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Updated estimate of running quark masses

Hideo Fusaoka*
Department of Physics, Aichi Medical University, Nagakute, Aichi 480-11, Japan

Yoshio Koide†

Department of Physics, University of Shizuoka, 52-1 Yada, Shizuoka 422, Japan
~Received 17 September 1997; revised manuscript received 20 November 1997; published 26 February 1998!

Stimulated by the recent development of the calculation methods of the running quark massesmq(m) and
renewal of the input data, for the purpose of making a standard table ofmq(m) for the convenience of particle
physicists, the values ofmq(m) at various energy scalesm (m51 GeV,m5mc , m5mb , m5mt and so on!,
especially atm5mZ , are systematically evaluated by using the mass renormalization equations and taking into
consideration a matching condition at the quark threshold.@S0556-2821~98!01207-7#

PACS number~s!: 12.15.Ff, 12.38.Bx, 14.65.2q
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I. INTRODUCTION

It is very important to have reliable values of the qua
massesmq not only for hadron physicists who intend t
evaluate observable quantities on the basis of an effec
theory, but also for quark-lepton physicists who intend
build a model for quark and lepton unification. For such
purpose, for example, a review article@1# in 1982 by Gasser
and Leutwyler has provided us with useful information
the running quark massesmq(m). However, during the 15
years since the Gasser-Leutwyler review article, there h
been some developments in the input data and calcula
methods: The QCD parameterLMS

(n) has been revised@2#, the
top-quark massmt has been observed@3–5#, the three-loop
diagrams have been evaluated for the pole massMq

pole @6#
and for the running quark massmq(m) @7#, and an alternative
treatment of the matching condition at the quark thresh
has been proposed@8#. On the other hand, so far, there a
few articles that review the masses of all quarks system
cally, although there have been some reestimates@9–18# for
specific quark masses. For a recent work on a system
study of all quark masses, for example, see Ref.@19# by
Rodrigo. We will give further systematic studies on the ba
of recent data and obtain a renewed table of the runn
quark mass values.

The purpose of the present paper is to provide a us
table of the running quark massesmq(m) to hadron physi-
cists and quark-lepton physicists. In Sec. IV, using the m
renormalization equation~4.1!, we will evaluate the value o
mq(m) at various energy scalesm, e.g., m51 GeV, m
5mq (q5c,b,t), m5Mq

pole , m5mZ , m5LW , where
Mq

pole is a ‘‘pole’’ mass of the quarkq and LW is the
symmetry-breaking energy scale of the electroweak ga
symmetry SU~2! L 3 U~1! Y :

LW[^f0&5~A2GF!21/2/A25174.1 GeV. ~1.1!

In Sec. II, we review the light quark massesmu(m),

*Electronic address: fusaoka@amugw.aichi-med-u.ac.jp
†Electronic address: koide@u-shizuoka-ken.ac.jp
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md(m), andms(m) at m51 GeV. In Sec. III, we review the
pole mass values of the heavy quark massesMc

pole , Mb
pole ,

and Mt
pole . In Sec. IV, running quark massesmq(m) are

evaluated for various energy scalesm below m5LW
5174.1 GeV. In Sec. V, we comment on the reliability of th
perturbative calculations of the running quark massesmq(m)
(m<LW). In Sec. VI, we summarize our numerical results
the running quark mass valuesmq(m), the charged lepton
massesml(m), the Cabibbo-Kobayashi-Maskawa~CKM!
@20# matrix VCKM(m), and the SU~3! c3SU~2! L3U~1! Y
gauge coupling constantsgi(m) ( i 51,2,3) at m5mZ . In
Sec. VII, for reference, the evolution of the Yukawa coupli
constants is estimated at energy scales higher thanm5LW
for the cases of the standard model with one Higgs bo
~Sec. VII A! and the minimal SUSY model~Sec. VII B!.
Finally, Sec. VIII is devoted to a summary and discussio

II. LIGHT QUARK MASSES AT µ51 GeV

Gasser and Leutwyler@1# had concluded in their review
article of 1982 that the light quark massesmu(m), md(m),
andms(m) at m51 GeV are

mu~1 GeV!55.161.5 MeV,

md~1 GeV!58.962.6 MeV, ~2.1!

ms~1 GeV!5175655 MeV

from QCD sum rules. In 1987, Dominguez and de Rafael@9#
had reestimated those values from the QCD finite ene
sum rules. They obtained the same ratios of the light qu
masses as those estimated by Gasser and Leutwyler, but
used a different value ofmu1md at m51 GeV,

~mu1md!m51 GeV515.562.0 MeV, ~2.2!

instead of the Gasser-Leutwyler value (mu1md)m51 GeV
51463 MeV. Therefore, Dominguez and de Rafael co
cluded that

mu~1 GeV!55.661.1 MeV,
3986 © 1998 The American Physical Society
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57 3987UPDATED ESTIMATE OF RUNNING QUARK MASSES
md~1 GeV!59.961.1 MeV, ~2.3!

ms~1 GeV!5199633 MeV.

Recently, by simulatingt-like inclusive processes for the ol
Das-Mathur-Okubo sum rule relatinge1e2 to the I 50 and
I 51 hadron total cross-section data, Narison@10# has ob-
tained the values

mu~1 GeV!5461 MeV,

md~1 GeV!51061 MeV, ~2.4!

ms~1 GeV!5197629 MeV,

which are roughly in agreement with Eqs.~2.3!.
On the other hand, by combining various pieces of

information on the quark mass ratios, Leutwyler@11# has
recently reestimated the ratios

mu /md50.55360.043,

ms /md518.960.8 ~2.5!

and has obtained

mu~1 GeV!55.160.9 MeV,

md~1 GeV!59.361.4 MeV, ~2.6!

ms~1 GeV!5175625 MeV.

The values~2.6! are in agreement with Eqs.~2.1!, ~2.3!, and
~2.4!.

There is not much discrepancy among these estimate
far asmu andmd are concerned, except for the estimates
Donoghue, Holstein, and Wyler@12#, who have obtained

md /mu53.49, ms /md520.7 ~2.7!

from the constraints of chiral symmetry treated to next
leading order. Eletsky and Ioffe@13# and Adami, Drukarev,
and Ioffe @14# have obtained

~md2mu!m50.5 GeV5361 MeV, ~2.8!

from the QCD sum rules on the isospin-violating effects
D andD* and forN, S, andJ, respectively. The value~2.8!
is consistent with Eqs.~2.3! and ~2.6!. The value

~mu1md!m51 GeV5~1262.5! MeV, ~2.9!

obtained from QCD finite energy sum rules and Laplace s
rules by Bijnens, Prades, and de Rafael@15#, is consistent
with Eq. ~2.2!.

