
m

PHYSICAL REVIEW D 15 APRIL 1998VOLUME 57, NUMBER 8
Cosmic strings, zero modes, and supersymmetry breaking in non-AbelianN51 gauge theories
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We investigate the microphysics of cosmic strings in non-Abelian gauge theories withN51 supersymmetry.
We give the vortex solutions in a specific example and demonstrate that fermionic superconductivity arises
because of the couplings and interactions dictated by supersymmetry. We then use supersymmetry transfor-
mations to obtain the relevant fermionic zero modes and investigate the role of soft supersymmetry breaking on
the existence and properties of the superconducting strings.@S0556-2821~98!03208-1#
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I. INTRODUCTION

In recent years, supersymmetry~SUSY! has become in-
creasingly favored as the theoretical structure underly
fundamental particle interactions. In this light it is natural
investigate possible cosmological implications of SUSY.

In a recent paper@1# we discussed the effect of SUSY o
the microphysics of simple cosmic string solutions of Ab
lian field theories. In particular we developed and applied
technique of SUSY transformations to investigate the fo
of fermionic zero modes, required by SUSY, which lead
cosmic string superconductivity. In the present work we
tend our original ideas to a more general class of field th
ries, namely those with a non-Abelian gauge group. Si
non-Abelian gauge theories underlie modern particle phy
and, in particular, unified field theories, this class of theor
is a realistic toy model for grand unified theories~GUTs!.
The particular example we examine,SU(2)3U(1)
→U(1)3Z2 , admits two types of string solution, one Ab
lian and the other non-Abelian. This model has a very sim
structure toSO(10) and should provide insight into cosm
strings in SUSY GUTs. Most of the features exhibited
this theory will also appear in larger non-Abelian theorie
We apply the technique of SUSY transformations to the n
Abelian case and extract the behavior of the zero mode
functions of the background string fields. We then comp
the results to those obtained in Ref.@1# for abelian strings.

Since SUSY is clearly broken in the universe today, it
important to know how the SUSY zero modes behave w
soft-SUSY breaking occurs in the universe. We investig
this for both the Abelian and non-Abelian strings by expl
itly introducing soft-SUSY breaking terms into the theor
The result is that all the zero modes are destroyed in alm
all the theories, the exception being when a Fayet-Iliopou
term is used to break the gauge symmetry in an Abe
model. We briefly comment on the physical reasons for t
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and show how the effect may be seen through the breakd
of an appropriate index theorem.

These results have a cosmological significance since
mion zero modes on the string can be excited, causin
current to flow along the string. The string then behaves a
perfect conductor. The existence of charge carriers chan
the cosmology of cosmic strings. In particular, they can s
bilize string loops, resulting in the production of so-calle
vortons@2#. Such vortons can dominate the energy density
the Universe, and have been used to constrain GUT mo
with current-carrying strings@3#. However, if the zero modes
are destroyed at the SUSY breaking energy scale, then
current, and hence vortons, will dissipate. Thus, the unde
ing theory may be cosmologically viable.

The plan of this paper is as follows. In Sec. II we co
struct a simple supersymmetric model based on the gr
SU(2)3U(1) and display the Abelian and non-Abelia
string solutions. In Sec. III, we briefly review a powerfu
index theorem for finding fermion zero modes in a gene
theory. We then use SUSY transformations to obtain the z
modes in terms of the background string fields. Soft SU
breaking terms are introduced in Sec. IV and their effect
the zero modes is analyzed using the results of the in
theorem. In this section we consider both string solutions
the SU(2)3U(1) model and also for theU(1) theory dis-
cussed in our previous paper@1#. For the non-Abelian string
the SUSY breaking terms destroy the zero modes, while
the other string solutions the situation is more complicate

II. SIMPLE MODEL: SU„2…3U„1…

There exist many non-Abelian theories with breaki
schemes giving rise to cosmic strings. In general both A
lian and non-Abelian strings can be produced in such a p
cess, depending on which part of the vacuum manifold
involved in the winding.

In this section we consider a simple example in which
gauge groupSU(2)3U(1) is spontaneously broken down t
the groupU(1)3Z2 via the superpotential
5184 © 1998 The American Physical Society
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W5m1S0~F•F̃2h2!1m2~SFTLF1 S̃ F̃TLF̃!.
~2.1!

