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Duality and massive gauge-invariant theories

E. Harikumar and M. Sivakumér
School of Physics, University of Hyderabad, Hyderabad-500 046, India
(Received 15 July 1997; published 10 February 1998

It is shown that ‘B F” theory in 3+1 dimensions with a Kalb-Ramond field is related by Buscher’s duality
transformation to two different versions of massive gauge-invariant spin-one theorieskélBarg-type, one
involving vector and scalar fields and the other antisymmetric tensor and vector fields. A similar construction
for massive spin-zero theory is also shown. The implication of this equivalence to the five-dimensional theories
from which these theories can be obtained is discud&556-282(198)01406-4

PACS numbds): 11.10.Ef, 03.65.Pm

Massive gauge invariant spin-one theories have beeman and Townsendl9]. But here we show that the Abelian
studied for a long time with two principle procedures: theB"\F theory is (i) equivalent to two different Sukelberg
Schwinger mechanism in 1 dimensions[1] of two- formulations of massive spin-one theofgne of them in-
dimensional2D) quantum electrodynamics of massless Fer-volves vector and scalar fields and the other antisymmetric
mion, yielding a massive gauge field, through the axialtensor and vector fieldsnd i) they are related through du-
anomaly and the Higgs mechanism. Ia-B dimensions, ality. This equivalence, apart from its intrinsic interest, is
massive spin-one theories with gauge invariance are genedlso relevant, in the case of compact gauge fields, for three-
ally considered following one of two procedures: one by thedimensional Josephson junction arrays, for whghF has
Stickelberg formulation[2] which is the more familiar been shown to be an effective field the¢sj and hence can
Higgs mechanism in its simplest form and the other by usingpossibly be used to map its phase structure. Also since these
a Kalb-Ramond field[3] (rank two antisymmetric tensor Stuckelberg-type theories for the case of compact fields have
gauge field in a Chern-Simons-like formulation known as recently been showi20] to describe the condensed phase of
B/\F theory[4]. The latter is well studied in different con- dual topological defects, it may be of relevance for a unified
texts, including a realization of certain condensed matter sysdescription of such phases. We use the megyig=diag(1,
tems[5], as an alternate to the Higgs mechan[§hand asa —1,—1,—1) andep;3=1.
realization of the bosonized Schwinger model in13dimen- The topologically massive spin-one theory involving
sions by Aurilia and TakahasHi7]. Antisymmetric tensor Kalb-Romand fieldB,, and a vector fieldA, which is
fields also appear naturally in string theories and play arfknown asB”'F theory, is given by
important role in realizing duality among string theories. On
the other hand, the Stkelberg formulation of spin-on@nd 1, 1
also for higher spin fields[8] has been studied in various L=- ZF#V+ me%_ ﬁH
contexts, such as for consistency problems in higher spin
fields[9] and in string field theory as a description of mas-whereH ,,,=d,B,)+3,B,,+3,B,, . This Lagrangian has
sive modeg10] and shown to arise as Kaluza-Klein dimen- |gcal invariance under
sional reduction of five-dimensional massless theories.
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Though they appear as different constructions for maintain- A,—A,+3,A, 2
ing gauge invariance in the presence of mass terms, in this

paper we show that these theories are related by the duality B,,—B,,+(J,A,—d,A,). 3
transformation. pyoomRr ey ek

First we note that irB"*F theory the current due to local The field equations following from this are
gauge symmetry is conserved as an algebraic identity, such

as that for topological currents and in the case ot&tlberg 9 Frr=7", (4)

formulations, it is conserved due to the equation of motion of .

the Stickelberg field, as it happens for Noether current. g HAM = 3o )
B .

