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Interplay of gravitation and linear superposition of different mass eigenstates
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The interplay of gravitation and the quantum-mechanical principle of linear superposition induces a new set
of neutrino oscillation phases. These ensure that the flavor-oscillation clocks, inherent in the phenomenon of
neutrino oscillations, redshift precisely as required by Einstein’s theory of gravitation. The physical observ-
ability of these phases in the context of the solar neutrino anomaly, type-II supernova, and certain atomic
systems is briefly discussed.@S0556-2821~98!00808-X#
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I. THE CONCEPTUAL FRAMEWORK

To explain recent atmospheric and solar neutrino data
possibility of the violation of the equivalence principle h
been considered@1#. It is therefore an important matter t
understand in detail how quantum mechanics and gra
work together for neutrino oscillations. In addition, the pro
lem is of interest in its own right to understand explicitl
and in detail, how the principle of equivalence and the pr
ciple of linear superposition of quantum mechanics int
mingle.

The classical effects of gravitation on a single mass eig
state are usually considered in terms of a forceF, whereas
the quantum-mechanical ones are determined by the gra
tional interaction energy. The interaction energy~denoted by
Uint

nr ) for a nonrelativistic particle of massm is obtained in
the weak-field limit of Einstein’s theory of gravitation t
have the same form as in Newtonian theory@2#. It reads
Uint

nr 5mf, with f52GM/r standing for the gravitationa
potential of a nonrotating object of massM , while
F52m¹f. The interaction energy for a relativistic partic
Uint

rel in the weak-field limit is more generally obtained fro
the forceF acting on the mass eigenstatem in the Schwarzs-
child gravitational environment of a massM @3#:

F52
GMmg

r 3
@~11b2!r2~r–b!b#, ~1!

whereb5uvu/c, v is the velocity of the mass eigenstate co
sidered, andg5(12b2)21/2. Assuming the mass eigensta
to be relativistic and settingmg5E/c2 one is led to the
expression

Uint
rel5 È r

F•dr852
GME

rc2
52~E/c2!f. ~2!

In order to avoid any possible confusion we wish to qu
Okun explicitly ~see@4#, p. 149!: ‘‘It is common knowledge
that in a locally inertial frame the gravitational force is zer
That means that@Eq. ~1!# is valid only for locally @noniner-
570556-2821/98/57~8!/4724~4!/$15.00
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tial# frames, such as the usual laboratory frame.’’ Now, alo
an equipotential surface the forceF is known to vanish and
consequently no classical effects can be observed in this
rection. Indeed, in going to an appropriately accelera
frame the constant potential appearing along a segment o
equipotential surface can be removed.

To contrast these well-known textbook statements@2–5#
we wish to focus in the following on some not always ful
appreciated aspects regarding the phase of a quan
mechanical state. A single nonrelativistic mass eigenst
considered in an appropriately small region of space-tim
picks up an unobservable global phase fac
exp(2imc2t/\2imft/\). In the case of a linear superpositio
of n eigenstates with different masses (mi ,i 51, . . . ,n), their
relative phases turn out to be modified through the grav
tion by the mass-dependent factors exp(2imift/\). We will
show below, with appropriate modifications required f
neutrinos, that thesegravitationally inducedrelative phases
are observable by a distant observer~for local clocks also a
redshift! as the redshift of the flavor-oscillation clocks. To b
more specific, during the quantum evolution of a linear s
perposition of mass eigenstates the corresponding gra
tionally induced relative phases do not vanish along an e
potential surface even if the gravitational forceF does.

For the case considered,

wG5Fw0, ~3!

whereF5f/c2 is the dimensionless gravitational potentia
whereaswG and w0 stand for the~time-!oscillatory phases
with and without gravity, respectively.

For neutrino oscillations the gravitationally induced pha
~denoted byw j i

G) comes in addition to the corresponding o
cillatory phase without gravity~denoted byw j i

0 ). In order to
measure the presence of the gravitationally induced ph
one needs to perform and compare observations on two
ferent equipotential surfaces since the experiments on n
trino oscillations are sensitive only to the sum of bo
phases. To extract the full gravitationally induced phase
of these surfaces should be the surface at spatial infin
Alternatively, it might be instructive to compare the abo
4724 © 1998 The American Physical Society
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57 4725INTERPLAY OF GRAVITATION AND LINEA R . . .
results with those of an experiment performed in a fre
falling orbiter around the massive object. Specifically, t
sense in which this comparison is to be performed is ide
cal to that in which one measures a gravitational redshif
stellar spectra on Earth. The quantum-mechanically cre
clocks, via the time oscillation of the mass eigenstates in
linear superposition, suffer the gravitational redshift as
manded by Einstein’s theory of gravitation when the gra
tationally induced oscillatory phases are taken into accou

Theoretically, the prediction of Einstein’s theory of grav
tation as regards any clock~classically or quantum-
mechanically driven, with a nonrelativistic or relativist
mechanism! and the prediction arising from quantum evol
tion that incorporates gravity via an interaction energy te
are in mutual agreement for a nonrotating gravitatio
source. The case with a rotating gravitational source has b
considered recently in Ref.@6#.

