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Hadronic molecules in lattice QCD
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Department of Physics and Astronomy, York University, 4700 Keele Street, Toronto, Ontario, Canada M3J 1P3
(Received 17 November 1997; published 7 April 1998

An adiabatic approximation is used to derive the binding potential between two heavy-light mesons in
guenched S(2)-color lattice QCD. Analysis of the meson-meson system shows that the potential is attractive
at short and medium range. The numerical data is consistent with the Yukawa model of pion exchange.
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[. INTRODUCTION An effective potential is extracted as a function of the meson
separation.

Quantum chromodynamics is widely accepted as the cor- The system described above contains only two light va-
rect theory of quark-quark interactions. QCD effective theolence quarks. As such, we are still quite removed from a
ries such as chiral perturbation theory have successfully delirect simulation of the nucleon problem. However, as all
scribed a wide range of hadronic phenomena. Nucleonfuclei are hadronic molecules, our qualitative conclusions
nucleon interactions, for example, have traditionally beershould be somewhat universal. Simulationsvof! andM M
modeled by effective meson-exchange theories. Such theagystems are of further interest because of their immediate

ries are long-range approximations to QCD interactions meappjication toK K phenomena. Studies of multi-quark states
diated by gluons and quark pairs. A derivation of the strongngicate that the only likely bound four-quark systems are
nuclear force from full QCD IS 0bV|OUSIy desirable. mesonic molecular Statebq_]_ Two exotic particlesl the

Lattice QCD provides a first-principles framework for a,(980) andf,(975), are thought to be lightly boundK_
such a derivation. However, the nucleon-nucleon SySte"}hoolecules[S] 0 '

containing six light quarks, is well beyond the current limits

of Cgm?rl:}tat'or}blm fIa('E:i, at f'gé ?'gh: ‘?’/llj(;: a Eor?purfﬁ'og_mesonic molecules, using $2)-color quenched QCD for
seems impossible—lattice Q S Pro g physical ha computational simplicity. We consider both meson-meson

i i i I 0,
ronic data consistent with experiment at h6% level. The 04" eson-antimeson systems. The next section describes

huclear physics problem, the interaction between two COIOrfhe meson operators used in this simulation, and outlines the

neutral objects, is an effect two or threg OfdeFS of magn'tUd?/arious contributions to the meson-pair propagators. In Sec.
smaller. Nevertheless, nuclear models involving static quarlﬁl we list the lattice actions used and the values of simula-

clusters in unquenched QCI] and light-quark hadrons in . .
confining QED, ; [2] have been examined, and both give tion parameters, and our results are given in Sec. IV.

encouraging results. An unquenched lattice QCD simulation
of the nucleon-nucleon system is doubtless some years away. [l. OPERATORS AND PROPAGATORS
In this paper we examine the same fundamental problem in a
simpler setting, by examining the interactions between two
heavy-light meson§3]. . . R
An elementary problem in molecular physics is the deri- M(X,t) = (X, 1) yshn(X,1) (1)
vation of the binding energy of the;Hnolecule. A good first
approximation can be found by using an adiabatic approxi€eonstructed from heavyh) and light () Wilson quarks.
mation, in which the(slow) nuclear kinematics are removed With quark propagators given by
by treating each nucleus as a static force center, and the
remaining(fas electronic problem is solved as a function of G(i,t;0,0)=(0| ¢(>z-t)Z(0,0)|0> , )
the nuclear separation. This generates an effective potential
for the two nuclei, which can be used as input for the inter-the Zero-momentum meson propagator is then
nucleon wave functions and energy levels.
We wish to consider an analogous problem—a “hadronic
molecule” consisting of two heavy-light mesons, in which _ it ™
the heavy quarks are treated as static color sources, playing Gu®) TrE); Gn(x,1:0.075G1(0.0x,t) 75
the role of the(slow) atomic nuclei. The gluons and light-
guarks play the role of the fast degrees of freedom. In addi-
tion to the static heavy-quark gluon-exchange interaction, = Tr>, Gu(x,t;0,0G/(x,t;0,0) . 3
this calculation will include the effects of interactions be- X
tween gluons and light-quarks, as well as light-quark ex-
change. The total energy of the system can be found from the The hopping-parameter expansion of the quark propagator
asymptotic long-time behavior of the meson-pair propagator.6] gives, in the limit of infinite quark mass,

This paper describes a lattice simulation of heavy-light

We used a local pseudoscalar meson operator,
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FIG. 3. (a) Direct and(b) exchange terms fav M system.

t=0 e )
Q q Guu(t,R)=Gp— G, ®)

FIG. 1. Heavy-light meson propagator constructed from heavywhere
(Q) and light (@) quark propagators.

