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Renormalization scheme dependence and the problem of the determination
of as and the condensates from semileptonict decays

P. A. Ra̧czka*
Centre for Particle Theory, University of Durham, South Road, Durham, DH1 3LE, United Kingdom
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The QCD corrections to the moments of the invariant mass distribution in the semileptonict decays are
considered. The effect of the renormalization scheme dependence on the fitted values ofas(mt

2) and the
condensates is discussed, using a simplified approach where the nonperturbative contributions are approxi-
mated by the dimension six condensates. The fits in the vector and axial-vector channels are investigated in the
next-to-leading and the next-to-next-to-leading order. The next-to-next-to-leading order results are found to be

relatively stable with respect to change of the renormalization scheme. A change from the MSs̄cheme to the
minimal sensitivity scheme results in the reduction of the extracted value ofas(mt

2) by 0.01.
@S0556-2821~98!06809-X#

PACS number~s!: 13.35.Dx, 11.10.Hi, 12.38.Cy
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I. INTRODUCTION

Recently there has been considerable progress in the
termination of the vector and axial-vector hadronic spec
functions from the semileptonic decays of thet lepton@1–6#.
Using the QCD predictions for the moments of these spec
functions one may obtain constraints onas and the param-
eters characterizing the nonperturbative QCD dynamics~ @7–
15#!. The accuracy of the obtained value ofas appears to be
quite high. In order to have a proper understanding of
phenomenological relevance of this determination ofas it is
important to make a careful estimate of the theoretical
certainties in the QCD predictions@16–27#. In this paper we
investigate the uncertainties in the evaluation of the per
bative part of the QCD prediction for the spectral momen
for which the next-to-next-to-leading order~NNLO! approxi-
mation is available. We study in some detail the sensitiv
of the perturbative QCD predictions to the choice of t
renormalization scheme~RS! and the effect of the RS depen
dence on the fitted values of the QCD parameters.

II. THEORETICAL FRAMEWORK

Let us begin by summarizing the theoretical framewo
adopted in the analysis of thet decay data@7–12#. In @11# it
was suggested to use theRt,V/A

kl moments, defined by the
relation

Rt,V/A
kl 5

1

Ge
E

0

mt
2

dsS 12
s

mt
2D kS s

mt
2D l

dGud
V/A

ds
, ~1!

wheredGud
V/A/ds denotes the invariant mass distribution f

the Cabibbo allowed semileptonict decays in the vector (V)
or axial-vector (A) channel andGe denotes the electroni
width of thet lepton. The QCD predictions forRt,V/A

kl have
the form
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Rt,V/A
kl 5

3

2
uVudu2SEWR0

kl~11dpt
kl1dnpt,V/A

kl !, ~2!

whereVud is the Cabibbo-Kobayashi-Maskawa~CKM! ma-
trix element (uVudu50.9752) andSEW51.0194 represents
the correction from electroweak interactions@28,29#. TheR0

kl

factor denotes the parton model prediction — for later u
we shall needR0

0051 andR0
12513/210. Thedpt

kl term denotes
the perturbative contribution, evaluated for three mass
quarks.~Theu andd quark mass effects are negligible, thes
quark mass effects are very small for nonstrange decays,
the c quark is considered to be decoupled@30,31#.! The dpt

kl

term is universal for theV andA channels. Thednpt,V/A
kl term

in Eq. ~2! denotes the contribution from the nonperturbati
QCD effects, which are estimated using the Shifma
Vainshtein-Zakharov~SVZ! approach@32#:

dnpt,V/A
kl 5 (

D54,6 . . .
d~D !V/A

kl 5 (
D54,6 . . .

1

mt
D(j

cD, j
kl ^OD, j

V/A&,

~3!

where ^OD, j
V/A& are the vacuum expectation values of t

gauge invariant operators of dimensionD andcD, j
kl are coef-

ficients specific for the considered spectral moment and
type of the operator. ThecD, j

kl coefficients are in principle
power series in the strong coupling constant.

The object of greatest interest is of course the total de
rate for the Cabibbo allowed semileptonict decays in the
vector or axial-vector channels,Rt,V/A

00 . The perturbative cor-
rection to this moment is sizable and it is highly sensitive
the value of the strong coupling, due to the low characteri
energy scale ofmt51.777 GeV. The higherRt

kl moments are
introduced to take advantage of the the full information co
tained in the hadronic spectral functions. By using the p
dictions for severalRt

kl moments one may obtain a simulta
neous fit ofas(mt

2) and of some of the condensates^OD, j
V/A&.

