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Hadronic molecules in lattice QCD
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~Received 17 November 1997; published 7 April 1998!

An adiabatic approximation is used to derive the binding potential between two heavy-light mesons in
quenched SU~2!-color lattice QCD. Analysis of the meson-meson system shows that the potential is attractive
at short and medium range. The numerical data is consistent with the Yukawa model of pion exchange.
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PACS number~s!: 12.38.Gc, 12.38.Aw, 24.85.1p
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I. INTRODUCTION

Quantum chromodynamics is widely accepted as the
rect theory of quark-quark interactions. QCD effective the
ries such as chiral perturbation theory have successfully
scribed a wide range of hadronic phenomena. Nucle
nucleon interactions, for example, have traditionally be
modeled by effective meson-exchange theories. Such t
ries are long-range approximations to QCD interactions m
diated by gluons and quark pairs. A derivation of the stro
nuclear force from full QCD is obviously desirable.

Lattice QCD provides a first-principles framework fo
such a derivation. However, the nucleon-nucleon syst
containing six light quarks, is well beyond the current lim
of computation. In fact, at first sight such a computati
seems impossible—lattice QCD is providing physical ha
ronic data consistent with experiment at the;5% level. The
nuclear physics problem, the interaction between two co
neutral objects, is an effect two or three orders of magnit
smaller. Nevertheless, nuclear models involving static qu
clusters in unquenched QCD@1# and light-quark hadrons in
confining QED211 @2# have been examined, and both gi
encouraging results. An unquenched lattice QCD simula
of the nucleon-nucleon system is doubtless some years a
In this paper we examine the same fundamental problem
simpler setting, by examining the interactions between t
heavy-light mesons@3#.

An elementary problem in molecular physics is the de
vation of the binding energy of the H2 molecule. A good first
approximation can be found by using an adiabatic appro
mation, in which the~slow! nuclear kinematics are remove
by treating each nucleus as a static force center, and
remaining~fast! electronic problem is solved as a function
the nuclear separation. This generates an effective pote
for the two nuclei, which can be used as input for the int
nucleon wave functions and energy levels.

We wish to consider an analogous problem—a ‘‘hadro
molecule’’ consisting of two heavy-light mesons, in whic
the heavy quarks are treated as static color sources, pla
the role of the~slow! atomic nuclei. The gluons and light
quarks play the role of the fast degrees of freedom. In a
tion to the static heavy-quark gluon-exchange interacti
this calculation will include the effects of interactions b
tween gluons and light-quarks, as well as light-quark
change. The total energy of the system can be found from
asymptotic long-time behavior of the meson-pair propaga
570556-2821/98/57~9!/5581~5!/$15.00
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An effective potential is extracted as a function of the mes
separation.

The system described above contains only two light
lence quarks. As such, we are still quite removed from
direct simulation of the nucleon problem. However, as
nuclei are hadronic molecules, our qualitative conclusio
should be somewhat universal. Simulations ofMM andMM̄
systems are of further interest because of their immed
application toKK̄ phenomena. Studies of multi-quark stat
indicate that the only likely bound four-quark systems a
mesonic molecular states@4#. Two exotic particles, the
a0(980) andf 0(975), are thought to be lightly boundKK̄
molecules@5#.

This paper describes a lattice simulation of heavy-lig
mesonic molecules, using SU~2!-color quenched QCD for
computational simplicity. We consider both meson-mes
and meson-antimeson systems. The next section desc
the meson operators used in this simulation, and outlines
various contributions to the meson-pair propagators. In S
III we list the lattice actions used and the values of simu
tion parameters, and our results are given in Sec. IV.

