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Stimulated by the recent development of the calculation methods of the running quark mg&sgsand
renewal of the input data, for the purpose of making a standard talohg(ef) for the convenience of particle
physicists, the values af,(u) at various energy scalgs (u=1 GeV,u=mg, u=m,, u=m; and so oj
especially aju=m;, are systematically evaluated by using the mass renormalization equations and taking into
consideration a matching condition at the quark thresH&808556-282(198)01207-7

PACS numbgs): 12.15.Ff, 12.38.Bx, 14.65.q

[. INTRODUCTION mg(w), andmg(w) at w=1 GeV. In Sec. lll, we review the
pole mass values of the heavy quark maged8'®, MpP°'e,

It is very important to have reliable values of the quarkand Mtp‘"e_ In Sec. IV, running quark massesy(u) are
massesm, not only for hadron physicists who intend to evaluated for various energy scalgs below w=A
evaluate observable quantities on the basis of an effective 174.1 GeV. In Sec. V, we comment on the reliability of the
theory, but also for quark-lepton physicists who intend toperturbative calculations of the running quark masagiw)
build a model for quark and Iepton unification. For such a(ﬂgAW)_ In Sec. VI, we summarize our numerical results of
purpose, for example, a review arti¢l] in 1982 by Gasser  the running quark mass values,(x), the charged lepton
and LeutWerr has pI’OVided us with useful information on massesml(lu), the Cabibbo_Kobayashi_Maskav\@KM)
the running quark masses,(w). However, during the 15 [20] matrix Vegu(p), and the SUB) X SU?2), X U(1)y
years since the Gasser-Leutwyler review article, there haVQauge coupling constantg(x) (i=1,2,3) atu=m,. In
been some developments in the input data and calculatiogec. v, for reference, the evolution of the Yukawa coupling
methods: The QCD paramet&i’’ has been revisel®], the  constants is estimated at energy scales higher thar.
top-quark massn, has been observd®-5|, the three-loop for the cases of the standard model with one Higgs boson
diagrams have been evaluated for the pole mag%'e [6] (Sec. VIIA) and the minimal SUSY modeSec. VII B).
and for the running quark mass,(«) [7], and an alternative Finally, Sec. VIIl is devoted to a summary and discussion.
treatment of the matching condition at the quark threshold

has been proposd®]. On the other hand, so far, there are Il. LIGHT QUARK MASSES AT p=1 GeV
few articles that review the masses of all quarks systemati- _ _ _
cally, although there have been some reestim@e48| for Gasser and Leutwyldrl] had concluded in their review

specific quark masses. For a recent work on a systemat@ticle of 1982 that the light quark masseg(u), my(u),
study of all quark masses, for example, see R&@] by andmg(u) atu=1 GeV are
Rodrigo. We will give further systematic studies on the basis

of recent data and obtain a renewed table of the running my(1 GeV)=5.1-1.5 MeV,
guark mass values.
The purpose of the present paper is to provide a useful my(l GeV)=8.9+2.6 MeV, 2.9
table of the running quark masseg,(u) to hadron physi-
cists and quark-lepton physicists. In Sec. IV, using the mass my(1 GeV)=175£55 MeV

renormalization equatio(.1), we will evaluate the value of .
mqy(u) at various energy scaleg, e.g., u=1 GeV, u from QCD sum rules. In 1987, Dominguez and de Rafégl
=m, (g=c,b,t), M:Mgole, w=my, w=Ay, where had reestimated those values from the QCD finite energy

Mgole is a “pole” mass of the quarky and Ay, is the SUM rules. They obtained the same ratios of the light quark
symmetry-breaking energy scale of the electroweak gaug@aSses as those estimated by Gasser and Leutwyler, but they

symmetry SW2), X U(1)y: used a different value ah,+my at u=1 GeV,
Aw=(3%=(\2Gp) " ¥¥\2=174.1 GeV. (1.1 (My+mMy) =1 gev=15.5£2.0 MeV, 2.2
In Sec. Il, we review the light quark masses,(u), instead of the Gasser-Leutwyler valuenf+mg),—1cev
=14+3 MeV. Therefore, Dominguez and de Rafael con-
cluded that

*Electronic address: fusaoka@amugw.aichi-med-u.ac.jp
TElectronic address: koide@u-shizuoka-ken.ac.jp my(1 GeV)=5.6-1.1 MeV,
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my(1 GeV)=9.9+1.1 MeV, (2.3)  tent) Hereafter, for the light quark massesat1 GeV we
will use the following values, which are weighted averages
mg(1 GeV)=199+33 MeV. of the valueg2.3), (2.4), (2.6), and(2.10:
Recently, by simulating-like inclusive processes for the old m,(1 GeV)=4.88-0.57 MeV,
Das-Mathur-Okubo sum rule relatireg e~ to thel =0 and
=1 hadron total cross-section data, Narigdf] has ob- my(1 GeV)=9.81+0.65 MeV, (2.1

tained the values
mg(1 GeV)=195.4-12.5 MeV.

my(1 GeV)=4x1 MeV,

my(1 GeV)=10=1 MeV, 2.4 IIl. HEAVY QUARK MASSES

my(1 GeV)=197+29 MeV, A. Charm and bottom quark masses

Gasser and Leutwyldrl] have estimated charm and bot-

which are roughly in agreement with E¢&.3). etom guark masses), andm, from the QCD sum rules as

On the other hand, by combining various pieces of th
information on the quark mass ratios, Leutwy[drl] has me(m,)=1.27+0.05 GeV,
recently reestimated the ratios

m, /Mg = 0.553+ 0.043, my(My) =4.25+£0.10 GeV. (3.1

Titard and Yndurim [17] have reestimated the charm and

ms/mg=18.9-0.8 (2.9 bottom quark masses by using the three-level QCD and the
and has obtained full one-loop potential. They have concluded that
my(1 GeV)=5.1+0.9 MeV MPCe=1 570+ 0.019¥ 0.007 GeV,
T ’ (3.2
mg(1 GeV)=9.3+1.4 MeV, (2.6) ME°'°=4.906" 5027+ 0.004 § 075 GeV,
mg(1 GeV)=175+25 MeV.
° me(m,)=1.306" 3524+ 0.006 GeV,
The valueg2.6) are in agreement with Eq&2.1), (2.3), and (3.3
(2.4). My(My) =4.3976.00% 6:004 0,032 GeV,
There is not much discrepancy among these estimates as
far asm, andmy are concerned, except for the estimates by _
Donoghue, Holstein, and Wylél2], who have obtained where the first and second errors come from the use of the
QCD parameten {1=0.20" 352 GeV and the gluon conden-
mg/my=3.49, ms/my=20.7 (27 sate value({aG2)=0.042-0.020 GeV, respectively, and

from the constraints of chiral symmetry treated to next tothe third error denotes a systematic error.
y y On the other hand, from the QCD spectral sum rules to

laer?(?'Irggf]fg[rfg'hi\llegsggtgﬂzdlOff—ﬂ?’] and Adami, Drukarev, two loops fory andY, Narison[18] has estimated the run-
ning quark masses

