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Parametrization of flavor mixing in the standard model
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It is shown that there exist nine different ways to describe the flavor mixing, in terms of three rotation angles
and oneC P-violating phase, within the standard electroweak theory of six quarks. For the assignment of the
complex phase there essentially exists a continuum of possibilities, if one allows the phase to appear in more
than four elements of the mixing matrix. If the phase is restricted to four elements, the phase assignment is
uniquely defined. If one imposes the constraint that the phase disappears in a natural way in the chiral limit in
which the masses of the andd quarks are turned off, only three of the nine parametrizations are acceptable.

In particular the “standard” parametrization advocated by the Particle Data Group is not permitted. One
parametrization, in which th€ P-violating phase is restricted to the light quark sector, stands up as the most
favorable description of the flavor mixing.
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In the standard electroweak theory, the phenomenon of P-violating phenomengb]. One of the aims of this work is
flavor mixing of the quarks is described by &3 unitary  also to view this parametrization in the context with other
matrix, the Cabibbo-Kobayashi-Maskaw@KM) matrix ~ ways of describing the flavor mixing. _
[1,2]. This matrix can be expressed in terms of four param- N the standard model the weak charged currents are given
eters, which are usually taken as three rotation angles a
one phase. A number of different parametrizations have been Vud Vus Vup)\ [ d
proposed in the literaturg2—5]. Of course, adopting a par- (uTt) Veg Ves Veb s (1)
ticular parametrization of flavor mixing is arbitrary and not L
directly a physical issue. Nevertheless it is quite likely that Vie Vis Vi b

the actual values_ of flavor mixing parametﬁmluding th.e whereu, c, ..., b are the quark mass eigenstategjenotes
strength ofCP violation), once they are known with high 0 |eft_handed fields, and; are elements of the CKM ma-
precision, will give interesting information about the physicsiiy v/ |n generalV;; are complex numbers, but their abso-
beyond the standard model. Probably at this point it will turn e values are meésurable quantities. For exanfglg) pri-
out that a particular description of the CKM matrix is more yayily determines the lifetime d8 mesons. The phases of
useful and transparent than the others. For this reason, W, , however, are not physical, like the phases of quark
find it useful to analyze all possible parametrizations and tgields. A phase transformation of thiequark u— ue'®), for
point out their respective advantages and disadvantages. Thisample, leaves the quark mass term invariant but changes
is the main purpose of this Brief Report. the elements in the first row of (i.e., Vyj—V,;e'*). Only
In the standard model the quark flavor mixing arises oncex common phase transformation of all quark fields leaves all
the up- and down-type mass matrices are diagonalized. Thelements ofV invariant, thus there is a fivefold freedom to
generation of quark masses is intimately related to the pheadjust the phases of; .
nomenon of flavor mixing. In particular, the flavor mixing  In general the unitary matri¥ depends on nine param-
parameters do depend on the elements of quark mass mateters. Note that in the absence of complex phasesould
ces. A particular structure of the underlying mass matricegonsist of only three independent parameters, corresponding
calls for a particular choice of the parametrization of theto three(Euler rotation angles. Hence one can describe the
flavor mixing matrix. For example, in Ref6] it was noticed complex matrixV by three angles and six phases. Due to the
that a rather special form of the flavor mixing matrix resultsfreedom in redefining the quark field phases, five of the six
if one starts from Hermitian mass matrices in which ¢hg) phases inV can be absorbed; and we arrive at the well-
and (3,1 elements vanish. This has been subsequently obknown result that the CKM matri¥ can be parametrized in
served again in a number of papém. Recently we have terms of three rotation angles and o@é-violating phase.
studied the exact form of such a description from a generalhe gquestion about how many different ways to desc¥ibe
point of view and pointed out some advantages of this typanay exist was raised some time af#)]. Below we shall
of representation in the discussion of flavor mixing andreconsider this problem and give a complete analysis.
If the flavor mixing matrixV is first assumed to be a real
orthogonal matrix, it can in general be written as a product of
*Electronic address: bm@hep.physik.uni-muenchen.de three matriceRR;,, R,z andRg;, which describe simple ro-
Electronic address: xing@eken.phys.nagoya-u.ac.jp tations in the(1,2), (2,3) and(3,1) planes:
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Cyp S¢ O R1A 0)Ra1(7)R12(0') =Rya 0+ m/2)Rog( 0= 1)
Ri(0)=| —Ss Co O], X Ry 0" —7/2),
0 0 1
Ro3(0)Ray(1)Rox(0') =Rog( 00— mI2)Ry 0= 7)
1 0 0 X R23(0" + 7T/2), (3)
Ros(0)= 0 ¢ s, i) ,
0 -s, c, R31(7)Ro3(0)Ra1(7") = Ray(7+ m/2) Ry 6= o)
X R31( T’ - 77/2)
c, 0 s,
Ry(r)=| 0 1 0 Thus the orthogonal matricg®), (4) and (6) need not be
st 0 ' treated as independent choices. We then draw the conclusion
-s, C,

