the gauge fields~the spin connection and vier
bein!, the Lorentz, and diffeomorphism ghosts and their a
tighosts have been introduced via an ISO~4!-
superconnection, whereas the curvature, the torsion, and
topological ghosts associated to the gauge fields and t
antighosts as well as the second generation ghosts and
antighosts have been introduced through the supercurva
In addition, the supercurvature allows us to introduce t
pairs of extra fields. These are necessary in order to close
BRST–anti-BRST algebra off shell by using the structu
equations and the Bianchi identities.

Therefore, we have performed a construction of a gau
fixing action which is BRST–anti-BRST exact, so that w
have the anti-BRST symmetry as well in addition to t
BRST symmetry. We have also shown how this action eff
tively includes all the relevant gauge-fixing terms associa
with all the invariances of the classical action given as
linear combination of the Euler number and the Pontrya
one. In particular, the fixing of the topological symmetri
has been realized through the anti–self-duality on both
curvature and the torsion, in analogy to what happens
topological 4D self-dual gravity@10#. In our approach, we
have considered the single BRST method in order to fix
of the symmetries at once, rather than the equivariant met
used in Ref.@10#. We note that the inclusion of the ant
BRST symmetry has been ensured by the presence of
extra fields. These are necessary in order to define the
ghosts and their auxiliary fields associated with the topolo
cal symmetries from those coming from the supercurvat
and corresponding to the topological ghosts.

Furthermore, the recursive relations which are essentia
construct the BRST invariant observables as well as the a
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BRST invariant ones are derived from the characteri
polynomials in the generalized curvature. The latter has b
constructed from the Lorentz curvature and the SO~4!-valued
fields introduced via the supercurvature. The obtained a
BRST invariant observables are not fundamentally differ
n,

t.
c
en

ti-
t

from the BRST invariant ones, since there is a compl
mirror symmetry between them. We have also seen how
observables constructed in Ref.@10# are supplemented by
other observables defined from operators including forms
any degree.
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