— =3+
(Mg~ My) =05 cev=3=1 MeV, @9 me(MPT2)=1.23 2%+ 0,03 GeV,
from the QCD sum rules on the isospin-violating effects for 7o 0.03
D andD* and forN, 3, and=, respectively. The valug.9) mp(Myp, %) =4.23"70;+0.02 GeV, (3.4

is consistent with Eq92.3) and(2.6). The value ) . .
corresponding to the short-distance perturbative pole masses

(Mmy+my) ,—16ev=(12+2.5 MeV, (2.9  to two loops
obtained from QCD finite energy sum rules and Laplace sum MPT2=1.42+0.03 GeV,
rules by Bijnens, Prades, and de RaffEb], is consistent
with Eq. (2.2). MPT?=4.62-0.02 GeV (3.5

On the contrary, for the strange quark mass two dif-
ferent values,m¢=175 MeV [Egs. (2.1) and (2.6)] and and the three-loop values of the short-distance pole masses
ms=200 MeV [Egs. (2.3) and (2.4)], have been reported. P13 0.10
Recently, Chetyrkiret al.[16] have estimated M ®=1.64"(57+0.03 GeV,

my(1 GeV)=205.5-19.1 MeV (2.10 MPT®=4.87+0.05-0.02 GeV. (3.6

by an orderag determination from the QCD sum rules. The The valueq3.6) are in agreement with the valué3.2) esti-
value (2.10 is consistent with Eq(2.3). (Of course, if we mated by Titard, and Ynduimwhile the valueg3.5) are not.
take their errors into consideration, these values are considarison asserts that one should not M§T3 because the
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hadronic correlators are only known to two-loop accuracywhereK.=14.5,K,=12.9, andK;=11.0. The definition of
Although we must keep Narison’s statement in mind, sincek, and their estimates are given in Appendix A. The values
we use the three-loop formul@.5 for the running quark of ag(u«) at various values g and errors are given in Table
massesmgy(u) for all quarksq=u,d, ... t, hereafter, we VIl in Appendix B. By using Eq(3.12, from Egs.(3.7) and
adopt the following weighted averages of Eq8.2) and (3.11) we obtain

(3.6):

MPOIe—1 56+0.02 GeV, me(MP°®)=1.213+0.018, 0039 GeV,

Mp°'e=4.89+0.05 GeV (3.7 my,(ME°'®) =4.248+0.046,5.535 GeV,
(3.13

as the pole mass values.

B. Top quark mass m(MP°'®)=170.1+11.470.3 GeV,

The explicit value of the top quark mass has been reported _ ol
by the CDF Collaboratiofi3] from the data opp collisions ~ Where the first and second errors come framMg®* and

at\s=1.8 TeV: iAA%, respectively.
m,=174+10"1 GeV. (3.9
IV. BEHAVIORS OF mq(p) AT THE QUARK
They[4] have also reported an updated value THRESHOLDS
m=176-8+10 GeV. (3.9 The scale dependence of a running quark nmag(su) is

governed by the equatidiT]
On the other hand, the DO Collaboratid] has reported the

value d
m=199"19+22 Gev. (3.10 g Mol 1) = = s M) @b
The Particle Data GrouPDG) [21] has quoted the value  \where
m,=180=12 GeV (3.11) . e
as the top quark mass from direct observations of top quark Y(ag)= ?’OfJF Y1 f) 72 f) +0(ag), (4.2

events. Hereafter, we use the valBell) as the pole mass of
the top quark.
) 101 5
= s = —_—— _n ,
C. Mass valuesmg(p) at p=Mp°'® L 17712 18’

ole

The relation between the pole maag and the running

quark massny(M?°') at u=M$°'® has been calculated by 1 2216 160 140 ,
Grayet al. [6]: Y2735 1249 | o7+ - Ng~ g7 Na|- 43
4 aS(MpoIe) aS(Mpole) 2
mg(M§*'9) = M5°'e[1+ e O e Thenm(x) is given by
_1 R
+0(ad)| (312 Mg( 1) =R(ag(1))Mg, (4.9

TABLE I. Running quark mass valuag,(u) at u=mq. Input valuesmy(1 GeV) forg=u,d,s and
mq(Mgo'e) for g=c,b,t are used. The first and second errors come frofm, (or iAMg"'e) andiAA%,
respectively. The values with an asterisk should not be taken rigidly because these values have been calcu-
lated in the region with a largeg(u).

Inputmy(1 GeV) or mg(M5°') Outputmy(my)

~ o0 unw o c

4.88+0.57 MeV
9.81+0.65 MeV
195.4-12.5 MeV
1.213+0.018. 3333 GeV
4.248+0.046, 5532 GeV
170.1+11.4+0.3 GeV

“0.436'$ 51 658 Gev
*0.448+0.001 5333 GeV

* 0.553+0.005 53235 GeVv
1.302£0.018,39% GeV
4.339-0.046,5952° GeV
170.811.570.2 GeV
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wherem, is the renormalization-group invariant mass that is s = me(mg) g = my(my)
independent of Ig?/A?), a(w) is given by Eq(B4), ands; 107! ""1“(')0 BT T e
(i=0,1,2 are also defined by EqB3). By using Eq.(4.5 1 (GeV)

and A{"L obtained in Appendix B, we can evaluz®é" (u)
for u<w,y1, Wherew, is thenth quark flavor threshold and
we takep,=mMg,(Mgyp) -

Quite recently, the four-loop function and quark mass g, example, the behavior af.(x) at u< s, mf:“)(,u), can

anomalous dimension have been obtained by several auth ; ; <p<
[22]. In this paper, we evaluate the running quark masses t()lgi de\,ﬁiiiedm?;tuEggel\zlg?ﬁt’e\(/jvhg?/ tEg;Z ag (5’4\87 wﬁﬁ

using the three-loop resuligl.1)—(4.5). The effects of the (4) B )y 12 ) (5)
four-loop results to the three-loop results will be discussed i"e (w) andxs=In{{m(u)}/u%} and withmc>)(x) andxe

FIG. 1. Threshold behavior d®™(u) versusu.

