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Mass spectrum of light and heavy hadrons from improved lattice actions

J. P. Ma and B. H. J. McKellar
School of Physics, University of Melbourne, Parkville, Victoria 3052, Australia

~Received 30 June 1997; published 13 May 1998!

We use improved lattice actions for glue, light quarks, and heavy quarks for which we use lattice NRQCD
to compute hadron masses. Our results are in good agreement with experiment, except for charmed hadrons. It
seems that charmed quarks are not well approximated as heavy quarks nor as light quarks.
@S0556-2821~98!03311-6#

PACS number~s!: 12.38.Gc, 11.15.Ha, 14.40.Gx
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I. INTRODUCTION

A notorious feature of the perturbative theory of latti
QCD is that the perturbation series converges slowly a
moderate lattice spacing. Predictions based only on the
two or three terms in the series are in most cases still
reliable. A recent study@1# shows that a partial reason fo
this is the large contribution from tadpole diagrams, wh
are absent if one uses dimensional regularization instea
lattice regularization. Based on this the method of tadp
improvement@1# for the lattice perturbation series has be
suggested. This has many practical implications for stud
of lattice QCD. Most importantly it makes the idea of im
proved actions practical in simulations of lattice QCD. T
idea of improved actions was proposed a long time ago@2# to
systematically improve lattice actions using perturbat
theory to remove the effect introduced by the finite latt
spacinga. If such an improvement really works, one ca
simulate lattice QCD on a coarse lattice with a lower cos
CPU time, but still obtain reliable results for physics in t
continuum limit. Several simulations@3–6#, where the tad-
pole improvement is implemented already show that this
possible.

With an improved action for glue at the one-loop lev
and the tree-level improved action for nonrelativistic QC
~NRQCD! the mass spectrum of charmonium is obtained
@3# from lattices with a lattice spacinga between 0.5 fm and
0.2 fm, and it agrees with experiment. Similar results w
also obtained in other simulations@4#, where the mass spec
tra of bottomonium and theBc meson, in addition to that o
charmonium, were obtained. With an improved action
light quarks, the D234 action, the mass spectrum of li
hadrons is calculated from simulations on coarse lattices@5#,
and good agreement with experiment is found. In gene
improved actions are not unique. In@6# another improved
action for the light fermion, which was proposed a long tim
ago@7#, was employed, and the mass spectrum of light h
rons was also successfully calculated@6#, where the gluonic
action improved at tree level was used. Unlike the wid
used Sheikholeslami-Wohlert~SW! action for light quarks
@8#, in which the effect ofO(a) is removed at the tree leve
the actions used in these simulations are improved up
O(a2) at tree level.

In this work we will present our results for the mass sp
trum of light hadrons, strange hadrons, and hadrons con
ing ab or, c quark. In calculating the mass spectrum we u
570556-2821/98/57~11!/6723~8!/$15.00
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the improved action for glue at the one-loop level and
action of @7# for light quarks. For the heavyb andc quarks
we employ the action of lattice NRQCD. The actions f
quarks are all improved at tree level up toO(a2). We use the
quenched approximation for light quarks. Two lattices a
used with the size 63312 and 83316. Their lattice spacings
determined by the charmonium spectrum are 0.41 fm
0.23 fm, respectively. The whole calculation is performed
two UNIX workstations, which have computational pow
equivalent to that of a high-performance personal compu
~such as a Pentium Pro 200!. Our paper is organized as fo
lows. In Sec. II we introduce the actions used in this wo
Our results for light hadrons and strange hadrons are give
Sec. III. The results ofc-flavored andb-flavored hadrons are
given in Sec. IV, where our results@4# for simulations of
quarkonia with improved actions are also given briefly. S
tion V is the summary.