that there exishinedifferent forms for the orthogonal matrix

) . R, i.e., patterngl), (3) and(5) as well as(7)—(12).
Wheresozsma, cazcose, etc. Clearly any two rotation ma- We proceed to include the€ P-violating phase, denoted
trices do not commute with each other. There exist twelvehy ¢, in the above rotation matrices. The resultant matrices
different ways to arrange products of these matrices such thghould be unitary such that a unitary flavor mixing matrix
the most general orthogonal matfk can be obtained8].  can be finally produced. There are several different ways for
Note that the matrixRijl(w) plays an equivalent role as ¢ to enterR;,, e.g.,

Rij(w) in constructingR, because OiRiIl(w)=Rij(—w).

Note also thaR;;(w)Rjj(w’)=Rjj(w+ ") holds, thus the C, sge+i<p 0
product R;j(w)Rij(0")Ry(@”) or Ry(@")Rij(0)Rjj(w") = -se ¢
cannot cover the whole space of &3 orthogonal matrix RiA 0.¢) o o o (43
and should be excluded. Explicitly the twelve different forms 0 0 1
of R read as
or
(1) R=RyA0)Ry3(0)R1 "),
C0 S(? 0
2) R=Ry(O)R Rix(6"),
(2) 1A )Ra1(T)R1(6") RiA6,9)=| =S, ¢, 0 [, (4b)
(3)  R=Ryf )R O)Rog( ), 0 0 e
(4) R=Ry3(0)R3(7)Rx(0"), or
+i
(5)  R=Ruy(n)Rio O)Rsi( ), ¢ % 0
RiA0,0)=| —s, ce ' of. (40
(6) R=R31(7)Ry(0)Ra(7'), Oﬁ 90 1

in which a rotation in thei(j) plane occurs twice; and o )
Similarly one may introduce a phase parameter Rjg or

(7)  R=RpA0)Ra3(0)Ray(7), Rs;. Then the CKM matrixV can be constructed, as a prod-
uct of three rotation matrices, by use of one comggxand
(8) R=RyA0)Rai(7)R3(0), two real ones. Note that the location of ti&P-violating
phase inV can be arranged by redefining the quark field
(9)  R=Ro(0)RiA 0)Ray(7), phases, thus it does not play an essential role in classifying
different parametrizations. We find that it is always possible
(10) R=Ry3(0)Ra(7)R1A 0), to locate the phase parametgin a 2x 2 submatrix ofV, in
which each element is a sum of two terms with the relative
_ phasep. The remaining five elements dfare real in such a
(1D R=Ra(DR1 O)Roo( ), phase assignment. Accordingly we arrive at nine distinctive
_ parametrizations of the CKM matri¥, as listed in Table I,
(12) R=Rai(1)Reo(0)R12(6), where the complex rotation matricé®,,( 0, ¢), Rys(o,®)
where all threeR;; are present. andRs(7,¢) are obtained directly from the real ones in Eq.

Although all the above twelve combinations represent the(z) with th_e replapement&_ae . o
most general orthogonal matrices, only nine of them are Some mstructwg rt'alatlo'ns Sl parametr'lzanon, as
structurally different. The reason is that the products,\""al_I as the rephasing-invariant measureG#? violation [9]
RijRaRij and RjjRy,R;; (with ij #kl#mn) are correlated defined by through
with each other, leading essentially to the same formRor
Indeed it is straightforward to see the correlation between

3
patterng1), (3), (5) and(2), (4), (6), respectively, as follows: IMCVirVimVim jl):jk,nz (€ Emn ©®

1 ijk Imn
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TABLE I. Classification of different parametrizations for the flavor mixing matrix.