The chiral superfieldsF i(f i ,c i ,Fi) and F̃ i(f̃ i ,c̃ i ,F̃ i) are
SU(2) triplets with U(1) charges61 respectively. The
other chiral superfields,S0(s0 ,v0 ,FS0

), S(s,v,FS) and

S̃( s̃ ,ṽ,F S̃), are SU(2) scalars withU(1) charges 0,22
pt
.
ith
in-
ed

on
on

e
s

and12 respectively. Finally, definingT45A2/3I , the vector
supermultiplets areVa(Am

a ,la,Da), a51,...,4. Since the
constant matrixL satisfiesLTi52(Ti)* L ( i 51,...,3) and
the SU(2) gauge transformations aredF5 iTanaF and

dF̃52 iTa* naF̃, the superpotential is gauge invariant.
The scalar potential, derived in the standard manner@4#, is

then
U5m1
2uf•f̃2h2u21m2

2u2f1f32f2
2u21m2

2u2f̃1f̃32f̃2
2u21um1s0f̃12m2sLfu21um1s0f12m2 s̃Lf̃u2

1e2u~f11f3!f2* 2~f̃11f̃3!f̃2* u21
e2

2
~ uf1u22uf3u22uf̃1u21uf̃3u2!21

e2

3
~ ufu22uf̃u222usu212u s̃ u2!2.

~2.2!
c-
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ens
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en

put

e
lues
the
This is minimized when all fields are zero exce
f15f̃15h or at any~broken! gauge transformation of this
We note also that the theory has a local minimum w
f5f̃50 and that this structure can give rise to hybrid
flation @5#. This is true even for the Abelian theory describ
in @1#. In both cases inflation ends with defect formation.

As we mentioned above, there are Abelian and n
Abelian string solutions to this theory. The Abelian soluti
is obtained from the ansatz

f15f̃1* 5h f ~r !eiw, ~2.3!

Aw5
a~r !

er
A3

5
TG, ~2.4!

FS0
5m1h2@12 f ~r !2#, ~2.5!

whereTG5A3
5 T31A 2

5 T4. All other fields are zero and th
profile functionsa(r ) and f (r ) obey the boundary condition
f (0)5a(0)50 and limr→` f (r )5 limr→`a(r )51.

The non-Abelian solution is obtained from the ansatz

f5f̃* 5hH 1

2
~eiwe11e2 iwe2! f ~r !1

1

&
e0g~r !J ,

~2.6!

Aw5
a~r !

er
T1, ~2.7!

FS0
5

1

2
m1h2@22 f ~r !22g~r !2#, ~2.8!

FS5F S̃5
1

2
m2h2@ f ~r !22g~r !2#, ~2.9!

where ek are unit vectors obeyingT1ek5kek . In this case
g(0) is finite, limr→`g(r )51 and f (r ) and a(r ) obey the
same boundary conditions as in the Abelian case.
-

Note thatf , g anda are solutions to simple coupled se
ond order ordinary differential equations. Their forms can
obtained numerically and are well known@8#.

III. SUSY TRANSFORMATIONS AND ZERO MODES

The string solutions obtained above have all the ferm
fields set to zero. In this section we investigate what happ
when these fields are excited in the background of the c
mic string.

We can find the number of zero modes with an approp
ate index theorem@6#. To apply the theorem, the fermio
fields must be expressed as eigenstates of the string ge
tor. The resulting mass matrix is then split up into irreducib
parts, and the theorem applied to each part separately.

For most irreducible mass matrices, the eigenvalues of
fermion fields are split into positive (qi

1) and negative (qj
2)

eigenvalues, and then ordered. If there aren1 positive and
n2 negative eigenvalues, thenq1

1>q2
1>...>qn1

1 .0 and

q1
2<q2

2<...<qn2

2 ,0. Any zeros are ignored. The numbe

of complex left and right moving zero modes are then giv
by

NL5 (
j 51

min~n2 ,n1!

@qj
11qj

2#11 (
j 5n211

n1

qj
1 ,

NR5 (
j 51

min~n2 ,n1!