On the contrary, for the strange quark massms , two dif-
ferent values,ms.175 MeV @Eqs. ~2.1! and ~2.6!# and
ms.200 MeV @Eqs. ~2.3! and ~2.4!#, have been reported
Recently, Chetyrkinet al. @16# have estimated

ms~1 GeV!5205.5619.1 MeV ~2.10!

by an order-as
3 determination from the QCD sum rules. Th

value ~2.10! is consistent with Eq.~2.3!. ~Of course, if we
take their errors into consideration, these values are con
e

as
y

r

m

is-

tent.! Hereafter, for the light quark masses atm51 GeV we
will use the following values, which are weighted averag
of the values~2.3!, ~2.4!, ~2.6!, and~2.10!:

mu~1 GeV!54.8860.57 MeV,

md~1 GeV!59.8160.65 MeV,

ms~1 GeV!5195.4612.5 MeV.

~2.11!

III. HEAVY QUARK MASSES

A. Charm and bottom quark masses

Gasser and Leutwyler@1# have estimated charm and bo
tom quark massesmc andmb from the QCD sum rules as

mc~mc!51.2760.05 GeV,

mb~mb!54.2560.10 GeV. ~3.1!

Titard and Yndura´in @17# have reestimated the charm an
bottom quark masses by using the three-level QCD and
full one-loop potential. They have concluded that

Mc
pole51.57060.01970.007 GeV,

Mb
pole54.90620.051

10.06970.00420.040
10.011 GeV,

~3.2!

mc~mc!51.30620.034
10.02160.006 GeV,

mb~mb!54.39720.00210.00420.032
10.00720.00310.016 GeV,

~3.3!

where the first and second errors come from the use of
QCD parameterLMS

(4)
50.2020.06

10.08 GeV and the gluon conden
sate valuê asG

2&50.04260.020 GeV4, respectively, and
the third error denotes a systematic error.

On the other hand, from the QCD spectral sum rules
two loops forc andY, Narison@18# has estimated the run
ning quark masses

mc~Mc
PT2!51.2320.04

10.0260.03 GeV,

mb~Mb
PT2!54.2320.04

10.0360.02 GeV, ~3.4!

corresponding to the short-distance perturbative pole ma
to two loops

Mc
PT251.4260.03 GeV,

Mb
PT254.6260.02 GeV ~3.5!

and the three-loop values of the short-distance pole mas

Mc
PT351.6420.07

10.1060.03 GeV,

Mb
PT354.8760.0560.02 GeV. ~3.6!

The values~3.6! are in agreement with the values~3.2! esti-
mated by Titard, and Yndura´in while the values~3.5! are not.
Narison asserts that one should not useMq

PT3 because the



cy
c

rte

a
f

y

es
e

3988 57HIDEO FUSAOKA AND YOSHIO KOIDE
hadronic correlators are only known to two-loop accura
Although we must keep Narison’s statement in mind, sin
we use the three-loop formula~4.5! for the running quark
massesmq(m) for all quarksq5u,d, . . . ,t, hereafter, we
adopt the following weighted averages of Eqs.~3.2! and
~3.6!:

Mc
pole51.5960.02 GeV,

Mb
pole54.8960.05 GeV ~3.7!

as the pole mass values.

B. Top quark mass

The explicit value of the top quark mass has been repo
by the CDF Collaboration@3# from the data ofpp̄ collisions
at As51.8 TeV:

mt5174610212
113 GeV. ~3.8!

They @4# have also reported an updated value

mt517668610 GeV. ~3.9!

On the other hand, the D0 Collaboration@5# has reported the
value

mt5199221
119622 GeV. ~3.10!

The Particle Data Group~PDG! @21# has quoted the value

mt5180612 GeV ~3.11!

as the top quark mass from direct observations of top qu
events. Hereafter, we use the value~3.11! as the pole mass o
the top quark.

C. Mass valuesmq„µ… at µ5M q
pole

The relation between the pole massMq
pole and the running

quark massmq(Mq
pole) at m5Mq

pole has been calculated b
Gray et al. @6#:

mq~Mq
pole!5Mq

poleF11
4

3

as~Mq
pole!

p
1KqS as~Mq

pole!

p D 2

1O~as
3!G21

, ~3.12!
.
e

d

rk

whereKc514.5,Kb512.9, andKt511.0. The definition of
Kq and their estimates are given in Appendix A. The valu
of as(m) at various values ofm and errors are given in Tabl
VII in Appendix B. By using Eq.~3.12!, from Eqs.~3.7! and
~3.11! we obtain

mc~Mc
pole!51.21360.01810.034

20.040 GeV,

mb~Mb
pole!54.24860.04610.036

20.040 GeV,
~3.13!

mt~Mt
pole!5170.1611.470.3 GeV,

where the first and second errors come from6DMq
pole and

6DLMS
(5) , respectively.

IV. BEHAVIORS OF mq„µ… AT THE QUARK
THRESHOLDS

The scale dependence of a running quark massmq(m) is
governed by the equation@7#

m
d

dm
mq~m!52g~as!mq~m!, ~4.1!

where

g~as!5g0

as

p
1g1S as

p D 2

1g2S as

p D 3

1O~as
4!, ~4.2!

g052, g15
101

12
2

5

18
nq ,

g25
1

32F12492S 2216

27
1

160

3
z~3! Dnq2

140

81
nq

2G . ~4.3!

Thenmq(m) is given by

mq~m!5R„as~m!…m̂q , ~4.4!
n calcu-
TABLE I. Running quark mass valuesmq(m) at m5mq . Input valuesmq(1 GeV) for q5u,d,s and
mq(Mq

pole) for q5c,b,t are used. The first and second errors come from6Dmq ~or 6DMq
pole) and6DLMS

(5) ,
respectively. The values with an asterisk should not be taken rigidly because these values have bee
lated in the region with a largeas(m).

Input mq(1 GeV) or mq(Mq
pole) Outputmq(mq)

u 4.8860.57 MeV *0.43620.00220.052
10.00110.058 GeV

d 9.8160.65 MeV *0.44860.00120.053
10.059 GeV

s 195.4612.5 MeV * 0.55360.00520.052
10.058 GeV

c 1.21360.01810.034
20.040 GeV 1.30260.01810.019

20.020 GeV
b 4.24860.04610.036

20.040 GeV 4.33960.04610.027
20.029 GeV

t 170.1611.470.3 GeV 170.8611.570.2 GeV
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R~as!5S b0

2

as

p D 2g0 /b0H 11S 2
g1

b0
2

b1g0

b0
2 D as

p

1
1

2F S 2
g1

b0
2

b1g0

b0
2 D 2

12
g2

b0
2

b1g1

b0
2

2
b2g0

16b0
2

1
b1

2g0

2b0
3 G S as

p D 2

1O~as
3!J , ~4.5!

wherem̂q is the renormalization-group invariant mass tha
independent of ln(m2/L2), as(m) is given by Eq.~B4!, andb i
( i 50,1,2! are also defined by Eq.~B3!. By using Eq.~4.5!
andLMS

(n) obtained in Appendix B, we can evaluateR(n)(m)
for m,mn11, wheremn is thenth quark flavor threshold and
we takemn5mqn(mqn).

