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Implications of 4 texture zeros mass matrices for neutrino anomalies
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Phenomenological 4 texture zeros mass matrices, successful in accommodating the CKM phenomenology,
are used to simultaneously explain the three neutrino anomalies: the solar neutrino problem~SNP!, the atmo-
spheric neutrino problem~ANP!, and the LSND anomaly. When the SNP is resolved through vacuum oscil-
lations, we obtain a solution implying large mixing. In case the SNP is resolved through the MSW mechanism,
the neutrino masses follow a ‘‘natural’’ hierarchy.
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Neutrino physics at present has three anomalies usu
referred to as the solar neutrino problem~SNP! @1–6#, the
atmospheric neutrino problem~ANP! @7–10# and the ‘‘oscil-
lations’’ n̄m→ n̄e supposedly observed at the Liquid Scint
lator Neutrino Detector~the LSND anomaly! @11,12#. Even
in the absence of direct evidence, neutrino flavor mixing i
widely recognized explanation for the above mention
anomalies. To generate flavor mixing, the neutrinos hav
be massive which would have cosmological implicatio
@13# as well. This motivates one to consider a specific fo
of neutrino mass matrices. In this context, texture spec
mass matrices have been considered with a fair degre
success@14#.

Our purpose in this paper is to examine the implicatio
of a particular kind of 4 texture zeros phenomenologi
mass matrices@15# which have shown a good deal of succe
in accommodating the Cabibbo-Kobayashi-Maskawa~CKM!
phenomenology@16#. In particular, quark mass matrices
the form

Mi5S 0 Ai 0

Ai Di Bi

0 Bi Ci
D , @ i5u,d# ~1!

not only accommodatemt5175615 GeV @17# but are also
able to fit the data@18#, for exampleuVcbu50.04060.003,
Rub5uVub /Vcbu50.0860.02 anduVtdu50.006420.0124.

Further, it has also been shown that such mass matr
could be generated from grand unified theories~GUTs!
@19,20# as well as that these are ‘‘natural’’ in the sense
Peccei and Wang@21#. Therefore it becomes interesting
examine their implications for the three neutrino anoma
discussed above.

Before we go into our attempts to study the implicatio
of the 4 texture zeros mass matrices for the three neut
anomalies, we would like to present data in a manner wh
would facilitate discussion as well as comparison with o
predictions. In the case of SNP, what is observed is the
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of the electron neutrino (ne) received on the earth’s surface
In Table I, we have presented the solar neutrino data fr
four experiments, with the predictions for these from the t
standard solar models: Bahcall and Pinsonneault~BP! @5#
and Turck-Chieze and Lopes~TCL! @6#. In the table, the
deviation of the values ofRf from unity is the solar neutrino
problem ~SNP!. Invoking neutrino oscillations to resolv
SNP, the data is usually parametrized in terms of two flavo
The second flavor into whichne oscillates is muon neutrino
(nm) and the survival probability is given as

Pee512Pem , ~2!

wherePem , the transition probability, is given by

Pem5sin22usin2S 1.267Dm2L

E D , ~3!

with u representing the mixing angle,L(5ct) the distance
from the sun to the earth in meters,Dm25m1

22m2
2 in eV2

andE is the neutrino energy in MeV.
The above equation describes an oscillation with am

tude equal to sin22u and the oscillation lengthl is given by

l52.48S E

Dm2D . ~4!

It needs to be mentioned that if oscillation lengthl is much
shorter than the size of the neutrino source or that of
detector~or both! the periodic term in Eq.~3! averages to 1/2
and the oscillation probability becomes

i-

TABLE I. Results for solar neutrino flux in SNU (1 SNU
510236 capture/atom/sec!.

Experiment Data BPSSM TCLSSM
Rf5

Data
BPSSM

Homestake@1# 2.5562.0 8.061.0 6.4 0.2760.03
Kamiokande@2# 2.8960.42 5.762.4 4.4 0.4460.06
Gallex @3# 79612 132621 123 0.5660.06
Sage@4# 79619 132621 123 0.5060.09
3971 © 1998 The American Physical Society
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Pem5
1

2
sin22u. ~5!