II. THE IMPROVED ACTIONS

A. The gluonic action

We take the one-loop improved action for glue@9#, where
the action consists of plaquette, rectangle, and paralellog
terms and is accurate up to errors ofO(as

2a2,a4). Imple-
menting tadpole improvement the action becomes@3#

S~U !5b(
pl

1

3
Re Tr~12Upl!1b rt(

rt

1

3
Re Tr~12Utr !

1bpg(
pg

1

3
Re Tr~12Upg!, ~1!

b rt52
b

20u0
2 ~110.4805as!, bpg52

b

u0
2
0.03325as ,

~2!

u05S 1

3
Re Tr̂ Upl& D 1/4

, as52

lnS 1

3
Re Tr̂ Upl& D
3.06839

.

~3!

We used this action to generate gluonic configurations
b57.4, on a lattice whose size is 83316, and also atb
56.8 with the size 63312. The parameteru0 is determined
by self-consistency. It is 0.8631 and 0.8267 atb57.4 and
6723 © 1998 The American Physical Society
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6724 57J. P. MA AND B. H. J. McKELLAR
b56.8 respectively. The pseudo heat bath method@10# was
used to update the links, and the threeSU(2) subgroups
were updated three times in each overall update step.
each lattice we generated 100 configurations for our m
calculations.

B. The improved action for light quarks

The improved action proposed in@7# can be written as

Slight52(
x

H mc̄~x!c~x!1(
m

c̄~x!gmDm~12c1Dm
~2!!

3c~x!1r(
m

c̄~x!Dm
~2!Dm

~2!c~x!J , ~4!

whereDm andDm
(2) are lattice derivatives with the gauge lin

Um(x):

Dmc~x!5
1

2
@Um~x!c~x1m̂ !2Um

† ~x2m̂ !c~x2m̂ !#, ~5!

Dm
~2!c~x!5Um~x!c~x1m̂ !1Um

† ~x2m̂ !c~x2m̂ !22c~x!.
~6!

The parameterc1 is determined to be 1/6 at tree level
remove theO(a2) effect, m is the mass parameter for
quark. The last term in the action with the parameterr is
introduced in analogy to the Wilson term in the Wilson a
tion to solve the doubling problem of lattice fermions. How
ever, the doubling problem is not totally solved. In the fr
case one can solve the equation of motion determined by
action to see whether the doublers are removed or not.
analysis in@8#, and the analysis in@5# for the D234 action,
show that in the low-energy regime the actions describe
particle in the sense that the propagator has only one pol
the high-energy regime there are additional ‘‘unphysica
poles. As we are only interested in the low-energy regime
this work, we can expect the effect from other ‘‘unphysic
poles’’ to be negligible. We will taker 51/6. With this
choice the action is the same as employed in@6#, in which it
is shown that there is indeed no effect in the low-ene
regime which can be related to the ‘‘unphysical poles.’’
this work we used the stabilized biconjugate gradient al
rithm @11# to calculate propagators for light quarks. On o
lattices this algorithm is at least three times faster than
conventional conjugate gradient algorithm.

Currently there are two types of improved actions p
posed for fermions. The action given in Eq.~4! is obtained
firstly by improving the action for naive fermions, and then
dimension-7 operator is introduced as a Wilson term to so
the doubling problem. The D234 action of@5# is obtained by
improving the Wilson action. In this action, one needs n
only to reduce the effect at order ofO(a2), but also the
effect at order ofO(a), as the Wilson term there is built with
a dimension-5 operator. For this reason the action in Eq.~4!
may be preferred because there is no effect at order ofO(a).
However, from the numerical results in@5,6# and from this
work physical masses of light hadrons can be obtained
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ably with both actions on lattices with lattice spacing fro
0.2 fm to 0.4 fm. Throughout this work we use the action
Eq. ~4! for light quarks.

C. The action of lattice NRQCD

Heavy quarks whose mass is larger than 1 in lattice u
cannot be simulated directly as above with reliable resu
To simulate them one uses the heavy quark effective the
HQET. The formulation of HQET for hadrons with zero ve
locity is equivalent to that of NRQCD on the lattice, exce
that the expansion parameters are different. As we will o
create hadronic states on the lattice with zero space
menta, we may use lattice NRQCD for heavy quarks such
the b andc quarks. On the lattice one needs to calculate
propagator of heavy quarks satisfying its appropriate evo
tion equation. We take the evolution equation proposed
@12,13#. The propagatorG(t) @whereG(t)50 for t<0# can
be calculated on the lattice as

G~1!5S 12
H0

2nD n

U4
†S 12

H0

2nD n

dx,0 , ~7!

