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Improved tests of relations for baryon isomultiplet splittings
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The least well-known octet baryon mass isMJ051314.960.6 MeV. The prospect of an improved mea-
surement of its mass by the KTeV experimental program at Fermilab, and opportunities for improvements in
charged and excited hyperon andD mass measurements, makes it timely to reexamine descriptions of isospin
splittings in baryons containing light quarks. It is possible by examining such relations as the Coleman-
Glashow relationMn2M p1MJ22MJ05MS22MS1 to distinguish between those models making use of
one- or two-body effects involving quarks and those involving genuine three-body effects. A hierarchy based
on an expansion in 1/Nc , whereNc is the number of quark colors, is useful in this respect. The present status
of other quark-model mass relations involvingL2S0 mixing and the baryon decuplet is also noted, and the
degree to which one can determine parameters such as quark mass differences and individual electromagnetic
contributions to splittings is discussed.@S0556-2821~98!00809-1#

PACS number~s!: 13.40.Dk, 12.39.Jh, 12.40.Yx, 14.20.Jn
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I. INTRODUCTION

The electromagnetic mass splittings of the baryons in
flavor octet of SU~3! can be understood as a result of seve
effects in the quark model.~a! The u and d quarks have
different masses, affecting both static and kinetic energ
~b! The quarks in a baryon have pairwise Coulomb inter
tions. ~c! The strong hyperfine splittings@understood after
the advent of quantum chromodynamics~QCD! as being due
to the chromomagnetic interactions between quarks# can dif-
fer as a result of differentu andd masses.~d! Electromag-
netic hyperfine interactions between quarks are presen
sample of the post-QCD literature, from which earlier obs
vations can be traced, is contained in Ref.@1#.

Remarkably, there exist plausible limits in which all the
effects preserve one linear relation among the masses o
baryon octet of flavor SU~3! @2#,

Mn2M p1MJ22MJ05MS2
2MS1, ~1!

despite substantial symmetry-breaking effects in qu
masses. The resistance of Eq.~1! to symmetry violations was
pointed out in Ref.@3#, and has been noted recently by Je
kins and Lebed in the context of a 1/Nc expansion@4#, where
Nc is the number of colors in QCD.~See also the later stud
by Bedaque and Luty@5#.! In the present work we discus
the status and future prospects for testing this relation,
indicate what might be learned from any violation of it. W
discuss prospects for improved tests of other relations
isospin-violating effects, includingL-S0 mixing and baryon
decuplet mass splittings. We note the inherent limitations
learning individual terms in isospin-violating mass diffe
ences.

The stimulus for our reexamination of a 37-year-old pro
lem has come from the prospect for a substantial impro
ment in the measurement of theJ0 mass by the KTeV Col-
laboration at Fermilab. The present value@6# is MJ0

51314.960.6 MeV, while the next most poorly measure
mass isMJ251321.3260.13 MeV. It is very likely that
KTeV could measure theJ0 mass to comparable or bette
570556-2821/98/57~7!/4310~8!/$15.00
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accuracy, perhaps to60.1 MeV @7#. At the same time, a new
round of experiments with hyperon beams@8,9# is capable of
improving information on J2 and hyperon resonanc
masses, while experiments at the Continuous Electron B
Accelerator Facility~CEBAF! can improve our knowledge
of D resonance isospin splittings. The need for such
provement has been stressed recently in Ref.@10#.

We begin in Sec. II with a general discussion of qua
model effects on isospin-violating mass differences, end
up with a derivation of Eq.~1! and several other relations
These are the most general which follow from the absenc
three-body effects@4#. We discuss the present and potent
experimental situation in Sec. III and the degree to which
is possible to estimate the individual contributions to ma
splittings in Sec. IV. We remark on sources of possible v
lation of Eq.~1! and the other relations in Sec. V, comparin
our work with the more general treatment of Ref.@4#. We
comment briefly on charmed baryons in Sec. VI and summ
rize in Sec. VII.

II. ISOSPIN VIOLATIONS IN THE QUARK MODEL

A. Quark mass differences

Theu andd quarks have intrinsic masses which differ b
a couple of MeV. Typical values at scales of 1 GeV@11# are
mu.5 MeV/c2, md.9 MeV/c2. Corresponding estimate
for the strange quark mass range from about 100
200 MeV/c2. When quarks are incorporated into hadron
more appropriate ‘‘constituent’’ values~see, e.g., Refs
@3, 12, 13#! are mu ,md5O(350) MeV/c2, ms5O(500)
MeV/c2, with md2mu of the order of a few MeV/c2 but
quite uncertain. We shall denote the constituent-qu
isospin-violating mass difference byD[mu2md . It will be
a free parameter in our description of isospin-violati
baryon mass splittings.