Sec. V.
We can evaluate the values mf,(m,) (q=c,b,t) by us-
ing the values oM go'e given in Sec. lll and the relation

Mgn( ) =[RM()/RM(ME9) My o(MP2') (1< prnsq).
(4.6)

Similarly, we evaluate the light quark masseg(mg) (q
=u,d,s) using the relation

Mg(p) =[RP(u)/RP(L GeVImy(1 GeV) (u<py)

(4.7

and the valuesny(1 GeV) given in Eq.(2.11). The results
are summarized in Table I. The valuesrof(m,), mg(my),

=In{[m{®(w)1%u3, respectively. In Fig. 2, we illustrate the
w dependence of the light quark masseg ) (q=u,d,s),
where we have taken the matching conditi@n8) into ac-
count. We can see that the discontinuity that was seen in Fig.
1 disappears in Fig. 2.

We also illustrate the behavior of the heavy quark masses
mq(u) (g=c,b,t) in Fig. 3. Exactly speaking, the phrase
“the running mass valueng(u)” of a heavy quarkQ at a
lower-energy scalgx than u=mg(mg) loses its meaning.
For example, the effective quark flavor numbgy is 3 at
pn=1 GeV, so that the value of,(«) atu=1 GeV does not
have meaning. However, for reference, in Fig. 3, we have
calculated the value ofg(u) (Q=0qn) at upSpu<pnig

(n<N) by using the relationmg(u)=moRM(x) [not

andmy(m,) should not be taken rigidly because the pertur-Mo(x)=MgR™ ()],

bative calculation is not reliable for such a region in which

ag(u) takes a large valuésee Sec. V.
Exactly speaking, the estimates Afw”—)s in Table VIl in

The numerical results are summarized in Table Il. As
stressed by Vermaseren and co-workigg], the invariant

massﬁwq is a good reference mass for the accurate evolution

Appendix B are dependent on the choices of the quarloftheMS quark masses to the necessary sgala phenom-
threshold i, =mgn(Mgn). The values in Tables VIl and | enological applications. The values o, are also listed in

have been obtained by iterating the evaluation’\é% and

mg(mg).
Running quark mass values,,(u) at u=pu,., cannot

be evaluated by formuléd.4) straightforwardly because of
the quark threshold effects. As seen in Fig. 1, the behavior of \

R(u) is discontinuous ap=,unqun(m?n).
The behavior of thexth quark massn{y) (n<N) at uy
< u<uy4, are given by the matching conditid]

B 1 5 89
Man (1) =Mmgn ()] 1+ 5 X{+ 3xn+ 35
(N) 21-1
ag(m)
x(s—“ , 4.9
a

where

xn=In{[ M\ () 1%/ w2} (4.9

Table 1.

10° T T T T

~—

1073

1 1 1 1
10° 10' 102 102
1 (GeV)

FIG. 2. Light quark masses,(#) (q=u,d,s) versusu.
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FIG. 4. Reliability of the perturbative calculation @f"(u).
The curves show the behaviors of the second and third terms in
curly brackets in Eq(B4).

FIG. 3. Heavy quark masses,(u) (q=c,b,t) versusu.

V. RELIABILITY OF THE PERTURBATIVE

CALCULATION BELOW p~1 GeV . . . . .
This means that the perturbative calculation is not reliable

As we noted already, the values of the light quark massebelow w=0.6 GeV. Therefore, the values with asterisks in
mg(mg) (g=u,d,s) should not be taken rigidly because the Tables |, II, and VI should not be taken strictly.
perturbative calculation below~1 GeV seems to be unre- These situations are not improved even if we take the
liable. In order to see the reliability of the calculation of four-loop correction into consideration. For example, for
ag(u), in Fig. 4 we illustrate the values of the second andngy=3, d(as/#)/dInu is given by[22]
third terms in curly brackets in EqB4) separately. The val-

ues of the second and third terms exceed one-20.42 GeV
and u=0.47 GeV, respectively. Also, in Fig. 5 we illustrate

d(as/m) 9(

dinu

the values of the second and third terms in curly brackets in
Eq. (4.5 separately. The values of the second and third terms

exceed one gk=0.58 GeV andu=0.53 GeV, respectively.

2

+21.({is
T

2

3
+...

qs as 2
1+1.79—+4.47 —
T o

(5.9

TABLE II. Running quark masses,(«) and invariant masseﬁaq (in units of GeV). The values with an
asterisk should not be taken strictly because the perturbative calculation is not reliable in the region with a

large ag(u).
q=u q=d a=s g=c q=b q=t
Mpo'e *0.501 *0.517 *0.687 1.59 4.89 180
oo S S w002 k005 x12
mg(MP°'9) * 0.0307 * 0.0445 *0.283 1.213 4.248 170
+0.0022 +0.0018 +0.013 +0.052 +0.082 +12
—0.0026 —0.0023 —0.016 —0.058 —0.086 -
mg(mMg) *0.436 * 0.448 *0.553 1.302 4.339 171
+0.059 +0.060 +0.064 +0.037 +0.073 +12
—0.054 —0.054 —0.057 —0.038 —0.076 -
my(1 GeV) 0.00488 0.00981 0.1954 1.506 7.18 475
+0.00057 +0.00065 +0.0125 +0.048 o 8
mg(me) 0.00418 0.00840 0.1672 1.302 6.12 399
m.=1.302 +0.00056 +0.00071 +0.0137 +0.037 +0.32 +58
Cc . —0.00060 —0.00077 —0.0150 —0.038 —-0.25 —-51
Mg(My) 0.00317 0.00637 0.1268 0.949 4.34 272
m.=4.339 +0.00052 +0.00073 +0.0142 +0.063 +0.07 +26
b . —0.00056 —0.00081 —0.0159 —0.070 —0.08 —25
Mg(My) 0.00235 0.00473 0.0942 0.684 3.03 183
M= 80.33 SEE MR g som
my(my) 0.00233 0.00469 0.0934 0.677 3.00 181
m-olie7  CBESE g Sgm g om  x13
mg(my) 0.00223 0.00449 0.0894 0.646 2.85 171
m=170 SES kR G gl som sn2
Mg(Aw) 0.00223 0.00448 0.0893 0.645 2.84 171
Aw=174.1 * 600043 * 560064 o012 508 +011  *13
My 0.00496 0.00998 0.199 1.59 7.87 546
+0.00095 +0.00141 +0.028 +0.15 +0.40 +49
—0.00101 —0.00153 —0.030 —-0.16 —-0.41 -
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+2 rametergV;;| are given aju=m; . We summarize the quark

and charged lepton masseswat my :

