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Axial U (1) symmetry breaking and the second Weinberg sum rule
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A current-algebraic result due to Nieh is used to evaluate corrections to the second Weinberg sum rule due
to the Uy(1) symmetry-breaking effective interactions. The 't Hooft interaction produces the dominant part of
the second sum rule breaking terms both in the flavor-singlet and in the flavor-octet channels, whereas the
Veneziano-Witten interaction leaves the second sum rule intact. This is a manifestation of the second sum
rule’s sensitivity to violations of the Feynman—Gell-Mann—Zweid &) X Ug(6) chiral current algebra. These
predictions are compared with extant experimental data, tentatively favoring the 't Hooft interaction.
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Weinberg's celebrated first sum rufé&/SR ) breaking 't Hooft interactio. Another candidate for the ef-
fective Lagrangian describingd(1) symmetry breaking, the
« ds Veneziano-Witten VW) interaction, leads tmo corrections
J < [P (9)=pA(s)1=17, (1) to the WSR Il
0 We shall use the spectral functiop§’:”) for the vector
and axial vector two-point functions defined by the time-
and second sum rul@VvSR II) [1] ordered current-current correlator

f:ds[pv(s>—pf*<s>]=o, (2) i f d“xe“*'X<0|T{Jz<x)JB<0)}|0>=ﬁi‘ﬁ(qz), 3)

for the difference of vector and axial vector spectral func-"here the generic symbdf,(x) stands for either a vectaf,

tions, have long been perceived as statements about the cit an axial vector currery,
ral symmetry of the underlying theory at asymptotically

large momenta.The first of the two sum rules is the better é

understood ong3]: it is believed to be valid in QCD and VL) =¥(x) Yus V(X

forms one of the foundations of Shifman-Vainshtein-

Zakharov(SVZ) sum rule§4]. Moreover, no violation of the X

first sum rule has been reported to date. A2 (G2 =T (X)y,vs =P (X), (4)
The second sum rule, on the other hand, was first ex- K’ w72

tended to three flavorib] and then challenged on empirical

grounds[6]. Two critical assessmenf{d,8] of the assump- of flavor a=0,...,8, wherex® are the Gell-Mann matrices.
tions underlying this sum rule appeared in that early periodThese currents form the Feynman—Gell-Mann—Zweig chiral
but seem to have passed largely unnoticed, with one signifJ, (6) X Ug(6) current algebrd13,14]. The spectral func-
cant exceptio9]. Subsequently the second sum rule disap-ions are given by

peared from further theoretical investigation until Bernard

et al. [10] reexamined it from the standpoint of Wilson's b 1 ~ b o

operator product expansion in QCD. That work showed that, PYA(a%) =~ - im TI5°A(9%), )

in the general case, the current quark mass induced correc-

tions to the right-hand side of the sum rule do not vanish. ~ ~

These corrections were subsequently calculated within thevhere H?,?A(qz)wzﬂi‘,f’A(qZ)TW and T,,=(9,,—0,4,/
SVZ sum rule approach and expressed in terms of currerg?).

guark masses and the quark condenghig. One result of It is believed that Weinberg's sum rules are statements
this paper is the precise form of the leading current quarkabout the asymptotic validity of the left- and right-handed
mass induced nonchiral correction to the WSR I, based onlgharge densities’ chiral algebra S13)Xx SUr(3). Nieh [7]

on tried-and-true current algebraic methods. More imporhas managed to express the violation of the WSR Il due to
tantly, we shall show that there is a larger contribution tothe HamiltonianH as

WSR I breaking stemming from the AJ1) symmetry-

2 first indication of the latter was observed in a two-flavor ef-
1This theory need not be QCD: Analogues of these sum rules alstective chiral quark model calculatigii2], which model contains
play a role in technicolor mode[2]. another term breaking the WSR Il that is absent from QCD.
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% ab ab stants to the above vacuum matrix elements. This leads to the
Sij L dgpy (S)—pa (S)] following form of the WSR II:
* ab _ ab _ caba2¢2
- [ @xoltn.Atox1.AfO10 J astotsr—piton=omit:

s[2mfi+m2f2], abe(0),

m2f2, a,be(1,2,3,

a !

= (€)

where (,j=1,2,3), using theP. method. An alternative mifz, abe(4,....9,
derivation of Eq.(6) can be produced using canonical meth- 1 2020 2.2

ods along the lines of Ref8], although that specific result 3[Amifk—mzfz]. abe(8).
was not derived in that paper. Such a derivation shows th
Nieh'’s result(6) is based on two assumption(s) validity of
the Kdlén-Lehmann representation for the current-curren
corrglators, andb) validity of the Heisenberg equations of size, whereas the isovector channelsh=1,2,3) are almost
motion. Equatior(6) shows that Fhe second sum rule actually40 times smaller. Such large differences indicate thai
tests the commutators of tispatial current componenend precise measurements, one in the isovector and one in the

the Hamiltonian, i.e., the invariance of the theory under“strange” sector, would critically test this predictioof fla-
UL(6) X Ug(6) current alg_ebra transformations, _rath_er thanvor dependence. Since considerable amount of data already
the usual Y(3)x Ug(3) chiral charge algebra, which it con- exist in the isovector channgl6], one must strongly encour-

tains as a subalgebra. age measurement of the WSR Il in at least one of the
There are three sources of (3)XUg(3) symmetry “strange” channelg17].

