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Parametrization of flavor mixing in the standard model
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It is shown that there exist nine different ways to describe the flavor mixing, in terms of three rotation angles
and oneCP-violating phase, within the standard electroweak theory of six quarks. For the assignment of the
complex phase there essentially exists a continuum of possibilities, if one allows the phase to appear in more
than four elements of the mixing matrix. If the phase is restricted to four elements, the phase assignment is
uniquely defined. If one imposes the constraint that the phase disappears in a natural way in the chiral limit in
which the masses of theu andd quarks are turned off, only three of the nine parametrizations are acceptable.
In particular the ‘‘standard’’ parametrization advocated by the Particle Data Group is not permitted. One
parametrization, in which theCP-violating phase is restricted to the light quark sector, stands up as the most
favorable description of the flavor mixing.
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In the standard electroweak theory, the phenomenon
flavor mixing of the quarks is described by a 333 unitary
matrix, the Cabibbo-Kobayashi-Maskawa~CKM! matrix
@1,2#. This matrix can be expressed in terms of four para
eters, which are usually taken as three rotation angles
one phase. A number of different parametrizations have b
proposed in the literature@2–5#. Of course, adopting a par
ticular parametrization of flavor mixing is arbitrary and n
directly a physical issue. Nevertheless it is quite likely th
the actual values of flavor mixing parameters~including the
strength ofCP violation!, once they are known with high
precision, will give interesting information about the physi
beyond the standard model. Probably at this point it will tu
out that a particular description of the CKM matrix is mo
useful and transparent than the others. For this reason
find it useful to analyze all possible parametrizations and
point out their respective advantages and disadvantages.
is the main purpose of this Brief Report.

In the standard model the quark flavor mixing arises o
the up- and down-type mass matrices are diagonalized.
generation of quark masses is intimately related to the p
nomenon of flavor mixing. In particular, the flavor mixin
parameters do depend on the elements of quark mass m
ces. A particular structure of the underlying mass matri
calls for a particular choice of the parametrization of t
flavor mixing matrix. For example, in Ref.@6# it was noticed
that a rather special form of the flavor mixing matrix resu
if one starts from Hermitian mass matrices in which the~1,3!
and ~3,1! elements vanish. This has been subsequently
served again in a number of papers@7#. Recently we have
studied the exact form of such a description from a gen
point of view and pointed out some advantages of this t
of representation in the discussion of flavor mixing a
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CP-violating phenomena@5#. One of the aims of this work is
also to view this parametrization in the context with oth
ways of describing the flavor mixing.

In the standard model the weak charged currents are g
by

~u,c,t !
LS Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

D S d

s

b
D

L

, ~1!

whereu, c, . . . , b are the quark mass eigenstates,L denotes
the left-handed fields, andVi j are elements of the CKM ma
trix V. In generalVi j are complex numbers, but their abs
lute values are measurable quantities. For example,uVcbu pri-
marily determines the lifetime ofB mesons. The phases o
Vi j , however, are not physical, like the phases of qu
fields. A phase transformation of theu quark (u→ueia), for
example, leaves the quark mass term invariant but chan
the elements in the first row ofV ~i.e., Vu j→Vu je

2 ia). Only
a common phase transformation of all quark fields leaves
elements ofV invariant, thus there is a fivefold freedom t
adjust the phases ofVi j .

In general the unitary matrixV depends on nine param
eters. Note that in the absence of complex phasesV would
consist of only three independent parameters, correspon
to three~Euler! rotation angles. Hence one can describe
complex matrixV by three angles and six phases. Due to
freedom in redefining the quark field phases, five of the
phases inV can be absorbed; and we arrive at the we
known result that the CKM matrixV can be parametrized in
terms of three rotation angles and oneCP-violating phase.
The question about how many different ways to describeV
may exist was raised some time ago@8#. Below we shall
reconsider this problem and give a complete analysis.

