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Comments on compositeness in the SU„2… linear s model
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First we summarize the quark-level linears model compositeness conditions and verify that indeedms

52mq whenmp50 andNc53, rather than in theNc→` limit, as is sometimes suggested. Then we show that
this compositeness picture also predicts a chiral symmetry restoration temperatureTc52 f p , where f p is the
pion decay constant. We contrast this self-consistentZ50 compositeness analysis with prior studies of the
compositeness problem.@S0556-2821~98!00408-1#
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Now that the scalars meson has been reinstated in t
1996 Particle Data Group~PDG! tables@1#, it is appropriate
to take seriously the various theoretical implications o
quark-level linears model~LsM! field theory. The original
spontaneously broken LsM theory @2# was recently dynami-
cally generated@3# at the quark level in the spirit of Namb
and Jona-Lasinio@4#. In this paper we summarize the colo
numberNc and compositeness properties of the above SU~2!
quark-level LsM and comment on the recent LsM analysis
of compositeness given by Lurie and Tupper@5#.

First we display the interacting part of the standard LsM
@2# ~quark-level! Lagrangian density shifted around the tr
vacuum^pW &5^s&50:

L int5gc̄~s1 ig5tW•pW !c1g8~s21pW 2!s2~l/4!~s21pW 2!2

2 f pgc̄c, ~1a!

with ~spontaneously broken! chiral couplings for f p'93
MeV

g5mq / f p , g85ms
2/2f p5l f p . ~1b!

Once the LsM scalar field is shifted tôs&50, giving rise to
the interacting but chiral-broken LsM Lagrangian~1!, the
Lee null-tadpole condition@6# depicted in Fig. 1 must be
valid. Following Ref. @3#, which exploits the dimensiona
regularization@7# characterization of these quadratic dive
gent tadpole graphs in Fig. 1 as*d4p(p22m2)21;m2, one
expresses the Lee condition as

0524mqNfNcgmq
21013g8ms

2 , ~2a!

where the zero on the right-hand side of Eq.~2a! corresponds
to mp

2 50 in the chiral limit. Upon using Eqs.~1b!, this Lee
null-tadpole condition~2a! becomes

1
2 NfNc~2mq!453ms

4 . ~2b!

Clearly, if the Nambu–Jona-Lasinio~NJL! relation @4#

ms52mq ~3!
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is valid, then Eq.~2b! requires

NfNc56 ~4!

or Nc53 whenNf52, the latter being an input in the SU~2!
LsM .

It is well known that forpo→2g decay, theNf52 quark
triangle empirically suggestsNc53 ~also a LsM result!.
Moreover, Eq.~4! also follows from ‘‘anomaly matching’’
@8,9#. However, we shall not invoke here the stronger~but
consistent! constraints due to dynamically generating t
~quark-level! LsM as they follow from comparing quadrati
and logarithmically divergent integrals using~compatible!
regularization schemes@3#.

Thus the condition~4! depends on the NJL relation~3!
being true also in the LsM. The latter assertion follows
when one dynamically generates@3# the entire LsM La-
grangian ~1! starting from a simpler chiral quark mode
~CQM! Lagrangian, as well as dynamically generating t
two additional equations

ms52mq , g52p/ANc. ~5!

For Nc53, the latter pion-quark coupling in Eq.~5! is g
52p/A3'3.63, near the anticipated value found from t
pNN couplinggpNN;13.4 so thatg'gpNN /3gA;3.5. Then
the nonstrange constituent quark mass ismq5 f p2p/A3
'326 MeV, nearMN/3 as expected. However, rather tha
repeating Ref.@3# in detail, we offer an easier derivation o
ms52mq following only from the quark loops induced b
the CQM Lagrangian. This naturally leads to the notion
‘‘compositeness.’’

To this end, we invoke the log-divergent gap equati
from Fig. 2:

152 i4 1
2 NfNcg

2E d̄ 4p~p22mq
2!22, ~6!

a,
FIG. 1. Quark and meson tadpole loops summing to zero.
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5308 57COMMENTS
whered̄ 4p5(2p)24d4p. Equation~6! is the chiral-limiting
one-loop nonperturbative expression of the pion decay c
stant f p5mq /g with the quark massmq canceling out. This
LsM log-divergent gap equation~6! also holds in the contex
of the four-quark NJL model@10#. Then the one-loop-orde
gspp coupling depicted in Fig. 3 is

gspp52gmqF2 i4 1
2 NfNcg

2E d4p~p22mq
2!22G52gmq .

~7!

The one-loopgspp in Eq. ~7! ‘‘shrinks’’ to the tree-order
meson-meson coupling in Eq.~1b!, g85ms

2/2f p , only if
ms52mq is valid along with the quark-level Goldberge
Treiman relation~GTR! f pg5mq . This is aZ50 compos-
iteness condition@11#, stating that the loosely bounds me-
son could be treated either as aq̄q bound state~as in the NJL
picture! or as an elementary particle as in the LsM frame-
work of Fig. 3. However, in either casems52mq must hold
and therefore the additional LsM Lee condition~2! requires
Nc53 whenNf52 in Eq. ~4!.