In this way the whole analysis becomes self-consistent an
addition one obtains a check on both the perturbative and
nonperturbative QCD contributions.
i-
6862 © 1998 The American Physical Society
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The perturbative QCD correctionsdpt
kl are evaluated using

a contour integral expression@33,34#, which relates them to
the QCD correctiondP

pt to the so-called Adler function@35#,
i.e., the logarithmic derivative of the transverse part of
vector/axial-vector current correlatorPud

(1)V/A :

212p2s
d

ds
Pud,pt

~1!V/A~s!53@11dP
pt~2s!#. ~4!

~In the approximation of massless quarks the perturba
contributions to the Adler functions for the vector and axi
vector current correlators are identical.! We have

dpt
kl5

i

pEC

ds

s
f klS s

mt
2D dP

pt~2s!, ~5!

where f kl(s/mt
2) is a weight function specific to the consid

ered moment andC is a contour running clockwise froms
5mt

22 i e to s5mt
21 i e away from the region of smallusu.

In the following we shall need the weight functionsf 00 and
f 12:

f 00~x!5
1

2
2x1x32

1

2
x4. ~6!

f 12~x!5
1

2
2

70

13
x31

105

26
x41

126

13
x52

175

13
x61

60

13
x7.

~7!

The NNLO renormalization group improved perturbati
expansion fordP

pt may be written in the form

dP
pt~2s!5a~2s!@11r 1a~2s!1r 2a2~2s!#, ~8!

where a5as /p5g2/(4p2) denotes the running couplin
constant that satisfies the NNLO renormalization group~RG!
equation:

s
da

ds
52

b

2
a2~11c1a1c2a2!. ~9!

In the modified minimal subtraction (MS̄) scheme~i.e. using
MS̄ subtraction procedure and choosingm252s) we have

@36–40# for nf53 r 1
MS̄51.63982 andr 2

MS̄56.37101. The
renormalization group coefficients fornf53 areb54.5, c1

516/9 andc2
MS̄53863/864'4.471.

The QCD predictions for thedpt
kl are usually calculated in

the modified minimal subtraction (MS̄) renormalization
scheme@41#. However, in the NNLO approximation with
massless quarks there is a two-parameter freedom in ch
ing the RS. This is a consequence of the fact that in e
order of perturbation expansion the finite parts of the ren
malization constant for the coupling constant may be cho
arbitrarily. Different choices of the finite parts of the reno
malization constant result in different definitions of the co
pling constant, which are related by a finite renormalizati
This results in a change of values of the coefficientsr 1, r 2
andc2. ~We restrict our discussion to the class of mass a
gauge independent schemes, for which the coefficientsb and
c1 are universal.! The formulas describing how the redefin
e

e
-

os-
h

r-
n

-
.

d

tion of the coupling affects the coefficientsr i and c2 are
collected for example in@42#. The dimensional QCD param
eter L also depends on the choice of the RS@43#. In the
NNLO there exists however a RS invariant combination
the expansion coefficients@44–47#:

r25c21r 22c1r 12r 1
2 . ~10!

For thedP we haver255.23783.
The change in the expansion coefficients and the cha

in the coupling constant compensate each other, bu
course in the finite order of perturbation expansion su
compensation may only be approximate, which results in
numerical RS dependence of the perturbative predictio
This RS dependence is formally of higher order in the co
pling constant, but in the case of thet decay it may be
significant numerically, since the coupling is not very sm
at the energy scale ofmt . It is therefore very important to
verify to what extent the RS dependence affects the pre
tions and the fits to the experimental data.