- m,=2.33'07% MeV, m.=677"35 MeV,
nay

m=181+13 GeV, my=4.69"3%2 MeV,

me=93.4"138 MeVv, m,=3.00:0.11 GeV, (6.1

55 : Tz ) m.=0.486 847 270.000 000 14 MeV,
1 (GeV)

FIG. 5. Reliability of the perturbative calculation wf,(«). The m,, =102.751 38-0.000 33 MeV

curves show the behaviors of the second and third terms in curly

brackets in Eq(4.5). m,=1.746 69ﬁ81888 gg GeV,

Since the value of/7 is ag/m=0.16 atu=1 GeV, the _
numerical values of the right-hand side of E§.1) become ~ where the running charged lepton massgéu) have been
evaluated from the relation for the physidglole) masses

d(as/ 9 as\? :
daslm) 9125\ ) L 0.28+0.11+0.085¢ - - -1, M, 23]
dinu 2\ 7
(5.2 2
VA PRl B 6.2
so that the fourth term is not negligible compared to the third m (1) =M, - 4 nm_|2 (6.2

term. This suggests that the fifth term, which is of the order
of (as/)®, will also not be negligible below.~1 GeV. _ o _
However, we consider that the evolution of,(x) above  The value ofm,(m;) in Eq. (6.1) is in good agreement with
u~1 GeV(from u=1 GeV tou~m,) is reliable in spite of the value[24]
the large error ofx () at u~1 GeV.
My(My)=2.67+0.25+0.27+0.34 GeV , (6.3
VI. OBSERVABLE QUANTITIES mg(), Vckm(H), AND

(W) AT p= .
ai(h) H=mz which has been extracted recently from CERN LEP data.

For quark mass matrix phenomenology, valuesng{u) On the other hand, the standard expresg@®] of the
at u=m; are useful because the observed CKM matrix pa-CKM matrix V is given by

C12C13 S12C13 S1e 1013
V= —S12Co3— C1253518' 13 C13C03— S125235138 13 S>3C13 | . (6.4
S12503— C1C23515€' ™13 —Cy5Sp3— S1C25512€' %13 CpaCia

The observed valug¥ g, |V, [21] and|Vyy| [26,27] are 1 .
1— E)\Z )\ 067'5
|V, =0.2205+0.0018,
1
= -\ 1—=\? .
V.| = 0.0373+ 0.0018, 6.5 v 2 Pl 69
. 1
[Vub/Vep| =0.08+0.02, Ap—c€? —p 1- Ep2

where the value dfV.| has been obtained by combining the

OPAL value [26] |V.p|=0.03600.0021+ 0.0024-0.0012 whereA=|V,4, p=|V¢pl, ando=|V . Hereafter, we will
and the ALEPH valu¢27] |V, =0.0344+0.0016+0.0023  use the observed valug6.5 as the values ofV;;(u)| at
+0.0014 with the PDG valup/.,| =0.041+0.003. Because u=m;. Then, from expressio6.4) [not the approximate
of the hierarchical structurlV,{?>|V.p|?>|Vypl?, the fol-  expression(6.6)], we obtain the numerical expression of
lowing expression o¥ will also be useful: V(u) at u=my,
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0.9754 0.2205 0.0020'?
V(m,)=| —0.2203-0.000E"’ 0.9747 0.0373 (6.7
0.0082-0.002%'°  —0.0364-0.000%'°  0.9993
|
Since we already know the numerical values Bf, 2 (1+x?) po(y+te %) oge'?
=diag(m,,m.,m,), D4=diag(mg ,ms,_mb), andvij_(except Hd=VD§VT:m§ pa(y+e®)  p3(1+y2/x?) p ,
for the parameteb) at u=m;, by using the relations 5 1
oe p
6.1
U'M, U =D,, UM US=D,, V=uUludl, (619
©.8 where
we can determine the numerical structures of the squared
mass matrice$l,, andH,, which are defined by A mg A [ mg\2
X=——, y= —(—) . (6.12
g My po\my

H,=MM!, Hig=MsM]. (6.9

Numerically, by using Eq(6.7), but without using the ap-

In particular, at a special quark-family basis on which the . > i
proximate expressiof6.11), we obtain

up-quark mass matrix takes a diagonal foBy, we can
readily obtain the matrix forntH, andHy:

- 1.66x 10710 0 0
o my/m; 20 2 0 H (M) =mZ(m,) 0 1.40<10°° 0
Hu:Du:mt 0 mC/mt O f (61@ O 0 1
0 0 1 (6.13
5.84x 1075 (2.08+1.11e %) x10* 2.98<10 3¢
Ha(my)=mZ(my) | (2.08+1.1%'%)x10°* 2.31x1073 3.72<10°2 (6.14)
2.98<10 %'° 3.72<107? 0.9986

wherem?(m;) = 3.24x 10* GeV? andm2(m;) =9.00 Ge\2.
In the standard moddhot SU(2), X SU(2)sx U(1)y, but

It is well known that if we assumeM 4)1,=0, we obtain the
relation[28]

SU(2). X U(1)y], by a suitable transformation of the right-
handed fields, we can always make quark mass matrices

(M ,My) Hermitian. Furthermore, in the quark-family basis A=V J=V—mi/m. 6.1
whereM,=D,,, the quark mass matrices are given by [Vud Al (6.17
Then we obtain a simpler expressionMf
my /my 0 0
Mu: Du: mt 0 mC/mt 0 , (615)
0 0 1 0 _ MgMs —is
m;
Mg=my mygm m
% % 2 A — o-e_i5 - d 2 = m_s p
Mp\ Mg b My b
i5
My=VDgV'=m, ms my oe' p 1 -
. e p (6.18
oe'? 1

