
PHYSICAL REVIEW D 15 MARCH 1998VOLUME 57, NUMBER 6
Duality and massive gauge-invariant theories
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School of Physics, University of Hyderabad, Hyderabad-500 046, India

~Received 15 July 1997; published 10 February 1998!

It is shown that ‘‘B`F ’’ theory in 311 dimensions with a Kalb-Ramond field is related by Buscher’s duality
transformation to two different versions of massive gauge-invariant spin-one theories of Stu¨ckelberg-type, one
involving vector and scalar fields and the other antisymmetric tensor and vector fields. A similar construction
for massive spin-zero theory is also shown. The implication of this equivalence to the five-dimensional theories
from which these theories can be obtained is discussed.@S0556-2821~98!01406-4#

PACS number~s!: 11.10.Ef, 03.65.Pm
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Massive gauge invariant spin-one theories have b
studied for a long time with two principle procedures: t
Schwinger mechanism in 111 dimensions @1# of two-
dimensional~2D! quantum electrodynamics of massless F
mion, yielding a massive gauge field, through the ax
anomaly and the Higgs mechanism. In 311 dimensions,
massive spin-one theories with gauge invariance are ge
ally considered following one of two procedures: one by
Stückelberg formulation@2# which is the more familiar
Higgs mechanism in its simplest form and the other by us
a Kalb-Ramond field@3# ~rank two antisymmetric tenso
gauge field! in a Chern-Simons-like formulation known a
B`F theory @4#. The latter is well studied in different con
texts, including a realization of certain condensed matter s
tems@5#, as an alternate to the Higgs mechanism@6# and as a
realization of the bosonized Schwinger model in 311 dimen-
sions by Aurilia and Takahashi@7#. Antisymmetric tensor
fields also appear naturally in string theories and play
important role in realizing duality among string theories. O
the other hand, the Stu¨ckelberg formulation of spin-one~and
also for higher spin fields! @8# has been studied in variou
contexts, such as for consistency problems in higher s
fields @9# and in string field theory as a description of ma
sive modes@10# and shown to arise as Kaluza-Klein dime
sional reduction of five-dimensional massless theor
Though they appear as different constructions for mainta
ing gauge invariance in the presence of mass terms, in
paper we show that these theories are related by the du
transformation.

First we note that inB`F theory the current due to loca
gauge symmetry is conserved as an algebraic identity, s
as that for topological currents and in the case of Stu¨ckelberg
formulations, it is conserved due to the equation of motion
the Stückelberg field, as it happens for Noether curre
Since these theories describe massive spin-one particles
this interchange between topological and Noether cur
generally takes place under duality transformation, it is na
ral to enquire if these theories are related by duality trans
mation. This is demonstrated in this paper by the well kno
Buscher’s duality@11–16# procedure.

An equivalence between non-AbelianB`F theory and
massive Yang-Mills theory has been shown earlier by Fre
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man and Townsend@19#. But here we show that the Abelia
B`F theory is ~i! equivalent to two different Stu¨ckelberg
formulations of massive spin-one theory~one of them in-
volves vector and scalar fields and the other antisymme
tensor and vector fields! and ~ii ! they are related through d
ality. This equivalence, apart from its intrinsic interest,
also relevant, in the case of compact gauge fields, for th
dimensional Josephson junction arrays, for whichB`F has
been shown to be an effective field theory@5# and hence can
possibly be used to map its phase structure. Also since th
Stückelberg-type theories for the case of compact fields h
recently been shown@20# to describe the condensed phase
dual topological defects, it may be of relevance for a unifi
description of such phases. We use the metricgmn5diag(1,
21,21,21) ande012351.

The topologically massive spin-one theory involvin
Kalb-Romand fieldBmn and a vector fieldAm which is
known asB`F theory, is given by

L52
1

4
Fmn

2 1
1

2~3! !
Hmnl

2 2
m

3!
HmnlemnlrAr , ~1!

whereHmnl5]mBnl1]nBlm1]lBnm . This Lagrangian has
local invariance under

Am→Am1]mL, ~2!

Bmn→Bmn1~]mLn2]nLm!. ~3!

The field equations following from this are

]mFmn5Jn, ~4!