II. OPERATORS AND PROPAGATORS

We used a local pseudoscalar meson operator,

M ~xW ,t !5c̄ l~xW ,t !g5ch~xW ,t ! , ~1!

constructed from heavy (h) and light (l ) Wilson quarks.
With quark propagators given by

G~xW ,t;0,0!5^0uc~xW ,t !c̄~0,0!u0& , ~2!

the zero-momentum meson propagator is then

GM~ t !5 Tr(
xW

Gh~xW ,t;0,0!g5Gl~0,0;xW ,t !g5

5 Tr(
xW

Gh~xW ,t;0,0!Gl
†~xW ,t;0,0! . ~3!

The hopping-parameter expansion of the quark propag
@6# gives, in the limit of infinite quark mass,
5581 © 1998 The American Physical Society
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Gh~xW ,t;0,0!}dxW ,0
3 )

t50

t21

U4~0,t! . ~4!

That is, the heavy-quark propagator becomes simply a st
of gauge-field links in the time direction, and is calculated
one sweep of the lattice. Figure 1 shows a contribution to
heavy-light meson propagator.

An operator for a heavy-light meson-pair with spat
separationRW is

OMM~RW ,t !5M ~xW ,t ! M ~xW1RW ,t ! . ~5!

The propagator for this system is then

GMM~ t,RW !5GD2GE , ~6!

where a sum over all contractions of the quark fields w
performed, giving

GD~ t,RW !5 Tr@Gh~0,t;0,0!Gl
†~0,t;0,0!#

3Tr@Gh~RW ,t;RW ,0!Gl
†~RW ,t;RW ,0!# ,

GE~ t,RW !5 Tr@Gh~0,t;0,0!Gl
†~RW ,t;0,0!

3Gh~RW ,t;RW ,0!Gl
†~0,t;RW ,0!# . ~7!

Note that, with the heavy-quark approximation~4!, the sepa-
ration RW is well-defined throughout the propagation. Cont
butions toGD and GE , the direct and exchange terms, a
depicted in Fig. 2.

The meson-antimeson propagator has a similar form,

FIG. 1. Heavy-light meson propagator constructed from he
(Q) and light (q) quark propagators.

FIG. 2. ~a! Direct and~b! exchange terms forMM system.
g
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GMM̄~ t,RW !5GD2GE , ~8!

where

GD~ t,RW !5 Tr@Gh~0,t;0,0!Gl
†~0,t;0,0!#

3Tr@Gl~RW ,t;RW ,0!Gh
†~RW ,t;RW ,0!# ,

GE~ t,RW !5 Tr@Gh~0,t;0,0!Gl
†~RW ,t;0,0!

3Gh
†~RW ,t;RW ,0!Gl~0,t;RW ,0!# . ~9!

Contributions to these terms are shown in Fig. 3.
The ground-state energy of the two-meson system is

tracted from the long-time evolution of the system’s prop
gator @6#. Expanding the propagator as a sum over eig
states of the HamiltonianuN& with eigenvaluesEN , the
propagator becomes proportional to the exponential of
ground-state energyE0 for long times,

G~R,t !5^0uŌMM~RW ,t !OMM~RW ,0!u0&

5(
N

^0uŌMM~RW ,t !uN&^NuOMM~RW ,0!u0&

5(
N

u^0uŌMM~RW ,0!uN& u2e2EN~R!t

.c0 e2E0~R!t as t→` . ~10!

The binding energyV(R) is then defined as the differenc
between the ground-state energy and the masses of the
independent mesons,

E0~R!52mM1V~R! . ~11!

III. SIMULATIONS

A model of quenched QCD with SU~2!-color was used to
simplify analysis. The standard Wilson action for the pu
gauge field is@6#,

SG52b(
P

S 12
1

2
Tr UPD . ~12!

Hereb is the inverse of the square of the coupling streng
and the sum is over all plaquettes on the lattice. The Wils
action for light quarks has the form

y

FIG. 3. ~a! Direct and~b! exchange terms forMM̄ system.
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Sq5(
n,m

c̄n Knm cm , ~13!

with the action matrix given by

Knm5dn,m2k(
m

@~12gm!Um~n!dn1m̂,m

1 ~11gm! Um
† ~n2m̂ !dn2m̂,m] . ~14!