(6.16

Numerically, by using Eq(6.7), we obtain
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1.29x10 ° 0 0
My(mz)=my(my) 0 3.75<10° 0], (6.19
0 0 1
3.01x10°3 (6.36+0.11 ") x 1073 (—0.24+2.97% %) x 1072
My(my)=my(my)| (6.36+0.11'%)x 1073 0.0310 0.0362 . (6.20
(—0.24+2.97%'%) x 1073 0.0362 0.9986
wherem,(my) =180 GeV andm,(m;)=3.00 GeV. For the case afi;<0, instead of Eq(6.20, we obtain
—1.8x10°° (—7.03+0.12e7%)x10° % (0.26+2.98 %) x 1073
My(my)=my(my)| (—7.03+0.1%'%)x 103 —0.0281 0.0384 (6.21)
(0.26+2.98'%)x 1073 0.0384 0.9986

We can obtain quark mass matrix forms on an arbitraryVIl. EVOLUTION OF YUKAWA COUPLING CONSTANTS

quark-family basis by the unitary transformatiorts,
=UH,U" andH;=UH4U" for Egs.(6.10 and (6.11), re-
spectively [and alsoM;=UM,U" and M ,=UM4U" for
Egs. (6.15 and (6.16), respectively. Explicit mass matrix

So far we have evaluated values of the running quark
massesmg(u) at energy scales that are below the elec-
troweak symmetry-breaking energy scalg, using formula
(4.1). However, for the quark masses at an extremely high

forms on another special quark-family basis are, for exampleenergy scale far fromh,,, we must use “evolution” equa-

given in Refs[29,30.

By starting from the numerical expressions of the mas
matricesH, andHg4 at u=m; [Egs.(6.10 and(6.11)], we
can also obtain the mass matrix foivhy, (q=u,d) (in other
words, the Yukawa coupling constanfer an arbitrary en-
ergy scaleu that is larger than the electroweak scalg. In
the next section, we discuss the evolution of the Yukaw.

coupling constants. Then we will use the following values of

the SU3) X SU(2), X U(1) y gauge coupling constants at
= mz .

a1(mz)=0.016 829 0.000 017,

0.000 060

a,(mz)=0.033 493§ 500 oo (6.22
a3(my)=0.118+0.003,
which are derived fronj31]
a(my)=(128.89-0.09 1,
sirf6y=0.231 65+ 0.000 024,
(6.23

and A%= 20933 MeV [2]. Here the coupling constants of

U@y, SU?2),, and SU3). gauge bosong,, g, andgs,
are defined as they satisfy the relation

1

e

(6.29

w| o
Sl
SRS

2

and the relation in the SB8) grand unified theory32] limit

01=92=03- (6.25

S

tions of Yukawa coupling constantsf} (a=u,d; i,j
=1,2,3). The numerical results of the Yukawa coupling con-
stants already have been given in many works. Since our
interest in the present paper is in the updated values of the
quark massesng(u) (i.e., the Yukawa coupling constants
¢), we give only a short review of the evolution of the
ukawa coupling constants and do not give a systematic
study of the numerical results.
We define the Yukawa coupling constalyf}s as

Hmass 2

3 3

> 2 VidaitradatHe, (7.0
a=u,di=1 =1
where ¢ are the vacuum expectation values of the neutral
components of the Higgs bosorsg that couple with fermi-
ons ¢, and they meany] and ¢3 for the minimal SUSY
model (model B), while they mean a single Higgs boson
2= 3= ¢° for the standard model with one Higgs boson
(model A). The quark mass matricel, and My at u
= Ay are given by

1
Ma(M):EYa(M)Uaa (7.2

where Y, denotes a matrix \(a)ij:yf} and v, are the
vacuum expectation values @b, v,=2(¢2), and v,
=v4=+2Ay for modelA and \Jv2+v2=\2A, for model
B.

The evolution of the coupling constanté,(uw) from
Ya(A) is given by the equations33]

Ya_| 1 g0,

= ;,8(2) Ya, (a=u,d,e)
dt 1677-2 a 2)2 a a? 1 1

(167
(7.3
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TABLE IIl. Coefficients B in the evolution equations of of Hq(my), ie., Hy =D2 and Hy=VD3VT, where D (q
Yukawa coupling constantg, . =u,d) are the dlagonallzed matrices ¥f,;. Then the ex-

pression forH ()

Model A Model B
Standard single Higgs SUSY d 1
G,= 17,2 13 16 2 —H,= ,B(l) ,8(2)
2091+492+893 Gu 1591 +392+ 393 dt '? | 16572 (16772)2
Gy= 491 492+893 1lgl+392+ 13695
Ge=10i+405 e= 593 +303 w1 o
T,=Te=Te T,=3TH, al g2Pa T (167)2,351 (79
=3Tr(H,+Hg)+TrH, Tg=Te
al=al= 1312 _: T_r:d+1? is more useful rather th_an I_EQZ.B), which is the expressio_n
d- d for Y, . Hereafter, for simplicity, we calculate the evolution
ag ag=—3/2 a“_ead_ +1 not from u= Ay, but from w=m, because most of the in-
.= 1312 3e=+3 put values atw=m, have been given already in Sec. VI.
Since the numerical results are insensitive to the value of the
phase paramete¥;s (7/3< §13<27/3) in the CKM matrix
t=In(u/Aw), 7.4 v [Eq. (6.4)], we will use the valued= 6,53= 7/2 below. For

model A (the standard model with one Higgs bosowe

W—cW14+S aPH, 7 must assume the value of the Higgs boson nmags We

B =1+ 2 agHy (79 will take a typical valuemy=\2A = 246.2 GeV(see the

later discussion For modelB (the minimal SUSY modé)

we must assume the value of @nv,/vy. We will take a

— b b . u

,3212>—C;2)1+% baHb+;: ba"HpHe, (7.8 typical value ta=10. The numerical results of, are

' given below. Here the valugg are obtained by diagonaliz-
ing the matrixH,, which does not meag(H,);;.