If the flavor mixing matrixV is first assumed to be a rea
orthogonal matrix, it can in general be written as a produc
three matricesR12, R23 andR31, which describe simple ro-
tations in the~1,2!, ~2,3! and ~3,1! planes:
594 © 1997 The American Physical Society
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57 595BRIEF REPORTS
R12~u!5S cu su 0

2su cu 0

0 0 1
D ,

R23~s!5S 1 0 0

0 cs ss

0 2ss cs

D , ~2!

R31~t!5S ct 0 st

0 1 0

2st 0 ct

D ,

wheres
u
[sinu, c

u
[cosu, etc. Clearly any two rotation ma

trices do not commute with each other. There exist twe
different ways to arrange products of these matrices such
the most general orthogonal matrixR can be obtained@8#.
Note that the matrixRi j

21(v) plays an equivalent role a
Ri j (v) in constructingR, because ofRi j

21(v)5Ri j (2v).
Note also thatRi j (v)Ri j (v8)5Ri j (v1v8) holds, thus the
product Ri j (v)Ri j (v8)Rkl(v9) or Rkl(v9)Ri j (v)Ri j (v8)
cannot cover the whole space of a 333 orthogonal matrix
and should be excluded. Explicitly the twelve different form
of R read as

~1! R5R12~u!R23~s!R12~u8!,

~2! R5R12~u!R31~t!R12~u8!,

~3! R5R23~s!R12~u!R23~s8!,

~4! R5R23~s!R31~t!R23~s8!,

~5! R5R31~t!R12~u!R31~t8!,

~6! R5R31~t!R23~s!R31~t8!,

in which a rotation in the (i , j ) plane occurs twice; and

~7! R5R12~u!R23~s!R31~t!,

~8! R5R12~u!R31~t!R23~s!,

~9! R5R23~s!R12~u!R31~t!,

~10! R5R23~s!R31~t!R12~u!,

~11! R5R31~t!R12~u!R23~s!,

~12! R5R31~t!R23~s!R12~u!,

where all threeRi j are present.
Although all the above twelve combinations represent

most general orthogonal matrices, only nine of them
structurally different. The reason is that the produ
Ri j RklRi j and Ri j RmnRi j ~with i j ÞklÞmn) are correlated
with each other, leading essentially to the same form forR.
Indeed it is straightforward to see the correlation betwe
patterns~1!, ~3!, ~5! and~2!, ~4!, ~6!, respectively, as follows
e
at

e
e
s

n

R12~u!R31~t!R12~u8!5R12~u1p/2!R23~s5t!

3R12~u82p/2!,

R23~s!R31~t!R23~s8!5R23~s2p/2!R12~u5t!

3R23~s81p/2!, ~3!

R31~t!R23~s!R31~t8!5R31~t1p/2!R12~u5s!

3R31~t82p/2!.

Thus the orthogonal matrices~2!, ~4! and ~6! need not be
treated as independent choices. We then draw the conclu
that there existninedifferent forms for the orthogonal matrix
R, i.e., patterns~1!, ~3! and ~5! as well as~7!–~12!.

We proceed to include theCP-violating phase, denoted
by w, in the above rotation matrices. The resultant matri
should be unitary such that a unitary flavor mixing mat
can be finally produced. There are several different ways
w to enterR12, e.g.,

R12~u,w!5S c
u

s
u
e1 iw 0

2s
u
e2 iw c

u 0

0 0 1
D , ~4a!

or

R12~u,w!5S c
u

s
u 0

2s
u

c
u 0

0 0 e2 iw
D , ~4b!

or

R12~u,w!5S c
u
e1 iw s

u 0

2s
u

c
u
e2 iw 0

0 0 1
D . ~4c!

Similarly one may introduce a phase parameter intoR23 or
R31. Then the CKM matrixV can be constructed, as a pro
uct of three rotation matrices, by use of one complexRi j and
two real ones. Note that the location of theCP-violating
phase inV can be arranged by redefining the quark fie
phases, thus it does not play an essential role in classify
different parametrizations. We find that it is always possi
to locate the phase parameterw in a 232 submatrix ofV, in
which each element is a sum of two terms with the relat
phasew. The remaining five elements ofV are real in such a
phase assignment. Accordingly we arrive at nine distinct
parametrizations of the CKM matrixV, as listed in Table I,
where the complex rotation matricesR12(u,w), R23(s,w)
andR31(t,w) are obtained directly from the real ones in E
~2! with the replacement 1→e2 iw.