It is also possible to appreciate the one-loop orderZ50
compositeness condition in the context of the LsM @3# in a
different manner. Our version of theZ50 compositeness
condition is that the log-divergent gap equation~6! can be
expressed in terms of a four-dimensional UV cutoff as

15 ln~11L2/mq
2!2~11mq

2/L2!21, ~8!

where we have substituted onlyg52p/ANc andNf52 into
Eq. ~6! in order to deduce Eq.~8!. The numerical solution of
Eq. ~8! is the dimensionless ratioL/mq'2.3, which is
slightly larger than the NJL ratio in Eq.~3! or in Eq. ~5!,
ms /mq52. Introducing the above dynamically generat
quark mass of 326 MeV, the UV cutoff inferred from Eq.~8!
@i.e., from Eq.~6!# is L'2.3mq'750 MeV. This 750-MeV
cutoff in turn suggests~in the LsM! that lighter masses sig
nal elementary particles, such asmp50, mq'325 MeV, and
ms52mq'650 MeV. Heavier meson masses than 750-M
signal q̄q bound states, such asr(770), v~783!, and
A1(1260). This is the essence of theZ50 compositeness
conditions of Ref.@11#.

Given the above equations~3!–~8!, we are now prepared
to comment in detail on the LsM compositeness analysis o
Ref. @5#. Again using the log-divergent cutoff condition~8!,
the LsM renormalization constantZ3 computed in Eq.~3! of
Ref. @5# can be expressed as

FIG. 2. Quark loops for the axial vector current matrix eleme
^0uAmup&.

FIG. 3. Chiral quark model loops fors→pp.
n-

Z3512
Ncg

2

4p2
. ~9!

Then the dynamically generated LsM meson-quark coupling
in Eq. ~5! indeed corresponds toZ350 from Eq. ~9!, as
anticipated.

However, the renormalization constantZ4 in Ref. @5# then
becomes, using Eq.~8!,

Z4511F3l2
2Ncg

4

l G 1

4p2
. ~10!

Ignoring for the moment the second term in Eq.~10! propor-
tional to 3l, we note that the log-divergent gap equation~6!
requires thepp→pp quark box~dynamically generated by
the CQM Lagrangian! ‘‘shrinking’’ @as in Eq.~7! and in Fig.
3# to a point contact terml provided that@3#

l52g2. ~11!

Equation~11! also follows from both LsM couplings@2# in
Eq. ~1b! combined withgspp52gmq from Eq. ~7!. Substi-
tuting Eq. ~11! into the third~quark loop! term in Eq.~10!,
one finds

Z451102
Ncg

2

4p2
~12!

~where the middle zero term corresponds to the neglec
meson loop in contrast to Ref.@5#!. Equation~12! parallels
theZ3 renormalization constant in Eq.~9!. In these two cases

Z35Z4512
Ncg

2

4p2
~13!

and then the resulting compositeness conditionsZ35Z450
both reconfirm thatg52p/ANc , as earlier dynamical gen
erated in Eqs.~5!.

The reason why one must neglect the second meson
term proportional to 3l in Eq. ~10! is because, e.g.,papb
→pgpd scattering has tree-level~or one-loop! graphs that
must vanish in the strict zero momentum chiral limit. Thi
fact was emphasized on pp. 324–327 of the text by de
faro, Fubini, Furlan, and Rossetti~DFFR! in Ref. @2#. Spe-
cifically, the quartic LsM contact term2l is canceled by
the cubics pole term 2g82/ms

2→l by virtue of the Gell-
Mann–Lévy LsM meson chiral couplings in Eq.~1b!. After
the ~tree-level! lead term cancellation between contact te
l and s,t,u,s meson poles in the LsM, DFFR obtain the
amplitude

Tpp}
1

f p
2 ~sdabdgd1tdagdbd1udaddbg!. ~14!

Then DFFR in@2# note that Eq.~14! above is just the Wein-
bergpp amplitude@12# whenmp

2 50, found instead via the
model-independent current algebra and partial conserva
of axial vector current rather than from the LsM!. Also note
that Eq. ~14! indeed vanishes in the strict zero-momentu

t
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chiral limit. A similar chiral cancellation of the 3l term in
Eq. ~10! also holds in one-loop order.

When computing the one-loop order renormalization c
stantZ4 as done by Lurie and Tupper in Ref.@5# leading to
Eq. ~10! above, one must be careful to~a! account for DF-
FR’s cancellation due to the soft chiral symmetry relati
2g82/ms

2→l and ~b! reorganize the perturbation theory u
ing the log-divergent gap equation~6! to shrink quark loops
to a contact meson terml with l52g2 as found in Eq.~11!.
Then, even in one-loop order one must recover the Weinb
form for pp scattering Eq.~14! in a model-independen
fashion.