The authors of@1,2,4# used theRt
kl moments withk51

and l 50,1,2,3, and fitted theD54,6,8 condensates. Sinc
the aim of this paper is primarily to study the theoretic
uncertainties in the whole procedure we shall adopt a sim
fied approach, which still has considerable phenomenolo
cal relevance. This approach is based on the fact that
dominant nonperturbative contribution toRt,V/A

00 in the SVZ
expansion comes from theD56 term @7,8#, because theD
54 term is suppressed by additional power ofas . We shall
therefore neglect theD54 contribution to the total decay
rate and — for consistency — the higher order correction
the D56 coefficient.~Such an approximation was in fac
made already in@8#.! In the following we shall also neglec
contributions from theD>8 condensates. In order to be ab
to fit theD56 condensate together withas we shall use the
QCD prediction for theRt,V/A

12 moment, which similarly to
Rt,V/A

00 has a suppressed contribution from theD54 conden-
sate. Neglecting inRt,V/A

12 the contributions fromD>8 con-
densates we obtain a simple set of self-consistent formu
In our approximation

dnpt,V/A
00 5d~6!V/A

00 52
24p2

mt
6 (

j
C6,j^O6,j

V/A&, ~11!

dnpt,V/A
12 5d~6!V/A

12 5
1680p2

13mt
6 (

j
C6,j^O6,j

V/A&, ~12!

where( jC6,j^O6,j
V/A& is the leadingD56 contribution to the

transverse part of the hadronic vacuum polarization functi

~2s!3Pud~D56!
~1!V/A ~s!5(

j
C6,j^O6,j

V/A&. ~13!

This contribution is dominated by the four-quark conde
sates@10#. In the phenomenological analysis it is usua
expressed in a simplified form, motivated by the chiral sy
metry and the vacuum saturation approximation@10#:

(
j

C6,j^O6,j
V/A&5hV/A

32p

81
asr^q̄q&2, ~14!
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where^q̄q& is the quark condensate,hV527, hA511 andr
is an effective parameter, characterizing the deviation fr
the strict vacuum saturation.

In our study of the RS dependence effects we parame
the freedom of choice of the RS by the parametersr 1 andc2,
following the conventions of our previous work@24–26#. To
obtain the perturbative QCD correctionsdpt

kl we evaluate the
contour integral numerically, using under the integral a n
merical solution of the RG equation~9! in the complex en-
ergy plane. In this way we take full advantage of the R
invariance properties of the perturbative prediction and
resum1 to all orders some of the large terms which wou
otherwise appear in the perturbation expansion@48,49#. We
assume that the integration contourC is a circle s5
2mt

2exp(2iu), uP@2p,p#. To determine the numerica
value of the running coupling constant on the contourC we
solve the transcendental equation, which results from in
gration of the RG equation~9! with a suitable boundary con
dition and analytic continuation to the complex energy pla

blnS mt

LMS̄
~3! D 2 i

bu

2
5r 1

MS̄2r 11c1lnS b

2c1
D1F ~n!~a!,

~15!

where in NLO

F ~1!~a!5
1

a
1c1lnS c1a

11c1aD , ~16!

and in NNLO for 4c22c1
2.0

F ~2!~a!5
1

a
1c1ln~c1a!2

c1

2
ln~11c1a1c2a2!

1
2c22c1

2

~4c22c1
2!1/2

arctanS a~4c22c1
2!1/2

21c1a D . ~17!

The presence ofLMS̄
(3) in the expression valid for arbitrar

scheme follows from our taking into account explicitly th
relation betweenL parameters in different schemes@43# and
usingLMS̄

(3) as a reference parameter.
After evaluating the predictions fordpt

00 and dpt
12 we per-

form the fits to the experimental data forRt,V/A
00 andDt,V/A

12

1As was discussed in@49#, and in more detail in@24#, the resum-
mation via the contour integral is very important in precise pheno
enological applications since it greatly reduces the RS depend
of the finite order perturbative predictions. On the other hand
@21# it was argued that this type of resummation leads in the cas
higher order renormalon corrections to a less precise asymp
expansion than the conventional perturbation expansion fordpt

00. A
detailed discussion of this problem goes beyond the scope o
present paper. Let us observe, however, that the authors of@21# do
not address the problem of RS dependence in higher orders of
turbation expansion. For example a recent investigation of a sim
issue reported in@23# seems to indicate that in the effective char
scheme the ‘‘contour improved’’ expansion has better converge
properties than the conventional expansion.
ze

-

-
e

e-

:

5Rt,V/A
12 /Rt,V/A

00 . We use the experimental values report
recently by ALEPH@4#: Rt,V

00 51.78260.018,Dt,V
12 50.0532

60.0007, Rt,A
00 51.71160.019, Dt,A

12 50.063960.0005. In
the fits we assume for simplicity that the experimental err
for Rt

00 andDt
12 are not correlated.