Go(t,R)= T GL(0;0,0G/(01;0,0]

t—-1
Gh(i,t;o,O)m5§,OH0 U4(0,7). (4) XTHG(RER0GHR R0,
That is, the heavy-quark propagator becomes simply a string gE(t,Ii)z Tr[Gh(O,t;0,0)GF(FE,t;0,0)
of gauge-field links in the time direction, and is calculated in foa o R
one sweep of the lattice. Figure 1 shows a contribution to the XGh(R,ER,00G(0;R,0)]. 9

heavy-light meson propagator.
An operator for a heavy-light meson-pair with spatial Contributions to these terms are shown in Fig. 3.

separatiorR is The ground-state energy of the two-meson system is ex-
tracted from the long-time evolution of the system’s propa-
Oum(RH=M(x,t) M(Xx+Rt). (5)  9ator[6]. Expanding the propagator as a sum over eigen-
states of the HamiltonianN) with eigenvalueskgy, the
The propagator for this system is then propagator becomes proportional to the exponential of the

ground-state energl, for long times,
Gum(t,R)=Gp—Gg, (6)

_ _ G(R.t)=(0|Oum(R.) Oum(R.0)[0)
where a sum over all contractions of the quark fields was
performed gving =3 (0l Oun(ROINYN|Ouu(RO)[0)

Gp(t,R)= TI[Gy(0t;0,00G[(0;0,0)]

. . _ ~ B 2 —En(R)t
XTHGHRLR,0)G/(Rt;R0)], —EN: (0] Oum(R,0)|N) e~ Fn
Ge(t,R) = TI[G(01;0,0G(R,t;0,0 =cg e FoFt as t—oo. (10
X Gh(R,t;R,00G[(0;R,0)]. (7)  The binding energy/(R) is then defined as the difference

between the ground-state energy and the masses of the two
Note that, with the heavy-quark approximati@h, the sepa- independent mesons,

ration R is well-defined throughout the propagation. Contri-

butions toGp and Gg, the direct and exchange terms, are Eo(R)=2my+V(R). (1)
depicted in Fig. 2.
The meson-antimeson propagator has a similar form, . SIMULATIONS

A model of quenched QCD with S@)-color was used to
simplify analysis. The standard Wilson action for the pure
gauge field i§6],

1
SG=—B; (1—§Trup). (12)

Q g 3 Q Q g 1 Q Here B is the inverse of the square of the coupling strength,
and the sum is over all plaquettes on the lattice. The Wilson
FIG. 2. (a) Direct and(b) exchange terms falM system. action for light quarks has the form
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— 250
SqZE Un Kom ¥m, (13
n,m 225 - N
with the action matrix given by 2.00 - i
Kom=8nm=x 2 [(1=7,)U (M) 814 jum > 175 T 7
) N
© 150 - .
t - .
+ (1+7M) Uﬂ(n_ﬂ)anfﬂ,m]- (14 195 | |
The light-quark propagator is then the inverse of the action
matrix, 1.00 + 7
Gi(n,m)=K 1, (15) 0.75

1 1 1 | 1 1

o1 2 3 4 5 6 7 8

Simulations were performed on afi Bittice with periodic g
boundary conditions. An ensemble of 400 gauge field con- FIG. 4. Fits to the propagator ratid9), for meson separation
figurations was generated with a Metropolis algorithm atR=0 (circles and R=1 (triangles. Error bars indicate jacknife
B=2.3. Using the standard prescription for translating physi-£rrors.
cal SU3) QCD to unphysical S(2) QCD, we used the pion
and rho meson masses to set the lattice §&glewe found For each value of the separati®) the configuration av-
the lattice spacing to be roughly 0.2 fm, and the lattice iserage ofC(R,t) was fit with a ratio of cosh functions,
then ~1.6 fm along a side. One expects the radius of the
peavy-hght meson to be around half that of the pion;-@.5 cosR((2my —V(R)]7)
m, and so our lattice volume should be large enough to C(R,t)=cg
contain the two mesons. costt(my 7)

To ensure statistical independence, 200 update sweeps
were performed between stored configurations. Quark propgyith
gator matrix inversiong15) were performed with a conju-
gate gradient algorithm, at a value ©£0.165 for the hop- T

ping parameter. T=t-3, (20)

; (19

IV. RESULTS
and using the meson mass given in ELj7). The results of
All' propagators under consideration are symmetric inthe fit for R=0 andR=1 are shown in Fig. 4.
time, since the periodic boundary conditions allow contribu-  The binding potential extracted from E@.8) is shown in
tions from quarks and antiquarks winding around the latticeFig. 5. The data has been fit with a periodic Yukawa func-
The mass of the heavy-light meson was taken from fits to theon,

meson propagatdi3),
—ur(q1 _ o—r/d —u(N=r)r1 _ o= (N=r)/d
Gy (t)=cy cosimy(t—T/2)], (16) V(R)=a e"(l-e )+e (li e ) |
r —r

whereT =38 is the period of the lattice in the time direction. (22
While this is an asymptotic relation, valid for long times, in

practice fits with acceptablg? were obtained for Zt<®6. L 1
The average mass obtained from these fits was

my = 0.969+ 0.008 (17)

in lattice units.

|
(]

T

!