G~ t11!5S 12
H0

2nD n

U4
†S 12

H0

2nD n

~12dH !G~ t !,

~8!

where

H052
D~2!

2MQ
, ~9!

dH52
g

2MQ
s–B1

D~4!

24MQ
2

~D~2!!2

16nMQ
2

. ~10!

In Eq. ~10! D (4) is the lattice version of the continuum
operator( iDi

4 . MQ is the mass parameter for the hea
quark Q. The last two terms indH are the correction terms to
remove the effect at orderO(a2). The first term is respon-
sible for spin splitting in the mass spectrum, whereB is the
chromomagnetic field. We use the definition ofB in terms of
gauge links given in@12#, and it is also improved up to error
of orderO(a4,g2a2). The parametern is introduced to avoid
numerical instability when high-momentum modes occ
With propagators calculated with Eqs.~7!,~8! we reach an
accuracy of order 1/MQ in the mass spectrum. With lattic
NRQCD we have calculated the mass spectrum of qua
nium at the aboveb values@4#, and have determined that a
b57.4 the mass parameters forb and c quarks areMb
54.6 andMc51.4, respectively. We will use these param
eters for our calculations of mass spectra ofb- and
c-flavored hadrons. We taken53 for the c quark andn
51 for theb quark.

In our calculations of quark propagators with the action
Eq. ~4! or with Eqs.~7!,~8! tadpole improvement is imple
mented.

III. THE MASS OF LIGHT HADRONS

We create hadronic states on the lattice by using stand
local operatorsOH(x):
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Op~x!5ū~x!g5d~x!, ~11!

Or
m~x!5ū~x!gmd~x!, ~12!

OP~x!5«abcua~x!@ub
T~x!Cg5dc~x!# ~13!

for p, r, and proton, respectively. In Eqs.~11!–~13! u(x)
andd(x) stand foru andd quarks, the indicesa,b, andc are

FIG. 1. ~a! The propagatorCp(t) with m520.65. The points
with error are measured, the line is from the fit. Thex axis is fort.
~b! The propagatorcr(t) with m520.65. ~c! The effective mass
plot for the proton propagator withm520.65, the effective mass i
defined asmeff5 ln@Cp(t21)/C(t)#. Thex axis is for t.
color indices. With these operators one can measure the
responding hadron correlationsCH(t), in which the hadron
has zero space momentum and its spin is averaged if it
spin. We only use local sources to calculateCH(t), and u
andd quarks are taken to be degenerate in mass. The ha
correlationCH(t) is fitted in a certain time interval as

aH~e2mHt1e2mh~T2t !! for H5p,r, ~14!

aHe2mHt with t,
T

2
for H5proton, ~15!

whereT is the lattice size in the time direction.
Using the lattice configurations on an 83316 lattice for

b57.4 we calculated these hadron correlations varying
mass parameter for the light quark from20.5 to20.75, and
fit them according to Eqs.~14!,~15!. The negative values o
the mass parameters simply reflect the difference in sign
tween the mass parameter and the ‘‘Wilson’’ parameterr .
The range of light quark mass parameters investigated he
the same order as the mass of thes quark. The fitting win-
dow for Cp(t) andCr(t) is chosen fromt56 to t510, for
the proton we can see a plateau in the region oft54 to t
58, so we take the window to be fromt54 to t57. As
examples which show our fit, we plot the measuredCH(t)
for p andr with the fitted results in Fig. 1~a! and Fig. 1~b!,
respectively. Figure 1~c! is the plot for the effective mass o
the proton. In all these figures the results are atm520.65.
Our results for the fitted masses are given in Table I.

We also constructed hadron correlations for the pion w
a minimal lattice momentumupu52p/L, whereL is the lat-
tice size in the space direction. Measuring these correlat
one can investigate the dispersion relationE2(p)2m2

FIG. 2. The chiral extrapolation forr and proton. The upper line
with data points is for proton. The lower line with data points is f
r. Thex axis is read to bemp

2 .