We express the results of our fits in terms ofas(mt
2) and

d (6)
00 . @We actually fit the value ofLMS̄

(3) , which we then con-

vert to as(mt
2) using the RG equation in the MS̄scheme.#

For comparison with other determinations of the strong c
pling constant we extrapolateas from mt

2 to mZ
2 . Our proce-

dure for extrapolation relies on the matching formula relat
as(m

2,nf11) to as(m
2,nf):

as~m2,nf11!5as~m2,nf !1
L

3

as
2~m2,nf !

p

1
1

9S L21
57

4
L2

11

8 Das
3~m2,nf !

p2
, ~18!

where L5 ln(m/m̃q) and m̃q is the running quark mas
mq(m2) of the heavy quark evaluated at the scalem5mq .
~The NNLO matching formula of that form was originall
proposed in@50–52#, see also the discussion in@53#. How-
ever, in@31# it was found that a numerical coefficient in th
NNLO term is actually different, which was subsequen
confirmed in@54#. We use the coefficient of@31#.! In order to
evolveas from scalem1 to the scalem2 we solve the equa-
tion:

F ~k!@as~m1
2!/p#2F ~k!@as~m2

2!/p#5bln~m1 /m2!.
~19!

To obtainas(mZ
2) from the given value ofas(mt

2) we first

evolve as from the scalemt to the scale of 2m̃c using the
nf53 RG equation, then we use the matching formula~18!

to obtainas@(2m̃c)
2,nf54#, evolve this to the scale of 2m̃b

using thenf54 RG equation, use the matching formula
obtainas@(2m̃b)2,nf55#, and finally evolve this to the scal
of mZ using thenf55 RG equation. We usem̃c51.3 GeV
and m̃b54.3 GeV, which are the central values recom
mended by the Particle Data Group@55#. In Table I we give
for reference some values ofas(mt

2) andas(mZ
2) as a func-

tion of ln(mt /LMS̄
(3)) in the NNLO approximation.

III. FITS IN THE VECTOR CHANNEL

Let us begin with the calculation in the MS̄scheme, to see
how our approximate treatment compares with a more co
plete analysis reported in@4#. In Table II we give the values
for dpt

12 in the MS̄scheme, in NLO and NNLO, as a functio
of ln(mt /LMS̄

(3)). For completeness, we also include prec
values fordpt

00, which may be compared with those give
previously in@10#. Fitting the experimental results forRt,V

00

and Dt,V
12 we obtain in NNLOLMS̄

(3)
5441632 MeV, which

corresponds toas(mt
2)50.36760.018 andas(mZ

2)50.1238
60.0018. This is very close to the valueas(mt

2)50.360
60.022 obtained by ALEPH in a fit involving moreRt

kl mo-

-
ce
n
of
tic

he

er-
ar

ce
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ments andD54,6,8 nonperturbative contributions@4#. We
also obtaind (6)V

00 50.014760.0025, which is in reasonabl
agreement with the value of the nonperturbative contribut
obtained by ALEPH@4#. This confirms our expectation tha
the D56 approximation adopted in this work provides
good approximation to the more complete analysis involv
a larger set of parameters.

Let us now consider the same fit, but in a different ren
malization scheme. As is well known, the theoretical a
phenomenological motivation for the widely used M̄
scheme is not very strong, and there has been extensive
cussion on the problem of the optimal choice of the ren
malization scheme@44–47,56–60#. One of the interesting
approaches is based on the so-called principle of mini
sensitivity~PMS! @44#. The philosophy behind this approac
is very simple — since the theoretical predictions of a
theory should be in principle independent of the RS, then
the finite order of perturbation expansion one should look
the RS, which mimics this as closely as possible.

In the case of the conventional perturbative QCD exp
sion the RS parameters of the PMS scheme are determ

TABLE I. Table of values ofas(mt
2) and as(mZ

2) in NNLO
related by the matching procedure described in the text.

ln(mt /LMS̄
(3)) LMS̄

(3) as(mt
2) as(mZ

2)

1.30 484 0.392 0.1261
1.35 461 0.378 0.1249
1.40 438 0.366 0.1236
1.45 417 0.354 0.1224
1.50 397 0.343 0.1212
1.55 377 0.333 0.1201
1.60 359 0.323 0.1190
1.65 341 0.314 0.1179
1.70 325 0.306 0.1168
1.75 309 0.298 0.1157
1.80 294 0.291 0.1147
1.85 279 0.284 0.1136
1.90 266 0.277 0.1126