Since these theories describe massive spin-one particles and
this interchange between topological and Noether currer'\}vhere
generally takes place under duality transformation, it is natu-
ral to enquire if these theories are related by duality transfor- m
mation. This is demonstrated in this paper by the well known JH=__ eMVAPH
Buscher’s dualityf11-16 procedure. 3!
An equivalence between non-Abelid@f'F theory and
massive Yang-Mills theory has been shown earlier by Freedand
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are the currents associated with local gauge symm@y 1, 1 , m
(3) ) L:_ZF#V+ m(Huv)\_Guv)\) _a(H/,w)\
Note that both currents are conserved as an algebraic
identity, such as that of topological current. The fact that this N 1 \
describes massive spin-one theory can be shown easily by ~Cun) €A+ 1 D eM09,G (13
solving the coupled differential equatiofi#].
Next we consider the Stielberg formulation of massive Note that the original gauge invariance of the vector field

vector theory whose Lagrangian is oA,=d,A is recovered only when, undéy, gauge trans-
formation, the scalar field also transforms as

L 1F2 1(acb A,)? (6)
=—-—-F° — = -m .
4 wro 200K " d—-P+mA. (14)
This Lagrangian has invariance under This transformation is the same as that of &elberg for-
mulation of the theory8). Indeed, by integrating oves,,,
A,—A,+d,A, (7)  and A, fields, which appear as the Gaussian,c8lberg
theory (6) result.
O —-d+mA. (8) Similarly an alternative spin-one theory is given by
The equations of mation following from this Lagrangié) 1 ) 5
for A, and® are L= 2(31) Hiymt(MB,,—®,,)%, (15
d,F*"+K"=0, ©®  where®,,=(d,»,~9,®,). This Lagrangian has invari-
ance under
(9, L—mA,)=0, (10
oB,,=(d,€,—d,€,), (16)
where
6®,=me,+d,x. (17

K'=m(3"®—mA”).
_ o This Stickelberg-type action for the two-form fie[d4] was

Now note that the current associated waf) field is con-  constructed and studied earlier by Aurilia and Takahashi.
served due to the equation of motion of tkefield, such as Here the current associated WIB}J.V behaves as a No-
that for Noether current. The fact that this describes massivether current. By fixing the gauge, =0, it is obvious that it
spin-one theory can be seen by using the gauge invariangfescribes massive spin-one theory. But in contrast to the
(8) and fixing the field to be zero. This in the usual Higgs usual Higgs mechanism, here it is the massless spin-zero
mechanism means that the massless vector field “eats” Ugeld, described b, eats upb , to become massive. In the
the spin-zero Goldstone particle to become massive. case of compact fields this theory describes condensation of

Thus we have twdapparently different formulations of  dual topological object. Next we show that this formulation
spin-one theory. But the nature of currents in the two theog|so results from Eq(1).
ries and physical equivalence of the system they describe, |nstead of considering the global symmetry in the two-
viz., massive spin-one particle, forces one to enquire if bothorm B field, one could, after omitting a surface term in the
these formulations are related by duality transformation. We agrangian(1), consider a global symmetry i, field of

next show, indeed t_hat is t_he case. _ the form 6A =€, and 6B,,=0. Gauging this symmetry,
The dual theory is obtained by the procedure of gaugingyne gets

the global symmetry in the model by a gauge field and con-

straining its dual field strength to be zero by means of a 1

Lagrang_e multiplier, and_ by integrating_the original and thg L=- Z(FW—GW)ZJrEwaﬁmBMVe“”"P(FAp—G)\p)
gauge field and expressing the theory in terms of the multi- :

plier field. The global symmetry, in question, in modg) is +<I),LE“V“’<9VGM)- (18)

OBy = € (1) HereG,, is a two form gauge field, with transformation
6G,,=d,€,—d,€,. Note, as earlier, this gauge transforma-
oA, =0. (12)  tion is maintained, only if®, undergoes a compensating

transformatione,, .

(Note by dropping a surface term, the global symmetry is on Interestingly in both case$6),(18) the transformation

the vector field. This is discussed lajeThis symmetry is  property of the multiplier field® and® ,, respectively, as

gauged by introducing a three form gauge poten@ain the  in a Stickelberg field, comes naturally, due to the require-

Lagrangian(1). The dual field strength 0G,,, is gauge ment of the gauge symmetry associated wAith and B

invariant undewG,,,,=d, 7,) . By adding a scalar field as a respectively.