TABLE I. The hadron masses in lattice unit atb57.4.

b57.4 m520.5 m520.6 m520.65 m520.7 m520.75

mp 1.142~9! 0.941~11! 0.832~14! 0.713~18! 0.577~27!

mr 1.362~20! 1.211~24! 1.138~32! 1.068~46! 1.010~95!

mP 2.23~9! 1.96~7! 1.82~6! 1.69~7! 1.56~16!
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6726 57J. P. MA AND B. H. J. McKELLAR
5c2upu2. We find thatc is close to 1. For example, we ob
tained c51.02(7) at m520.5 and c51.00(18) at
m520.75. This fact indicates that rotational invariance
restored on the lattice. To find the masses in the chiral lim
we fit the hadron masses with

mr5v01v1mp
2 , mP5u01u1mp

2 1u2mp
3 . ~16!

We find that the masses given in Table I are well descri
by these relations as shown in Fig. 2. For the mass of
proton we clearly see the effect of the cubic term. With the
fits one can extrapolate the masses to the chiral limit.

If we assume that the quark mass is obtained thro
multiplicative and additive renormalizations of the mass
rameter, then the square ofmp should be linear in the mas
parameterm. With the data in Table I we find good agre
ment with this relation. Hence we are able to determine
critical mass parameterm0 at whichmp50. We also deter-
mine the mass parameterms of the strange quark from th
experimental valuemK

2 /mr
250.412. These parameters atb

57.4 are

m0520.830~40!, ms520.6658. ~17!

With the ms above we calculated the propagator of thes
quark and then the hadron correlations forK, K* , andf,
whereCK(t) andCK* (t) are calculated with these mass p
rameters in Table I for light quark. The masses obtained
mK , mK* with nonzero mass for theu and d quark are
given in Table II.

We fit these masses with

mK
2 5b01b1~m2m0!, mK* 5c01c1~m2m0! ~18!

to extrapolate to the limit of zero-massu andd quarks. The
data and the fitted line are drawn in Fig. 3. The data po

FIG. 3. The chiral extrapolation for the strange meson.

TABLE II. The masses ofK andK* in lattice unit atb57.4.

b57.4 m520.5 m520.6 m520.65 m520.7 m520.75

mK 0.979~12! 0.870~13! 0.814~14! 0.755~16! 0.694~20!

mK* 1.239~25! 1.163~29! 1.127~33! 1.092~40! 1.061~50!
t,

d
e
e

h
-

e

r

ts

are well described by the linear fit giving confidence in t
extrapolation.

Doing the same calculations ofCH(t) with our configu-
rations atb56.8, for which we choose the region of the lig
quark mass parameterm from 20.8 to21.1, we obtain had-
ron masses which are given in Table III.

At this b-value we have determined

m0521.233~56!, ms520.9513. ~19!

With our results we obtain hadron masses in the chiral li
and the massmf which depends only onms . They are given
in Table IV as a ratio tomr ,which is itself given in lattice
units.

Having chosen the parameterms to fit the mass of theK,
our predictions for the meson masses are in good agreem
with experiment, although the quenched approximation w
used. The mass of the proton obtained atb57.4 is 20%
larger than the experimental value, while that fromb56.8
agrees with the experimental value within the statistical
ror. A possible reason for the deviation atb57.4, apart from
the quenched approximation, could be the effect of the fin
volume. Another possible reason is the use of a local sou
in our work, a result of which is that the signal of the grou
state inCP(t) is rather weak, and the fitting quality ofCP(t)
is worse than that of meson propagators. This situation m
be improved if smeared sources are used.

From the calculatedr mass in lattice units we can dete
mine the physical lattice spacing. We obtain

ar
2150.64~4! GeV, at b56.8, ~20!

ar
2150.87~4! GeV, at b57.4. ~21!