TABLE II. Table of values of the NLO and NNLO prediction

for dpt
00 anddpt

12 in the MS̄scheme.

ln(mt /LMS̄
(3)) dMS̄,NLO

00 dMS̄,NNLO
00 dMS̄,NLO

12 dMS̄,NNLO
12

1.30 0.1967 0.2285 0.1267 0.1420
1.35 0.1891 0.2187 0.1235 0.1364
1.40 0.1820 0.2095 0.1206 0.1315
1.45 0.1753 0.2009 0.1178 0.1273
1.50 0.1690 0.1928 0.1151 0.1235
1.55 0.1631 0.1852 0.1126 0.1201
1.60 0.1576 0.1781 0.1102 0.1170
1.65 0.1523 0.1714 0.1078 0.1142
1.70 0.1474 0.1652 0.1056 0.1115
1.75 0.1428 0.1593 0.1034 0.1090
1.80 0.1384 0.1538 0.1013 0.1066
1.85 0.1342 0.1486 0.0993 0.1043
1.90 0.1303 0.1437 0.0973 0.1021
n

g

-
d

is-
-

al

n
r

-
ed

by a system of transcendental and algebraic equations@44#.
Unfortunately, in the case of perturbative predictions o
tained via numerical evaluation of the contour integral the
equations do not apply, so the optimized parameters hav
be determined by direct computation ofdkl for different val-
ues ofr 1 andc2.

The dependence ofdpt
00 on the scheme parametersr 1 and

c2 was discussed in detail in@24# and the RS dependence o
dpt

12 was investigated in@25,26#. In both cases it was found
that for moderate values ofLMS̄

(3) the NNLO predictions have
a saddle point type of behavior2 as a function ofr 1 and c2
and that the position of the saddle point is well approxima
by r 150 andc251.5r257.857.~Incidentally, these schem
parameters correspond to the approximate solution@62# of
the algebraic PMS equations fordP evaluated for spacelike
momenta.! For very large values ofLMS̄

(3) the RS-dependenc
pattern is more complicated than a simple saddle point,
even then the scheme parameters distinguished above be
to the region of extremely small RS dependence. We s
therefore accept these parameters as the PMS paramet
NNLO. The values of the NLO and NNLO PMS prediction
for dpt

12 are given in Table III.~The values fordpt
00 have been

already given in@24#. The contour plots provided there i
principle allow one to obtain predictions fordpt

00 in arbitrary
scheme with reasonably large expansion coefficients.!

Using the PMS predictions we obtain from the NNLO
in the vector channeld (6)V

00 50.015660.0023 and LMS̄
(3)

2The relative stability of the perturbative predictions fordpt
00 and

dpt
12 with respect to change of the RS found in@24–26# is a direct

consequence of the use of the contour resummation. Another
portant consequence of the ‘‘contour improvement’’ is that bo
quantities have quite similar patterns of RS dependence. Th
rather natural, since both quantities originate from the same A
function. However, if the conventional expansion is used, the p
turbative expressions for both quantities look quite unrelated,
they have different patterns of RS dependence.

TABLE III. Table of values of the NLO and NNLO prediction
for dpt

12 obtained in a scheme preferred by the principle of minim
sensitivity (r 1520.64 in NLO andr 150, c251.5r257.857 in
NNLO!.

ln(mt /LMS̄
(3)) dPMS,NLO

12 dPMS,NNLO
12

1.30 0.1382 0.1634
1.35 0.1329 0.1521
1.40 0.1284 0.1432
1.45 0.1245 0.1360
1.50 0.1209 0.1300
1.55 0.1177 0.1250
1.60 0.1148 0.1208
1.65 0.1120 0.1171
1.70 0.1095 0.1138
1.75 0.1070 0.1108
1.80 0.1047 0.1081
1.85 0.1025 0.1055
1.90 0.1004 0.1032
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5421630 MeV, which corresponds toas(mt
2)50.356

60.017 and as(mZ
2)50.122660.0018. We see that in

NNLO the change from the MS̄scheme to the PMS schem
results in the reduction of the fitted value ofas by an amount
significant compared for example to the presently availa
experimental precision.

In order to make our calculations more generally use
we show in Fig. 1 the results of the NNLO fit ofas(mt

2) and
d (6)V

00 , obtained using the PMS predictions, as a function
the experimental values ofRt,V

00 and Dt,V
12 . For comparison

we indicate the results of the NNLO fit in the MS̄scheme
~dashed lines!.