The quarks’ kinetic energiesT may also depend on thei
masses. Without detailed knowledge of dynamics, it is di
cult to anticipate this dependence. For an effective poten
V5lr n, the virial theorem̂ T&5^(r /2)dV/dr& implies ^T&
4310 © 1998 The American Physical Society
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57 4311IMPROVED TESTS OF RELATIONS FOR BARYON . . .
5ln^rn&/2, while the scaling of the Schro¨dinger equation
@14# implies ^r n&;mQ

2n/(n12) . Thus for a potential withn
,0 kinetic energies increase with increasing quark ma
while for a potential withn.0 kinetic energies decreas
with increasing quark mass. We shall consequently par
etrize kinetic energies simply with labelsKq for those con-
tributions which act as one-body operators andKqiqj

for
those contributions which depend on interactions with e
individual other quark.

B. Pairwise Coulomb interactions

Each quark pair in a hadron has a Coulomb interact
energy

DEi j em5aQiQj K 1

r i j
L , ~2!

where a.1/137 is the electromagnetic fine structure co
stant, Qi is the charge of quarki in units of the proton
charge, and̂ 1/r i j & is the expectation value of the invers
distance between the members of the pair.

In the flavor-SU~3! limit one expectŝ 1/r i j & to be univer-
sal throughout a multiplet. Thus, for example, every qu
pair in every octet baryon should have the same value of
quantity. In this limit, we parametrize the interaction ener
DEi j em5aQiQj , wherea is some universal constant. W
shall explore the possible violations of this assumption
Sec. V.

C. Strong hyperfine interactions

Quarks are bound in hadrons by a dominantly sp
independent force which becomes strong at large distan
In addition, they experience a spin-dependent force du
gluon exchange which acts dominantly on pairs in an S-w
state. For pairs of quarks in a baryon, one has a~strong!
hyperfine interaction energy

DEi j HFs5const3
uC i j ~0!u2^s i•s j&

mimj
, ~3!

where uC i j (0)u2 is the square of the S-wave wave functio
of two quarks at zero relative separation, and the consta
universal for all pairs of quarks in a baryon. In the limit
which the hyperfine interaction is given by one-gluon e
change, this constant is of first order inas . The nucleon-D
splitting of about 300 MeV/c2 is an example of a QCD hy
perfine effect.

We shall assume for the moment thatuC i j (0)u2 is univer-
sal for all quark pairs in octet baryons. We then find a co
tribution to the hyperfine energy DEi j HFs5b^s i
•s j&/(mimj ).

The calculation of strong hyperfine splittings in baryo
requires evaluation of̂s i•s j& for each quark pair. SinceS
5( i(s i /2), we use the value ofS2 to evaluate the sum o
^s i•s j& for all pairs, with the result

K (
i , j

s i•s j L 5 H 23 ~S51/2!

13 ~S53/2!J . ~4!
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In any color-singlet baryon, Fermi statistics and the an
symmetry of any two quarks with respect to color inte
change lead to symmetry in the remainin
(space3spin3flavor) variables. For ground-state baryo
with two identical quarks~including those involved in the
Coleman-Glashow relation!, the two like quarks must henc
be in a state symmetric with respect to spin, i.e., of spin
and hence must have^s•s&51. For any baryon in the flavo
decuplet, such asD115uuu ~with S53/2!, each pair has
this value, consistent with the result~4!. For any octet baryon
stateqiqiqj ( j Þ i ), one then concludeŝs i•s j&522.

D. Electromagnetic hyperfine interactions

The electromagnetic interaction between quarks in
baryon has a spin-dependent~hyperfine! contribution

DEi j HFe52
2paQ1Q2uC~0! i j u2^s i•s j&

3mimj
. ~5!

Again assuming universality of the wave functions, we c
parametrize this effect asDEi j HFe5cQiQj^s i•s j&/(mimj ).

E. Summary of effects

We can now collect all the results for baryon isosp
violating mass shifts into quantities organized according
the isospin of the splittings. We obtain sevenI 51 combina-
tions, threeI 52 combinations, and oneI 53 combination
@4#.