Some instructive relations of each parametrization,
well as the rephasing-invariant measure ofCP violation @9#
defined byJ through

Im~Vil VjmVim* Vjl* !5J (
k,n51

3

~e
i jk

e
lmn

!, ~5!
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TABLE I. Classification of different parametrizations for the flavor mixing matrix.

Parametrization Useful relations

P1: V5R12(u)R23(s,w)R12
21(u8) J5sucusu8cu8ss

2cssinw

S susu8cs1cucu8e
2iw sucu8cs2cusu8e

2 iw suss

cusu8cs2sucu8e
2 iw cucu8cs1susu8e

2 iw cuss

2su8ss 2cu8ss cs

D tan u5uVub /Vcbu

tan u85uVtd /Vtsu

coss5uVtbu

P2: V5R23(s)R12(u,w)R23
21(s8) J5su

2cusscsss8cs8sinw

S cu sucs8 2suss8

2sucs cucscs81ssss8e
2iw 2cucsss81sscs8e

2 iw

suss 2cusscs81csss8e
2 iw cussss81cscs8e

2 iw
D cosu5uVudu

tan s5uVtd /Vcdu

tan s85uVub /Vusu

P3: V5R23(s)R31(t,w)R12(u) J5sucusscsstct
2sinw

S cuct suct st

2cussst2sucse2iw 2sussst1cucse2 iw ssct

2cucsst1susse2 iw 2sucsst2cusse2 iw csct

D tanu5uVus /Vudu

tans5uVcb /Vtbu

sin t5uVubu

P4: V5R12(u)R31(t,w)R23
21(s) J5sucusscsstct

2sinw

S cuct cussst1sucse2iw cucsst2susse2 iw

2suct 2sussst1cucse2 iw 2sucsst2cusse2 iw

2st ssct csct

D tanu5uVcd /Vudu

tans5uVts /Vtbu

sin t5uVtdu

P5: V5R31(t)R12(u,w)R31
21(t8) J5su

2custctst8ct8sinw

S cuctct81stst8e
2iw suct 2cuctst81stct8e

2 iw

2suct8 cu sust8

2custct81ctst8e
2 iw 2sust custst81ctct8e

2 iw
D cosu5uVcsu

tant5uVts /Vusu

tant85uVcb /Vcdu

P6:V5R12(u)R23(s,w)R31(t) J5sucusscs
2stctsinw

S 2sussst1cucte
2iw sucs sussct1custe

2 iw

2cussst2sucte
2 iw cucs cussct2suste

2 iw

2csst 2ss csct

D tanu5uVus /Vcsu

sins5uVtsu

tant5uVtd /Vtbu

P7: V5R23(s)R12(u,w)R31
21(t) J5s

u
cu

2sscsstctsinw

S cuct su 2cust

2sucsct1ssste
2iw cucs sucsst1sscte

2 iw

sussct1csste
2 iw 2cuss 2sussst1cscte

2 iw
D sinu5uVusu

tans5uVts /Vcsu

tant5uVub /Vudu

P8: V5R31(t)R12(u,w)R23(s) J5s
u
cu

2sscsstctsinw

S cuct sucsct2ssste
2iw sussct1csste

2 iw

2su cucs cuss

2cust 2sucsst2sscte
2 iw 2sussst1cscte

2 iw
D sinu5uVcdu

tans5uVcb /Vcsu

tant5uVtd /Vudu

P9: V5R31(t)R23(s,w)R12
21(u) J5sucusscs

2stctsinw

S 2sussst1cucte
2iw 2cussst2sucte

2 iw csst

sucs cucs ss

2sussct2custe
2 iw 2cussct1suste

2 iw csct

D tanu5uVcd /Vcsu

sins5uVcbu

tant5uVub /Vtbu
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have also been given in Table I. One can see thatP2 andP3
correspond to the Kobayashi-Maskawa@2# and Maiani @3#
representations, although different notations for
CP-violating phase and three mixing angles are adop
here. The latter is indeed equivalent to the ‘‘standard’’ p
rametrization advocated by the Particle Data Group@3,4#.
This can be seen clearly if one makes three transformat
of quark field phases:c→ce2 iw, t→te2 iw, andb→be2 iw. In
addition,P1 is just the one proposed by the present auth
in Ref. @5#.