Ha=Y.Y!, (7.7)
where, for convenience, we have changed the definition of A. Standard model with one Higgs boson
the I—l|e.rm|t|a(q) matrixH, from Eq. (6.9 to .Eq..(7.7)(.l)The As seen in Appendix A, in the calculation of the two-loop
coefficientscy™ anday in the one-loop contributiong;™” are  contributions, the evolution of the Yukawa coupling con-
given in Table Ill according to models andB, where stantsy, depends on the coupling constans of the Higgs
1 bosong, which is related to the Higgs boson mamg as
cV=T,-G,. (7.9

Ay=m3/v2. (7.10
The coefficient<c{?, b2 and b2® in the two-loop contribu-
tions ,8;2) are given in Appendix C, because their expres-We find[34] that the input value ofny(m;) that is less than
sions are too long. The evolution of the gauge coupling con2.2x 10? GeV leads to a negative, at a unification scale
stantsg;(u«) is given in Appendix D. =My, while that which is larger than 2:610° GeV leads
By using the information o¥;;(u) atu=m; in Sec. VI,  to the burst of\, at the unification scale. Therefore, if we
we can obtain the knowledge not only bf,(m;), but also  establish an ansatz that nature accepts only the parameter

TABLE IV. Evolution of the Yukawa coupling constanyg in the standard model with one Higgs boson
(model A). For convenience, instead of,(u), the values ofma(,u)=ya(,u)u/\/§ are listed, wherey
=\2A\,=246.2 GeV. The errorsstAm at u=10° GeV andu=my denote only those front Am at u

= mz .
w=my w=10 GeV w=My
my () 2.33" 342 MeV 1.28"323 MeV 0.94" 312 MeV
me(w) 67732 MeV 3713 MeV 272722 MeV
my(u) 181+13 GeV 109'15 GeV 84+ 15 GeV
mMg(u) 4.69' 52 MeV 2.60° 5% MeV 1.94°3% MeV
me() 934118 Mev 51.9°63 MeV 38.7°¢9 MeV
My( 1) 3.00+0.11  GeV 1.51°3% GeV 1.07-0.04  GeV
me( ) 0.48684727  MeV 0.51541746  MeV 0.49348567  MeV
+0.00000014 +0.00000015 +0.00000014
m,, (1) 102.75138  MeV 108.78126 MeV 104.15246  MeV
+0.00033 +0.00035 +0.00033

m_ () 1746.70.3 MeV 1849.2-0.3 MeV 1770.6:0.3 MeV
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TABLE V. Evolution of the Yukawa coupling constanyg in the minimal SUSY modelmodelB). For
convenience, instead of,(u), the values ofm,(u)=y,(x)vsin@/\2 for up-quark sector anen,(u)
=y.(n)vcosB/\2 for the down-quark sector are listed, where \2A,,. The errorst Am at u=10° GeV
and =My denote only those front Am at u=m,.

4=my uw=10 GeV w=My
my(w) 2.33" 042 MeV 1.47°338 MeV 1.04°328 MeV
me(w) 677738 MeV 42733 MeV 302753 MeV
() 181+13 GeV 14952 GeV 1297 4% GeV
Mq( ) 46938 MeV 228023 MeV 1.33'015 MeV
ms(u) 93.4" 135 MeV 45321 MeV 26.5"33 MeV
mp( ) 3.00:0.11  GeV 1.660.06  GeV 1.060.04  GeV
me( ) 0.48684727  MeV 0.40850306  MeV 0.32502032  MeV
+0.00000014 +0.00000012 +0.00000009
m,, (1) 102.75138 MeV 86.21727 MeV 68.59813 MeV
+0.00033 +0.00028 +0.00022
m,(w) 1746.7-0.3  MeV 1469.533 MeV 1171.4-0.2  MeV

regions in which the perturbative calculations are valid, we We also obtain the numerical expression of the CKM ma-
can conclude that the Higgs boson mass in the standard trix V(u) at u=My,
model must be in

220 Ge\Kmy(m;)<260 GeV. (7.12 0.9754 0.2206  —0.0033
) ) V(My)= —0.2203 0.9745 0.0433] |

ID Table 1V, we Ilst_ the numerical refults 0|fn_q(,u) 0010k~ —0.0422°1%% 09991
—yq(,u)v/\/i at the typical energy scalgg=m;, u=10 (7.12
GeV, and u=My. For the comparison with the SUSY '
model (model B) later, the valuesmy(u) at u=My are
listed, whereMy is a unification scale of SUSYMy=2  correspondingly to Eq6.7) at u=m;,, where we have taken
X 10'® GeV. Here we have tentatively taken a valog 6=90° tentatively. We also obtain the numerical result of
=\2A=246.2 GeV(i.e., \y=1) as the input value of (M,,Mg) at u=My correspondingly to Eq<6.19, (6.20),

my(my). and(6.21):
|
1.11x10°° 0 0
M (M) =my(My) 0 3.23107° 0], (7.13
0 0 1

0.0035 0.007¢ 12" 0.003% %3
Mg(My)=my(My)| 0.0074&" 0.0363 0.0418+0037 | (7.14
0.003%"%31  0.0418 0031 0.9982

and
-1.9x10° —0.0082*1" 0.003% 8411
My(My)=my(My)| —0.0082 1" —-0.0324  0.044g %947 | (7.15
0.003%"817  0.044%+004 0.9980
|
wherem;(My) =84.2 GeV andny,(My)=1.071 GeV. we takemg,sy=my; in the present numerical study because
the numerical results of,(w) are not sensitive to the value
of mgysy-
B. Minimal SUSY model The values ofmg(u) :yq(,u)u/\/i (q=u,d) are sensitive
to the value of tag=v,/vq. A large value of tag, tan3
The scale of the SUSY symmetry breakimgsyis usu- =60, leads to the burst af,(«) at the unification scalg

ally taken asmgysy=m; or mgysy=1 TeV. For simplicity, =~ =My=2x10'® GeV. On the other hand, a small value of
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FIG. 6. Behavior of the Yukawa coupling constartgu),

Yp(u), andy () in the minimal SUSY model. For convenience,

the values are illustrated by the formml(ﬂ)=y[(ﬂ)usin,8/\/§,
Mp( 1) = Yp( 1) vCOSB/\2, andm, (1) =y (1) vCcosB/\2.

tang, tan3=1.5, leads to the burst af;(«) at the unifica-
tion scale. The values ah,(u) are insensitive to the value
of tanB in the region from taf=5 to tanB=30 [35]. In
Table V, we list the numerical results ofy(«) at the typical
energy scalesgy=m;, u=10° GeV, andu=My. Here we
have tentatively taken a value @& 10 as the input value of

tangs.
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my(x), Mp(x), andm_(w). The value ofm,(My) is highly
dependent on the input value wf(m;). Therefore, the value
of m(My) in Table V should not be taken strictly. Also, the
energy scaleuy at whichmy(uyx) =m_(uy) is highly depen-
dent on the input value ah,(m;). Therefore, the valugy
should also not be taken strictly.