1. DI 51 splittings

These are

N1[M p2Mn5D1Ku2Kd1Kuu2Kdd1
a

3
1bS 1

mu
2 2

1

md
2D

1
c

9 S 4

mu
2 2

1

md
2D , ~6!

S1[MS12MS252D12~Ku2Kd!12~Kus2Kds!1Kuu

2Kdd2
a

3
1bS 1

mu
2 2

1

md
2 1

4

mdms
2

4

mums
D

1
c

9 S 4

mu
2 2

1

md
2 1

4

mdms
1

8

mums
D , ~7!

J1[MJ02MJ25D1Ku2Kd12~Kus2Kds!2
2a

3

1bS 4

mdms
2

4

mums
D1

c

9 S 4

mdms
1

8

mums
D , ~8!

MLS05)FbS 1

mdms
2

1

mums
D1

c

9 S 1

mdms
1

2

mums
D G ,

~9!
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D1[3MD111MD12MD023MD2510FD1Ku2Kd1Kuu

2Kdd1
a

3
1bS 1

mu
2 2

1

md
2D 1

c

9 S 4

mu
2 2

4

md
2D G , ~10!

S1* [MS* 12MS* 252D12~Ku2Kd!12~Kus2Kds!

1Kuu2Kdd2
a

3
1bS 1

mu
2 2

1

md
2 1

2

mums
2

2

mdms
D

1
c

9 S 4

mu
2 2

1

md
2 2

4

mums
2

2

mdms
D , ~11!

J1* [MJ* 02MJ* 25D1Ku2Kd12~Kus2Kds!2
2a

3

12bS 1

mums
2

1

mdms
D2

c

9 S 2

mdms
1

4

mums
D . ~12!

These quantities are related to one another by

N15S12J15S1* 2J1* 5D1/10, ~13!

2)MLS05S12S1* . ~14!

The Coleman-Glashow relation~1! is one of these; the re
maining ones require information on the baryon decup
Equation~14! has been derived in Ref.@15#.

2. DI 52 splittings

These are

S2[MS11MS222MS05Kuu1Kdd22Kud1a

1bS 1

mu
2

1

md
D 2

1
c

9 S 2

mu
1

1

md
D 2

, ~15!

D2[MD112MD12MD01MD252FKuu1Kdd22Kud1a

1bS 1

mu
2

1

md
D 2

1
c

9 S 2

mu
1

1

md
D 2G , ~16!

S2* [MS* 11MS* 222MS05Kuu1Kdd22Kud

1a1bS 1

mu
2

1

md
D 2

1
c

9 S 2

mu
1

1

md
D 2

. ~17!

These quantities are all proportional to one another:

S25D2/25S2* . ~18!

The DI 52 relation ~15! will turn out to be useful, when
combined with the others, in determining the individual co
tributions to the mass splittings~Sec. IV!.

3. DI 53 splitting

One combination of theD masses vanishes:

D3[MD1123MD113MD02MD250. ~19!
t.

-

This will be useful in eliminating theD2 mass from other
relations, since no value is quoted@6# for it. If Eq. ~19! is
used, one findsMD12MD05(1/3)(MD112MD2)5N1 and
MD1122MD11MD05MD122MD01MD25D2/2. These
relations have been employed in many of the studies in R
@1,4,5#, and earlier works quoted by them.

4. Discussion

We did not need to expand in powers ofms2md or md
2mu to obtain the above relations. On the other hand, we
assume universality of quark-model wave functions, i.e., u
versal values of^1/r i j & and uC(0)i j u2. Since the quark
masses are arbitrary, the electromagnetic hyperfine terms
tomatically will have the same structure as the strong on
aside from a weighting of inverse quark masses by qu
charges. As we shall see in Sec. V, one can in fact relax
universality assumption, replacing it by universality of th
interaction of any given pair regardless of the baryon in
which it is found. The two-body kinetic terms in fact exhib
this feature.

The relations for the mass splittings are equivalent, up
identification of terms, to ones which have been obtain
previously within the context of specific models@16,17#.
However, as we shall see in Sec. IV, in the present appro
one is prevented from identifying the magnitude of ind
vidual terms~such as Coulomb and hyperfine self-energi!
without making additional assumptions about the one- a
two-body kinetic terms. The relations indeed hold underar-
bitrary forms of one- and two-body quark forces. For spi
independent-forces this is illustrated by the completely g
eral nature of theKi andKi j terms, but it is true when spin is
included as well. This was, in fact, noted before the adv
of QCD @18,19#.