]mHmnl5Jnl. ~5!

where

Jm5
m

3!
emnlrHnlr

and

j mn5
m

3!
emnlrFlr ,
3794 © 1998 The American Physical Society
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are the currents associated with local gauge symmetry~2!,
~3!.

Note that both currents are conserved as an algeb
identity, such as that of topological current. The fact that t
describes massive spin-one theory can be shown easil
solving the coupled differential equations@7#.

Next we consider the Stu¨ckelberg formulation of massive
vector theory whose Lagrangian is

L52
1

4
Fmn

2 2
1

2
~]mF2mAm!2. ~6!

This Lagrangian has invariance under

Am→Am1]mL, ~7!

F→F1mL. ~8!

The equations of motion following from this Lagrangian~6!
for Am andF are

]mFmn1Kn50, ~9!

]m~]mF2mAm!50, ~10!

where

Kn[m~]nF2mAn!.

Now note that the current associated withAm field is con-
served due to the equation of motion of theF field, such as
that for Noether current. The fact that this describes mas
spin-one theory can be seen by using the gauge invaria
~8! and fixing the fieldF to be zero. This in the usual Higg
mechanism means that the massless vector field ‘‘eats’
the spin-zero Goldstone particle to become massive.

Thus we have two~apparently! different formulations of
spin-one theory. But the nature of currents in the two th
ries and physical equivalence of the system they descr
viz., massive spin-one particle, forces one to enquire if b
these formulations are related by duality transformation.
next show, indeed that is the case.

The dual theory is obtained by the procedure of gaug
the global symmetry in the model by a gauge field and c
straining its dual field strength to be zero by means o
Lagrange multiplier, and by integrating the original and t
gauge field and expressing the theory in terms of the mu
plier field. The global symmetry, in question, in model~1! is

dBmn5emn , ~11!

dAm50. ~12!

~Note by dropping a surface term, the global symmetry is
the vector field. This is discussed later.! This symmetry is
gauged by introducing a three form gauge potential,G in the
Lagrangian~1!. The dual field strength ofGmnl is gauge
invariant underdGmnl5]mhnl . By adding a scalar field as
Lagrange multiplier, the dual field strength is constrained
be flat. Thus the Lagrangian, invariant under Eq.~11!, is
ic
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L52
1

4
Fmn

2 1
1

2~3! !
~Hmnl2Gmnl!22

m

3!
~Hmnl

2Gmnl!emnlrAr1
1

3!
Femnlr]mGnlr . ~13!

Note that the original gauge invariance of the vector fie
dAm5]mL is recovered only when, underAm gauge trans-
formation, the scalar field also transforms as

F→F1mL. ~14!

This transformation is the same as that of Stu¨ckelberg for-
mulation of the theory~8!. Indeed, by integrating overBmn

and Am fields, which appear as the Gaussian, Stu¨ckelberg
theory ~6! result.

Similarly an alternative spin-one theory is given by

L5
1

2~3! !
Hmnl

2 1~mBmn2Fmn!2, ~15!

where Fmn5(]mFn2]nFm). This Lagrangian has invari
ance under

dBmn5~]men2]nem!, ~16!

dFm5mem1]mx. ~17!

This Stückelberg-type action for the two-form field@14# was
constructed and studied earlier by Aurilia and Takahashi

Here the current associated withBmn behaves as a No
ether current. By fixing the gaugeFm50, it is obvious that it
describes massive spin-one theory. But in contrast to
usual Higgs mechanism, here it is the massless spin-
field, described byBmn eats upFm to become massive. In th
case of compact fields this theory describes condensatio
dual topological object. Next we show that this formulatio
also results from Eq.~1!.

Instead of considering the global symmetry in the tw
form B field, one could, after omitting a surface term in th
Lagrangian~1!, consider a global symmetry inAm field of
the form dAm5em and dBmn50. Gauging this symmetry
one gets

L52
1

4
~Fmn2Gmn!21

1

3!
Hmnl

2 1mBmnemnlr~Flr2Glr!

1Fmemnlr]nGlr . ~18!

Here Gmn is a two form gauge field, with transformatio
dGmn5]men2]nem . Note, as earlier, this gauge transform
tion is maintained, only ifFm undergoes a compensatin
transformationem .