@2qj
12qj

2#11 (
j 5n111

n2

2qj
2 .

~3.1!

where@x#15x if x.0, and 0 otherwise.
The exception to this is when the mass matrix can be

into the form

S 0 A

B 0 D , ~3.2!

whereA andB aren3n matrices. If the fermion states ar
put in a corresponding form, then in this case the eigenva
are split up according to whether their eigenstates occupy
first or second half of the 2n component fermion vector. The
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two sets of eigenvalues are then ordered so
q1

A>q2
A>...>qn

A andq1
B<q2

B<...<qn
B . The resulting num-

ber of zero modes is

NL5(
j 51

n

@qj
A1qj

B#1 ,

NR5(
j 51

n

@2qj
A2qj

B#1 . ~3.3!

The derivation of this theorem assumed that none of
fermion fields involved were massless at larger . In fact the
results still hold for massless fields if all the eigenvalues
whole integers.

We therefore know that there must exist fermion ze
modes on the string. Rather than attempting to solve
difficult fermion equations of motion to obtain these so
tions, we shall use a different technique@1# which exploits
the power of SUSY to obtain some of the solutions.

A. Abelian string

The relevant part of the Lagrangian is the Yukawa sec
which is entirely determined by supersymmetry. In the a
lian case, the nonzero Yukawa couplings are

LY52Fm1~eiwc̃11e2 iwc1!v01A5

6
ie~e2 iwc1

2eiwc̃1!lG12m2~eiwc3v1e2 iwc̃3ṽ !

1
ie

&
~e2 iwl1c21eiwl2c̃2!Gh f ~r !, ~3.4!

wherel65(l17 il2)/&. With respect to the string genera
tor, the only fields with non-zero eigenvalues arec1 andl1
si

r
n

at

e

e

e

r
-

~eigenvalue 1! and c̃1 and l2 ~eigenvalue 21!. The
Yukawa Lagrangian can be split up into 5 independent pa
Applying Eq. ~3.4! to these reveals that there are a total
three left moving and three right moving complex ze
modes.

Now, following the techniques of@1#, we perform an in-
finitesimal SUSY transformation~with Grassmann paramete
ja! followed by a gauge transformation to return to t
Wess-Zumino gauge. The~bosonic! string fields all trans-
form quadratically and so are unchanged to first order. Ho
ever, the fermions transform linearly and, in terms of t
background string fields, it is possible to find two compl
~or 4 real! fermion zero mode solutions given by

v05&m1h2~12 f 2!j, ~3.5!

lG52 iA3

5

a

er
szj, ~3.6!

c15 i&heiwF f 8s r1 i
~12a!

r
f swG j̄ ,

~3.7!

c̃15 i&he2 iwF f 8s r2 i
~12a!

r
f swG j̄ .

~3.8!

Setting either component ofj to zero gives one of the zer
modes, one of which is left moving and the other right mo
ing.

B. Non-Abelian string

In the non-Abelian case it is convienient to splitc, c̃ and
l i into eigenvectors ofT1, and label them by their eigenva
ues. Defining x i5(c i1c̃ i)/&, z i5(c i2c̃ i)/& and
v (6)5(v6ṽ)/&, the nonzero Yukawa couplings are
LY52m1hFx0g~r !1
1

&
~x1e2 iw1x2eiw! f ~r !Gv02m2h@2&x0g~r !1~x1e2 iw1x2eiw! f ~r !#v~1 !

2
ieh

2
~x1e2 iw2x2eiw! f ~r !l02m2h@2&z0g~r !1~z1e2 iw1z2eiw! f ~r !#v~2 !1

eh

2
@&~z2l12z1l2!g~r !

1z0~l1e2 iw2l2eiw! f ~r !#2
ieh

A6
@&z0g~r !1~z1e2 iw1z2eiw! f ~r !#l4. ~3.9!
In this casex6 , z6 andl6 have eigenvalues61. Applying
Eq. ~3.4! to the two irreducible parts of Eq.~3.9! shows that
there are just two complex zero modes, moving in oppo
directions.