In the following, the above-noted observations are app
priately modified and applied to neutrino weak-flavor eige
states, which are empirically indicated to be linear super
sitions of mass eigenstates. We again confirm the dema
of Einstein’s theory of gravitation in a quantum context.

II. REDSHIFTING OF ‘‘FLAVOR-OSCILLATION’’
CLOCKS

Let us assume that in the ‘‘creation region’’Rc located at
rc ,1 a weak eigenstate with energyE, denoted byun l ,Rc&,
is produced with the clock set tot5tc . If each of the three
neutrino mass eigenstates is represented byun i&, i 51,2,3,
then one is led to the linear superposition

un l ,Rc&5 (
i 51,2,3

U l i un i&, ~4!

wherel 5e,m,t denotes the weak-flavor eigenstates as c
responding to electron, muon, and tau neutrin
respectively.2 The un1&, un2&, and un3& correspond to the
three mass eigenstates of massesm1 , m2 ,and m3, respec-
tively. Under the already-indicated assumptions the 333
unitary mixing matrix U l i may be parametrized by thre
angles and a CP phased @see@8# Eq. ~6.21!#.

The evolution of the weak-flavor neutrino eigenstate fro
the creation regionRc to the ‘‘detector region’’Rd corre-
sponding to a later timet5td.tc and located atrd

3 is given
by the expression

uRd&5exp S 2
i

\Etc

td
Hdt1

i

\Erc

rd
P•dxD un l ,Rc&. ~5!

1The creation regionRc is assumed to be fixed in the glob
coordinate system.

2Neutrinos are assumed to be of the Dirac type~for a recent analy-
sis of various quantum field theoretic possibilities for the desc
tion of neutral particles of spin-1/2 and higher, and their relat
with space-time symmetries, see Ref.@7# and references therein!. In
addition, we assume that bothn l and nm are relativistic in the
frame of the experimenter.

3Like the creation region, the detection regionRd is also fixed in
the global coordinate system.
y
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Here H is the time translation operator~the Hamiltonian!
associated with the system,P is the operator for spatial trans
lations ~the momentum operator!, and@H(t,x), P(t,x)] 50.
Consider that bothRc andRd are located in the Schwarzs
child gravitational environment@2# of a spherically symmet-
ric object of massM . The direction of neutrino propagatio
is alongL5rd2rc . In general, the stateuRd& is not a definite
flavor eigenstate.

As the effects of astrophysical magnetic fields and th
of the interaction between the spin of the neutrino and
angular momentum of the astrophysical object are bey
the scope of the present study, we neglect the spin-depen
terms for the present. It is therefore not necessary to d
with the Dirac equation in the curved background. Semicl
sical paths and the knowledge that all energy eigensta
independent of spin, carry phases that have the general
given by Eq.~5! suffice. Under these conditions, the exp
nential on the right-hand side of Eq.~5! can be evaluated
along the line of Stodolsky’s work@9# to obtain

exp S 2
i

\Etc

td
Hdt1

i

\Erc

rd
P•dxD un i&

5exp F2
i

\ERc

RdS hmn1
1

2
hmnD pi

mdxnG un i&. ~6!

Herehmn5gmn
W 2hmn , gmn

W is the Schwarzschild space-tim
metric in the weak-field limit, andhmn is the flat space-time
metric. In addition,hmn52 fdmn with the dimensionless
gravitational potentialF5f/c252GM/c2r . To avoid no-
tational confusion we remind the reader thatpi[upi u; the
subscripti identifies the mass eigenstate and does not refe
the i th component of the momentum vector.

We now calculate the ‘‘neutrino oscillation probability
from a stateun l ,Rc& to another stateun l 8,Rd& following
closely the standard arguments@8,10#, appropriately adapted
to the present situation. The oscillation probability is o
tained by calculating the projection̂n l 8,RduRd&, i.e., the
amplitude forun l ,Rc&→un l 8,Rd&, and then multiplying it
by its complex conjugate. An algebraic exercise that~a! ex-
ploits the unitarity of the neutrino mixing matrixU(u,b,c),
~b! exploits orthonormality of the mass eigenstates,~c! ex-
ploits certain trigonometric identities, and~d! takes care of
the fact that nowdx anddt are related by

dx.F12S 2GM

c2r D Gcdt ~7!

yields

P@ un l ,Rc&→un l 8,Rd&]

5d l l 824U l 8U l 1* U l 82
* U l 2 sin2~w21

0 1w21
G !