Quite recently, the four-loopb function and quark mas
anomalous dimension have been obtained by several au
@22#. In this paper, we evaluate the running quark masses
using the three-loop results~4.1!–~4.5!. The effects of the
four-loop results to the three-loop results will be discussed
Sec. V.

We can evaluate the values ofmq(mq) (q5c,b,t) by us-
ing the values ofMq

pole given in Sec. III and the relation

mqn~m!5@R~n!~m!/R~n!~Mqn
pole!#mqn~Mqn

pole! ~m,mn11!.
~4.6!

Similarly, we evaluate the light quark massesmq(mq) (q
5u,d,s) using the relation

mq~m!5@R~3!~m!/R~3!~1 GeV!#mq~1 GeV! ~m,m4!
~4.7!

and the valuesmq(1 GeV) given in Eq.~2.11!. The results
are summarized in Table I. The values ofmu(mu), md(md),
andms(ms) should not be taken rigidly because the pert
bative calculation is not reliable for such a region in whi
as(m) takes a large value~see Sec. V!.

Exactly speaking, the estimates ofLMS
(n) in Table VII in

Appendix B are dependent on the choices of the qu
thresholdmn5mqn(mqn). The values in Tables VII and
have been obtained by iterating the evaluation ofLMS

(n) and
mq(mq).

Running quark mass valuesmqn(m) at m>mn11 cannot
be evaluated by formula~4.4! straightforwardly because o
the quark threshold effects. As seen in Fig. 1, the behavio
R(m) is discontinuous atm5mn[mqn(mqn).

The behavior of thenth quark massmqn
(N) (n,N) at mN

<m,mN11 are given by the matching condition@8#

mqn
~N!~m!5mqn

~N21!~m!F11
1

12S xN
2 1

5

3
xN1

89

36D
3S as

~N!~m!

p D 2G21

, ~4.8!

where

xN5 ln$@mqN
~N!~m!#2/m2%. ~4.9!
ors
y

n

-

k

of

For example, the behavior ofmc(m) at m,m5, mc
(4)(m), can

be evaluated by using Eq.~4.6!, while those atm5<m,m6

and m6<m must be evaluated by using Eq.~4.8! with
mc

(4)(m) andx55 ln$@mb
(5)(m)#2/m2% and withmc

(5)(m) andx6

5 ln$@mt
(6)(m)#2/m2%, respectively. In Fig. 2, we illustrate th

m dependence of the light quark massesmq(m) (q5u,d,s),
where we have taken the matching condition~4.8! into ac-
count. We can see that the discontinuity that was seen in
1 disappears in Fig. 2.

We also illustrate the behavior of the heavy quark mas
mq(m) (q5c,b,t) in Fig. 3. Exactly speaking, the phras
‘‘the running mass valuemQ(m)’’ of a heavy quarkQ at a
lower-energy scalem than m5mQ(mQ) loses its meaning.
For example, the effective quark flavor numbernq is 3 at
m51 GeV, so that the value ofmt(m) at m51 GeV does not
have meaning. However, for reference, in Fig. 3, we ha
calculated the value ofmQ(m) (Q5qN) at mn<m,mn11

(n,N) by using the relationmQ(m)5m̂QR(N)(m) @not
mQ(m)5m̂QR(n)(m)#.

The numerical results are summarized in Table II.
stressed by Vermaseren and co-workers@22#, the invariant
massm̂q is a good reference mass for the accurate evolu
of theMS̄ quark masses to the necessary scalem in phenom-
enological applications. The values ofm̂q are also listed in
Table II.

FIG. 1. Threshold behavior ofR(n)(m) versusm.

FIG. 2. Light quark massesmq(m) (q5u,d,s) versusm.
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V. RELIABILITY OF THE PERTURBATIVE
CALCULATION BELOW µ;1 GeV

As we noted already, the values of the light quark mas
mq(mq) (q5u,d,s) should not be taken rigidly because th
perturbative calculation belowm;1 GeV seems to be unre
liable. In order to see the reliability of the calculation
as(m), in Fig. 4 we illustrate the values of the second a
third terms in curly brackets in Eq.~B4! separately. The val-
ues of the second and third terms exceed one atm.0.42 GeV
andm.0.47 GeV, respectively. Also, in Fig. 5 we illustra
the values of the second and third terms in curly bracket
Eq. ~4.5! separately. The values of the second and third te
exceed one atm.0.58 GeV andm.0.53 GeV, respectively

FIG. 3. Heavy quark massesmq(m) (q5c,b,t) versusm.
s

in
s

This means that the perturbative calculation is not relia
below m.0.6 GeV. Therefore, the values with asterisks
Tables I, II, and VI should not be taken strictly.

These situations are not improved even if we take
four-loop correction into consideration. For example, f
nq53, d(as /p)/dlnm is given by@22#

d~as /p!

dlnm
52

9

2S as

p D 2F111.79
as

p
14.47S as

p D 2

121.0S as

p D 3

1••• G . ~5.1!

FIG. 4. Reliability of the perturbative calculation ofas
(n)(m).

The curves show the behaviors of the second and third term
curly brackets in Eq.~B4!.
with a

TABLE II. Running quark massesmq(m) and invariant massesm̂q ~in units of GeV!. The values with an

asterisk should not be taken strictly because the perturbative calculation is not reliable in the region
largeas(m).