Parametrization

Useful relations

P1: V= R12(0)R23(01<P)R1_21(0')
S5y CotClCy€ ¢ S4CHC,—CySyr€ ' S,S,
CySprCy—SyCer€ ¢ CyCpC,+S,5,€7 ¢ €4Sy
—Sy'S, —Cy'S, C,

P2: V=Ry(0)RyA 8,¢)Ra5(0”)

Cy SiC,r —S,5,

—S£,  CiuCyr+S,5,€ ¢  —C4CyS,+S,C, 0 ¢
—i -

S¢Sy  —CySyCyrtCuS,€ ' €4S,S, tC,Ce ¢

P3: V=Ry3(0)Rax 7. ¢)R12( 0)
CiC S s,
—C45,5,— S, ¢  —8545,5,+C4Ce ¢ s,C,
—C4C,S,+545,67'¢ —5,0,8,—Cy5,67¢ c,C,

. _ -1
P4: V=R 6)Rai(7,¢)Ry5 (o)
CeCr C¢SyS,+ Sﬂcaeiiq) C4CyS;—SySs€ e
—SyC, —S545,5,7C4C,e "¢ —5,C,S,—CyS,8 ¢

-s, SyC. CoC,

P5: V=Rg)(7)Rua 6, ¢)Rar (')
CL,Cptss, e ¢ S,C, —C4C,S.+S.C e ¢
—S,C, Cy 45,/

—C4S,Ct+C.se7® —s,;5.  CyS,5.+C,Cae ¢

P6:V=R1a( ) Ros(0, @) Rax(7)
—545,5,FCL,E¢  S,C, S45,C,1+CS.e'¢
—C4S,S,—54C,8 ¢ C4C, CzS,C,—SyS,8 ¢

—C,S; —S, C,C,

P7: V=Rgs(0) Ry 6,¢)Rar'(7)
CeCr Sp —CS;
—S4£,C,+S5,56 ¢ €46,  S4C,S,+S,C.e7'¢

$45,C,+C,S,671¢ —C4S, —S45,5,+C,C.e ¢

P8: V=Ray(7)R1A 0, ®)Ro3(0)
CC, S4C,C,—S,S,e ¢ $45,C,+C,S,e7 ¢
— Sy CyCo C¢Sq

—C,4S, —S4C,S,—S,C,e "¢ —s,5,5,+C,Ce ¢

P9: V=Rg(7)Rey(0,¢) RIzl( 0)
—545,5,FCL,Ee1° —CyS,5,—S,C,7 ¢ C,S,
SHCU CBC(T So’

—545,C,—CgS,6 7%  —C,S,C,+5,5,67¢ c,C.

J=54C4SprCyrS2C,SIN @
tan 6=V p/ Ve
tan 6’ =|Vq/ Vi

CoSo=|Vy|

J=S2C4S,CySyCqrSiN @
cos6=|V,q
tan o=|Vq/Vd
tano’' =V, / V4

J=54C4S,C,S,CsiN ¢
tand=|V,s/Vydl
tano = |Vgp/ V|

sin 7=V

J=54C45,C,S,C2sin @
tand=|Veq/Vyd
tano=|Vs/Vy|

sin 7=|V

J=55C4S,C,S,/C,.SiN @
cosh=|V{
tanr=|V,s/V,4
tanr’ =|Vep/ Vel

J=154C4S,€2S,C,sin @
tand=|Vs/Ve4
sino=|Vy
tanr=|Viq/ V|

J=$,£55,C,S.C,Sin @
sin 6=|V,d
tano=|Vs/V¢4
tanr=|V,,/Vyd

J=$,£55,C,S.C,Sin @
Sin 6=|V¢
tanoc=|V¢p/Ved
tanr=|V.q/Vdl

J=154C4S,C2S,C,Sin ¢
tand=|V¢q/Ved
sino=|Vy
tanr= |V, /Vyp|
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have also been given in Table I. One can see@2atndP3  these are the parametrizations containing the complex rota-
correspond to the Kobayashi-Maska\@ and Maiani[3] tion matrixR,3(o,¢). We stress that the “standard” param-
representations, although different notations for theetrization[4] (equivalent toP3) does not obey the above
CP-violating phase and three mixing angles are adoptegonstraints and should be dismissed.
here. The latter is indeed equivalent to the “standard” pa- Among the remaining three parametrizatiorBl is
rametrization advocated by the Particle Data Gr¢@pl].  Singled out by the fact that tHeP-violating phasep appears
This can be seen clearly if one makes three transformatior@nly in the 2x<2 submatrix ofV describing the weak transi-
of quark field phases—ce ¢, t—te™'¢, andb—be '%. In tions among the light quarks. This is premsely the system
addition, P1 is just the one proposed by the present authoré/here the phase should appear, not in any of the weak
in Ref. [5]. transition elements_ myolvmg the heavy quatkandb.