The data, presented in Table I, can be fitted with the follo
ing range of parameters:

Dm256.0310211 eV2 ~6!

and

sin22u50.96. ~7!

The above values actually correspond to the range

5310211 eV2,Dm2,10210 eV2 ~8!

and

0.7<sin22u<1.0 ~9!

as emphasized by Bahcall and Krastev recently@22#.
A more popular and natural solution is the Mikhaye

Smirnov-Wolfenstein~MSW! oscillation mechanism@23#
based onne→nx conversion in the solar interior. The re
quired range ofDm2 and sin22u corresponds to the two so
lutions @22,24#

Dm(
2 ;1025 eV2, sin22u'1022 ~small angle!,

~10!

Dm(
2 ;1025 eV2, sin22u'1 ~ large angle!. ~11!

The second neutrino anomaly is concerning cosmic ray n
trinos originating from the pion and subsequent muon
cays. The depletion ofnm flux relative tone flux has been
observed in several experiments@7–10#. The results of these
experiments are summarized in Table II. In the third colu
of Table II, we presentRD , the ratio of the ratios of observe
to Monte Carlo predictions ofnm andne fluxes. The devia-
tion of RD from the expected value of 1 is the atmosphe
neutrino problem~ANP!. The data~presented in Table II!
clearly shows the depletion of atmosphericnm flavor by a
factor of;2. This can be summarized in terms of two flav
mixing @25# as

Dmmx
2 ;1022 eV2, sin22umx;1, ~12!

wherex can bee or t.
The LSND experiment at Los Alamos National Lab h

brought the first direct though controversial evidence for
nonzero neutrino masses and mixing angles and is the ‘‘t

TABLE II. Atmospheric neutrino data showing double ratio
fluxes fornm andne .

Experiment Energy
RD5

f~m/e!obs

f~m/e!MC

KAM II @7# sub-GeV 0.6060.08
KAM II @7# multi-GeV 0.5760.11
IMB @8# sub-GeV 0.5460.09
NUSEX @9# sub-GeV 0.9960.40
SOUDAN-2 @10# sub-GeV 0.6960.21
-

u-
-

n

e
rd

neutrino problem.’’ The experiment might have observed
neutrino oscillationsn̄m→ n̄e with two flavor parameters:

Dmem
2 >0.3 eV2 ~13!

and

sin22u510232431022. ~14!

The result may be marginally compatible with the earl
E776 experiment@26# at BNL and KARMEN experiment
@27# at Rutherford Appleton Lab.

The LSND conclusions for the candidate events ofn̄m

→ n̄e oscillation when combined with other experimen
@26–28#, translate@29# the constraints~13! and ~14! to

0.3 eV2<DmLSND
2 <2.3 eV2, ~15!

Dm250.22100 eV2, ~16!

and

sin22u>10232431022. ~17!

A few observations of the resolution of three neutri
anomalies in terms of two flavor oscillations are in order.
provide a simultaneous solution to these we need at l
three independent mass differences@29,30#, which requires
the introduction of the fourth neutrino. The fourth neutrino
the present scenario must be sterile@SU~2! singlet#. The
other observation is regarding the fact that data has b
analyzed keeping in mind oscillations between two flav
whereas if we have to invoke mixing between three flav
simultaneously the data should also be analyzed accordin

Several attempts have been made in the three flavor o
lation scenario to reconcile the data pertaining to the neut
anomalies@22,31,32#. It is hoped that the three flavors woul
be richer in phenomenology due to the fact that deficit
absence of a particular species could be due to the oscilla
of that to the other two flavors. In this context, Cardall a
Fuller @32# have observed that a solution to three anoma
could be obtained wherein one mass scale domina
~OMSD! @33# is presumed. Apart from the solution men
tioned with OMSD, solutions within three flavor mixing ar
possible when we have degenerate neutrinos@34# or there is
an inverted hierarchy@35#.

An important point in the case of three neutrinos to
noted pertains to the possibility that if oscillations becom
fast or Dm2L/E becomes large for the case of solar neu
nos, two flavor oscillations predictPee to be 1/2 whereas in
the three flavor case this number can be pushed to 1/3@36#
which could be in agreement with data from all experime
except Homestake.