q5u q5d q5s q5c q5b q5t

Mq
pole * 0.501 * 0.517 * 0.687 1.59 4.89 180

20.061
10.068

20.062
10.068

20.067
10.074 60.02 60.05 612

mq(Mq
pole) * 0.0307 * 0.0445 * 0.283 1.213 4.248 170

20.0026
10.0022

20.0023
10.0018

20.016
10.013

20.058
10.052

20.086
10.082 612

mq(mq) * 0.436 * 0.448 * 0.553 1.302 4.339 171

20.054
10.059

20.054
10.060

20.057
10.064

20.038
10.037

20.076
10.073 612

mq(1 GeV) 0.00488 0.00981 0.1954 1.506 7.18 475
60.00057 60.00065 60.0125 20.037

10.048
20.44
10.59

271
186

mq(mc) 0.00418 0.00840 0.1672 1.302 6.12 399
mc51.302 20.00060

10.00056
20.00077
10.00071

20.0150
10.0137

20.038
10.037

20.25
10.32

251
158

mq(mb) 0.00317 0.00637 0.1268 0.949 4.34 272
mb54.339 20.00056

10.00052
20.00081
10.00073

20.0159
10.0142

20.070
10.063

20.08
10.07

225
126

mq(mW) 0.00235 0.00473 0.0942 0.684 3.03 183
mW580.33 20.00045

10.00042
20.00067
10.00061

20.0131
10.0119

20.061
10.056 60.11 613

mq(mZ) 0.00233 0.00469 0.0934 0.677 3.00 181
mZ591.187 20.00045

10.00042
20.00066
10.00060

20.0130
10.0118

20.061
10.056 60.11 613

mq(mt) 0.00223 0.00449 0.0894 0.646 2.85 171
mt5170.8 20.00043

10.00040
20.00064
10.00058

20.0125
10.0114

20.059
10.054 60.11 612

mq(LW) 0.00223 0.00448 0.0893 0.645 2.84 171
LW5174.1 20.00043

10.00040
20.00064
10.00058

20.0125
10.0114

20.059
10.054 60.11 613

m̂q
0.00496 0.00998 0.199 1.59 7.87 546

20.00101
10.00095

20.00153
10.00141

20.030
10.028

20.16
10.15

20.41
10.40 649
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Since the value ofas /p is as /p.0.16 atm.1 GeV, the
numerical values of the right-hand side of Eq.~5.1! become

d~as /p!

dlnm
52

9

2S as

p D 2

@110.2810.1110.0851•••#,

~5.2!

so that the fourth term is not negligible compared to the th
term. This suggests that the fifth term, which is of the or
of (as /p)6, will also not be negligible belowm;1 GeV.
However, we consider that the evolution ofmq(m) above
m;1 GeV~from m.1 GeV tom;mZ) is reliable in spite of
the large error ofas(m) at m;1 GeV.

VI. OBSERVABLE QUANTITIES mq„µ…, VCKM„µ…, AND
a i„µ… AT µ5mZ

For quark mass matrix phenomenology, values ofmq(m)
at m5mZ are useful because the observed CKM matrix

FIG. 5. Reliability of the perturbative calculation ofmq(m). The
curves show the behaviors of the second and third terms in c
brackets in Eq.~4.5!.
e

d
r

-

rametersuVi j u are given atm5mZ . We summarize the quark
and charged lepton masses atm5mZ :

mu52.3320.45
10.42 MeV, mc5677261

156 MeV,

mt5181613 GeV, md54.6920.66
10.60 MeV,

ms593.4213.0
111.8 MeV, mb53.0060.11 GeV, ~6.1!

me50.486 847 2760.000 000 14 MeV,

mm5102.751 3860.000 33 MeV

mt51.746 6920.000 27
10.000 30 GeV,

where the running charged lepton massesml(m) have been
evaluated from the relation for the physical~pole! masses
Ml @23#:

ml~m!5MlF12
a~m!

p S 11
3

4
ln

m2

ml
2D G . ~6.2!

The value ofmb(mZ) in Eq. ~6.1! is in good agreement with
the value@24#

mb~mZ!52.6760.2560.2760.34 GeV , ~6.3!

which has been extracted recently from CERN LEP data
On the other hand, the standard expression@25# of the

CKM matrix V is given by

ly
V5S c12c13 s12c13 s13e
2 id13

2s12c232c12s23s13e
id13 c12c232s12s23s13e

id13 s23c13

s12s232c12c23s13e
id13 2c12s232s12c23s13e

id13 c23c13

D . ~6.4!
of
The observed valuesuVusu, uVubu @21# and uVcbu @26,27# are

uVusu50.220560.0018,

uVcbu50.037360.0018, ~6.5!

uVub /Vcbu50.0860.02,

where the value ofuVcbu has been obtained by combining th
OPAL value @26# uVcbu50.036060.002160.002460.0012
and the ALEPH value@27# uVcbu50.034460.001660.0023
60.0014 with the PDG valueuVcbu50.04160.003. Because
of the hierarchical structureuVusu2@uVcbu2@uVubu2, the fol-
lowing expression ofV will also be useful:
V.S 12
1

2
l2 l se2 id

2l 12
1

2
l2 r

lr2seid 2r 12
1

2
r2

D , ~6.6!

wherel5uVusu, r5uVcbu, ands5uVubu. Hereafter, we will
use the observed values~6.5! as the values ofuVi j (m)u at
m5mZ . Then, from expression~6.4! @not the approximate
expression~6.6!#, we obtain the numerical expression
V(m) at m5mZ ,



0.9754 0.2205 0.0030e2 id

id
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V~mZ!5S 20.220320.0001e 0.9747 0.0373

0.008220.0029eid 20.036420.0007eid 0.9993
D . ~6.7!
r

he
Since we already know the numerical values ofDu

5diag(mu ,mc ,mt), Dd5diag(md ,ms ,mb), andVi j ~except
for the parameterd) at m5mZ , by using the relations

UL
uMuUR

u†5Du , UL
dMdUR

d†5Dd , V5UL
uUL

d† ,
~6.8!

we can determine the numerical structures of the squa
mass matricesHu andHd , which are defined by

Hu5MuMu
† , Hd5MdMd

† . ~6.9!

In particular, at a special quark-family basis on which t
up-quark mass matrix takes a diagonal formDu , we can
readily obtain the matrix formHu andHd :

Hu5Du
25mt

2S mu
2/mt

2 0 0

0 mc
2/mt

2 0

0 0 1
D , ~6.10!
t-
ic
is
ed

Hd5VDd
2V†.mb

2S s2~11x2! rs~y1e2 id! se2 id

rs~y1eid! r2~11y2/x2! r

seid r 1
D ,

~6.11!

where

x5
l

s

ms

mb
, y5

l

rsS ms

mb
D 2

. ~6.12!

Numerically, by using Eq.~6.7!, but without using the ap-
proximate expression~6.11!, we obtain

Hu~mZ!5mt
2~mZ! S 1.66310210 0 0

0 1.4031025 0

0 0 1
D ,

~6.13!
Hd~mZ!5mb
2~mZ! S 5.8431025 ~2.0811.11e2 id!31024 2.9831023e2 id

~2.0811.11eid!31024 2.3131023 3.7231022

2.9831023eid 3.7231022 0.9986
D , ~6.14!
wheremt
2(mZ)53.243104 GeV2 andmb

2(mZ)59.00 GeV2.
In the standard model@not SU(2)L3SU(2)R3U(1)Y , but
SU(2)L3U(1)Y#, by a suitable transformation of the righ
handed fields, we can always make quark mass matr
(Mu ,Md) Hermitian. Furthermore, in the quark-family bas
whereMu5Du , the quark mass matrices are given by

Mu5Du5mtS mu /mt 0 0

0 mc /mt 0

0 0 1
D , ~6.15!