Once again performing an infinitesimal SUSY transfo
mation and a~non-Abelian! gauge transformation we obtai
the two complex zero modes
te

-

v05
1

&
m1h2~22g22 f 2!j, ~3.10!

v~1 !5m2h2~g22 f 2!j, ~3.11!

l052 i
a

er
szj, ~3.12!
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x15 iheiwS f 8s r1 i
12a

r
f swD j̄ ,

~3.13!

x25 ihe2 iwS f 8s r2 i
12a

r
f swD j̄ ,

~3.14!

x05 i&hg8s r j̄ . ~3.15!

Thus in this case there are no zero modes beyond those
plied by SUSY, in contrast to the Abelian case. This is
lated to the fact that there are components of the Higgs fi
that do not wind in the non-Abelian case.

IV. SOFT SUSY BREAKING

Perhaps the most attractive feature of SUSY arises f
the nonrenormalization theorems. These ensure that
dratic divergences are absent in SUSY theories and so
tect any tree-level hierarchy of scales from receiving qu
tum corrections.

When SUSY is broken, as it must be at a scale of aro
1 TeV, it is crucial that these quadratic divergences rem
absent from the theory. This is achieved by adding onlysoft
SUSY breaking terms to the model. Such terms are defi
as being those which are noninvariant under SUSY trans
mations but which do not induce quadratic divergences.

In a general model, one may obtain soft SUSY break
terms by the following prescription.

~1! Add arbitrary mass terms for all scalar particles to t
scalar potential.

~2! Add all trilinear scalar terms in the superpotential, pl
their Hermitian conjugates, to the scalar potential w
arbitrary coupling.

~3! Add mass terms for the gauginos to the Lagrangian d
sity.

Since the techniques we have used are strictly valid o
when SUSY is exact, it is necessary to investigate the ef
of these soft terms on the fermionic zero modes we h
identified.

As we have already commented, the existence of the z
modes can be seen as a consequence of an index theore@6#.
The index is insensitive to the size and exact form of
Yukawa couplings, as long as they are regular for smalr ,
and tend to a constant at larger . In fact, the existence of zer
modes relies only on the existence of the appropr
Yukawa couplings and that they have the correctw depen-
dence. Thus there can only be a change in the number of
modes if the soft breaking terms induce specific n
Yukawa couplings in the theory and it is this that we mu
check for. Further, it was conjectured in@6# that the destruc-
tion of a zero mode occurs only when the relevant ferm
mixes with another massless fermion.

We have examined each of our theories, both from t
paper and Ref.@1#, with respect to this criterion and list th
results below.
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A. U„1… Abelian models

1. Theory F

In Ref. @1# we referred to an Abelian theory in which th
gauge symmetry is broken via anF term as ‘‘theoryF ’’. The
corresponding superpotential was

W5mF0~F1F22h2!. ~4.1!

The trilinear and mass terms that arise from soft SU
breaking in this theory are

m0
2uf0u21m2

2 uf2u21m1
2 uf1u21mMf0f1f2 .

~4.2!

The derivative of the scalar potential with respect tof0*
becomes

f0~m2uf1u21m2uf2u21m0
2!1mM ~f1f2!* . ~4.3!

This will be zero at a minimum, and sof0Þ0 only if M
Þ0.

New Higgs mass terms will alter the values off1 and
f2 slightly, but will not produce any new Yukawa term
Thus these soft SUSY-breaking terms have no effect on
existence of the zero modes.

However, the presence of the trilinear term givesf0 a
non-zero expectation value, which gives a Yukawa term c
pling thec1 andc2 fields. This destroys all the zero mode
in the theory since the left and right moving zero modes m

For completeness note that a gaugino mass term
mixes the left and right zero modes, aiding in their destr
tion.

In terms of the index theorem, the change in the num
of zero modes arises because Eq.~3.2! applies after the
SUSY breaking, while Eq.~3.4! applied before it. Although
the fermion eigenvalues do not change, the expression r
ing them to the zero modes does.

2. Theory D

The U(1) theory with gauge symmetry broken via
Fayet-Iliopoulos term and no superpotential is simpler
analyze@1#. New Higgs mass terms have no effect, as in
above case, and there are no trilinear terms. Further, altho
the gaugino mass terms affect the form of the zero m
solutions, they do not affect their existence, and so, in the
D, the zero modes remain even after SUSY breaking.