It is instructive to compare the lattice spacings determin
from the quarkonium system. In our previous work@4# we
obtained

TABLE III. The hadron masses in lattice unit atb56.8.

b56.8 m520.8 m520.9 m521.0 m521.05 m521.1

mp 1.353~9! 1.179~10! 0.986~11! 0.877~13! 0.754~14!

mr 1.703~21! 1.587~29! 1.470~48! 1.409~62! 1.340~81!

mN 2.770~77! 2.523~77! 2.262~79! 2.113~86! 1.941~106!
mK 1.218(10) 1.125~10! 1.028~11! 0.977~12! 0.924~12!

mK* 1.614~27! 1.554~33! 1.495~43! 1.467~49! 1.439~56!

TABLE IV. The hadron masses in the chiral limit.

b56.8 b57.4 Expt.

amr 1.198~67! 0.885~45!

mP /mr 1.16~10! 1.45~11! 1.22
mK /mr 0.63~4! 0.64~3! 0.64
mK* /mr 1.14~7! 1.13~6! 1.16
mf /mr 1.27~8! 1.26~9! 1.32
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aJ/C
21 50.477~5! GeV at b56.8, ~22!

aJ/C
21 50.749~4! GeV,

aY
2150.861~5! GeV at b57.4. ~23!

The lattice spacing atb57.4 determined fromr is close to
that obtained fromY, while there is a deviation of 14% in
comparison withaJ/C

21 . At b56.8 the deviation is 30%
Similar lattice spacings were also obtained with D234 act
in @5#. Possible reasons for these deviations include: the
fects neglected in the quenched approximation being dif
ent in different systems, or the effect from higher orders
lattice NRQCD being large for the charmonium system
cause the charm mass is not large enough. In general
should not be surprised that the lattice spacings determ
from different systems are different when approximations
used in the calculations.

From the dependence ofmr on mp we can obtain the
quantity J5mrdmr

2/dmp
2 at the experimental valuemr

/mp51.8. This quantity is introduced in@14# to judge the
quality of the quenched approximation. For the ‘‘real world
it is J50.48(2), while the ‘‘world averaged’’ result from the
quenched approximation isJ50.37. From our results we ob
tain

J50.375~87! at b56.8,

J50.363~63! at b57.4, ~24!

which are consistent withJ50.37.
In @6# masses of light hadrons are also calculated with

same action for fermions given in Eq.~4!, but with the glu-
onic action improved at the classical level. Two lattices w
lattice spacings similar to ours were used. The masse
light hadrons are calculated with improved actions roug
in the range ofp mass from 0.7 to 1.3 in lattice units an
then are extrapolated to the chiral limit. A detailed compa
son with results from large lattices was made. Our results
in agreement with their results. From this fact one cannot
any significant difference introduced at different level im
proved actions for gluon. However, there may be a diff
ence in the determination of the mass parameter for ths
quark. The mass parameterm in Eq. ~4! is related to the
hopping parameterk in @6# via

m5
122k

2k
. ~25!

With this relationks is 0.1640 and 0.1500 for lattices wit
the lattice spacingar

2150.64 GeV andar
2150.87 GeV re-

spectively, whileks is determined with tree-level improve
action for the gluon to be 0.166 and 0.1558 for lattices w
the lattice spacingar

2150.648 GeV andar
2150.855 GeV,

respectively@6#. It should be noted that this difference ca
also be due to other reasons, e.g.,ks in @6# it is determined
by experimental data ofmK* /mK , while ours is determined
by mK /mr .
n
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IV. THE MASS SPECTRUM OF c- AND b- FLAVORED
HADRONS

Before going on to our results forc- andb- flavored had-
rons, we briefly give our results for simulations of quarkon
in @4#, and we discuss the relationship between our anal
and the slightly different one of@16#. We used the same
action in Eq.~1! for the gluon and the NRQCD action, whic
is the one given in Eqs.~9!,~10!, but the term withs•B is
neglected. With this action the mass spectrum of quarko
can be calculated at the accuracy ofO(v2), wherev is the
velocity of the heavy quark in a quarkonium in its rest fram
Under this approximation only the spin averaged mass sp
trum can be obtained. In@4# we calculated the mass ofS- and
P-wave charmonium and bottonium, and matched the res
with the experimental data to find the mass parameter in E
~9!,~10! corresponding to thec andb quark. We have found
that aMc51.4 andaMb54.6 for b57.4. In our simulation
we measure an energyEH which is related to the massMH
by

MH52DQ1EH , ~26!

whereH stands forS- or P- wave quarkonium,DQ is the
difference between the renormalized mass of the heavy q
and the zero point energy of the heavy quark on lattice,
it does not depend on the type of hadron. The exact mass
be obtained by a dispersion relation and by calculatingEH
for which the quarkonium has nonzero spatial momentu
Our results forb57.4 are given in Table V.