Md5VDdV†.mbS ms

mb
S md

ms
1l2D l

ms

mb
se2 id

l
ms

mb

ms

mb
r

seid r 1

D .

~6.16!
es

It is well known that if we assume (Md)1150, we obtain the
relation @28#

l[uVusu.A2md /ms. ~6.17!

Then we obtain a simpler expression ofMd

Md.mbS 0 A2
mdms

mb
2

se2 id

A2
mdms

mb
2

ms

mb
r

seid r 1

D .

~6.18!

Numerically, by using Eq.~6.7!, we obtain



1.2931025 0 0
23
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Mu~mZ!5mt~mZ! S 0 3.75310 0

0 0 1
D , ~6.19!

Md~mZ!5mb~mZ!S 3.0131023 ~6.3610.11e2 id!31023 ~20.2412.97e2 id!31023

~6.3610.11eid!31023 0.0310 0.0362

~20.2412.97eid!31023 0.0362 0.9986
D , ~6.20!

wheremt(mZ)5180 GeV andmb(mZ)53.00 GeV. For the case ofms,0, instead of Eq.~6.20!, we obtain

Md~mZ!5mb~mZ!S 21.831025 ~27.0310.11e2 id!31023 ~0.2612.98e2 id!31023

~27.0310.11eid!31023 20.0281 0.0384

~0.2612.98eid!31023 0.0384 0.9986
D . ~6.21!
ar

pl

as

w
o

f

ark
c-

igh

n-
our
the
s
e
atic

tral

n
n

We can obtain quark mass matrix forms on an arbitr
quark-family basis by the unitary transformationsHu8
5UHuU† and Hd85UHdU† for Eqs. ~6.10! and ~6.11!, re-
spectively @and alsoMu85UMuU† and Md85UMdU† for
Eqs. ~6.15! and ~6.16!, respectively#. Explicit mass matrix
forms on another special quark-family basis are, for exam
given in Refs.@29,30#.

By starting from the numerical expressions of the m
matricesHu andHd at m5mZ @Eqs. ~6.10! and ~6.11!#, we
can also obtain the mass matrix formMq (q5u,d) ~in other
words, the Yukawa coupling constants! for an arbitrary en-
ergy scalem that is larger than the electroweak scaleLW . In
the next section, we discuss the evolution of the Yuka
coupling constants. Then we will use the following values
the SU~3! c3SU~2! L3U~1! Y gauge coupling constants atm
5mZ :

a1~mZ!50.016 82960.000 017,

a2~mZ!50.033 49320.000 058
10.000 060, ~6.22!

a3~mZ!50.11860.003 ,

which are derived from@31#

a~mZ!5~128.8960.09!21,

sin2uW50.231 6560.000 024,
~6.23!

andLMS
(n)

5209233
139 MeV @2#. Here the coupling constants o

U~1! Y , SU~2! L , and SU~3! c gauge bosons,g1 , g2, andg3,
are defined as they satisfy the relation

1

e2
5

5

3

1

g1
2

1
1

g2
2

~6.24!

and the relation in the SU~5! grand unified theory@32# limit

g15g25g3 . ~6.25!
y

e,

s

a
f

VII. EVOLUTION OF YUKAWA COUPLING CONSTANTS

So far we have evaluated values of the running qu
massesmq(m) at energy scales that are below the ele
troweak symmetry-breaking energy scaleLW using formula
~4.1!. However, for the quark masses at an extremely h
energy scale far fromLW , we must use ‘‘evolution’’ equa-
tions of Yukawa coupling constantsyi j

a (a5u,d; i , j
51,2,3). The numerical results of the Yukawa coupling co
stants already have been given in many works. Since
interest in the present paper is in the updated values of
quark massesmq(m) ~i.e., the Yukawa coupling constant
yq), we give only a short review of the evolution of th
Yukawa coupling constants and do not give a system
study of the numerical results.

We define the Yukawa coupling constantsyi j
a as

Hmass5 (
a5u,d

(
i 51

3

(
j 51

3

yi j
a c̄LaicRa jfa

01H.c., ~7.1!

wherefa
0 are the vacuum expectation values of the neu

components of the Higgs bosonsfa that couple with fermi-
ons ca and they meanfu

0 and fd
0 for the minimal SUSY

model ~model B), while they mean a single Higgs boso
fu

05fd
05f0 for the standard model with one Higgs boso

~model A). The quark mass matricesMu and Md at m
5LW are given by

Ma~m!5
1

A2
Ya~m!va , ~7.2!

where Ya denotes a matrix (Ya) i j 5yi j
a and va are the

vacuum expectation values offa
0 , va5A2^fa

0&, and vu

5vd5A2LW for modelA andAvu
21vd

25A2LW for model
B.

The evolution of the coupling constantsYa(m) from
Ya(LW) is given by the equations@33#

dYa

dt
5F 1

16p2
ba

~1!1
1

~16p2!2
ba

~2!GYa , ~a5u,d,e!,

~7.3!
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t5 ln~m/LW!, ~7.4!

ba
~1!5ca

~1!11(
b

aa
bHb , ~7.5!

ba
~2!5ca

~2!11(
b

ba
bHb1(

b,c
ba

bcHbHc , ~7.6!

Ha5YaYa
† , ~7.7!

where, for convenience, we have changed the definition
the Hermitian matrixHa from Eq. ~6.8! to Eq. ~7.7!. The
coefficientsca

(1) andaa
b in the one-loop contributionsba

(1) are
given in Table III according to modelsA andB, where

ca
~1!5Ta2Ga . ~7.8!

The coefficientsca
(2) , ba

b and ba
bc in the two-loop contribu-

tions ba
(2) are given in Appendix C, because their expre

sions are too long. The evolution of the gauge coupling c
stantsgi(m) is given in Appendix D.

By using the information ofVi j (m) at m5mZ in Sec. VI,
we can obtain the knowledge not only ofMq(mZ), but also

TABLE III. Coefficients ba
(1) in the evolution equations o

Yukawa coupling constantsYa .