B. SU„2…3U„1… model

1. Abelian strings

The effect of soft SUSY breaking terms on the ze
modes which were found analytically in Eq.~3.8! is identical
to the equivalentU(1) theory. Thus, all SUSY zero mode
are destroyed in this case. In this larger theory, there are
other, non-SUSY, zero modes. Not all of these are destro
by a gaugino mass term, as some do not involve the gau
fields. However, if the trilinear terms gives0 a non-zero
vacuum expectation value, all the zero modes are destro
The extra Yukawa terms mean there are fewer irreduc
parts to the fermion mass matrices. This results in m
terms cancelling in Eq.~3.4!, reducing the number of zero
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modes. As in the other cases, the physical reason behind
destruction of the zero modes is that left and right mov
mix.

2. Non-Abelian strings

As in the other cases above, nonzero gaugino mas
trilinear terms destroy the zero modes that were found w
SUSY transformations~3.15!. Similarly Eq.~3.2! is required
instead of Eq.~3.4!, implying that the left and right moving
modes mix. For non-Abelian strings these are the only z
modes and so none remain after SUSY breaking.

V. COMMENTS AND CONCLUSIONS

We have examined the microphysics of Abelian and n
Abelian cosmic string solutions to theSO(10) inspired su-
persymmetricSU(2)3U(1) model. By performing infini-
tesimal SUSY transformations on the background str
fields we have obtained the form of the fermionic ze
modes responsible for cosmic string conductivity. These
lutions may be compared to those found in our earlier w
@1# on Abelian defects.

Our results mean that fermion zero modes are alw
present around cosmic strings in SUSY. We conjecture
in theories withF-term gauge symmetry breaking, the ze
modes given by SUSY always occur in pairs, one left a
one right moving. It also seems likely that such theories
ways have hybrid inflation.

Further, in the Abelian case there were additional z
modes that were not a consequence of supersymmetry.
expect that similar extra zero modes will be present in
larger theory, even in the non-Abelian case.

We have also analyzed the effect of soft SUSY break
on the existence of fermionic zero modes. T
SU(2)3U(1) model and two simple Abelian models we
examined. In all cases Higgs mass terms did not affect
existence of the zero modes. In the theories withF-term
symmetry breaking, gaugino mass terms destroyed all z
modes which involved gauginos and trilinear terms crea
extra Yukawa couplings which destroyed all the zero mo
present. In the Abelian theory withD-term symmetry break-
ing, the zero modes were unaffected by the SUSY break
en
the
s

or
h

ro
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s
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d
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terms. It was conjectured in@6# that zero modes would only
disappear when they mixed with another massless ferm
field and this is consistent with the results obtained in t
section. If the remaining zero modes survive subsequ
phase transitions, then stable vortons could result. Such
tons would dominate the energy density of the universe, r
dering the underlying GUT cosmologically problematic.

Therefore, although SUSY breaking may alleviate t
cosmological disasters faced by superconducting cos
strings@3#, there are classes of string solution for which ze
modes remain even after SUSY breaking. It remains to a
lyze all the phase transitions undergone by specific SU
GUT models to see whether or not fermion zero modes s
vive down to the present time. If the zero modes do n
survive SUSY breaking, the universe could experience a
riod of vorton domination beforehand, and then reheat a
evolve as normal afterwards.

If the zero modes do occur in pairs~one left and one right
moving! in F-term gauge symmetry breaking, it is possib
that they could scatter off each other@7#. This would cause
the current to decay, and could stop vorton domination.

There is the possibility that even if zero modes are
stroyed they become low-lying bound states. Such bo
states may still be able to carry a persistent current. If thi
the case, even such theories may not be safe cosmologic
Work on this is under investigation.

It may also be possible to extend our analysis of the eff
of SUSY breaking on the bosonic fields. The resulting p
tential is very complex, even in the Abelian case. Howev
it may be possible to use some sort of approximation
numerical solution. The change in potential also affects
hybrid inflation which occurs in the model, although at th
stage it is not clear how.
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