Using the mass splitting betweenS- andP- wave quarko-
nia we determined the lattice spacing to be

ac
2150.749~4! GeV from charmonium, ~27!

ab
2150.861~5! GeV from bottomonium.

~28!

and obtained the mass forS-wave charmonium and bottomo
nium:

M1S53.00~2! GeV,

M2S53.67~5! GeV for charmonium, ~29!

M1S59.5~3! GeV,

M2S510.1~3! GeV for bottomonium. ~30!

These results agree well with experiment. The above res
are obtained from simulations on a lattice with the size3

310 atb57.4. For the simulations 200 configurations we
used. We also simulated quarkonium systems atb56.8. But
bottomonium is problematic at thisb value. In the region
around the mass of theb quark, the energy, e.g.,E1S is
around 0.1 to 0.2 in lattice units, or, the correlation length

TABLE V. The results for quarkonoia atb57.4.

aE1S aDE2S21S aE1P aE1S(upu5pmin)

aMb
054.6 0.4925~5! 0.712~3! 1.002~2! 0.5203~5!

aMc
051.4 0.821~2! 0.89~2! 1.431~1! 0.898~2!
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6728 57J. P. MA AND B. H. J. McKELLAR
the system is 5 to 10 in lattice units. Hence a large effect
to finite volume can be expected, because our lattice volu
is 63 at b56.8. This prevents us from determining the ma
parameteraMb as precisely as that forb57.4. At b56.8 the
inverse of the lattice spacing isa2150.477~1! GeV deter-
mined with charmonium systems. With this lattice spacing
is expected thatE1S for bottomonium is of order of 1021 in
lattice unit.

Because of this we will present only our results forc- and
b- flavored hadrons atb57.4 On the lattice withb56.8 we
calculated only masses ofc-flavored hadrons and we wil
mention these results briefly. With the configurations atb
57.4 used in the previous section we will calculate mas
of the hadronsB0,B* ,Bs ,Bs* , and Lb and masses of the
D0,D* ,Ds ,Ds* , and Lc . We take the values of the mas
parameters in Eqs.~9!,~10!, determined from quarkonia, a
the input for the following calculation. It should be note
that the determination is done without the term ofs•B in
Eqs.~9!,~10!. It can be expected that the values of the m
parameter can be slightly different, if we determine them
adjusting them to match simulation results with Eqs.~9!, ~10!
with experimental results for heavy flavor hadrons. The
fect from this difference may be expected to be small.

For the hadrons we use operators analogous to the op
tors listed in Eqs.~11!–~13! to create these hadronic states
lattice. The difference is that a light quark field in Eqs.~11!–
~13! is replaced by a heavy quark fieldQ(x) and the field
Q(x) only has two nonzero components. The propagation
the field is determined by Eqs.~7!,~8!. For light quarks we
use the propagators of the last section. For calculating pro
gators of heavy quarks we use a source smeared by a G
ian:

F~x,y,t !5F11e(
i

D i
~2!Gns

~x,y,t !. ~31!

The smearing parameterns is fixed atns510, while the pa-
rametere is adjusted so that the smearing radius is about
half that of the simulated system. Using a smeared sourc
essential for our simulations. With a local source for hea
quark propagators the signal of hadron correlations is o
whelmed by the statistical noise after three or four time sli
from the source. We calculate hadron correlations only w
smeared sources, while the sinks remain unsmeared.
measured hadron propagators are fitted to the form

CH~ t !;aHe2EHt, ~32!

where the indexH refers to the hadrons mentioned abov
With the fitted energyEH one can obtain the hadron ma
MH

MH5DQ1EH , ~33!

where DQ is the same as in Eq.~26!. Therefore one can
predict the mass difference between two types of hadron
the EH’s are known.