Model A Model B
Standard single Higgs SUSY

Gu5
17
20g1

21
9
4 g2

218g3
2 Gu5

13
15g1

213g2
21

16
3 g3

2

Gd5
1
4 g1

21
9
4 g2

218g3
2 Gd5

7
15g1

213g2
21

16
3 g3

2

Ge5
9
4 g1

21
9
4 g2

2 Ge5
9
5 g1

213g2
2

Tu5Td5Te Tu53 TrHu

53 Tr(Hu1Hd)1TrHe Td5Te

53 TrHd1TrHe

au
u5ad

d513/2 au
u5ad

d513
au

d5ad
u523/2 au

d5ad
u511

ae
e513/2 ae

e513
of

-
-

of Hq(mZ), i.e., Hu5Du
2 and Hd5VDd

2V†, where Dq (q
5u,d) are the diagonalized matrices ofYq . Then the ex-
pression forHa(m)

d

dt
Ha5F 1

16p2
ba

~1!1
1

~16p2!2
ba

~2!GHa

1HaF 1

16p2
ba

~1!†1
1

~16p2!2
ba

~2!†G , ~7.9!

is more useful rather than Eq.~7.3!, which is the expression
for Ya . Hereafter, for simplicity, we calculate the evolutio
not from m5LW , but from m5mZ because most of the in
put values atm5mZ have been given already in Sec. V
Since the numerical results are insensitive to the value of
phase parameterd13 (p/3,d13,2p/3) in the CKM matrix
V @Eq. ~6.4!#, we will use the valued[d135p/2 below. For
model A ~the standard model with one Higgs boson!, we
must assume the value of the Higgs boson massmH . We
will take a typical valuemH5A2LW5246.2 GeV~see the
later discussion!. For modelB ~the minimal SUSY model!,
we must assume the value of tanb5vu /vd . We will take a
typical value tanb510. The numerical results ofyq are
given below. Here the valuesyii

a are obtained by diagonaliz
ing the matrixHa , which does not meanA(Ha) i i .

A. Standard model with one Higgs boson

As seen in Appendix A, in the calculation of the two-loo
contributions, the evolution of the Yukawa coupling co
stantsyq depends on the coupling constantlH of the Higgs
bosonf, which is related to the Higgs boson massmH as

lH5mH
2 /v2. ~7.10!

We find @34# that the input value ofmH(mZ) that is less than
2.23102 GeV leads to a negativelH at a unification scale
m5MX , while that which is larger than 2.63102 GeV leads
to the burst oflH at the unification scale. Therefore, if w
establish an ansatz that nature accepts only the param
n
TABLE IV. Evolution of the Yukawa coupling constantsya in the standard model with one Higgs boso
~model A). For convenience, instead ofya(m), the values ofma(m)5ya(m)v/A2 are listed, wherev
5A2LW5246.2 GeV. The errors6Dm at m5109 GeV andm5mX denote only those from6Dm at m
5mZ .

m5mZ m5109 GeV m5MX

mu(m) 2.3320.45
10.42 MeV 1.2820.25

10.23 MeV 0.9420.18
10.17 MeV

mc(m) 677261
156 MeV 371233

131 MeV 272224
122 MeV

mt(m) 181613 GeV 109213
116 GeV 84213

118 GeV
md(m) 4.6920.66

10.60 MeV 2.6020.37
10.33 MeV 1.9420.28

10.25 MeV
ms(m) 93.4213.0

111.8 MeV 51.927.2
16.5 MeV 38.725.4

14.9 MeV
mb(m) 3.0060.11 GeV 1.5120.06

10.05 GeV 1.0760.04 GeV
me(m) 0.48684727 MeV 0.51541746 MeV 0.49348567 MeV

60.00000014 60.00000015 60.00000014
mm(m) 102.75138 MeV 108.78126 MeV 104.15246 MeV

60.00033 60.00035 60.00033
mt(m) 1746.760.3 MeV 1849.260.3 MeV 1770.660.3 MeV
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TABLE V. Evolution of the Yukawa coupling constantsya in the minimal SUSY model~modelB). For
convenience, instead ofya(m), the values ofma(m)5ya(m)vsinb/A2 for up-quark sector andma(m)
5ya(m)vcosb/A2 for the down-quark sector are listed, wherev5A2LW . The errors6Dm at m5109 GeV
andm5MX denote only those from6Dm at m5mZ .

m5mZ m5109 GeV m5MX

mu(m) 2.3320.45
10.42 MeV 1.4720.28

10.26 MeV 1.0420.20
10.19 MeV

mc(m) 677261
156 MeV 427238

135 MeV 302227
125 MeV

mt(m) 181613 GeV 149226
140 GeV 1292 40

1196 GeV
md(m) 4.6920.66

10.60 MeV 2.2820.32
10.29 MeV 1.3320.19

10.17 MeV
ms(m) 93.4213.0

111.8 MeV 45.326.3
15.7 MeV 26.523.7

13.3 MeV
mb(m) 3.0060.11 GeV 1.6060.06 GeV 1.0060.04 GeV
me(m) 0.48684727 MeV 0.40850306 MeV 0.32502032 MeV

60.00000014 60.00000012 60.00000009
mm(m) 102.75138 MeV 86.21727 MeV 68.59813 MeV

60.00033 60.00028 60.00022
mt(m) 1746.760.3 MeV 1469.520.2

10.3 MeV 1171.460.2 MeV
w

f

a-

of
regions in which the perturbative calculations are valid,
can conclude that the Higgs boson massmH in the standard
model must be in

220 GeV,mH~mZ!,260 GeV. ~7.11!

In Table IV, we list the numerical results ofmq(m)
5yq(m)v/A2 at the typical energy scalesm5mZ , m5109

GeV, and m5MX . For the comparison with the SUSY
model ~model B) later, the valuesmq(m) at m5MX are
listed, whereMX is a unification scale of SUSY,MX52
31016 GeV. Here we have tentatively taken a valuemH

5A2LW5246.2 GeV ~i.e., lH51) as the input value o
mH(mZ).
e We also obtain the numerical expression of the CKM m
trix V(m) at m5MX ,

V~MX!5S 0.9754 0.2206 20.0035i

20.2203 0.9745 0.0433

0.0101e219°i 20.0422e11.0°i 0.9991
D ,

~7.12!

correspondingly to Eq.~6.7! atm5mZ , where we have taken
d590° tentatively. We also obtain the numerical result
(Mu ,Md) at m5MX correspondingly to Eqs.~6.19!, ~6.20!,
and ~6.21!:
Mu~MX!5mt~MX!S 1.1131025 0 0

0 3.2331023 0

0 0 1
D , ~7.13!

Md~MX!5mb~MX!S 0.0035 0.0074e21.2°i 0.0035e295.3°i

0.0074e11.2°i 0.0363 0.0418e10.03°i

0.0035e195.3°i 0.0418e20.03°i 0.9982
D , ~7.14!

and

Md~MX!5mb~MX!S 21.931025 20.0082e11.1°i 0.0035e284.1°i

20.0082e21.1°i 20.0324 0.0447e20.04°i

0.0035e184.1°i 0.0447e10.04°i 0.9980
D , ~7.15!
se
e

of
wheremt(MX)584.2 GeV andmb(MX)51.071 GeV.