To begin with, we consider lepton mass matrices wh
are written in analogy with the quark mass matrices as gi
by Eq. ~1!. At present we do not bother about the origin
such mass matrices. In fact these could represent the
handed Dirac neutrinos with right-handed neutrinos be
SU~2! singlets or there could be an ansatz for neutrino m
matrices in the sense of Babu and Shafi@37#. Further unlike
quark mass matrices where the CKM mixing matrix requi
the elements of any of the mass matrices to satisfy the h
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archy, uAu!uBu'D,C, no such restriction is imposed o
the neutrino mass matrices. Therefore,M n is written as

M n5S 0 An 0

An Dn Bn

0 Bn Cn

D , ~18!

where An5uAneia and Bn5uBnueib. The mass matrixM n

can be expressed as

M n5PnM̄ nPn
† , ~19!

whereM̄ n is the real mass matrix

M̄ n5S 0 uAnu 0

uAnu Dn uBnu

0 uBnu C
D ~20!

and

Pn5diag~1,e2 ia,e2 i ~a1b!!. ~21!

The real matrixM̄ n can be diagonalized exactly by the o
thogonal transformations, for example,

M̄ n5On
TM n

diagOn , ~22!

where M n
diag5(m1 ,2m2 ,m3), mi being the neutrino mas

eigenstates. In a similar manner, replacingn by l we can get
the diagonalizing transformation for the charged lepton s
tor. The detailed form of the diagonalizing transformation
given in the Appendix.

The mixing matrixVn in the leptonic sector is defined a

S ne

nm

nt

D 5S Ve1 Ve2 Ve3

Vm1 Vm2 Vm3

Vt1 Vt2 Vt3

D S n1

n2

n3

D , ~23!

wherene , nm , nt are the three flavor eigenstates whereasn1,
n2, n3 are the three mass eigenstates. The matrixVn is given
by

Vn5On
†Pn lOl , ~24!

where On,l are the diagonalizing transformations and t
phase matrixPn l5Pn

†Pl .
In the absence of any observation ofCP violation in the

leptonic sector as well as for the sake of simplicity, we
nore the phase inVn , so that

Vn5On
TOl . ~25!

The parametrization ofVn in terms of CKM like angles is
presented for the sake of ready reference, for example@18#,

Vn5S c12c13 s12c13 s13

2s12c232c12s23s13 c12c232s12s23s13 s23c13

s12s232c12c23s13 2c12s232s12c23s13 c23c13

D .

~26!
c-

-

To find the survival~disappearance! probabilities from the
mixing matrix, first we sketch the details pertaining to su
vival ~disappearance! probabilities in terms of three flavor
as well as the corresponding oscillations.

The time evoluation of a massive neutrino with mome
tum pW produced in a statena at time t50 is given by

na~ t !5eipW •rW(
i 51

3

Va in i , ~27!

where Ei5(p21mi
2)1/2. If neutrinos are nondegenerate th

three terms in Eq.~27! get out of phase, i.e., a statena
acquires a componentnb (bÞa). The general transition and
survival probabilitiesPi j for 3 generations@38# are

Pi j 5 (
k51

3

~VikVjk!212uVi1Vi2Vj 1Vj 2ucosS 2.53D21
2 L

E D
12uVi1Vi3Vj 1Vj 3ucosS 2.53D31

2 L

E D
12uVi3Vi2Vj 3Vj 2ucosS 2.53D32

2 L

E D , ~28!

where E~in MeV! is the energy, L~in m! is the distance
between sun and earth andDmi j

2 5mi
22mj

2 ~in eV2). The
survival probability ofne in solar neutrino flux,Pee, is ap-
proximately equal to the ratioRD whereasPmm is measured
in the experiments as the double ratio,

RD5

fS nm

ne
D

obs

fS nm

ne
D

MC

5
Pmm1Pme /R

Pee1RPem
, ~29!

where R52.45 is the ratio of the number ofne’s to nm’s in
the atmosphere.

The oscillatory functions in Eq.~28! get averaged ou
when arguments of these, e.g., 2.53Dmi j

2 L, are large. In par-
ticular, for the case solar neutrinos propagating in vacuu
the survival probabilityPee, whenDmi j

2 L is large, becomes

Pee5 (
k51

3

uVeku41uVe1u2uVe2u21uVe1u2uVe3u21uVe2u2uVe3u2,

~30!

whereas, fornm ,

Pmm5 (
k51

3

uVmku41uVm1u2uVm2u21uVm1u2uVm3u2

1uVm2u2uVm3u2. ~31!