III. EXPERIMENTAL SITUATION

A. Present

The individual masses of members of the baryon oc
and decuplet are summarized in Table I@6#. The measured
values of the octet mass splittings are

N1521.293 MeV/c2, S1528.0760.08 MeV/c2,

J1526.460.6 MeV/c2, S251.7160.18 MeV/c2.
~20!

TABLE I. Masses of baryon octet and decuplet members,
MeV/c2.

Octet Decuplet
Baryon Mass Baryon Mass

p 938.2723160.00028 D11 1231.0460.17
n 939.5656360.00028 D1 1234.961.4
L 1115.68460.006 D0 1233.7760.19
S1 1189.3760.07 S* 1 1382.860.4
S0 1192.5560.08 S* 0 1383.761.0
S2 1197.43660.033 S* 2 1387.260.5
J0 1314.960.6 J* 0 1531.8060.32
J2 1321.3260.13 J* 2 1535.060.6
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57 4313IMPROVED TESTS OF RELATIONS FOR BARYON . . .
The left-hand side of the relation~1! is 7.760.6 MeV/c2,
consistent with the right-hand side of 8.0760.08 MeV/c2.

The measured values of the decuplet mass splittings

S1* 524.460.64 MeV/c2, J1* 523.260.6 MeV/c2,

S2* 52.662.1 MeV/c2. ~21!

The relation

S12J1~521.6760.6 MeV/c2!

5S1* 2J1* ~521.260.9 MeV/c2! ~22!

is satisfied, albeit with large uncertainty, and so is the re
tion

S2~51.7160.18 MeV/c2!5S2* ~52.662.1 MeV/c2!.
~23!

In order to compare relations involvingD masses, we
must use the vanishing of theDI 53 combinationD3 to
eliminateM (D2). We then obtain one relation:

M ~D11!22M ~D1!1M ~D0!5S2* ~5S2!. ~24!

The left-hand side of this expression is25.0
62.8 MeV/c2, not particularly consistent with Eq.~23!. We
shall see in Sec. V that the hierarchy@4# of mass relations
based on the 1/Nc expansion moderates this difficulty b
finding Eq. ~23! to be no more accurate thanS250 or S2*
50. On the other hand, Eq.~24! with S2* on the right-hand
side is expected in the 1/Nc approach to be better behaved
an order of magnitude. It has been noted in Ref.@10# that the
value quoted forM (D1) in Ref. @6# may not be reliable.

If we combineD1510N1 with D350, we find M (D1)
5N11M (D0). ~We shall discuss the accuracy of this re
tion in Sec. V.! We can then substitute in Eq.~24! to find
~see also, e.g.,@5#!

M ~D11!2M ~D0!~522.760.3 MeV/c2!

5S2* ~S2!12N1 . ~25!

The right-hand side is20.062.1 MeV/c2 if we use S2*
~permitted in Ref.@4#! and 20.8860.18 MeV/c2 if we use
S2 .

B. Future

The KTeV Collaboration at Fermilab@7# has obtained a
large sample ofJ0’s in a neutral hyperon beam. The dete
tor is able to observe both charged and neutral particle
the decayJ0→p0L→p0pp2. Reasonable prospects exi
for reducing the error inMJ0 to 60.1 MeV/c2.

The next most poorly known mass is that of theJ2.
Experiments in a new charged hyperon beam at Ferm
@8,9# could reduce the errors in this quantity.

The prospects are thus good for reducing the error in
test of the Coleman-Glashow relation~1! by at least a factor
of 6, to 0.1 MeV/c2 or less. This is comparable to the acc
racy to which the relation is expected to hold, according
the analysis of Ref.@4#.
e

-

in

b

e

o

The relation ~14! predicts M (LS0)521.06
60.19 MeV/c2. A test requires one to measure the isosp
impurity of the L ~or, more difficult, of theS0!. One con-
ceivable way to do this would be to study the deviatio
from the apparent charge independence in the decaysS*
→pL, taking careful account of phase-space differen
and electromagnetic final-state interactions. One would n
to measure the widths ofS* 6 to a percent, beyond presen
accuracy.