Interestingly in both cases~6!,~18! the transformation
property of the multiplier field (F andFm , respectively!, as
in a Stückelberg field, comes naturally, due to the requi
ment of the gauge symmetry associated withAm and Bmn ,
respectively.

A similar construction to describe topologically massi
spin-zero field is given by the Lagrangian
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L5
1

~4! !
Hmnlr

2 1
1

~2!
~]mF!21

1

~4! !
FemnlrHmnlr ,

~19!

where Hmnlr5]mBnlr2]nBlrm2]lBrnm1]rBnml . The
fact that this Lagrangian describes spin zero can be ea
seen by solving the two coupled linear equations. Also
shares the same feature as in the case of spin-one theor~1!
of having a topological current. The corresponding d
theory is obtained, as earlier, by considering the global s
metry

F→F1e, ~20!

and making it local by introducing a gauge fieldAm . The
Lagrange multiplier enforcing the constraint that the d
field strength of gauge fieldAm is zero is nowFmn . This
gives, on integratingF andAm ,

L5
1

~4! !
Hmnlr

2 1
1

~3! !
~mAmnl2Fmnl!2, ~21!

where

Fmnl5]mFnl1]nFlm1]lFmn ,

and having a transformation

Fmn→Fmn1~]men2]nem!1emn . ~22!

The massless three-formB field has no dynamics, but o
coupling withFmn field, it acquires dynamics and describ
massive spin-zero field. This formulation also appears
Polyakov’s description of confining strings. This is unde
stood as theBmnl field having no degrees of freedom, eatin
up massless spin-zero field, and becoming a massive fi
with the mass scale set by the coupling between the
fields. One cannot have a massive spin-zero particle,
gauging the global symmetry associated with shifting
field Bmnl , as the field strength associated with this symm
try is identically zero.

In this paper, we have shown that topologically mass
B`F theory describing spin-one particle is dually equivale
to two different formulations of Stu¨ckelberg-type spin-one
theories. These two Stu¨ckelberg-type formulations are calle
the dual Higgs mechanism in@20#. These two formulations
cl
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were shown to describe the phases of the condensatio
dual geometric objects, for compact gauge fields. Thu
appears, a unified formalism describing these phases ma
possible, in terms ofB`F theory. A generalization to de
scribe a spin-zero particle by this procedure was also sho

It is curious to note that these three massive gauge inv
ant spin-one theories@~1!, ~2!, ~15!#, can be obtained from
five dimensions by dimensional reduction.B`F theory for
spin-one can be obtained by the dimensional reduction
five-dimensional, topologically massive Kalb-Ramon
theory, described by

L5FmnlFmnl* 1 imemnlrs~HmnlArs* 1cc!, ~23!

by keeping only zero mode~note that complex fields have t
be used or else the Chern-Simon term will be a total deri
tive!. The dimensional reduction of massless Maxwell act
@8# and Kalb-Ramond@17# action, keeping nonzero mode
gives Eqs.~1! and ~6!, respectively, with their masses in
versely proportional to size of compact dimension. Note t
since we consider noninteracting theories, the infinite nu
ber of massive modes are uncoupled and any one of t
can be considered. Dimensional reduction of the zero m
of Eq. ~23! gives Eq.~1!, which was shown here to be dual t
the nonzero mode of five-dimensional Maxwell and Ka
Ramond theory, on dimensional reduction@18#. Since these
four-dimensional theories are shown to be equivalent
should be interesting to see if these five-dimensional theo
bear any relationship. Of course, Kalb-Ramond theory
equivalent to Maxwell action in 411 dimensions~as it is
equivalent to scalar theory in 311 dimensions!. Also, it
should be interesting to see if thenonzeromode of Eq.~23!
has any relationship with thezero modeof Maxwell and
Kalb-Ramond theories from five dimensions.

We have shown the duality equivalence between the th
different forms of massive gauge invariant spin-one theor
only at the local level and not at the global level. The dual
equivalence between massless scalar fields and antisym
ric tensor gauge theories is broken at the quantum le
when coupled with gravity@21#. Hence it should be interest
ing to see if the equivalence shown here between free m
sive gauge theories survives quantization and interaction
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