This means that the meson loop graph with quartic c
plings proportional to 3l2 contributing tolZ4 as 3l2/4p2 in
Eq. ~10! will be canceled by fermion box graphs that are
higher loop order. Although our nonperturbative approa
mixes perturbation theory loops of different order, bo
DFFR’s and our use of the Gell-Mann–Le´vy chiral symme-
try meson relation 2g82/ms

2→l have the bonus of our non
perturbative approach retaining the consistent chiral sym
try compositeness conditionZ35Z450 from Eq.~13!.

Keeping instead the middle term in Eq.~10! proportional
to 3l, Lurie and Tupper@5# conclude that the resultingZ4
50 ~then different! compositeness condition requires th
the NJL limit ms→2mq is recovered only whenNc→`.
Akama and Zinn Justin@13# reach the same conclusion, a
though they are not working with SU~2! chiral mesons
(s,pW ). In our opinion, however, the chiral SU~2! LsM ~1!
already hasNc53 and notNc→` built in via the Lee con-
dition in Eqs.~2! but only whenms52mq in the chiral limit.
We obtain these satisfying results only by canceling
middle 3l meson term in Eq.~10! against higher quark loop
graphs. Reference@5# does not account for the above canc
lation of DFFR.

Finally, we extend the above zero-temperature (T50)
chiral symmetry absence of quartic meson loops in Eqs.~10!,
~12!, and~14! to finite temperature. Again following Ref.@5#
we write the tadpole equation in the mean-field approxim
tion at high temperatures for the quark-level SU~2! LsM as

v@~31Nf
221!lT2/121NfNcg

2T2/121l~v22 f p
2 !#50

~15!

for flavor Nf52 andv5v(T) with v(0)5 f p;90 MeV in
the chiral limit. The first two terms in Eq.~15! represent
quartics andpW loops, while the third term involvingNc is
the u and d quark bubble loop. The temperature factors
T2/12 in Eq. ~15! were originally obtained from finite-
temperature field theory Feynman rules@14#.

Now in fact there should beno quartic meson loop con
tributions surviving in Eq.~15! due to the above DFFR-typ
argument or the resulting Weinbergpp amplitude in Eq.
~14!, even at finite temperatures. So the nontrivial solution
Eq. ~15! at the chiral symmetry restoration temperatureTc
@wherev(Tc)50] is for Nf52, Nc53, andl52g2, with the
first two meson loop terms in Eq.~15! proportional to (3
1Nf

221)l consequently omitted:
-

rg

-

f
h
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e

-

-

f

f

Tc52 f p;180 MeV. ~16!

While this predicted temperature scale in Eq.~16! had been
obtained earlier@15,16#, Lurie and Tupper@5# also noted Eq.
~16! above but rejected it because of the meson loop con
butions in Eq.~15!.

We in turn claim that the first twos andpW loop terms in
Eq. ~15! @and the middle term in Eq.~10! proportional to 3l]
are all zero due to chiral cancellations as by DFFR@2#. Then
Eq. ~15! reduces to the nontrivial solutionNcg

2Tc
2/65l f p

2

~leading toTc52 f p) or to a quark box loop shrinking to a
meson-meson quartic point@3# due to the log-divergent gap
equation~6!, itself a version of theZ50 compositeness con
dition.

Although we concur with Lurie and Tupper’s@5# choice
of the finite-temperature quark bubble sign in Eq.~15! ~as
opposed to the studies in Ref.@15#!, there is an easier way to
deduceTc52 f p by studying the single fermion loop propa
gator dynamically generating the quark mass@3#. Then, with
no sign ambiguity arising at finite temperature one finds@17#

mq~T!5mq1
8Ncg

2mq

2ms
2

T2

24
, ~17!

where the2ms
2 factor in Eq. ~17! indicates thes meson

tadpole propagator generating the quark mass. WhenT5Tc
the quark mass ‘‘melts,’’mq(Tc)50, and Eq.~17! reduces to

ms
25g2Tc

2 or Tc52 f p ~18!

provided Nc53 andms52mq52 f pg.
We believe it significant that recent numerical simulatio

of lattice gauge theories find@18# Tc5150630 MeV, which
is consistent with Eqs.~16! and ~18!. In fact, the zero-
temperature quark-level LsM theory in Ref.@3# is likewise
compatible with the reinstated scalars in the PDG tables@1#
or in Ref. @19#, the latter deducing a broad nonstranges
scalar asf 0 ~400–900! with mean massms'650 MeV. This
latter scale is in fact predicted in Ref.@3# as ms

52 f p(2p/A3)'650 MeV.
Rather than starting atT50, an alternative approach t

generating a realistic low-energy chiral field theory begins
the chiral restoration temperature@with mq(Tc)50] involv-
ing bosonspW ands alone@20# and later adds in the funda
mental meson-quark interaction in Eq.~1!. Only then does
one deduce the quark-level LsM field theory @21#. While
issues ofNc53 and compositeness are then postponed,
resulting LsM theory in Ref. @21# starting atT5Tc;200
MeV with l;20 appears quite similar to theT50 LsM
field theory in Refs.@2,3# with l'26 from Eq. ~11! and
Tc'180 MeV from Eq.~16!.
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