The other relations derived above require reduction of
rors in the decuplet masses. Perhaps the best prospects i
respect involve the combinationsS1,2* and J1* , for which
improved values could be obtained in charged hype
beams at Fermilab@8,9#. Studies ofgp→D1→p0p, for ex-
ample at the Continuous-Beam Electron Accelerator Fac
~CEBAF!, could in principle reduce the error inM (D1).

IV. INDIVIDUAL TERMS

With assumptions about quark masses@12# and kinetic
one- and two-body termsKqiqj

, one can evaluate individua

terms in the expressions for the mass splittings, such as
quark mass differenceD5mu2md and the Coulomb and
electromagnetic hyperfine terms, in a model-independ
way. ~In several earlier studies, dynamical models permit
estimates of the magnitude of the kinetic one- and two-bo
terms@16# and hence ofD.! If one does not estimate kineti
terms, the number of parameters is too large to perm
model-independent evaluation of individual terms.

Among the sevenDI 51 splittings noted in Sec. II, there
are four relations, and so only three are independent.
may take these asN1 , S1 , and ~for example! S1* . Among
the threeDI 52 splittings there are two relations, and so w
may take the best-known one (S2) as independent. If we
neglect the kinetic two-body terms, we have four experim
tal quantities with which to determine the five quantitiesD,
Ku2Kd , a, b, and c, given estimates of the nonstrang
quark massm̄[(mu1md)/2 and the strange quarkms .

Each of the threeDI 51 splittings contains the same com
binationD1Ku2Kd . Thus, if we were not concerned wit
the individual values ofD and Ku2Kd , we could hope to
use one of theDI 51 splittings to eliminateD1Ku2Kd ,
leaving three parameters~essentiallya, bD, andc! to deter-
mine with the help of three experimental numbers.

A fit to overall octet and decuplet masses@12# leads to
m̄5363 MeV/c2, ms5538 MeV/c2, and hencer[m̄/ms

50.675. The same fit also impliesb[b/m̄2550 MeV/c2

~as determined, for example, by the splitting betwe
nucleon andD states!. Thus we might hope to extract a valu
of D from bD as determined above, and then learnKu2Kd
as well.

Let us neglect theu2d mass difference inc terms, and
note that theb term in S2 is of second order inD. Then we
may writeS25a1g and

S122N11
2

3
S252

a

3
12b

D

m̄
~112r !1g~114r !/3,

~26!
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4314 57JONATHAN L. ROSNER
S1* 22N11
S2

3
52

2a

3
12b

D

m̄
~12r !22gr /3, ~27!

whereg[c/m̄2. Now we substitute fora5S22g in Eqs.
~26! and ~27! to find

S122N11S252~112r !S bD

m̄
1

g

3D ,

S1* 22N11S252~12r !S bD

m̄
1

g

3D . ~28!

These two combinations are proportional to one another
that instead of being able to solve forbD andg we actually
have another mass relation

S1* 22N11S2

S122N11S2
5

12r

112r
50.14, ~29!

where we have usedr 50.675. In substituting experimenta
values on the left-hand side of this relation, the error onS1*
may be reduced by averaging the direct measurementS1* 5

24.460.64 MeV/c2 with the valueS1* 5J1* 1N1524.49
60.6 MeV/c2 to obtainS1* 524.4660.44 MeV/c2. The re-
sult for the left-hand side is 0.0460.13. The predicted value
for S1* is 24.8260.15 MeV/c2, with the dominant error
stemming fromS2 . The corresponding prediction forJ1*
5S1* 2N1 is 23.5260.15 MeV/c2. A violation of this re-
lation could signify~a! the presence of significant three-bod
interactions,~b! a ratior different from that quoted above, o
~c! the non-negligibility of kinetic two-body terms. If thes
are restored, both the numerator and denominator of the
hand side of Eq.~29! involve the combination 2(Kus2Kds
1Kdd2Kud), which is of orderD3 @SU~3! breaking# and
thus is not likely to be appreciable.