As seen in Fig. 6, it is very interesting that the observed
top quark mass value is given by almost the upper value,
which givesmy(Aw) <my(My). However, since the purpose
of the present paper is not to investigate the evolution of the
Yukawa coupling constants in the SUSY model under some
postulation[e.g.,my(x)=m_(u) at u=My], we do not go
further. Several such studies will be found in R¢&5,36].

We also obtain the numerical expression of the CKM ma-
trix V(u) at u=My,

V(M)
0.9754 0.2205 —0.0026
=| —0.2203+0.03 0.9749 0.0318
0.007% 17 —0.031&"1%"  0.9995
(7.16

correspondingly to Eq6.7) at u=m;, where we have taken
6=90° tentatively. We also obtain the numerical result of
(M,,My) at u=My correspondingly to Eq46.19, (6.20),

In Fig. 6, for reference, we illustrate the behavior of and(6.21):

8.0x10°6 0 0
Mu(My)=my(My) 0 2.33x10°° 0], (7.17)

0 0 1

0.0026 0.005¢ %" 0.002% 9391
My(My)=mp(My)| 0.0054709" 0.0263 0.0316*+0.031 718
0.002%*9391 0.031@& 2 0.9990
and
—1.6x10°° —0.006@&*°8" 0.0026 8581
My(My)=my(My)| —0.006@ ¢ —-0.0241  0.0326° 0037 | (7.19
0.002&:*%581  0,0326" 003 0.9990

wherem(My)=129.3 GeV andn,(My)=0.997 GeV.

VIlIl. SUMMARY

mi(w), [Vij(w)], ande;j(u) at w=m; given in Sec. VI will

be convenient for quark and lepton mass-matrix model build-
ers. In quark mass-matrix phenomenology, the values of
my(u) at =1 GeV conventionally have been used. How-
ever, we recommend the use of the valuegm;) rather

In conclusion, we have evaluated the running quark masganm,(1 GeV) because we can use the observed values of

valuesmy(u) (g=u,d,s,c,b,t) at various energy scalgs
(=1 GeV, u=my, u=mz, and so oh The values of
mg(mg) given in Table Il in Sec. IV will be convenient for

|V;;| as the value$V;;(m;)| straightforwardly and, exactly
speaking, the value ah;(1 GeV) does not have meaning.
Although, in Sec. VII, we have given the valuesnof(u)

hadron physicists who want to calculate hadronic matrix elat u=My, i.e., the evolution of the Yukawa coupling con-
ements on the bases of the quark-parton model, heavy-quaskantsy,(u), the study was not systematic, in contrast to the
effective theory, and so on. Also, the values mofi(u), study for u<A. The values ofy,(u) in the standard
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model with one Higgs boson depend on the input value of TABLE VI. Pole massesM?°'® and the related quantities. The
the boson mass,(m;). The values of/4(«) in the minimal values with an asterisk should not be taken rigidly because these
SUSY model depend on the values of the parameteygs,  Values have been calculated in the region with a larg:).
and targ. Therefore, the valuesi,(Mx) given in Tables IV bole ool
and V in Sec. VIl should be taken only for reference. Ko AM;/M,) K Mg ma(Mg”)
We hope that most of the present resu_lts, Table Il in Sec, 1611 0 «16.11 * 0501 MeV * 0.0307 MeV
IV and Egs.(6.1), (6.7), (6.13, and(6.14) in Sec. VI, are 15.07 *0.838 *16.19 *0517 MeV * 0.0445 MeV

made useful by particle physicists. 1403 *1.364 *15.85 *0.687 MeV *0.283 MeV
1209 1114 1447 159GeV  1.213 GeV
11.94 0746 1294 489GeV  4.248 GeV
10.90 00555 1098 180 GeV  170.1 GeV
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APPENDIX A: RELATION BETWEEN mg(mg) AND MP%' Kq=Ko+ = >, A(MPOle/mpPole) (A9)
-1
The pole massM g"'e(pzzmg) is a gauge-invariant,
infrared-finite, - renormalization-scheme-independent quan- 1 2o+ 7,1 34 3673 [1 2, 7
tity. Generally, the mass functiokl (p?), which is defined 0=g T IN2+ 1o ==L+ Sga | 3™ + 122/™
by [1] (A10)
S(p)=Z(p?/[M(p?) - p], (A1) 1 1 3
P P P-# A(N)==|IN’r+ 72— Inr+ = |r? (A11)
4 6 2
2 s 2 2
Z(p?)=1-5_|a-3b+ z]A+0(ad),  (A2)
—(1+r)(1+r3)L+(r)—(1—r)(l—rg)L_(r)},
is related to (A12)
2 s 2 i Inx
M(p2)=m(u)| 1+ —(a+Ab)+0(ad)|, (A3) Lo(=| dx—-. (A13)
m - 0 x*+1
m? m?—p? m?-p? Here the sum in Eq(A9) is taken ovem—1 light quarks
a=z~In—+——=—In 2 (A4)  with massedMP°'® (MPO'*<MP°'®=MP°'%). The numerical
® P results are summarized in Table VI.
- P In Table VI, the values oMP®'® and my(M5°'®) for the
m?—p m?> m?—p . v _ _
b= — 14+ —1In (A5) light quarksq=u,d,s have been obtained by solving the
3p? p2 m? )’ relation(A8) with the help of Eq(A7) with the input(2.11).

These values for the light quarks should not be taken rigidly
where\ is given byA=0 in the Landau gauge and By  because the perturbative calculation is unreliable for the re-
=1 in the Feynman gauge. Fpf=m?, we obtaina=4/3  gion at whichag(u) takes a large value. Fortunately, the
andb=0, so that we obtain the relation values ofK, are not sensitive to the values mg"'e for the
light quarksq=u,d,s. Therefore, the values d¢¢, in Table
VI are valid not only for the heavy quarks=c,b,t but also
for the light quarksg=u,d,s.