The transition probability ofn̄e→ n̄m in the LSND experi-
ment from Eq.~28! becomes
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Pem~LSND!5 (
k51

3

uVeku2uVmku2

12uVe1Ve2Vm1Vm2ucosS 2.53
Dm12

2 L

E D
12uVe1Ve3Vm1Vm3ucosS 2.53

Dm31
2 L

E D
12uVe2Ve3Vm2Vm3ucosS 2.53

Dm32
2 L

E D .

~32!

Using Eq. ~28!, we have reproduced required probabiliti
for different ranges of neutrino masses. In Table III, we ha
presented the results of our calculations when SNP is
solved through vacuum oscillations. The solution has b
obtained through ‘‘rapid’’ oscillations; therefore the ma
scale required is quite different from the usual vacuum
cillation solution. A typical solution with corresponding mix
ing matrix is given as follows:

m352.5 eV, m251.3 eV, m150.3 eV ~33!

and

Vn5S 0.74 0.65 0.18

0.59 0.75 0.31

0.34 0.12 0.95
D . ~34!

In Table III, we have considered some of those solutio
which are able to reproduce the ranges of probabilities,

Pee50.1820.77, Pmm50.420.8,

and

TABLE III. Solutions for degenerate neutrinos form352.5 eV.

Rl35
Dl

ml3
Rn35

Dn

mn3

m2 m1 Pee Pmm Pem31022

~eV! ~eV!

0.2 0.46 1.30 0.3 0.43 0.51 0.34
0.44 1.31 0.4 0.41 0.50 0.33
0.26 1.33 0.3 0.43 0.56 0.54
0.17 1.36 0.3 0.49 0.60 0.53
0.10 1.39 0.3 0.54 0.53 0.15

0.4 0.41 1.30 0.4 0.35 0.48 0.29
0.35 1.33 0.3 0.52 0.52 0.53
0.25 1.35 0.4 0.42 0.52 0.54
0.10 1.35 0.3 0.56 0.59 0.55

0.6 0.35 1.30 0.3 0.42 0.44 0.54
0.30 1.30 0.3 0.46 0.49 0.52
0.20 1.35 0.4 0.49 0.46 0.17
0.12 1.35 0.3 0.56 0.50 0.15
0.10 1.36 0.3 0.58 0.50 0.54

0.8 0.34 1.30 0.3 0.48 0.40 0.52
0.31 1.32 0.3 0.49 0.40 0.53
e
e-
n

-

s

Pem5~0.1520.55!31022, ~35!

required to resolve the SNP and ANP as well as accom
date the LSND experiment. As is evident from the tab
these ranges can be accommodated for almost degen
neutrino masses in the eV range@34#. The mixing implied by
these masses is quite large, which is in agreement with
recent analysis by Pakvasa and Acker@38#. It is perhaps
desirable to mention that we have been able to obtain
overall agreement with the data except for the Homest
experiment, where our solution just touches the higher en
the data. However, if we take into account the consequen
of a recent measurement of the reactiong18B→7Be1p,
which suggests lowering of the cross section for the inve
reaction 7Be1p→8B1g at energies relevant to the sola
core, a better agreement with our calculations even for
Homestake data can be obtained@38,39#.

If we invoke the MSW@23# solutions to the solar neutrino
problem, then the comparison with data is not that straig
forward. A detailed analysis in this regard without assum
a specific mass matrix in the three neutrino oscillations s
nario has been carried out by several authors@22,24,29–32#.
For our purpose we make use of the analysis of by Car
and Fuller@32#. These authors have shown that SNP, AN
and LSND data can be simultaneously fitted provided

Dm12
2 5731026 eV2, Dm13

2 ;Dm23
2 ;0.3 eV2

sin2u12;231023, sin2u13;1022, sin2u23;0.5.
~36!