A. The MM system

The meson-pair propagator, E@), was constructed for
values of the separatid® from 0 to 7 lattice spacings. Given
that statistical fluctuations in the individual meson propaga-
tors will likely be highly correlated to fluctuations in the
MM -system propagator, we were able to reduce statistical |
errors by analyzing the ratio 0

|
N
(@]

1

!
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(18 FIG. 5. MM potentialV(R) fit with a discrete Yukawa function
(2).
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G,(t)= TrY, G&(n,t;0,0), (25)
n

and the pion mass was extracted from cosh fits to this propa-
gator. The result ofm_.=0.38+0.18 agrees within errors
with the Yukawa pion mass above.

B. The MM system

Simulations of a meson-antimeson system using (BY.
2 b were performed. The results were not consistent with those
Qq qQ described above for thé M system. The propagators tended
_ o to behave exactly like Wilson loops, just indicating that the
FIG. 6. A pion-exchange contribution to theMM  system’s ground state was a state where the light quarks have
propagator—at the time-slice indicated by the dotted line, two - . L~ .
heavy-light mesans and a pion are present. annihilated, leaving a statiQQ pair. Figure 8b) shows a
contribution from such a state. A proper simulationdM

whereN is the spatial length of the lattice. The parameterSystems may require a more realistic, dynamic treatment of
d=d(N) provides the correct limiting behavior far=0.  the heavy quarks.

This form reduces to the continuum Yukawa functionNas

—o (d—0), and is in excellent agreement with numerical V. CONCLUSIONS

calculations of the discrete Fourier transform of k#/(
+ u?). We foundd=0.5 atN=8, and using this in Eq21)
we obtain[goodness-of-fity?/ (degree of freedoir0.5]

The binding potential between two heavy-light mesons in
SU(2) QCD was found by considering the long-time behav-
ior of propagators for the two-meson system. The heavy-

a=(—12+=3)x10"2 my,, quark approximation simplified analysis considerably, as the
heavy quark plays a role analogous to the heavy nucleus in
w=0.7=0.4 (lattice unitg. (220  the adiabatic calculation of the binding potential in the H
molecule.
The strength of this potential, described by the consiaris The binding potential derived in this study is attractive
consistent with nuclear potentials which are two orders ofnd short ranged, and periodic due to the boundary condi-
magnitude smaller than nucleon rest masses. tions of the lattice. The meson-meson interaction can be

The potential is certainly attractive for small separationsmodeled by a pion-exchange Yukawa theory. Comparing our
Evidence for attraction at small separations was also seen figsults with a Yukawa model, the potential has the correct
the staggered-quark calculation of Mifzet al. [3]. To as- form, and the exchanged pion mass derived from the poten-
certain whether the potential is significantly non-zero for me-ial agrees within errors with the pion mass calculated at the
son spacing®>0, the data foR=2 toR=6 was fit witha Same values for the simulation parameters. While the large
constant function, errors prompt caution, these results make us confident that

the heavy-light meson-pair system is tractable in lattice
V(R)=c, (23 QCD, and is a promising step towards a first principles treat-
ment of the nuclear physics problem.

giving Unfortunately, E theMM propagator we only saw evi-
c=(—1.3+0.8 X102 my. (24) dence of a statiQQ pair, due to the annihilation of the light

) ) uarks. Overlap with physicaMI\W states would be en-
This constant term is more than one and a half standarfianced if the heavy quarks were allowed to propagate spa-
deviations below zero, suggesting that there is some attrag|ly, perhaps in the regime of non-relativistic QCD. More

tive potential even at medium-range separations. We regafgork needs to be done to fully appreciate the subtleties of
the near-vanishing potential at the largest separatids (this system.

=4) to be circumstantial evidence that our lattice volume is  The very low light-quark mass used in this study

large enough to contain the meson-meson system. =0.165 gives a rho-pion mass ratioraf,/m,, =3.0) resulted

The Yukawa parameter@2) correspond to a model of jn |arge statistical fluctuations in the quark propagators, evi-
hadron interactions mediated by pion exchange, with the exdenced by the error bars in Fig. 5. Unfortunately, raising the
changed pion mass given by,=u©=0.7£0.4 in lattice  quark mass leads to smaller contributions from light-quark
units. Even though we are working in the quenched approxiexchange, and so weakens the resulting potential. These
mation and virtuabq pairs are absent, the exchange term inproblems are in part due to the low-order approximations in
Eq. (6) will include pion exchange contributions—one suchthe Wilson quark and gluon actions. We have commenced
exchange is shown in Fig. 6. simulations using improved actions for the gauge fi¢&)9]

Pion propagators were constructed using the same gauged fermion field§10]. These actions remove most of the
field configurations at the same valuefto provide a pion  discretization errors, and restore much of the rotational sym-
mass for direct comparison with E2). The pion propaga- metry of the continuum QCD action lost in the hypercubic
tor is equivalent to Eq(3), with two light-quark fields, lattice approximation.
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