From a mathematical point of view, all nine different p
rametrizations are equivalent. However this is not the cas
we apply our considerations to the quarks and their m
spectrum. It is well known that both the observed quark m
spectrum and the observed values of the flavor mixing
rameters exhibit a striking hierarchical structure. The la
can be understood in a natural way as the consequence
specific pattern of chiral symmetries whose breaking cau
the towers of different masses to appear step by step@10–
12#. Such a chiral evolution of the mass matrices leads
argued in Ref.@11#, to a specific way to introduce and de
scribe the flavor mixing. In the limitmu5md50, which is
close to the real world, sincemu /mt!1 andmd /mb!1, the
flavor mixing is merely a rotation between thet –c andb–s
systems, described by one rotation angle. No complex ph
is present; i.e.,CP violation is absent. This rotation angle
expected to change very little, oncemu and md are intro-
duced as tiny perturbations. A sensible parametriza
should make use of this feature. This implies that the rota
matrix R23 appears exactly once in the description of t
CKM matrix V, eliminatingP2 ~in which R23 appears twice!
and P5 ~where R23 is absent!. This leaves us with seve
parametrizations of the flavor mixing matrix.

The list can be reduced further by considering the locat
of the phasew. In the limit mu5md50, the phase mus
disappear in the weak transition elementsVtb , Vts , Vcb and
Vcs . In P7 andP8, however,w appears particularly inVtb .
Thus these two parametrizations should be eliminated, le
ing us with five parametrizations~i.e., P1, P3, P4, P6 and
P9). In the same limit, the phasew appears in theVts ele-
ment of P3 and theVcb element ofP4. Hence these two
parametrizations should also be eliminated. Then we are
with three parametrizations,P1, P6 and P9. As expected,
r
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these are the parametrizations containing the complex r
tion matrixR23(s,w). We stress that the ‘‘standard’’ param
etrization @4# ~equivalent toP3) does not obey the abov
constraints and should be dismissed.

Among the remaining three parametrizations,P1 is
singled out by the fact that theCP-violating phasew appears
only in the 232 submatrix ofV describing the weak transi
tions among the light quarks. This is precisely the syst
where the phasew should appear, not in any of the wea
transition elements involving the heavy quarkst andb.

In the parametrizationP6 or P9, the complex phasew
appears inVcb or Vts , but this phase factor is multiplied b
a product of sinu and sint, i.e., it is of second order of the
weak mixing angles. Hence the imaginary parts of these
ements are not exactly vanishing, but very small in mag
tude.

In our view the best possibility to describe the flavor mi
ing in the standard model is to adopt the parametrizationP1.
As discussed in Ref.@5#, this parametrization has a numb
of significant advantages in addition to that mention
above. Especially it is well suited for specific models
quark mass matrices~see, e.g., Refs.@6,7#!.

We conclude: there are nine different ways to describ
real 333 flavor mixing matrix in terms of three rotatio
angles. Introducing a complex phasew does not increase th
number of distinct parametrizations, except for the fact t
there is a continuum of possibilities for assigning the ph
factors. Imposing natural constraints in view of the observ
mass hierarchy@i.e., in the limit mu5md50 phases should
be absent in the~2,2!, ~2,3!, ~3,2! and ~3,3! elements of the
mixing matrix#, we can eliminate six parametrizations, i
cluding the original Kobayashi-Maskawa parametrization@2#
and the ‘‘standard’’ parametrization proposed in Refs.@3,4#.
We propose to use the parametrizationP1 for the further
study of flavor mixing andCP-violating phenomena.

Note addedAfter completion of this work we received
report of Rasin@13#, in which part of the conclusions draw
here was also reached.
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