B. Minimal SUSY model

The scale of the SUSY symmetry breakingmSUSY is usu-
ally taken asmSUSY.mt or mSUSY.1 TeV. For simplicity,
we takemSUSY5mZ in the present numerical study becau
the numerical results ofyq(m) are not sensitive to the valu
of mSUSY.

The values ofmq(m)5yq(m)v/A2 (q5u,d) are sensitive
to the value of tanb5vu /vd . A large value of tanb, tanb
.60, leads to the burst ofmb(m) at the unification scalem
5MX.231016 GeV. On the other hand, a small value
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tanb, tanb.1.5, leads to the burst ofmt(m) at the unifica-
tion scale. The values ofmq(m) are insensitive to the valu
of tanb in the region from tanb.5 to tanb.30 @35#. In
Table V, we list the numerical results ofmq(m) at the typical
energy scales,m5mZ , m5109 GeV, andm5MX . Here we
have tentatively taken a value tanb510 as the input value o
tanb.

In Fig. 6, for reference, we illustrate the behavior

FIG. 6. Behavior of the Yukawa coupling constantsyt(m),
yb(m), andyt(m) in the minimal SUSY model. For convenienc
the values are illustrated by the formmt(m)5yt(m)vsinb/A2,
mb(m)5yb(m)vcosb/A2, andmt(m)5yt(m)vcosb/A2.
a

r
e
ua
mt(m), mb(m), andmt(m). The value ofmt(MX) is highly
dependent on the input value ofmt(mZ). Therefore, the value
of mt(MX) in Table V should not be taken strictly. Also, th
energy scalemX at whichmb(mX)5mt(mX) is highly depen-
dent on the input value ofmb(mZ). Therefore, the valuemX
should also not be taken strictly.

As seen in Fig. 6, it is very interesting that the observ
top quark mass value is given by almost the upper va
which givesmq(LW)<mq(MX). However, since the purpos
of the present paper is not to investigate the evolution of
Yukawa coupling constants in the SUSY model under so
postulation@e.g.,mb(m)5mt(m) at m5MX#, we do not go
further. Several such studies will be found in Refs.@35,36#.

We also obtain the numerical expression of the CKM m
trix V(m) at m5MX ,

V~MX!

5S 0.9754 0.2205 20.0026i

20.2203e10.03°i 0.9749 0.0318

0.0075e219°i 20.0311e11.0°i 0.9995
D ,

~7.16!

correspondingly to Eq.~6.7! atm5mZ , where we have taken
d590° tentatively. We also obtain the numerical result
(Mu ,Md) at m5MX correspondingly to Eqs.~6.19!, ~6.20!,
and ~6.21!:
Mu~MX!5mt~MX!S 8.031026 0 0

0 2.3331023 0

0 0 1
D , ~7.17!

Md~MX!5mb~MX!S 0.0026 0.0054e20.9°i 0.0025e293.9°i

0.0054e10.9°i 0.0263 0.0310e10.03°i

0.0025e193.9°i 0.0310e20.03°i 0.9990
D , ~7.18!

and

Md~MX!5mb~MX!S 21.631025 20.0060e10.8°i 0.0026e285.8°i

20.0060e20.8°i 20.0241 0.0326e20.03°i

0.0026e185.8°i 0.0326e10.03°i 0.9990
D , ~7.19!
ild-
of
-

s of

-
he
wheremt(MX)5129.3 GeV andmb(MX)50.997 GeV.

VIII. SUMMARY

In conclusion, we have evaluated the running quark m
valuesmq(m) (q5u,d,s,c,b,t) at various energy scalesm
(m51 GeV, m5mq , m5mZ , and so on!. The values of
mq(mq) given in Table II in Sec. IV will be convenient fo
hadron physicists who want to calculate hadronic matrix
ements on the bases of the quark-parton model, heavy-q
effective theory, and so on. Also, the values ofmq(m),
ss

l-
rk

ml(m), uVi j (m)u, anda i(m) at m5mZ given in Sec. VI will
be convenient for quark and lepton mass-matrix model bu
ers. In quark mass-matrix phenomenology, the values
mq(m) at m51 GeV conventionally have been used. How
ever, we recommend the use of the valuesmq(mZ) rather
thanmq~1 GeV! because we can use the observed value
uVi j u as the valuesuVi j (mZ)u straightforwardly and, exactly
speaking, the value ofmt~1 GeV! does not have meaning.

Although, in Sec. VII, we have given the values ofmq(m)
at m5MX , i.e., the evolution of the Yukawa coupling con
stantsyq(m), the study was not systematic, in contrast to t
study for m<LW . The values ofyq(m) in the standard
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model with one Higgs boson depend on the input value
the boson massmH(mZ). The values ofyq(m) in the minimal
SUSY model depend on the values of the parametersmSUSY
and tanb. Therefore, the valuesmq(MX) given in Tables IV
and V in Sec. VII should be taken only for reference.

We hope that most of the present results, Table II in S
IV and Eqs.~6.1!, ~6.7!, ~6.13!, and ~6.14! in Sec. VI, are
made useful by particle physicists.
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APPENDIX A: RELATION BETWEEN mq„mq… AND M q
pole

The pole massMq
pole(p25mq

2) is a gauge-invariant
infrared-finite, renormalization-scheme-independent qu
tity. Generally, the mass functionM (p2), which is defined
by @1#

S~p!5Z~p2!/@M ~p2!2p” #, ~A1!

Z~p2!512
as

3pS a23b1
2

3Dl1O~as
2!, ~A2!

is related to

M ~p2!5m~m!F11
as

p
~a1lb!1O~as

2!G , ~A3!

a5
4

3
2 ln

m2

m2
1

m22p2

p2
ln

m22p2

m2
, ~A4!

b52
m22p2

3p2 S 11
m2

p2
ln

m22p2

m2 D , ~A5!

wherel is given byl50 in the Landau gauge and byl
51 in the Feynman gauge. Forp25m2, we obtaina54/3
andb50, so that we obtain the relation

Mq
pole~p25mq

2!5mq~mq!S 11
4

3

as

p
1O~as

2! D . ~A6!
f

c.

l
is
y

-
e
o-
r
-

r
e-

o
,

n-

Similarly, for the spacelike value ofp2, p252mq
2 , we ob-

tain a54/322ln2 andb5(2/3)(12 ln2), so that we obtain
the gauge-dependent ‘‘Euclidean’’ masses

Mq
pole~p252mq

2!5mq~mq!F11
as

p S 4

3
22ln2D1O~as

2!G .
~A7!

The estimate of the pole mass has been given by G
et al. @6# ~also see@38#!:

mq~Mq
pole!5Mq

poleY F11
4

3

as~Mq
pole!

p

1KqS as~Mq
pole!

p D 2

1O~as
3!G , ~A8!