Besides PMS another frequently discussed approac
the optimization is the effective charge~EC! method@56,47#,
which amounts to the absorption of all the higher order
diative corrections to the physical quantity — in this casedP

— into the definition of the coupling constant. In the E
scheme we haver 150 and c25r2. The NLO and NNLO
predictions fordpt

00 and dpt
12 in the EC scheme are given i

Table IV. We see that in NNLO the difference between E
and PMS is very small. This is reflected by the results of
fit: in NNLO we obtainas(mt

2)50.356 andd (6)V
00 50.0158.

To have a broader picture of the renormalization sche
dependence we perform the fit in a more general clas
schemes. It is clear that regardless of our choice of the c
crete optimal scheme there is a continuum of schemes, w
seem to be equally reasonable. Predictions in such sche
should also be somehow taken into account in the phen
enological analysis. A natural way to do this is to supplem
the prediction in a preferred scheme with an estimate of
variation of the predictions over a whole set ofa priori ac-
ceptable schemes. A concrete realization of this idea
presented in@61#, based on the existence of the RS invaria

FIG. 1. Plot of the fitted values ofas(mt
2) andd (6)

00 in the vector
channel as a function ofRt,V

00 andDt,V
12 , obtained using the NNLO

PMS predictions. The dashed lines indicate the change in the

when the MS̄NNLO predictions are used instead.
le

l

f

to

-

e

e
of
n-
ch
es
-

t
e

as
t

r2, which provides a natural3 RS independent characteriza
tion of the magnitude of the NNLO corrections for the co
sidered physical quantity. In@61# it was proposed to calcu
late variation of the predictions over the set of schemes
which the expansion coefficients satisfy the condition

s2~r 1 ,r 2 ,c2!< l ur2u, ~20!

where

s2~r 1 ,r 2 ,c2!5uc2u1ur 2u1c1ur 1u1r 1
2 . ~21!

A motivation for the condition~20! is that it eliminates
schemes in which the expansions~8! and~9! involve unnatu-
rally large expansion coefficients that introduce large can
lations in the expression for the RS invariantr2. The con-
stant l in the condition ~20! controls the degree o
cancellation that we want to allow in the expression forr2.
In our case we have for the PMS parameterss2(PMS)
'2ur2u, so in order to take into account the schemes, wh
have the same — or smaller — degree of cancellation as
PMS scheme we takel 52. One may expect, that the est
mate of the RS dependence obtained according to this
scription would be useful for a quantitative comparison
reliability of perturbative predictions for different physica
quantities, evaluated at different energies. It is also clear
any large variation of the predictions over a set of schem
satisfying the constraint~20! with l 52 would be an unam-
biguous sign of a limited applicability of the NNLO expre
sion.

In Fig. 2 we show how the value ofas(mt
2) resulting from

the fit depends on the parametersr 1 and c2 specifying the
renormalization scheme in NNLO. In the region of schem
parameters satisfying condition~20! with l 52 the minimum

3The definition of the RS invariantr2 is not unique, since by
adding any RS independent constant we also obtain a RS invar
However, as has been discussed in detail in@61#, the form~ 10! is
distinguished by the fact, that it appears as a NNLO expans
coefficient in a manifestly RS invariant evolution equation for
physical quantity@45–47#.

lot

TABLE IV. Table of values of the NLO and NNLO prediction
for dpt

00 anddpt
12 in the effective charge scheme.

ln(mt /LMS̄
(3)) dEC,NLO

00 dEC,NNLO
00 dEC,NLO

12 dEC,NNLO
12

1.30 0.2151 0.2357 0.1360 0.1624
1.35 0.2063 0.2261 0.1312 0.1524
1.40 0.1979 0.2168 0.1271 0.1439
1.45 0.1901 0.2080 0.1233 0.1368
1.50 0.1828 0.1996 0.1200 0.1308
1.55 0.1759 0.1917 0.1169 0.1257
1.60 0.1694 0.1842 0.1141 0.1213
1.65 0.1634 0.1771 0.1114 0.1175
1.70 0.1577 0.1704 0.1089 0.1141
1.75 0.1523 0.1642 0.1065 0.1110
1.80 0.1473 0.1583 0.1043 0.1082
1.85 0.1425 0.1528 0.1021 0.1057
1.90 0.1380 0.1476 0.1000 0.1033
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value ofas(mt
2)50.347@LMS̄