breaking in QCDA(i) the current quark masse() 't Hooft's Take the effective 't Hooft quark self-interaction, which is
Ua(1) symmetry-breaking low-energy effective interaction 5 1o,y.energy approximation to the instanton-induced effects

approximating instanton-induced effects in QCD; &) i1 OCD. for three liaht flavora
the electroweakEW) interactions. In the following we shall in QCD, g vors,

examine only the first two, while disregarding the third one ¢ — — ) _ 6)
(EW), due to its small size. We find théte 't Hooft inter- £t —K[de}(\lf(1+ 75)‘1’) +det,(\lf(1— vs)V 1=~ Huy

action induces a WSR Il violation that is common to all nine (10
flavor channelslf this effect can be empirically confirmed . L :
and separated from other WSR Il violations in the data, i2d mse(rg) it into the double commutators in E§) as
would constitute a significant piece of new evidence support!txss=Hi' ; we find

ing 't Hooft’s interaction, since the competing Veneziano-

- j BO[HVAOX)],VP(0)10), ()

HNote that some of these terms differ by orders of magnitude:
the largest correction is in the(b=38) channel, the rest of
the strange §,b=0,4,...,7) channels are comparable in

Witten interactior[ 15] turns outnotto have any effect on the J d3x(0|[[HY ,A%(0x)],A"(0)]|0)
WSR I at all. '

Inser_ting the current quark mass Hamiltonib,sg(0) . X
= [d%2¥ (2)MC¥ (2) into Eq.(2) we find - f d*(OlIIHLY V(01,7 (0)]|0)

> =—6(0[H.J|0) 5;; 6%°. (11)
f ds{p3°(s)—p3(9)] e
0 The interacting ground statévacuum”) expectation value

) of the 't Hooft interaction is related to the 't Hooft mass with
:f d*x(O0|[[H ss.A(0X)],A7(0)]]0) three light flavors vigd15]

2 £2__ (6) _ SA\3

_J d3X<0|[[HXSB,VIa(O,X)],V]b(O):”(» mIHfO 6<O|’CIH |0> 12K<qq>0+o(1/NC)1 (12)
where we made the “factorization hypothesis” in the second

0 3 \b line, i.e., we assumed that the vacuum expectation value
=—(ow Mq’f "o ¥[0). () (VEV) of the operator product is saturated by the product of

the individual operator VEV's. Further, we have assumed

The expression on the right-hand side of Ef).is the same good parity and S(B) symmetry of the nonperturbative
as the one entering the Gell-Mann—Oakes—Re(@MOR)  vacuum, i.e.{WA;¥)y=(PAg¥)y=0. O(1/N¢) serves to
formula

(fpsmrz)sfps)ab: _<0|[Q21[Q21‘PM8‘I’H|0> 3«Light” flavors are defined by comparison of the current quark
a b mass induced ps meson masses, e.gmef0.5 GeV for strange
= _<o|q7[ ( M2, _} , _] ¥|0), (8  Quarks, omp=1.9 GeV for charmed ones, with the 't Hooft mass
a2 2 m=0.85 GeV (with three flavorg see Sec. IV C of the second
reference ir{15]. This leads to the categorization of up, down, and
relating the pseudoscalgrs) meson masses and decay con-strange quarks as light, and the rest as heavy.
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remind one that we have neglectedl 1/N. suppressed < 003
terms, not just the ones correcting factorization. The empiri- 7o 0% p== <2U1 -3)(®
cal value off3m3, is determined as (300 Me¥)from the = oo pmm 2,Ee) - (0,420
Ref. [15] result < s
| 0.01 5
2 2 2 2 2 2 = :
fomi,=1f7,m., +f2m? — f(my . +mio) +f2(m7 . —m2,). S
(13 %
s -0.005E - :
This leads to = oo E ' 3
0.015 B o 1 1 S ! 3
0.5 1 1.5 2 2.5 3
f d*x(0I[[HY A (0X)1,A(0)][0) s, (GeV?)
3 6) \sa b FIG. 1. The second Weinberg sum rule as a function of the
_jd XO[[[Hy , Vi(0x)1,V}(0)]|0) upper integration bouns,,. The two horizontal lines represent the
bounds of our predictiori2m?2 + f3m2, in the asymptotic limits,
=52, (14  —, the width being due to uncertainties fr),f,. . Dotted and