Kq5K01
4

3(
i 51

n21

D~Mi
pole/Mn

pole!, ~A9!

K05
1

9
p2ln21

7

18
p22

1

6
z~3!1

3673

288
2S 1

18
p21

71

144Dn,

~A10!

D~r !5
1

4 F ln2r 1
1

6
p22S lnr 1

3

2D r 2 ~A11!

2~11r !~11r 3!L1~r !2~12r !~12r 3!L2~r !G ,
~A12!

L6~r !5E
0

1/r

dx
lnx

x61
. ~A13!

Here the sum in Eq.~A9! is taken overn21 light quarks
with massesMi

pole (Mi
pole,Mn

pole[Mq
pole). The numerical

results are summarized in Table VI.
In Table VI, the values ofMq

pole and mq(Mq
pole) for the

light quarks q5u,d,s have been obtained by solving th
relation~A8! with the help of Eq.~A7! with the input~2.11!.
These values for the light quarks should not be taken rigi
because the perturbative calculation is unreliable for the
gion at whichas(m) takes a large value. Fortunately, th
values ofKq are not sensitive to the values ofMq

pole for the
light quarksq5u,d,s. Therefore, the values ofKq in Table
VI are valid not only for the heavy quarksq5c,b,t but also
for the light quarksq5u,d,s.

TABLE VI. Pole massesMq
pole and the related quantities. Th

values with an asterisk should not be taken rigidly because th
values have been calculated in the region with a largeas(m).

K0 D(Mi /Mn) K Mq
pole mq(Mq

pole)

u 16.11 0 * 16.11 * 0.501 MeV * 0.0307 MeV
d 15.07 * 0.838 * 16.19 * 0.517 MeV * 0.0445 MeV
s 14.03 * 1.364 * 15.85 * 0.687 MeV * 0.283 MeV
c 12.99 1.114 14.47 1.59 GeV 1.213 GeV
b 11.94 0.746 12.94 4.89 GeV 4.248 GeV
t 10.90 0.0555 10.98 180 GeV 170.1 GeV
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APPENDIX B: ESTIMATE OF LMS
„n…

The effective QCD couplingas5gs
2/4p is governed by

the b function:

m
]as

]m
5b~as!, ~B1!

where

b~as!52
b0

2p
as

22
b1

4p2
as

32
b2

64p3
as

41O~as
5!, ~B2!

b05112
2

3
nq , b15512

19

3
nq ,

b2528572
5033

9
nq1

325

27
nq

2, ~B3!

and nq is the effective number of quark flavors@39#. The
solutionas(m) of Eq. ~B1! is given by@2#

as~m!5
4p

b0

1

LH 12
2b1

b0
2

lnL

L
1

4b1
2

b0
4L2F S lnL2

1

2D 2

1
b2b0

8b1
2

2
5

4G J 1OS ln2L

L3 D , ~B4!

where

L5 ln~m2/L2!. ~B5!

The value ofas(m) is not continuous at thenth quark thresh-
old mn ~at which thenth quark flavor channel is opened!
because the coefficientsb0, b1, andb2 in Eq. ~B2! depend
on the effective quark flavor numbernq . Therefore, we use
the expressionas

(n)(m) @Eq. ~B3!# with a differentLMS
(n) for

each energy scale rangemn<m,mn11. The relationship be-
tweenLMS

(n21) and LMS
(n) is fixed atm5mq

(n) , wheremq
(n) is

the value of thenth running quark massmq
(n)5mqn(mqn)

and is given as@40#

2b0
~n21!lnS LMS

~n!

LMS
~n21!D 5~b0

~n!2b0
~n21!!LMS̄

~n!

12S b1
~n!

b0
~n!

2
b1

~n21!

b0
~n21!D ln~LMS

~n!
!

2
2b1

~n21!

b0
~n21!

lnS b0
~n!

b0
~n21!D

1
4b1

~n!

~b0
~n!!2S b1

~n!

b0
~n!

2
b1

~n21!

b0
~n21!D ln~LMS

~n!
!

LMS
~n!

1
1

b0
~n!F S 2b1

~n!

b0
~n! D 2

2S 2b1
~n21!

b0
~n21! D 2

2
b2

~n!

2b0
~n!

1
b2

~n21!

2b0
~n21!

2
22

9 G 1

LMS
~n! ,

~B6!
where

LMS
~n!

5 ln~mq
~n!/LMS

~n!
!2. ~B7!

The Particle Data Group@2# has concluded that the worl
average ofLMS

(5) is

LMS
~5!

5209233
139 MeV. ~B8!

Starting fromLMS
(5)

50.209 GeV, by using the relation~B6!,
at m55mb(mb)54.339 GeV,m45mc(mc)51.302 GeV, and
m65mt(mt)5170.8 GeV, we evaluate the values ofLMS

(n) for
n53,4, and 6. The results are summarized in Table VII.

We show the threshold behaviors ofas
(n)(m) in Fig. 7.

We can see thatas
(n21)(m) in mn21<m,mn connects with

as
(n)(m) in mn<m,mn11 continuously.

APPENDIX C: EVOLUTION OF THE YUKAWA
COUPLING CONSTANTS

The coefficientsca
(2) , ba

b , andba
bc in the two-loop contri-

butionsba
(2) are given as follows. HereTa (a5u,d,e) are

given in Table III in Sec. VII andng is the number of gen-
erations. For the standard model with one Higgs scalar,

TABLE VII. Values of LMS
(n) in units of GeV andas(mn). The

underlined values are input values.

n LMS
(n) as

(n)(mn) mn

3 0.33320.042
10.047 1.6920.33

10.38 m350.553 GeV

4 0.29120.041
10.048 0.37920.039

10.048 m451.302 GeV

5 0.20920.033
10.039 0.22220.012

10.013 m554.339 GeV

6 0.088220.0159
10.0191 0.107820.0035

10.0036 m65170.8 GeV

FIG. 7. Threshold behavior ofas
(n)(m) versusm.
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and the evolutions ofgi ( i 51,2,3) andlH are given in
Appendix D. For the minimal SUSY model,
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APPENDIX D: EVOLUTION OF THE GAUGE COUPLING
CONSTANTS

The evolution of gauge coupling constants is given by

dgi

dt
52bi
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3

16p2
2(

k
bik
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3gk

2

~16p2!2
2

gi
3

~16p2!2(a
ciaTrHa ,

~D1!
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where the coefficientsbi , bik , and cia are given in Table
VIII. The evolution of the coupling constantslH given in
Eq. ~C7! is given by

dlH

dt
5

1

16p2
bl

~1!1
1

~16p2!2
bl

~2! , ~D2!

TABLE VIII. Coefficients in the evolution equations of gaug
coupling constants.
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