(3)
5403 MeV,as(mZ

2)50.1217#
is attained forr 1521.62 andc250, and the maximum
value ofas(mt

2)50.367@LMS̄
(3)

5440 MeV,as(mZ
2)50.1238#

is attained forr 150.96 andc250. It should be noted that th
MS̄ scheme parameters lie outside thel 52 region, but the
fitted value of as(mt

2) in this scheme coincides with th
maximal value quoted above. It may also be interesting
note that one of the other schemes of potential interest,
which the NNLO expressions recently became available@64#
— the so-calledV scheme@63# — corresponds to the RS
parametersr 1520.109 andc2526.200, which lie very far
outside thel 52 region. The extracted value ofas(mt) ap-
pears to be quite stable with respect to change of the
This is a direct consequence of the relative stability of
predictions fordpt

00 and dpt
12 and the fact that the patterns o

RS dependence of these quantities are similar. This in
results from our use of the ‘‘contour improved’’ expansio

It is of some interest to perform the same fits using
stead the NLO predictions. Using the NLO predictions in t
MS̄ scheme, we obtaind (6)V

00 50.0148 andLMS̄
(3)

5527 MeV,
which translates via NLO RG equation intoas(mt

2)50.388,
which in turn corresponds via NLO extrapolation
as(mZ

2)50.1261. We see that the value ofd (6)V
00 is practically

identical to that obtained in the NNLO fit. However, th
value of the strong coupling constant is surprisingly high a
it is significantly different from the NNLO value. Using th
NLO predictions in the PMS scheme we obtaind (6)V

00

50.0150 and LMS̄
(3)

5465 MeV, which corresponds to
as(mt

2)50.358 andas(mZ
2)50.1230. We see that althoug

the difference in the NLO and NNLO values ofLMS̄
(3) ob-

tained in the PMS fits is still considerable, it is neverthele
much smaller than in the case of the MS̄scheme.@If we look

FIG. 2. The contour plot of the fitted value ofas(mt
2) in the

vector channel as a function of the RS parametersr 1 and c2. For
technical reasons we usec22c1r 1 as an independent variable o
the vertical axis. The region of the scheme parameters satisfying
condition ~20! with l 52 has been also indicated.
o
or

S.
e

rn

-
e

d

s

at as(mt) instead ofLMS̄
(3) this difference is even smaller

although this may be partially a result of a fortuitous co
pensation between different factors influencing the eval
tion of as in various orders.# For completeness we give th
NLO results in the EC scheme:d (6)V

00 50.0149 andLMS̄
(3)

5472 MeV @as(mt
2)50.361#. These numbers provide a nic

illustration of the fact that the difference between the NL
and NNLO predictions is strongly scheme dependent. The
fore, if such a difference is to be used in any way to estim
the precision of the QCD prediction, some way of making
preferred choice of the renormalization scheme must be
ployed.

So far our discussion has concentrated primarily on
value ofas(mt

2) coming from the fit. In Fig. 3 we show the
RS dependence of the fitted value ofd (6)V

00 . We find that in
the set of schemes satisfying the constraint~20! with l 52
the fitted value ofd (6)V

00 changes in the range 0.0145–0.018
Using Eq. ~14! we may translate this into the range (2.2
22.78)31024 GeV6 for the commonly used paramete
asr^q̄q&2. This seems to be in reasonable agreement w
the values obtained previously by other authors, for exam
1.831024 GeV6 obtained in the original work of SVZ@32#
or (3.862.0)31024 GeV6 obtained in a more recent analy
sis @65#.

IV. FITS IN THE AXIAL-VECTOR CHANNEL

Similarly as in the case of the vector channel we start w
the fit in the MS̄ scheme. We obtaind (6)A

00 520.0168

60.0021 andLMS̄
(3)

5398637 MeV, which corresponds to
as(mt

2)50.34460.019 andas(mZ
2)50.121360.0021. The

result of this fit should be compared withas(mt
2)50.365

60.025, obtained by ALEPH in a more complete fit@4#. We
find that the difference between our results and the ALE

he

FIG. 3. The contour plot of the fitted value ofd (6)
00 in the vector

channel as a function of the RS parametersr 1 andc2. The region of
the scheme parameters satisfying the condition~20! with l 52 has
been also indicated.
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result is slightly bigger than in the case of vector channe
should be noted however that the ALEPH fit in the axi
vector channel has a surprisingly largeD54 contribution,
which would be difficult to justify theoretically.