Although we used a smeared source for the heavy qu
propagator, the signal is buried in statistical noise after te
eleven time slices from the source for mesons and after e
or nine time slices for baryons. For the meson we already
a plateau in the effective mass. We will take the fit windo
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for meson propagators from 6 to 9. For baryons we take
fit window from 5 to 7. In Figs. 4~a!, 4~b!, and 4~c! we give
our effective mass plots forB, B* , andLb , respectively.
These plots are for propagators at the mass param
m520.65. Our results forEH of various hadrons with non
zero mass of light quarks are given in Table VI.

For c- andb-flavored hadrons withs quarks we have

EBs
50.920~11!, EB

s*
50.952~9!, ~34!

FIG. 4. ~a! The effective mass plot forB with m520.65. ~b!
The effective mass plot forB* with m520.65. ~c! The effective
mass plot forLb with m520.65.
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EDs
50.937~9!, ED

s*
51.018~9!. ~35!

To extrapolate to the zero light quark mass we assume
dependence ofEH on the mass parameterm to be

EH5EH
~0!1EH

~1!~m2m0!, ~36!

and use this relation to fit our data. In Figs. 5~a! and 5~b! we
show the fits to the data of Table VI. Except forLb , our
results in Table VI can be well fitted with this relation. I

FIG. 5. ~a! The chiral extrapolation forb-flavored hadrons. The
upper line with data points is forLb , the middle one with data
points is forB* , the lower one with data points is forB. Thex axis
is read asm. ~b! The chiral extrapolation forc-flavored hadrons.
The upper line with data points is forLc , the middle one with data
points is forD* , the lower one with data points is forD. Thex axis
is read asm.

TABLE VI. The results forc- andb-flavored hadrons atb57.4.

m520.5 m520.6 m520.65 m520.7 m520.75

ED0 1.069~10! 0.990~10! 0.950~9! 0.909~9! 0.863~9!

ED* 1.143~8! 1.067~9! 1.030~9! 0.991~10! 0.948~10!

ELc
1.976~16! 1.810~17! 1.727~17! 1.643~15! 1.561~17!

EB0 1.043~14! 0.967~12! 0.928~12! 0.894~12! 0.856~13!

EB* 1.066~11! 0.999~9! 0.962~9! 0.927~9! 0.891~10!

ELb
1.892~12! 1.713~12! 1.617~14! 1.504~16! 1.381~22!
he

Fig. 5~a! the fitted line forLb is determined only by the firs
four data points. The fit hasx250.76. If we include the last
point into the fit, thex2 jumps to 3.39, andELb

(0) changes

from 1.218~7! to 1.250~9!. A reason for this may be the
effect of higher orders of (m2m0) omitted in Eq.~36!. In
our final results we will use the fit with the four data poin
for Lb . We obtain the energies at zero mass of light quar

EB0
~0!

50.796~4!, EB*
~0!

50.836~3!, ELb

~0!51.218~7!,

~37!

ED0
~0!

50.800~3!, ED*
~0!

50.889~3!, ELc

~0!51.428~5!.

~38!

It is interesting to note that the energies given in E
~34!,~37! for b-flavored hadrons are close to those
c-flavored hadrons. These energiesEH’s can be expanded in
the inverse ofMQ with a leading orderMQ

0 and are calcu-
lated with an accuracy ofMQ

21 in this work. The above fact
indicates that the effect from the next-to-leading order a
from higher orders is small in these spin averaged mas
However, as we will see, this is not true for spin-splitting
With the results in Eqs.~34!,~35! and in Eqs.~37!,~38! we
are able to predict the mass differences. For doing this
take the lattice spacing determined by the bottomonium s
tem for b-flavored hadrons,

ab
2150.86 GeV. ~39!

This spacing is the same within errors as the lattice spac
determined frommr in the last section. We obtain

MB* 2MB0534~6! MeV, MBs
2MB05107~13! MeV,

~40!