The light-quark propagator is then the inverse of the act
matrix,

Gl~n,m!5Knm
21 . ~15!

Simulations were performed on an 84 lattice with periodic
boundary conditions. An ensemble of 400 gauge field c
figurations was generated with a Metropolis algorithm
b52.3. Using the standard prescription for translating phy
cal SU~3! QCD to unphysical SU~2! QCD, we used the pion
and rho meson masses to set the lattice scale@7#. We found
the lattice spacing to be roughly 0.2 fm, and the lattice
then ;1.6 fm along a side. One expects the radius of
heavy-light meson to be around half that of the pion, or;0.5
fm, and so our lattice volume should be large enough
contain the two mesons.

To ensure statistical independence, 200 update sw
were performed between stored configurations. Quark pro
gator matrix inversions~15! were performed with a conju
gate gradient algorithm, at a value ofk50.165 for the hop-
ping parameter.

IV. RESULTS

All propagators under consideration are symmetric
time, since the periodic boundary conditions allow contrib
tions from quarks and antiquarks winding around the latti
The mass of the heavy-light meson was taken from fits to
meson propagator~3!,

GM~ t !5cM cosh@mM~ t2T/2!# , ~16!

whereT58 is the period of the lattice in the time directio
While this is an asymptotic relation, valid for long times,
practice fits with acceptablex2 were obtained for 2<t<6.
The average mass obtained from these fits was

mM50.96960.008 ~17!

in lattice units.

A. The MM system

The meson-pair propagator, Eq.~6!, was constructed for
values of the separationR from 0 to 7 lattice spacings. Give
that statistical fluctuations in the individual meson propa
tors will likely be highly correlated to fluctuations in th
MM -system propagator, we were able to reduce statist
errors by analyzing the ratio

C~RW ,t !5
GMM~RW ,t !

GM1
GM2

. ~18!
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For each value of the separationR, the configuration av-
erage ofC(RW ,t) was fit with a ratio of cosh functions,

C~R,t !5cR

cosh2„@2mM2V~R!#t…

cosh2~mM t!
, ~19!

with

t5t2
T

2
, ~20!

and using the meson mass given in Eq.~17!. The results of
the fit for R50 andR51 are shown in Fig. 4.

The binding potential extracted from Eq.~18! is shown in
Fig. 5. The data has been fit with a periodic Yukawa fun
tion,

V~R!5a S e2mr~12e2r /d!

r
1

e2m~N2r !~12e2~N2r !/d!

N2r D ,

~21!

FIG. 4. Fits to the propagator ratio~19!, for meson separation
R50 ~circles! and R51 ~triangles!. Error bars indicate jacknife
errors.

FIG. 5. MM potentialV(R) fit with a discrete Yukawa function
~21!.



te

a

o

ns
n

e

a
ra
a
(
i

f
e

x
in

ch

au

pa-

ose
d

he
have

t of

in
v-
vy-
the
s in
H

ve
ndi-
be

our
ect
ten-
the
rge
that
ice
at-

-
t
-
pa-

re
of

vi-
the
ark
ese
in

ced

e
m-
ic

w

5584 57CHRIS STEWART AND ROMAN KONIUK
whereN is the spatial length of the lattice. The parame
d5d(N) provides the correct limiting behavior forr 50.
This form reduces to the continuum Yukawa function asN
→` (d→0), and is in excellent agreement with numeric
calculations of the discrete Fourier transform of 1/(k2

1m2). We foundd.0.5 atN58, and using this in Eq.~21!
we obtain@goodness-of-fitx2/~degree of freedom!50.5]

a5~21263!31022 mM ,

m50.760.4 ~lattice units! . ~22!

The strength of this potential, described by the constanta, is
consistent with nuclear potentials which are two orders
magnitude smaller than nucleon rest masses.