If the dependence of the kinetic terms onD could be
established, one would have an additional constraint, fr
which the parameters could be determined. As one exam
if one totally neglected both the kinetic one- and two-bo
mass splittings, one could useN1 , S1 , andS2 to find D5
22.57 MeV/c2, a53.06 MeV/c2, andg521.35 MeV/c2.
This value ofD is rather different from that obtained@16# by
Isgur (26 MeV/c2) or Capstick (24.4 MeV/c2), or Itoh
et al. ~23.8 MeV/c2), and much closer to that of Frankli
and Lichtenberg~22.8 MeV/c2) as published, or22.54
60.03 MeV/c2 with updated masses@27#. These last authors
point out, however, that their value ofD and ours are really
the differences of one-body terms including kinetic energ
for which Isgur finds23.0 MeV/c2. The Coulomb terma
and the electromagnetic hyperfine termg are rather similar to
Capstick’s. If the effective potential between light quar
corresponds to a power lawr n with n.0, as is appropriate
for light quarks @14#, the scaling law mentioned earlie
would imply Ku.Kd for D,0, and hence the inequalityD
,22.57 MeV/c2, which is satisfied in the models of Re
@16#.
so

ft-

m
le,

s,

V. SYMMETRY VIOLATIONS AND THEIR HIERARCHIES

A. Nonuniversality of wave functions

We assumed universal values of^1/r i j & and uC(0)i j u2 in
deriving the quark-model results of Sec. II. We found th
hyperfine interactions satisfied our mass relations indep
dently of quark masses, indicating that we never neede
assume equality of the hyperfine interaction between
nonstrange quarks and that between a strange and a
strange quark.~The hyperfine interaction between tw
strange quarks never entered into our discussion ofDI>1
mass relations.! However, we did have to assume that hype
fine interactions between members of a pair were indep
dent of the environment in which these interactions occurr
This assumption was equivalent to the neglect of three-b
effects.

Similarly, we did not have to assume the equality of Co
lomb interactions between nonstrange and strange qua
but had to assume that these interactions were independe
the environment in which they took place. To illustrate th
let us consider thea terms in the Coleman-Glashow relatio
~1!. We shall label thea contributions by subscripts indicat
ing the interaction quark pair~n for a nonstrange quark ands
for a strange quark! and by a superscript denoting the partic
in which the interaction is taking place. Then the Coulom
contribution toN11J1 is (ann

N 22ans
J )/3, while that toS1 is

(ann
S 22ans

S )/3. The only way in which these two terms cou
differ is if two-body forces depended on their environment
circumstance equivalent to the presence of three-body
fects.

As long as isospin-violating effects are strictly of on
body or two-body nature, all the relations we have derived
far will hold. What would be a likely direction for deviation
from this circumstance? In the case of the Coulomb inter
tions illustrated above, we might expect by considering
relative size of reduced-mass effects that a nonstrange pa
theS would be more deeply bound than a nonstrange pai
a nucleon, and a nonstrange-strange pair in theJ more
deeply bound than one in aS. In that case we would expec

ann
S 22ans

S .ann
N 22ans

J , ~30!

or S12(N11J1).0. The central value of this relation is i
fact less than zero but with large uncertainty.

A similar ordering of effects holds for the strong hype
fine terms, with two-body terms contributing with the sam
relative signs as in the Coulomb-interaction example. Th
one expects the same sign of the inequality from these te
On the other hand, the electromagnetic hyperfine contri
tions toN1 , J1 , andS1 all turn out to be positive, prevent
ing one from making such an argument. The two-body
netic termsKqiqj

are of indefinite sign unless one interpre

them in a specific context, e.g., as reduced-mass effe
Thus if it is ever found thatS12(N11J1),0, a culprit
within the quark model may be three-body effects in kine
terms or in electromagnetic hyperfine interactions. O
would have to examine specific models in more detail to
if such effects really were important.
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B. Comparison with the 1/Nc hierarchy

Jenkins and Lebed@4# have presented a view of isospin
violating mass splittings, based on a systematic expansio
powers of isospin-breaking and SU~3!-breaking terms and
powers of 1/Nc . It is worth reviewing some of the commo
points and differences with respect to our approach.

~1! The 1/Nc approach is completely general, whereas
are seeking interpretations within the quark model.

~2! Jenkins and Lebed expect the Coleman-Glashow r
tion to be very good. A reduction of errors onJ1 by a factor
of 2 ~to 60.3 MeV/c2! should still lead to a relation which i
satisfied to about a standard deviation. We are unable
make as quantitative a statement, having not estimated th
body effects.

~3! Within the 1/Nc approach, certain relations are e
pected to hold to better accuracy than others, and the hie
chy does not always agree with that associated with the n
ber of interacting quarks.