hatched areas are the error bands extracted from-tleeay and the
Note that this result holds fall a,b=0,...,8,i.e.,, notonly e*e +7 data, respectively(data from Ref.[16]). For mf]c
in the flavor-singlet channela(b=0), as one might have =9 Ge\’<s, one must recalculaten?, with four flavors. The
initially expected, but also in the flavor-octet channedsb(  Veneziano-Witten model predicticit.m? is too small to be distin-
=1,...,8). The latter is something of a surprise, since weyuished from zero on this figure.
have come to expect its influence only in the flavor-singlet ps

and scalar channef45]. The resolution of this “puzzle” lies e jsovector channel should be sufficient to discriminate be-
in the fact that here one is sensitive to the violation of the,,cen these two models, under m@visothat no significant
U (6)X Ug(6) current algebra, rather than that of the ey correctiongbeyond the aforementioned tivexist.
(usua) SU,(3)* SUg(3) algebra of chiratharges and that Recent data obtained from hadronicdecays by the
the 't Hooft interaction violates the |§6)X Ug(6) symme- o] EpPH Collaboration have been analyzgkb] with a view
try. Adding now Eq.(7) to the right-hand side of Eq14) we g testing the Weinberg sum rules. The first three moments of
find the isovector(charge-changing componerash=1,2) spec-
" tral functionV—A difference have been evaluated as func-
J ds[pf‘,b(s) —p}ib(s)]= 5%°f2ma,+f,m3,f,. (15  tions of the upper energy squared cutsff for the WSR II
0 see the dotted area in Fig. 1. This figure also shows a linear
) ) _combination of ther~decay data and those froet e~ ex-
There is, however, another way of effectively breakingeriments(vertically hatched Although it is manifest that
the UA_(l) syr_nmetry W|t_h quark d_egrees _of freec_io_m: the the WSR 11 hashot reached saturation at presently accessible
Veneziano-Witten effective quark interactidfor original energies, we may nevertheless draw the following conclu-

references and discussion, see R&B]) sions: (i) the current quark mass contribution, which also
1D s — — ) equals the total prediction in the Veneziano-Witten model, is
Ly =K' {det[ W (1+ y5)W]—det[V(1-ys) W]}~ negligible as compared with that from the ’t Hooft tefrand

(i) only the 't Hooft interaction leads to the observed order
of magnitude of WSR I, and, it is in agreement, perhaps
fortuitously, with all of the presently available data, i.e., with
boththe 7 decay and the* e~ experiments. This appears as
a piece of evidence in favor of the 't Hooft interaction over
f d3x(O|[[H{}? ,Aia(O,x)],Af’(O)]lo) the Veneziano-Witten one.

It is curious that despite their obvious similarity, the two

Insert this into the double commutators in E&); direct
calculation yieldszerq to leading order in M,

- f d*)(OIIHWY , V(0x)1,V}(0)]10)

4Nason and Palassifil8] have studied hadroniedecays in QCD
with instantons explicitly taken into account. They found relative
corrections of at most 3%, i.e., substantially smaller than ours.
c1-'here is a number of potential explanations of this fégtthe fact

=0+0(1/N¢), (17)

thus leading to purely current quark mass induced corre

tions to the WSR II: that four different moments of the spectral function enter the
w decay rate, not all of which are very sensitive to instantginsthe
f ds[pf‘,b(s) _paAb(s)] = famibfb, (19 integrals entering the decay rate extend over a finite range rather
0 than an infinite one in the WSR I(iii ) the local 't Hooft interaction

is only a low-energy approximation to the instanton effects in QCD;
in the Veneziano-Witten model. Hence we see that there is @) dependence of the 't Hooft mass on the lower cutoff in explicit
significant difference(of an order of magnitudebetween instanton calculationghis dependence is subsumed in the coupling
these two models of \{1) symmetry breaking in the isovec- constantK in the effective interaction approachand possibly
tor channel §,b=1,2,3). Only one precise measurement inother, presently unknown, causes.
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Weinberg sum rules test two different sectors of the currenthe quark mass plus the 't Hooft interaction. Novel experi-
algebra: WSR | checks the identity of the vacuum expectamental methods seem necessary to extend the measurements
tion values of the isoscalar vector and axial Schwinger termsf the vector and axial spectral densities to higher energies,
[3], whereas WSR Il checks the [5)X Ug(6) current alge- so as to approach the asymptotic values of the sum rules
bra. One also cannot help but wonder what prevented a mofigore closely, and to measure the spectral functions in other
timely application of the Nieh formula, especially in view of flgvor channels.
the fact that the said result was discussed in an authoritative
review [9]. That is, however, a question for historians of Correspondence with J. D. Bjorken on the subject of this
science. paper is acknowledged. The author would like to thank P. H.
In conclusion, we have applied Nieh’'s formula to the Frampton for a valuable conversation, in particular for rais-
guark mass term, the 't Hooft and the Veneziano-Witten in-ng the question of heavy flavors in the 't Hooft interaction,
teraction Hamiltonians. The measured values of the isovectdf. Kubodera for discussions, and F. Myhrer for comments
WSR Il are of the same magnitude as those estimated froran the manuscript.
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