24U l 81U l 1* U l 83
* U l 3 sin2~w31

0 1w31
G !

24U l 82U l 2* LU l 83
* U l 3 sin2~w32

0 1w32
G !.

~8!

The arguments of sin2( ) in the neutrino oscillation probabil
ity now contain two types of phases: the usualkinematic
phase, denoted here byw j i

0 and defined as

-
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w j i
0 [

c3

4\

urd2rcuDmji
2

E
5

c3

4\

LDmji
2

E
, ~9!

and the newgravitationally induced phase, denoted here by
w j i

G and defined as

w j i
G[

GMc

4\ E
rc

rd dl

r

Dmji
2

E
, ~10!

to first order inf and Dmji
2 . For variations of the gravita

tional potential that are small compared to the neutrino
ergy this integral can be approximated by

w j i
G52^F&w j i

0 , ~11!

where^F& is the average dimensionless gravitational pot
tial over the semiclassical neutrino path

^F&[2
1

L E
rc

rd
dl

GM

c2r
. ~12!

The phenomena of neutrino oscillations provides a flav
oscillation clock. Substituting the result~11! into Eq.~8!, we
find that the flavor-oscillation clock redshifts as required
Einstein’s theory of gravitation.

III. CONCLUDING REMARKS ON THE OBSERVABILITY
OF GRAVITATIONALLY INDUCED PHASES

In astrophysical environmentsw j i
G may be a significant

fraction ofw j i
0 . However, it is not the ratiow j i

G/w j i
0 alone that

determines the physical relevance of the gravitationally
duced phases, but also considerations ofastronomical dis-
tancesthat are relevant to the problem at hand.

In the vicinity of a 1.4 solar mass neutron star the relev
ratio is

w j i
G/w j i

0 '0.20. ~13!

Similarly,

@w j i
G/w j i

0 #Earth;1029, @w j i
G/w j i

0 #Sun;1026,

@w j i
G/w j i

0 #white dwarf;1024. ~14!

In the gravitational environment of neutron stars~and hence
type-II supernovae! the neutrino oscillation probability is al
tered at the 20% level by the gravitationally induced pha
and hence cannot be ignored under most circumstances
the propagation of neutrinos in these environments ma
effects may become important. These matter effects do
apply equally to all three flavors of neutrinos and modify t
Hamiltonian in Eq.~6!. The gravitationally induced phase
are then proportional to the effective kinematic phas
where the masses are replaced by the effective masses
matter.4 The relative size of the gravitational phases are t
the same as in the vacuum case. For type-II supernova

4Again, for rapidly changing matter densities this is only tr
differentially and a proper integration has to be performed.
-
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charged current interaction ofne is important for depositing
energy to electron-flavor-rich matter. This energy deposi
dramatically modified by neutrino oscillations including the
gravitational modifications if theDmji

2 are such as to yield
oscillations lengths that match relevant length scales for
pernovae.

The effect of the gravitationally induced phases on
oscillation probabilities also depends on the number of os
lation betweenRc andRd . For the gravitational field of the
Sun, for example, a gravitational phase ofp is accumulated
after 53105 oscillations. Whether or not the oscillations a
washed at this point depends on the energy spread and
size of the source~and the detector!.

In the latest neutron interferometry experiments a discr
ancy between theory and experiments continues to exis
the several standard deviation level@11#. Therefore, the ques
tion naturally arises if there exist other physical syste
where the interplay of quantum mechanics and gravitat
may be studied for a better understanding of the experim
tal systematic errors involved. Towards this end we note t
it remains possible to study atomic systems that are i
linear superposition of two or more energy states in terr
trial experiments. In such systems any violation of t
equivalence principle at a level of 1 part in 109 or study of
the existence of the gravivector and graviscalar fields t
arise in supergravity @12# becomes experimentally
accessible.5

In summary, the basic result of this paper is as follow
The phenomenon of neutrino oscillations provides a ‘‘flav
oscillation clock.’’ The flavor-oscillation clock redshifts a
required by Einstein’s theory of gravitation. Apart from th
fact that these results are important for type-II superno
evolution, one may also study the interplay of the princip
of equivalence and the quantum-mechanical linear supe
sition in atomic systems with existing technology. The in
gration of the gravitationally induced phase over the Ear
Sun distance may be relevant for the solar neutrino anom
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