From a mathematical point of view, all nine different pa- " the parametrizatio6 or P9, the complex phase
rametrizations are equivalent. However this is not the case fopears IVep or Vis, b.Ut th's phqse factor is multiplied by
we apply our considerations to the quarks and their mas@ product of sirg and sinr, i.e., it is of second order of the

spectrum. It is well known that both the observed quark masg"eak mixing angles. Hence the imaginary parts of these el-

spectrum and the observed values of the flavor mixing pa(_aments are not exactly vanishing, but very small in magni-

rameters exhibit a striking hierarchical structure. The latte ude. . I . .
can be understood in a natural way as the consequence of a In our view the best po§3|b|llty to describe the ﬂgvor mix-
specific pattern of chiral symmetries whose breaking cause§9 " the stan(_jard model Is to adopt t'he parametnzaﬁmn

the towers of different masses to appear step by Elép S d_|sc_u_ssed in Refs], this parametrization has a ”“r."ber
12]. Such a chiral evolution of the mass matrices leads, agf significant _advant_ages In z_addmon to th‘?t mentioned
argued in Ref[11], to a specific way to introduce and de- above. Espemally it is well suited for specific models of
scribe the flavor mixing. In the limitn,=my=0, which is quark mass matricesee, €.g., Ref_{ﬁ,?]). .
close to the real world, sinam,/m.<1 andmy/m,<1, the We conclude: there are nine different ways to describe a
flavor mixing is merely’a rota%iontbetween thec andb—s real 3X3 flavor mixing matrix in terms of three rotation

systems, described by one rotation angle. No complex pha?epgles' Intro.du'cing a Comp'?‘x phasedoes not increase the
is present; i.e.CP violation is absent. This rotation angle is number of distinct parametrizations, except for the fact that

expected to change very little, onge, and my are intro- there is a cont_inuum of possibilit_ies f_or a_lssigning the phase
duced as tiny perturbations. A sensible parametrizatiorﬁacmrs' Imposing natural constraints in view of the observed

: P : hierarchyi.e., in the limitm,=my=0 phases should
should make use of this feature. This implies that the rotatiof 2SS . ’ u—''d
matrix R,3 appears exactly once in the description of thebe absent in th€2,2), (2,3), (3,2) and (3,3 elements of the

. L ; - ; ixi trix], we can eliminate six parametrizations, in-
CKM matrix V, eliminatingP2 (in which R, appears twice mixing matrixj, . ; !
and P5 (where Ry is abgserit This Ieavégé Es with seven Cluding the original Kobayashi-Maskawa parametrizafh

parametrizations of the flavor mixing matrix. and the “standard” parametrization proposed in Rg8s4].

The list can be reduced further by considering the locatiory /¢ Propose to use the parametrizatipd for the further

L 0 tudy of flavor mixing andC P-violating phenomena.
of the phaseg. In the limit my=my=0, the phase must S . . :
disappear in the weak transition elemevitg, V., V, and Note addedAfter completion of this work we received a

V... In P7 andP8, howeverp appears particularly il . report of Rasirf{13], in which part of the conclusions drawn

Thus these two parametrizations should be eliminated, Iea\/here was also reached.

ing us with five parametrizationg.e., P1, P3, P4, P6 and The work of H.F. was supported in part by GIF contract
P9). In the same limit, the phase appears in thé&/,5 ele-  1-0304-120.07/93 and EEC contract CHRX-CT94-03D%
ment of P3 and theV., element ofP4. Hence these two 12 COMA). Z.Z.X. is grateful to A.l. Sanda for his warm
parametrizations should also be eliminated. Then we are lefiospitality and to the Japan Society for the Promotion of
with three parametrization®}1, P6 andP9. As expected, Science for its financial support.
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