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Hadronic spectral moments in semileptonicB decays with a lepton energy cut
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We compute the first two momentgsy —mp?)>? of the final hadronic invariant mass in the inclusive
decayB—>Xc/v_, in the presence of a cEi.‘}"” on the charged lepton energy. These moments may be measured
directly by experiments at th¥(4S) using the neutrino reconstruction technique, which requires such a cut.
Measurement of these moments will place constraints on the nonperturbative par%emml, which are
relevant for extracting the quark massasandm,, as well as the CKM angl¥.,. We include terms of order
a§B0 and 1m§ in the operator product expansion, and use the latter to estimate the theoretical uncertainty in
the extraction ofA and\,. [S0556-282(98)00701-3

PACS numbgs): 13.20.He, 12.39.Hg, 14.40.Nd

I. INTRODUCTION heavy quark expansion yields an expression for the doubly
differential decay ratell'/dg?d(v - q), whereg* is the total
SemileptonicB decays are a rich laboratory in which to momentum of the leptons and* is the four-velocity of the
study the bound state structure of BBemeson. Of particular B meson. Any observable which may be constructed from
importance are the nonperturbative parametersh, and this doubly differential rate is sensitive to a linear combina-

A2, which arise in the heavy quark expansion for the mesofion of A and\,. Actually, the simplest differential distri-

massmg to relative order Ity bution to measure experimentally is the energy spectrum of
et 3N the charged leptordI’/dE, which is somewhat more com-
. 5 . . .
mB:mb+A_—2m +O(A%co/m§), (1.0 pll'cat(.ed pecguse it depends gn more than qﬁ'stStu'dyif
b this distribution has already yielded useful constraintsAon
Where and\, [6-9].
In two previous publicationfl10], we suggested that mo-
)\1=(B|h_u(iD)2hU|B>/2mB, ments of the hadronic invariant mass in semileptddide-

cay would also be interesting to study.slf is the invariant

g mass of the hadrons produced in the semileptonic decay, and
N2=(B[h,5 "G, h,[B)/6mg. (1.2 mp=(mp+3mp«)/4 is the spin-average® meson mass,
then positive moments o!’;H—EZD vanish in the parton

Hereh, is the heavy quark field, ana, is theb quark pole  model at tree level. Hence they are particularly sensitive to

mass. Since these quantities also parametrize the inclusiyRe power corrections proportional foand\ ;. However, it
semllept02n|c and radiative decay rates of Biemeson to s difficult to measure these moments directly. Until recently,
order 1m [1-5], an accurate determination of them is es'only fairly weak bounds O'Q(SH—HZD)']) could be obtained,

sential for a reliable extraction of the CKM Cabibbo- p, compining information on various exclusive decay chan-

Kobayashi-Maskawa(CKM) angle [Vcp| from inclusive  a15110]. with the introduction of the technique of neutrino
semileptonicB decays. The parametay, is the expectation  reconstruction, this situation is changifigl]. Soon it will be

value of the leading operator which breaks heavy quark SPiRossible to measurs, directly and inclusively, by recon-

symmetry and therefore may be determined from Bie  g,cfing the neutrino momentupt: and using it to findg?

—B* mass difference, yielding,~0.12 GeV. However,A  andy.q. The only complication is that this reconstruction
and \; cannot be determined solely from mass measurerequires a number of constraints on the phase space of the
ments. leptons, most importantly a lower cut on the charged lepton
There has been much recent interest in using inclusivenergy of about 1.5 Gey12].
observables other than the full semileptonic decay width to \hile one might consider extrapolating the data to lower
extract A and \;. An analysis of the decay based on the E, and measuring the moments gf that way, it is clearly
preferable to update the computation of the momentg, db
include this lepton energy cuatb initio. It is the purpose of
*Email address: falk@jhu.edu this paper to present the results of such an analysis. There are
TEmail address: luke@medb.physics.utoronto.ca few new theoretical issues which arise in this case, although
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the actual calculation is considerably more complicated thap , = g2/3+, L,=L;=0. Expressions for the analogous had-
without the cut. We will refer the reader to our preViOUS ron tensor Componenﬁ may be found in Refi2,3,8] The

papers for a more complete exposition of the thé@gj, and

hadron tensor is independent of the gut

only stress points where the new analysis differs in interest- gjnce the hadron tensdi“” is computed with operator

ing ways from the old. We will also extend our earlier analy-

product expansion techniques which assume parton-hadron

ses by including the complete power corrections to the mogyality, the calculation must be smeared by integration over

ments toO(l/mg). Dimensional estimates of the size of

these corrections will help us to estimate the error in theo

extraction of A and \; due to 1i} effects. They will turn

out to be under control for the first moment, but very largey,o range of integration ig? andw - g.
for the second moment, compromising its usefulness for ob

taining constraints orzTand)\l.