In the 1/Nc approach theDI 51 relations

35@N12J112)M ~LS0!#22~D123S1* 24J1* !50
~31!

and

7@N12J112)M ~LS0!#2~D123S1* 24J1* !50
~32!

are both expected to hold with the same accuracy, though
first is based on the suppression of a two-body operator
the second is based on the suppression of a three-body
erator. In our approach only the second relation holds. O
relations based on three-body operators, which conseque
hold in both approaches, and which are expected to b
comparable accuracy to the first two, are the Colem
Glashow relationN12S11J150 and

27N125S112J116)M ~LS0!1D112S1* 1J1* 50.
~33!

The ~three-body! relation D1510(S1* 2J1* ) is expected to
be better obeyed by an order of magnitude than the ab
expressions. Combining only the three-body relations,
obtain our previousDI 51 results. Including Eq.~31!, we
obtain the additional results

N12J112)M ~LS0!50, D123S1* 24J1* 50.
~34!

When combined with previous results, these imply such
lations as

M ~LS0!5~2) !21~J12N1!521.4760.17 MeV/c2

~35!

~as quoted in Ref.@4#! and, eliminatingM (LS0) from the
above relation and Eq.~14!, S12S1* 5J12N1 or, using
other relations expected to hold to the same order,

S1* /2~522.260.32 MeV/c2!5J1* ~523.260.6 MeV/c2!

5N1~521.293 MeV/c2!. ~36!
in
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The resultS1* /25J1* , as noted in Ref.@4#, is obeyed to
0.04%60.03%. The definition of accuracy adopted the
which we shall use, involves writing mass relations
~LHS!5~RHS!, with all terms positive; accuracy is then de
fined as~LHS2RHS!/@~LHS1RHS!/2#. The relationS1* /2
5N1 is obeyed to20.06%60.02%, whileJ1* 5N1 holds to
20.077%60.024%. All these relations are expected to ho
to about60.03%. Thus the results involvingN1 correspond
to a slightly worse accuracy than expected, but not at a
nificant level. Improvement of experimental accuracy onS1*
andJ1* would be very helpful in testing the predicted hie
archy.

We mentioned previously a relation obtained by comb
ing D1510N1 with D350, namelyM (D1)2M (D0)5N1 .
This relation is expected in Ref.@4# to be good to60.03%,
while it is observed to 0.11%60.06%. Improved informa-
tion on the D1 mass would be needed to test this res
significantly. Another such relation isM (D11)2M (D2)
53N1 , totally untested at present.

In a study ofDI 52 relations, the 1/Nc hierarchy appears
to have more success than our neglect of three-body effe
The two-body relation

35S222~3D21S2* !50 ~37!

and the three-body relation

7S22~3D21S2* !50 ~38!

are expected to hold to the same order, whereas we ob
only the second in the quark model. The relations are sa
fied to 0.10%60.03% and 0.11%60.05%, respectively.
@We have usedD350 to eliminateM (D2). The authors of
Ref. @4# obtain slightly different results as a result of diffe
ent M (D) inputs.# Both approaches obtain the three-bo
relationD252S2* , which is expected in the 1/Nc analysis to
be an order of magnitude more accurate than Eq.~37! or
~38!.

Combining Eqs.~37! and ~38!, we find that, to the same
accuracy,

S2~51.7160.18 MeV/c2!50, D252S2* /3. ~39!

The resultS250 is good to 0.07%. This may serve as
benchmark for the accuracy to which Eqs.~37! and~38! may
be expected to hold. The resultD252S2* /3, when com-
bined withD252S2* ~expected to be more accurate!, implies
D250 andS2* 50. D250, when combined withD350, im-
plies

M ~D11!22M ~D1!1M ~D0!~525.062.8 MeV/c2!50,
~40!

corresponding to an error of20.2%60.1%. This is slightly
better than the corresponding relation~24! in our approach
~when we useS2 on the right-hand side!. The predicted re-
lation S2* (52.662.1 MeV/c2)50 is obeyed to 0.09%
60.08%. The poorly obeyed relation~25! is replaced by

M ~D11!2M ~D0!~522.760.3 MeV/c2!

52N1~522.6 MeV/c2!, ~41!
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obeyed to20.005%60.014%; the expected accuracy, ho
ever, is only as good as that forS250, i.e.,60.07%.

The 1/Nc hierarchy suggests that the relationD252S2*
should be a factor ofO(e/Nc) more accurate than Eq.~37! or
~38!, where e;1/4 describes SU~3! breaking. Thus, we
could expect it to hold to60.01% ~or at worst60.02%
using the numerical estimates of Ref.@4#!. Using the relation
D350 whose errors are negligible by comparison, we fi
the ensuing relation

M ~D11!22M ~D1!1M ~D0!~525.062.8 MeV/c2!