MB
s*
2MBs

527~17! MeV, MLb
2MB05363~9! MeV.

~41!

These results should be compared with the experimenta
sults

MB* 2MB0546 MeV, MBs
2MB0591 MeV, ~42!

MB
s*
2MBs

547 MeV, MLb
2MB05363 MeV.

~43!

We find that our results forMLb
2MB0 andMBs

2MB0 agree

well with experimental results, while the spin splittingMB*
2MB0 andMB

s*
2MBs

are not in such good agreement, b

differ by less than two standard deviations from the obser
values. The value ofMB* 2MB0 is 28% lower than experi-
mental value, but it agrees with the result from a large a
fine lattice@15#.

For c-flavored hadrons we take the lattice spacing de
mined by the charmonium system:

ac
2150.75 GeV ~44!

and obtain
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MD* 2MD0567~5! MeV, MDs
2MD05103~9! MeV,

~45!

MD
s*
2MDs

566~14! MeV, MLc
2MD05471~6! MeV.

~46!

The experimental results are

MD* 2MD05143 MeV, MDs
2MD05104 MeV,

~47!

MD
s*
2MDs

5144 MeV, MLc
2MD05420 MeV.

~48!

Our value forMDs
2MD0 agrees well with the experimenta

value, but the predictedMLc
2MD0 is 12% larger the experi

mental value. Worse are the spin splittings, which are m
lower than experimental values. Many reasons can be fo
for such discrepancies, e.g., the effects of quenching. H
ever, there are two likely reasons, which can be mainly
sponsible: We used lattice NRQCD up to order of 1/MQ .
For c quarks the effect from higher orders is very significa
because the charm mass is not very large. A recent stud
quarkonium systems@16# also shows that the effect of highe
order terms in 1/MQ is large. We also have calculated mass
of c-flavored hadrons atb56.8 with similar results. Anothe
reason is the perturbative coefficients used in the NRQ
action in Eqs.~9!,~10!, where only the coefficients at tree
level are used. For the energy scale at the mass of thc
quark, radiative corrections to these coefficients can be la
but one may take these corrections into account if they
available.

To obtain the absolute mass of ab- or c-flavored hadron
we need to knowDQ in Eq. ~26! or in Eq.~33!. This quantity
can be calculated perturbatively. It can also be extracted
studying the mass spectrum of the quarkonium system.
extracted this number from our previous study atb57.4, i.e.,
by using Eq.~26! and the results in Table V.

Dc51.59~11!, Db55.25~18!. ~49!
s-
3

6/

tra
h
nd

-
-

t
of

s

D

e,
re

y
e

It should be noted that effects from the spin-dependent in
action are neglected in the extraction. Adding the sp
dependent interaction has little effect on these numb
which have a quite large uncertainty. Using Eq.~49! we ob-
tain

MD051.79~8! GeV, MB055.20~15! GeV ~50!

where the lattice spacings in Eq.~44! and in Eq.~39! are
used, respectively. These predictions are in good agreem
with the experimental values:

MD051.864 GeV , MB055.278 GeV. ~51!

However, the accuracy of our predictions is not good b
cause of the large statistical error ofDQ .

V. SUMMARY

In this work we used improved actions for glue an
quarks to calculate masses of light, strange,c- and
b-flavored hadrons, where forc andb quarks we employed
lattice NRQCD. The actions for quarks are improved at t
level to remove the effect at order ofO(a2), while the glu-
onic action is improved at one-loop level. Tadpole improv
ment is implemented. The results obtained in this work
light and strange mesons are in agreement with experime
results. We obtain the mass spectrum ofb-flavored hadrons
with improved actions on a coarse lattice with the latti
spacing as 0.23 fm, and it is in agreement with experime
For c-flavored hadrons the large effect from higher orde
neglected in lattice NRQCD prevents us from obtaining s
splitting in mass comparable with experiment. In this wo
we have shown that improved actions with tadpole impro
ment can be used not only in light hadron sectors and
quarkonium systems as shown already in previous stud
but also in the case of hadrons containing one heavy qu
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