Il. THE CALCULATION
A. Power corrections
The analysis of the moments sjf begins with the doubly
differential spectrumdI’/dg?d(v - q), whereg®=qg?/m3 and

v €|= v-g/my . This distribution may be written as a product
of a hadron tensof#” and a lepton tensdr*”,

dr

——— 2.1
dg’d(v-q) 2

=T#"(v,q)L ,,(v,0).

at least one 0|2 or v - q before meaningful observables may
e extracted?2,3]. A nonzero cuix has the effect of restrict-
ing the available phase space for the leptons, which controls

If x is too large, the
integration is too restricted, and the operator product expan-
sion breaks down. This is known to happen, for example,
near the lepton endpoint in charmless semilept@aecays,

for E, above about 2.2 GeY2,3,13,14. However, our cal-
culations of the coefficients of theri} corrections indicate
that the lepton energy cut of 1.5 GeV which is required for
the neutrino reconstruction technique is not severe enough to
cause such problems.

The next step is to compute parton level moments of the
form (EX(s,—m?)"), wheres, and E, are the invariant
mass and total energy of the strongly interacting partons pro-
duced in the semileptonic decay of thequark. The energy
is computed in thé rest frame. The partonic variables are
related implicitly to the hadronic variabkg, by

Each of these tensors has a decomposition in terms of scalar

invariants, such as

mrav ALAY( 7). ()2

LMV:( —gt+ qu Li+| vfo"+ aatvar EZ @
a q
v-q(v q”+vqH .

_ Q( (2]2 q ))Lz_ieuvaﬁvaqlgl_s.

2.2

Thel; are scalar functions af? andv-q. Here we neglect
the masses of the leptons. If we impose a Eut=xm, on

the charged lepton energy, then the effect is simply to

modify the componentk; ,

A2

L q
)

A3 nR2 A ~\2
2_62]3/2(4(v~q) 30%-q+4[(v-Q)
— 02132+ 6x 92— 12X (v - Q)%+ 12x% - q— 8x°),

N4

q

L,= — 2x—v- Q) (02— 4xv - g+ 4x2),
2 877[(v-q)2—q2]5’2( v-q)(q v-q )

N2

L.— q
* 8ml(v-)?- Q7"

(9%—4xv-q+4x?). (2.3

Eo=1—v~a, :90:1—20-614—&2;

Sy=m3—2mguv-q+q?. (2.9

Since these expressions involve batg andmy, they must
be inverted order by order in the heavy quark expansion
using Eq.(1.1). The final result will be moments of the form

((sH—E%)”‘), for m=1,2. In fact, we will see that only the
first moment is really reliable, where the terms of order
Aqcp andAéCD in the heavy quark expansion are known. By
contrast, the second moment starts only at omé&D, and
hence is extremely sensitive to the large number of unknown
parameters which arise at ord&éCD.

B. Radiative corrections

While it is possible to calculate the radiative corrections
by calculating theO(«g) contributions to theT;’s them-
selves, it is much simpler to calculate directly the leading
corrections to the parton model rate. The only subtlety in the
calculation arises in determining the boundaries of phase
space when the electron cut is imposed. Since the limits of
integration of the electron energy depend on the parton level
invariant mass, and lepton invariant mass squargt] for
given values ofs, and g the electron cut may either lie
below the lower limit of integration, in the region of integra-
tion, or above the upper limit of integration. L&ts,,q?) be
any smooth weighting function. Then the phase space inte-

The cut may be removed by setting it equal to the minimumyra| is divided into kinematic regions, depending on the val-

1

charged lepton energy.— 2 [(v-q)%2—g?]¥2 in which case

ues ofx, s, andg?,
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for x<3(1—-m,),

(1-2x)2 2X(1—-sg—2X)/1—2x F (1- 52 ,
fS,2:f d j da?f(s,.q? +f N d2fS,2
(f(0.9%)) 2 So[ . a°f(50,9%) GePas, 152012 (50,9 GePas

J'1—2x q J'2x(1—so—2x)/1—2xd 2f ) d]“l

+ So, L
(172)()2 SO q ( 0 q ) dqzdso

for x>3(1-m,),

1- 2x x(1-sg-20-2x ,. dr'y
(Hso.a= ] s, dePt(50.9%) Gergec

HeredI';/dg?ds, is the differential rate calculated with the electron energy cut imposeddBafttg?ds, is the differential

rate calculated with no cut, correspondingtlying below the lower limit of integration for the electron energy. In the regions

of phase space omitted from the expressions above, the cut lies above the upper limit of integration for the electron energy.
The “Brodsky-Lepage-MackenzieBLM-) enhanced”[15] two-loop corrections are those which are proportional to

agﬂo, whereBy=11-2n;/3 is the first term in the QCD beta function. These corrections dominate the two-loop corrections

to many processes in QCD, and their effectsimlecays have been discussed extensively in the literffifle They are

straightforward to calculate numerically using the techniques of Ré&f, and no new subtleties are introduced into the

calculation when an electron energy cut is added. Because of the renormalon ambiguity in its défi@jtianis only defined

order by order in perturbation theory. Since we are includingali]@o terms in our extraction oA, the resulting value is the

“two-loop” A, and should only be compared with other extractiond\ cdt the same order.