Lagrange multiplier, the dual field strength is constrained to A similar construction to describe topologically massive

be flat. Thus the Lagrangian, invariant under EdL), is spin-zero field is given by the Lagrangian

v
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1, 1 , 1 op were shown to de_scribe the phases of the cqndensation _of
—mHMmﬁ@(%‘b) +m¢6 Humps dual geometric objects, for compact gauge fields. Thus it
(19) appears, a unified forrrkallsm describing thes_e p_hases may be
possible, in terms oB"'F theory. A generalization to de-
where H,,,,=3,B.,\,—3,B\,,—B,,.t39,B,.n. The scribe a spin-zero particle by this procedure was also shown.
fact that this Lagrangian describes spin zero can be easily Itis curious to note that these three massive gauge invari-
seen by solving the two coupled linear equations. Also, iant spin-one theorief(1), (2), (15)], can be obtained from
shares the same feature as in the case of spin-one ttBory five dimensions by dimensional reductid®’'F theory for
of having a topological current. The corresponding dualspin-one can be obtained by the dimensional reduction of
theory is obtained, as earlier, by considering the global symfive-dimensional, topologically massive Kalb-Ramond
metry theory, described by

L

DD+e, (20) L=F , WF*N +ime,, ,0(HE A" +co),  (23)

and making it local by introducing a gauge fiedd,. The
Lagrange multiplier enforcing the constraint that the dual
field strength of gauge field, is zero is now® ,,. This
gives, on integratingb andA,,,

by keeping only zero mod@ote that complex fields have to
be used or else the Chern-Simon term will be a total deriva-
tive). The dimensional reduction of massless Maxwell action
[8] and Kalb-Ramond17] action, keeping nonzero modes
gives Egs.(1) and (6), respectively, with their masses in-
(MALA—F )2, (21)  versely proportional to size of compact dimension. Note that
since we consider noninteracting theories, the infinite num-
ber of massive modes are uncoupled and any one of them

H2

1
L ,uu)\p+(3_!)

(4

where can be considered. Dimensional reduction of the zero mode
Fun=0,0,+9,®,,+5,®,,, of Eq. (23) gives Eq.(1), \_/vhich was _shown here to be dual to
the nonzero mode of five-dimensional Maxwell and Kalb-
and having a transformation Ramond theory, on dimensional reductidr8]. Since these
four-dimensional theories are shown to be equivalent, it
=@yt (€, =€) T ey, (22)  should be interesting to see if these five-dimensional theories

The massless three-for field has no dynamics, but on bear any relationship. Of course, Kalb-Ramond theory is

coupling with® ,, field, it acquires dynamics and describeseqUiVaIent to Maxwell action in #1 dimensions(as it is
piing with®,,,, fie'd, q yna - equivalent to scalar theory in+3L dimensions Also, it
massive spin-zero field. This formulation also appears in

; o i X . should be interesting to see if tm®nzeromode of Eq.(23)
Polyakov's descr!ptlon Of. confining strings. This is unqer- has any relationship with theero modeof Maxwell and
stood as thB#“.f'eld haymg no degrees Qf freedom, eating Kalb-Ramond theories from five dimensions.
up massless spin-zero field, and beco_mlng a massive field, We have shown the duality equivalence between the three
with the mass scale set by the coupling between the tW(()jifferent forms of massive gauge invariant spin-one theories,

ﬁ(;ll?si'n O?ﬁe Ca|223t| gaxn:trmzsssslgﬁiastgldn-jv?trho s%?frttilr?le'thlt)axnly at the local level and not at the global level. The duality
gel ng 9 asq{he fiel dystren t%] associated with this s r%me_equivalence between massless scalar fields and antisymmet-

AU 9 Y ric tensor gauge theories is broken at the quantum level,
try is identically zero.

In this paper. we have shown that topolodically massi eWhen coupled with gravity21]. Hence it should be interest-
A IS paper, we have W 1L topologically massiv ing to see if the equivalence shown here between free mas-
B’*F theory describing spin-one particle is dually equivalent

: ; ‘ 1 sive gauge theories survives quantization and interactions.
to two different formulations of Stkelberg-type spin-one gaug a

theories. These two Stkelberg-type formulations are called  We thank Professor V. Srinivasan for encouragement.
the dual Higgs mechanism {i20]. These two formulations M.S. thanks P. Sodano for useful discussions.
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