To realize a Cardall and Fuller scenario invoking the MS
effect for the solar neutrino problem, we have tried to rep
duce the above angles through natural hierarchy for neut
masses. In Table IV we have presented some such solu
which approximately reproduce the values given by Eq.~35!.
A typical solution is of the form

m350.5 eV, m259.631022 eV, m155.131025 eV,
~37!

sin2u125~6.3!31023, ~38!

sin2u135~1.2!31022, ~39!

sin2u2350.53. ~40!

A few comments are in order. The two solutions were o
tained for SNP, ANP, and LSND with the particular set
mass matrices wherein an important role is played by the
elementsDi . Similar elements for quark mass matrices a
play a crucial role in accommodating the CKM phenome
@16#. This clearly brings out the crucial role of the 4 textu
zeros mass matrices considered here. It is perhaps desi
to mention that attempts have already been made to gen
such mass matrices@19,20#. Also, it may be of interest to
mention that we have explored the case when a vacuum
lution for SNP is reproduced with mass scaleDmi j

2 ;10210

eV2. In this situation it becomes extremely difficult to obta
a fit to ANP and LSND data even with full variation of th
parameterDn ; however, a solution can be obtained if w
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resort to fine tuning. The two solutions obtained here invo
neutrino mass of eV range, also making these relevant for
relation @40#

(
k51

3

umn i
u'7 eV, ~41!

implied by the requirement that neutrinos provide the
dark matter of the universe.

In conclusion, we would like to emphasize that pheno
enological 4 texture zeros mass matrices not only accom
date the CKM phenomenology in the quark sector@16#, but
also are able to reconcile the three neutrino anomalies in

TABLE IV. Solutions with hierarchical neutrino masses.R3

5Dn /m3, m3 is in units of eV,m2 in 1022 eV, m1 in 1025 eV,
S12

2 5sin22u1231023, S13
2 5sin22u1331022, andS23

2 5sin22u23.

Rn3 Rl3 m3 m2 m1 S12
2 S13

2 S23
2

0.8 0.05 0.5 9.1 9.1 6.2 0.94 0.53
9.6 6.3 0.99 0.53

9.6 3.6 5.9 0.82 0.53
4.1 6.0 0.93 0.53
4.6 6.2 1.04 0.53
5.1 6.3 1.15 0.53
5.6 6.4 1.26 0.53
6.1 6.6 1.38 0.52
6.6 6.7 1.49 0.52

0.10 0.5 9.1 9.1 6.8 0.89 0.46
9.6 6.9 0.95 0.46

9.6 4.1 6.6 0.88 0.46
4.6 6.8 0.98 0.46
5.1 6.9 1.09 0.46
5.6 7.1 1.19 0.46
6.1 7.3 1.30 0.46
6.6 7.5 1.40 0.45

0.85 0.10 0.5 6.6 9.1 6.9 0.91 0.51
9.6 7.0 0.96 0.51

7.1 4.1 6.6 0.89 0.51
4.6 6.8 1.00 0.51
5.1 7.0 1.10 0.51
5.6 7.2 1.21 0.51
6.1 7.4 1.31 0.51
6.6 7.6 1.42 0.51
ys
e
he

t

-
o-

he

leptonic sector. In particular, we find when SNP is resolv
through vaccum oscillations we obtain a solution sugges
large neutrino mixing and almost degenerate neutr
masses; whereas for the MSW solution we find a solut
with natural hierarchy of neutrino masses.
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APPENDIX

The diagonalizing matrix,On used in the text is given
below:

On115A m2m3~m32m22Dn!

Cn~m32m1!~m21m1!
,

On1252A m1m3~m31m12Dn!

Cn~m31m2!~m32m1!
,

On135A m1m3~m22m11Dn!

Cn~m31m1!~m32m1!
,

On215A m1~m32m22Dn!

~m32m1!~m21m1!
,

On225A m2~m31m12Dn!

~m31m2!~m21m1!
,

On235A m3~m22m11Dn!

~m31m2!~m32m1!
,

On3152Am1~m31m12Dn!~m22m11Dn!

Cn~m32m1!~m21m1!
,

On3252Am2~m32m22Dn!~m22m11Dn!

Cn~m31m2!~m21m1!
,

On335Am3~m32m22Dn!~m31m12Dn!

Cn~m31m22!~m32m1!
.
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