Ill. RESULTS AND DISCUSSION

The expansion of a moment ef; takes the following general form, up to terms of relative ordengl/

( Mp) al(my) A P e A,
<<sH—H%>m>=m§”‘f CT == +[CY' B+ CHY) —2—+O(a3<mb>>+o<m>m=+ Dy = +D5'= *D(Z?)mz
B B B B
A® E\ A A2 P1 P2 : T
+| DY = + DY) = + DY ="+ D5y = + D = T = (3.2
SOE;;, mB 325{; 3351;, 34—3 Z SE;;,
|
All the coefficients which appear are functions of the lepton orin 2 [ s [© *)
energy cutE™". The parameterp, and p, are expectation (B™)[h,(iD,) hv'J d inxdtLI(X”B )+H.c.
values of local operators of dimension six which arise at
order 1M in the heavy quark expansion, | Ti+dyT

my

<B|hU(ID“)(ID#)(IDB)hU|B>E§P1(gaﬁ_vavﬁ)vﬂ, .
< *)|h —0' GH*’h |f d3xf dt£|(X)|B(*)>+HC

v Ypv
— . N . =+
(B[, (iD ) (iD ) (iD ) v57sh,|B®)) E%. (33
b
= gde2| e,,aﬁ(;v Vl)’u, (32)

The parameterp; and7; are determined by nonperturbative
QCD, and their values are not known; however, we compute
whered, =3 anddy= — 1, respectively, for matrix elements their coefficients to ensure that none of them are anoma-
betweerB andB* states. The; are related to nonlocal time lously large. We will use dimensional analysis to estimate
ordered products of 2 terms in the operator product ex- and7;, to obtain a rough estimate of the error in the extrac-
pansion with Irh, terms in the Lagrangiafil4], tion of A and\, induced by I3 effects.
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The coefficientsD;; are themselves functions of, al-  proportional toC{¥) and D% [8].! (In the case of the first
though we will not compute radiative corrections to any ofmoment, by contrast, the radiative correctiorxf}” is only
these coefficients. At preser{™ are known to orders  afew percenf10].) For this reason, as well as because of the
only in the absence of an electron energy cut. While it wouldarge 1 corrections, it is dangerous to use the second
certainly be desirable to include terms of orde\/m, for  moment in a measurement Afand ;. We will include our
generalE]", the calculation is quite difficult and we have ignorance of these terms in the estimate of the theoretical
not attempted it here. This omission is particularly importanterror in our results below.
for the second moment, sin@{?’=0. Without the cut, the Let y=E™"mg be the scaled lepton energy cut. When
term in question is numerically as large as the leading terms- 0, we reproduce the known resuf,10],

c¥=0.051 C%'=0.096

D(V=0.23 D{=026 DF'=10 DE=-0.32

D{=033 D§/=22 Dy'=-056 D{=23  Dil=-1.2

TP=16 TEH=080 TH=15 TH=041 34

and

Cc{¥=0.0054 C3'=0.0078

D@=0 D2=0.066 D@Z=-0.14 D2=0
Dig=0.14 D$'=032 D¥=-031 DF=-085 D=0.23
TH=—-014 TE=-041 TE=0 T4 =0. 39

The leading radiative correction @{" is 0.099a¢(m,)/, and toD{? is 0.038a(my)/ 7. For the preferred experimental cut
of 1.5 GeV, for whichy=0.28, we find

Cc{¥=0.028 Cj5=0.058

D{V=021 D{=019 D¥=14 DyH=0.19

D{=019 D{P=32 DPY=14 DY=43 DY=-056

T§=20 TYH=18 TH=17 TY =001 (3.6)

and

C{?=0.0015 C3'=0.0026

D=0 D{3=0.054 DY'=-0.12 D¥=0
DZ=0.10 DP=051 DP=-0.045 DF=-1.2 D?=0.0032
TE=-012 TY=-036 TZ=0 TZ=0. (3.7

We present plots of the coefficien@ andD; for arbitrary  =0.96 Ge\f, and then extrach and\; using the theoretical
Er}”lln in FIgS 1-3. Note that the power corrections tend tOexpressionS at order mf) We take as(mb)zo-zz- These

blow up as the electron cutoff approaches its maximum,es for the first and second moments resticnd\ ; to

value; fortupately, for a cut of. 1.5 GeV the coefficients arejie on the solid and dashed curves, respectively, meeting at
not dramatically larger than without a cut.