The potential is certainly attractive for small separatio
Evidence for attraction at small separations was also see
the staggered-quark calculation of Miha´ly et al. @3#. To as-
certain whether the potential is significantly non-zero for m
son spacingsR.0, the data forR52 to R56 was fit with a
constant function,

V~R!5c , ~23!

giving

c5~21.360.8!31022 mM . ~24!

This constant term is more than one and a half stand
deviations below zero, suggesting that there is some att
tive potential even at medium-range separations. We reg
the near-vanishing potential at the largest separationsR
54) to be circumstantial evidence that our lattice volume
large enough to contain the meson-meson system.

The Yukawa parameters~22! correspond to a model o
hadron interactions mediated by pion exchange, with the
changed pion mass given bymp5m50.760.4 in lattice
units. Even though we are working in the quenched appro
mation and virtualqq̄ pairs are absent, the exchange term
Eq. ~6! will include pion exchange contributions—one su
exchange is shown in Fig. 6.

Pion propagators were constructed using the same g
field configurations at the same value ofk, to provide a pion
mass for direct comparison with Eq.~22!. The pion propaga-
tor is equivalent to Eq.~3!, with two light-quark fields,

FIG. 6. A pion-exchange contribution to theMM
propagator—at the time-slice indicated by the dotted line, t
heavy-light mesons and a pion are present.
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Gp~ t !5 Tr(
n

Gl
2~n,t;0,0! , ~25!

and the pion mass was extracted from cosh fits to this pro
gator. The result ofmp50.3860.18 agrees within errors
with the Yukawa pion mass above.

B. The MM̄ system

Simulations of a meson-antimeson system using Eq.~8!
were performed. The results were not consistent with th
described above for theMM system. The propagators tende
to behave exactly like Wilson loops, just indicating that t
system’s ground state was a state where the light quarks
annihilated, leaving a staticQQ̄ pair. Figure 3~b! shows a
contribution from such a state. A proper simulation ofMM̄
systems may require a more realistic, dynamic treatmen
the heavy quarks.

V. CONCLUSIONS

The binding potential between two heavy-light mesons
SU~2! QCD was found by considering the long-time beha
ior of propagators for the two-meson system. The hea
quark approximation simplified analysis considerably, as
heavy quark plays a role analogous to the heavy nucleu
the adiabatic calculation of the binding potential in the2
molecule.

The binding potential derived in this study is attracti
and short ranged, and periodic due to the boundary co
tions of the lattice. The meson-meson interaction can
modeled by a pion-exchange Yukawa theory. Comparing
results with a Yukawa model, the potential has the corr
form, and the exchanged pion mass derived from the po
tial agrees within errors with the pion mass calculated at
same values for the simulation parameters. While the la
errors prompt caution, these results make us confident
the heavy-light meson-pair system is tractable in latt
QCD, and is a promising step towards a first principles tre
ment of the nuclear physics problem.

Unfortunately, in theMM̄ propagator we only saw evi
dence of a staticQQ̄ pair, due to the annihilation of the ligh
quarks. Overlap with physicalMM̄ states would be en
hanced if the heavy quarks were allowed to propagate s
tially, perhaps in the regime of non-relativistic QCD. Mo
work needs to be done to fully appreciate the subtleties
this system.

The very low light-quark mass used in this study~k
50.165 gives a rho-pion mass ratio ofmr /mp .3.0) resulted
in large statistical fluctuations in the quark propagators, e
denced by the error bars in Fig. 5. Unfortunately, raising
quark mass leads to smaller contributions from light-qu
exchange, and so weakens the resulting potential. Th
problems are in part due to the low-order approximations
the Wilson quark and gluon actions. We have commen
simulations using improved actions for the gauge fields@8,9#
and fermion fields@10#. These actions remove most of th
discretization errors, and restore much of the rotational sy
metry of the continuum QCD action lost in the hypercub
lattice approximation.
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