Performing the NNLO fit in the PMS scheme we obta

d (6)A
00 520.016560.0018 andLMS̄

(3)
5380634 MeV, which

corresponds toas(mt
2)50.33560.018 andas(mZ

2)50.1203
60.0021. Similarly as in the case of the vector channel
find appreciable reduction in the extracted value ofas(mt

2)

as compared to the values obtained in the MSs̄cheme.
To make our results useful in the case of future impro

ments of the experimental analysis we show in Fig. 4
results of the NNLO fit ofas(mt

2) andd (6)A
00 , obtained with

the PMS predictions, as a function of the experimental v
ues ofRt,A

00 andDt,A
12 . For comparison we indicate the resu

of the NNLO fit in the MS̄scheme~dashed lines!.
In Fig. 5 we show how the fitted value ofas(mt

2) depends
on the RS parametersr 1 and c2. In the region of the
scheme parameters satisfying the condition~20! with l 52
we have 0.326,as(mt

2),0.343 @364 MeV,LMS̄
(3)

,397
MeV, 0.1193,as(mZ

2),0.1212]. A similar figure may be
obtained for the RS dependence ofd (6)A

00 : it is found that
0.015,2d (6)A

00 ,0.017.
Having obtained the results ford (6)

00 in the vector and
axial-vector channels it is of some interest to verify t
simple relation between them, implied by the generaliz
vacuum saturation approximation:d (6)A

00 /d (6)V
00 5211/7

'21.57. Using the numbers from the NNLO PMS fits
both channels we obtaind (6)A

00 /d (6)V
00 521.0660.28.

In order to have a full picture of the perturbative unce
tainties in the axial-vector channel we also perform the N
fits. Using the MS̄scheme, we obtaind (6)A

00 520.0166 and

FIG. 4. Plot of the fitted values ofas(mt
2) andd (6)

00 in the axial-
vector channel as a function ofRt,A

00 andDt,A
12 , obtained using the

NNLO PMS predictions. The dashed lines indicate the chang

the plot when the MS̄NNLO predictions are used instead.
It
-

e

-
e

l-

d

-

LMS̄
(3)

5473 MeV, which translates via NLO RG equation in

as(mt
2)50.362, which in turn corresponds via NLO extrap

lation to as(mZ
2)50.1235. In the PMS scheme we obta

d (6)A
00 520.0167 and LMS̄

(3)
5419 MeV, which implies

as(mt
2)50.336 andas(mZ

2)50.1207. Similarly as in the
vector channel case we note a rather large difference

tween NLO and NNLO in the case of the MS̄scheme, which
is significantly reduced if the preferred scheme is PMS.
NLO in the EC scheme we obtaind (6)A

00 520.0167 and

LMS̄
(3)

5425 MeV @as(mt
2)50.339#.

V. DISCUSSION AND CONCLUSIONS

Our discussion of the RS dependence of the QCD pre
tions and the fits may be summarized as follows.

~1! Changing the scheme from the MS̄scheme to the PMS
scheme we obtain a reduction in the extracted value
as(mt

2) by approximately 0.01@as(mZ
2) is reduced by

0.001#. Also, the difference between the NLO and NNL

results is much smaller in the PMS scheme than in thē
scheme.

~2! Varying the scheme parametersr 1 andc2 in the region
satisfying the condition~20! with l 52 we obtain an uncer-
tainty in the extracted value ofas(mt

2) of approximately
0.02 @uncertainty inas(mZ

2) is 0.002#. As was argued in the
text, this set of scheme parameters seems to be a minima
that one should take into account in the discussion of the
dependence.

Our general conclusion is that the perturbative predictio
for the QCD effects in the inclusive decay rates for the se
leptonict decays appear to be relatively precise, despite

in

FIG. 5. The contour plot of the fitted value ofas(mt
2) in the

axial-vector channel as a function of the RS parametersr 1 andc2.
The region of the scheme parameters satisfying the condition~20!
with l 52 has been also indicated.
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rather low energy scale. It should be emphasized howe
that in the discussion of the final precision ofas extracted
from the t decays one should also take into account
approximate character of the SVZ expansion its
@32,66,67#.
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