The effects of the 1} corrections to the moments in the the_: point (A,1)=(0.31 GeV:-0.16 GeV) ; 'I_'he hypc_>th- :
) — ) o esized data have been chosen so that this intersection coin-
extraction ofA and, are displayed in Fig. 4. For the pur- gjges with the central values obtained from an existing analy-

pose of illustration, we first assume perfect experimentakis of the lepton energy spectrUif]. We then may estimate
measurements ofs,—m3)=0.30 GeV? and ((sy—m3)?)  the theoretical uncertainty in our hypothetical result by fol-
lowing the approach of Ref8]. By dimensional analysis,
the parameterp; and7; are all of orderA%CD, and an esti-
The authors of Ref[8] correct a numerical error in this term in mate of their effect on the extraction Af and\ ; is obtained
Ref. [10]. by varying their magnitudes independently in the range 0
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FIG. 1. Coefficients<C{? of the radiative corrections to the first
and second moments, as functions of the electron energy cutoff i
GeV.
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FIG. 3. Coefficient? of the power corrections to the second
oment of the hadronic invariant mass spectrum, as functions of
e electron energy cutoff in GeV.

i

—(0.5GeVy. Since the vacuum saturation approximation
suggests thab,;>0, we take it to be positive, and we elimi-
natep, by making use of the relation betwepp, 7, and7Z,
and theD* — D andB* — B mass splittings presented in Ref.

[8]. Finally, we vary the unknown coefficient of theA/m,
term for both moments between half and twice its value with
the cut removed. Varying the unknown parameters randomly
in the allowed ranges, we find that the shaded ellipse shown
in the figure and centered about the mean of the distribution

contains 68% of the point§Because the\ 2, ﬁl andﬁz

terms bias the determination &f and\; in a known way,

the distribution is not centered about the point extracted from
the theory at order mﬁ .) The region inside the ellipse gives

a reasonable estimate of the theoretical error in the extraction

of A and\; due to higher order effects. Note that, as ex-
pected, the constraints from the second moment are strongly
affected by higher order corrections, whereas the constraints
from the first moment are quite tightly distributed about the
leading result. Thus, as discussed earlier, only the linear

combination ofA and N1 given by the first moment is sig-
nificantly constrained.

Constraints onA and A, also have been obtained from

moments of the lepton energy spectrum above 1.5 GgV

To compare the theoretical errors in this approach to ours,
we have performed an analysis analogous to that of the pre-
vious paragraph. This is similar to what was done in [R&f.

but we also include the terms proportionaldgg, [9]. The
result is shown in Fig. 5. The size of the ellipse from the
lepton energy analysis is slightly larger than, but comparable

moment of the hadronic invariant mass spectrum, as functions dfo, that which we obtained from the hadronic mass moments.

the electron energy cutoff in GeV.

Of course, the relative position of the ellipses is meaningless,
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FIG. 4. Estimate of the theoretical uncertaintyﬁand)\l due FIG. 5. Estimate of the theoretical uncertaintyAinand; due

to unknown 1m§ contributions from the shape of the electron spec-
trum, using the same approach as in the previous plot. The central
value atO(l/mﬁ) is given by the black dot, while the dashed ellipse

) ! is the plot f h i fi , sh here f ison.
=0.96 GeVf have been assumed. The solid and dashed lines shoy the plot rom ¢ © Previous Tigure, shown nere for comparison
nly the relative sizes and orientations of the two ellipses are

the constraints om\ and N\, from the first and second moments, meaningful in this figure, not their relative positions.

respectively, while the area in the shaded ellipse shows the esti-

mated allowed range. accuracy obtained from an analysis of the charged lepton
energy spectrum. The consistency of the results obtained

since the hadronic mass moments have not yet been mefiem these approaches will provide a test of the heavy quark

sured. Unfortunately, the two experiments effectively con-expansion as applied to semileptogiclecays. To extrack

strain the same linear combination Afand\, so that the and\; simultaneously, it will be necessary to combine this

measurements cannot be combined to determine both paramralysis with that of a quantity sensitive to a different linear

eters simultaneously. Instead, an observable sensitive to @®mbination of the two parameters.

different linear combination ofA and N1, such as the first
moment in the photon spectrum B— Xy [19], will be ACKNOWLEDGMENTS
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