4 ag 2
= ——I—O(ozs)). (AB)

1+377-

ME®'(p? = mg) = mg(my)
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APPENDIX B: ESTIMATE OF A%

The effective QCD couplingrs= g§/41-r is governed by
the B8 function:

dag
Mmzﬂ(as). (B1)
where
BO 2 ﬂl 3 :82 4 5
ﬂ(as)= - Zas— 4—7726115— @asﬁ—O(as), (B2)
2 19
,80=11—§nq, 31251—€nq,
_g57 5033 325 , B3
Bo= 2857 —g~Na* 57 My (B3
and ny is the effective number of quark flavof89]. The

solution ag(u) of Eq. (B1) is given by[2]

A7 1 2B, InL  4p2 1\?
aS(M)ZEE| _3_3T+[36‘L2 <| L_E)
BoBo 5 In2L
82 4 ]O(—) &Y
where
L=In(u?/A?). (B5)

The value ofa () is not continuous at thieth quark thresh-
old wu, (at which thenth quark flavor channel is opened
because the coefficienf, 81, and 8, in Eq. (B2) depend
on the effective quark flavor numbey,. Therefore, we use
the expressiomgn)(,u) [Eqg. (B3)] with a differentA% for
each energy scale rangg < u<pu, 1. The relationship be-
tween AU and AL is fixed atu=m{", wherem{" is
the value of thenth running quark massn"=mg(mg,)
and is given a$40]

(n)

A
—1) MS
Zﬁgn ln(A(n—l)

S

)=<ﬁ$*—ﬂ$‘“nﬁg

I
n
+2 |n(LM—S)

FRAI

26" [ BY
R

apy (B B In(Ligy)
T EPR B B L

1[(239v2 (ZBT_”)Z
+ —

gL\ g )\ By

By B 22} 1

288" 28Y 9Ly

(B6)
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TABLE VII. Values of A% in units of GeV andag(u,). The
underlined values are input values.

n AL

W o (pur) Fn
3 0.3335:347 1.6975:38 u3=0.553 GeV
4 0.29173-938 0.379°3:933 ws=1.302 GeV
5 0.209'5-332 0.222°3913  14s=4.339 GeV
6 o.oasztgigg 0.10783353¢  ue=170.8 GeV

Lirs=In(m{"/A0)2.

S (B7)

The Particle Data Group2] has concluded that the world
average of/\% is

APL=209"3 MeV. (B8)

Starting fromA%= 0.209 GeV, by using the relatio(B6),
at us=mgy(m,)=4.339 GeV,u,=m.(m.)=1.302 GeV, and
me=m(m,)=170.8 GeV, we evaluate the valuesﬂoﬁ)S for
n=3,4, and 6. The results are summarized in Table VII.

We show the threshold behaviors af”(u) in Fig. 7.
We can see that" Y(u) in p,_1<u<u, connects with
a () in wp<p<pmn.1 continuously.

APPENDIX C: EVOLUTION OF THE YUKAWA
COUPLING CONSTANTS

The coefficients{?, b?, andb2°® in the two-loop contri-
butions 8{) are given as follows. Her&, (a=u,d,e) are
given in Table Il in Sec. VII andh, is the number of gen-
erations. For the standard model with one Higgs scalar,

T T T T
10%F B
2
107'F 5 = mp(mp) T~ 3
Mg = me(mg) Ng = my(my)
| 1 1 !
10° 10' 10 10°
1 (GeV)

FIG. 7. Threshold behavior af{"”(u) versusp.
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3 11 3
buu bdd 2, bﬁd:bgu:Z’ bgeZE,
bﬂdzbguz—z, bdu=pYyd= (C1)
9 223 , 135,
by=—7Tu= 6 i+ 5501+ 759211693,
.9 187 , 135,
bd:_ZTd_G)\H"F%gl_’_EgZ'Fng&
o 9 387 5 135 2
be__ZTe_6}\H+ %gl—i_ Egz, (CZ)
bd= Ty 2hn— | 92— 9g +1693
uTgq'u H 80 1 2 3
5 79 9
bg:ZTd 2Ny (%91 92"‘1693): (C3
2 x+5Y+3)\+ 2 o1 0 a2
Cu = = XaF 3 Vet 3T 500" 25" |91 309192
19 ,, (35 404 80 | ,
+t 189195~ 1 9|92+ 99505~ 3 g9 MNg|Ys:
oo WSy 3 (21 27 , ,
Cd =TT g YaT M 00" 45" 91T 209192
B 35 W ., (404 80 | ,
9193 2 " Ng|92 +99393— 3 9 Mg|Y%:
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and the evolutions of); (i=1,2,3) and\y are given in
Appendix D. For the minimal SUSY model,

bU'=b9%=—4, bl9=by'=-2, b=-—

by'=b§'=—2, bj'=b}’=0, (C9

5 4
by=—3T,+£0i+605, bj=—3Ts+z0i+603,

bé=—3T.+6g3,

2 4
bi=—Ty+z0i, bi=—Tu+zai, (C9
c?=—3Tr(3Hi+H, Hd)+(sg +1693)TrH

(403, 26
450" 15

21
> 6ng

136
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304 32 |,
g5+89505— o9 399
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6 >
+ 5ngrH +
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21
—(7—6% g3+89305— (

304 32
9

c'= =3 THBHE+H Ha+ H§)+( - o+ 169§>Ter
27

6 2 18 s 2
+§91TrHe+ 1_O+€ng g:t 59192

95. (C10

21
-5 —6ng

APPENDIX D: EVOLUTION OF THE GAUGE COUPLING
CONSTANTS

The evolution of gauge coupling constants is given by

- g9% g
(16772)2 (167

16m2 X 2)22 CiaTrHa,

(D1)
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TABLE VIII. Coefficients in the evolution equations of gauge
coupling constants.

Model A Model B
b=~ (55 +3ng) by=—(5+2ng)
b2=§—§ng b2:5_2ng
by=11-3n, bz=9-2n,
% ~1 O -3 5 O
3 259 3
b=| "% T O (by)=| -5 170
0 0 102 0 0 54
19 3 44 38 6 88
15 5 15 15 5 15
—n, : 2 4 —n, 2 14 8
1 3 16 1 3 68
30 2 3 15 3
7 o1 3 26 14 18
10 2 2 5 5 5
(Ca)=| 2 3 3 (ca)=| & 6 2

where the coefficientd;, b;,, andc;, are given in Table
VIIl. The evolution of the coupling constants, given in
Eq. (C7) is given by

i 1

_ (2)
dt 152" *

(1672)% "
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