5S2* ~52.662.1 MeV/c2! ~42!

to be satisfied to20.15%60.07%. Reduction of the error
on M (D1) andM (S* 0) is necessary to perform an incisiv
test of this result. If we use the relationM (D1)5N1
1M (D0), expected to be good to60.03% as mentioned
above, we find thatM (D11)2M (D0)5S2* 12N1 @Eq. ~25!
with S2* # should be satisfied to60.03%, whereas it holds to
20.05%60.04%. Here the error is dominated by that
M (S* 0). As noted earlier, some of these conclusions will
changed if theD1 mass quoted in Ref.@6# is found to be in
error @10#.

VI. CHARMED BARYONS

Although baryons containing light quarks are the pres
topic, recent works@20,21# have noted a serious discrepan
between aDI 52 relation between charmed and noncharm
baryons. The assumptions of Sec. II lead to the relation@22#

Sc2~522.061.3 MeV/c2!5S2~51.7160.18 MeV/c2!,
~43!

where Sc2[M (Sc
11)22M (Sc

1)1M (Sc
0). Experimental

values are taken from Ref.@6#. As noted by@20#, the negative
sign ofSc2 is very difficult to understand in the quark mode

OneDI 51 relation@22# follows from our assumptions:

Sc122Jc18 5S1* 22J1* , ~44!

where Sc1[M (Sc
11)2M (Sc

0)50.860.4 MeV/c2 @6# and
Jc18 [M (Jc8

1)2M (Jc8
0)521.764.6 MeV/c2 @23#. ~Here

Jc8 denotes the state in which the light quarks are in a flav
and spin-symmetric state.! The large error on the last quan
tity prevents any test at present.

VII. SUMMARY

The prospect of improved values of masses for baryo
such asJ0 in the KTeV Experiment at Fermilab, charge
hyperons and perhapsS* ’s andJ* ’s in other Fermilab ex-
periments, andD’s in high-intensity photoproduction studie
d

t

d

r-

s,

has led us to reexamine predictions for isospin splittin
within the assumption of one- or two-body effects within t
quark model. We have shown that the Coleman-Glash
relation~1! is expected to be satisfied independently of qu
masses within this assumption. A deviation from it wou
have to be ascribed to three-body effects.

Tests of other relations will require improved knowled
of decuplet isospin splittings.~For notation see Sec. II.!
These include theDI 51 relations N15D1/105S1* 2J1*
and 2)M (LS0)5S12S1* , the DI 52 relationsS25S2*
5D2/2, and the relationD350.

We have discussed the degree to which one can iso
individual contributions to mass splittings, given qua
masses obtained in fits to baryon octet and decuplet spe
@12#. A model-independent determination of these para
eters is not possible as a result of the presence of one-
two-body kinetic energy terms. Under a restricted set of
sumptions one obtains the predictionsS1* 524.82
60.15 MeV/c2 andJ1* 523.5260.15 MeV/c2.

With dynamical assumptions, it would be possible to e
timate kinetic terms. One could thereby solve for quantit
such as the intrinsic constituent-quark mass differenceD
5mu2md , the Coulomb self-energy, and the electroma
netic hyperfine interaction. Knowledge ofD would be useful
in evaluating heavy meson decay constants using s
dependent hyperfine interactions in theD and D* systems
@24#. Knowledge of the electromagnetic hyperfine interacti
termg, providing an estimate ofuC i j (0)u2 in Eq. ~5!, would
be useful in calculations of nonleptonic weak decays of
perons@25# or of proton decay@26#.

We have compared our approach with that of a system
1/Nc expansion@4#, where Nc is the number of colors in
QCD. The presence of two- and three-body operators
similar order in the 1/Nc expansion leads to a hierarchy o
mass relations somewhat different from ours. That appro
suggests that the Coleman-Glashow relation should be g
to about60.3 MeV/c2 or better. The 1/Nc expansion also
obtains someDI 51 relations which are expected to be
good as the Coleman-Glashow relation, such asS1* /25J1*
5N1 . It will be interesting to compare violations of thes
and severalDI 52 relations with that of the Coleman
Glashow relation once improved data on decuplet isos
splittings are available.
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