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Three-pion interferometry in high energy collisions
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The data of the three-pion correlation function are analyzed. It is shown that three-pion interferometry not
only can act as an independent tool to extract the source information but also can be used to test if we have
assumed the right correlation function.@S0556-2821~98!03701-1#

PACS number~s!: 12.38.Mh, 13.85.Hd, 25.75.Dw
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I. INTRODUCTION

Two-pion interferometry is now widely used in high e
ergy collisions to provide the information of the space-tim
structure, degree of coherence, and dynamics of the re
where the pions were produced@1–6#. Experimentally, ul-
trarelativistic hadronic and nuclear collisions provide the
vironment for creating dozens, and in some cases hundr
of pions @7–9#. Theoretically, it is easy to extend the two
pion correlation function to the three-pion correlation fun
tion @5,10,11,13–16#. Then the question arises, can we g
more information from three-pion interferometry to supp
ment what can we learn from two-pion interferometry?
anwer this question, in Sec. II, we analyze the differen
between three-pion interferometry and two-pion interfero
etry for a totally chaotic source and a partially cohere
source@5#. In Sec. III, we collect part of multipion correla
tion data and see if the results of three-pion correlation
consistent with the results of two-pion correlation. Final
we give our conclusions in Sec. IV.

II. THREE-PION CORRELATION FUNCTION

Two-pion correlation functionC2(pW 1 ,pW 2) for a chaotic
source can be expressed as@12–14#

C2~pW 1 ,pW 2!

511
*S~x,K12!S~y,K12!exp@ iq12~x2y!#d4xd4y

*S~x,p1!S~y,p2!d4xd4y

511
ur12u2

r11r22
. ~1!

HereKi j 5(pi1pj )/2 andqi j 5pi2pj . S(x,K) is a Wigner
function which can be explained as the probability of findi
a pion at pointx with momentumK. The definition ofr i j is

r i j 5r~pi ,pj !5E SS x,
pi1pj

2 Dexp@2 i ~pi2pj !x#d4x

5ur i j uexp~ if i j !. ~2!

We define the true two-pion correlation as

R2~1,2!5R2~p1 ,p2!5C2~p2 ,p2!215
ur12u2

P~p1!P~p2!
. ~3!
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The three-pion correlation function for a totally chaot
source can be expressed as

C3~pW 1 ,pW 2 ,pW 3!511R2~1,2!1R2~2,3!1R2~3,1!

1
2 Re~r12r23r31!

P~p1!P~p2!P~p3!
. ~4!

Then the true triplet-pion correlations that do not contain a
lower order correlation can be expressed as@16,17#

R3~pW 1,pW 2,pW 3!

5C3~pW 1,pW 2 ,pW 3!2R2~1,2!2R2~2,3!2R2~3,1!21

5
2 Re~r12r31r23!

P~pW 1!P~pW 2!P~pW 3!

5
2 Re$ur12r23r31uexp@ i ~f121f231f31!#%

P~pW 1!P~pW 2!P~pW 3!
. ~5!

It is very interesting to notice that 3p interferometry con-
tains more information on the phase which does not app
in two-pion interferometry. As has been shown in Re
@18,19#, this phase is too small to be detected. Then wha
the usage of three-pion correlation? First, three-pion corr
tion for a totally chaotic source can be taken as a indep
dent tool to extract the space-time information of the sour
Second, as the two-pion correlation and three-pion corr
tion should give the same source parameters, any incon
tency between the results of three-pion interferometry a
the results of two-pion interferometry means that the ‘‘a
sumed function formr i j ’’ is in error. So three-pion correla-
tion can be used to test if we have choosen the right func
form of the source.

Two-pion correlation function for a partially coheren
source can be expressed as@5#

C2
part~pW 1 ,pW 2!511

ur12
chau2

P~pW 1!P~pW 2!
1

2 Re@r21
cohr12

cha#

P~pW 1!P~pW 2!
~6!

with
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r i j
coh5ur i j

cohuexp~ if i j
coh!

5E d4xScoh~x,p!exp@2 i ~pi2pj !•x#,

r i j
cha5ur i j

chauexp~ if i j
cha!

5E d4xScha~x,p!exp@2 i ~pi2pj !•x#. ~7!

Here Scoh and Scha are the source distribution for chaot
source and coherent source, respectively. The ‘‘true’’ tw
pion correlation function can be written as
e
on

y.

i
er
io
r

-

R2
part~ i , j !5R2

part~pW i ,pW j !5
ur12

chau2

P~pW 1!P~pW 2!
1

2 Re@r21
cohr12

cha#

P~pW 1!P~pW 2!
.

~8!

Similarly, the three-pion correlation function can be e
pressed as@5#

C3
part~pW 1 ,pW 2 ,pW 3!511R2

part~1,2!1R2
part~2,3!1R2

part~3,1!

1R3
part~1,2,3!. ~9!

We define the ‘‘true triplet-pion’’ correlationR3
part(1,2,3) as
y
lation
R3
part~1,2,3!5

2 Re@r12
char23

char31
cha1r12

cohr23
char31

cha1r12
char23

cohr31
cha1r12

char23
char31

coh#

P~pW 1!P~pW 2!P~pW 3!
. ~10!

Here the ‘‘true’’ two-pion ~three-pion! correlation is not the ‘‘true’’ two-pion~three-pion! correlation at all, because the
contain a contribution from coherent pions which does not interfere with the chaotic pions. The ‘‘true’’ two-pion corre
function can be rewritten in the following form:

R2
part~ i , j !5e~pW 1!e~pW 2!uB12

chau212Ae~pW 1!e~pW 2!@12e~pW 1!#@12e~pW 2!#cos~f i j
cha2f i j

coh!uB12
chau ~11!

with

e~kW !5
Pcha~kW !

P~kW !
, Bi j

cha5
r i j

cha

APcha~pW 1!Pcha~pW 2!
. ~12!

Heree(kW ) is the parameter of chaotic degree. For a totally chaotic source,e(kW )51, for a totally coherent sourcee(kW )50. For
three-pion case, we have@5#

R3
part~1,2,3!52e~pW 1!e~pW 2!e~pW 3!cos~f12

cha1f23
cha1f31

cha!uB12
chaB23

chaB31
chau12e~pW 3!Ae~pW 1!e~pW 2!@12e~pW 1!#@12e~pW 2!#cos~f12

coh

1f23
cha1f31

cha!uB23
chaB31

chau12e~pW 1!Ae~pW 3!e~pW 2!@12e~pW 3!#@12e~pW 2!#cos~f12
cha1f23

coh1f31
cha!uB12

chaB31
chau

12e~pW 2!Ae~pW 3!e~pW 1!@12e~pW 1!#@12e~pW 3!#cos~f12
cha1f23

cha1f31
coh!uB12

chaB23
chau. ~13!
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Different from the two-pion correlation for a chaotic sourc
two-pion correlation for a partially coherent source also c
tains information on the phasef i j

cha and f i j
coh. e(kW ), Bi j

cha,
andf i j

cha2f i j
c can be determined by two-pion interferometr

As r12r23r31 is real, we have the relationship thatf12
coh

1f23
coh1f31

coh50. Then all the parameters that appeared
three-pion correlation can be derived from two-pion interf
ometry. What is the usage of three-pion correlation funct
for a partially coherent source? Three-pion correlation fo
,
-

n
-
n
a

partially coherent source can be taken as an independent
to extract the source information and to test if we have
sumed the right source function in two-pion interferometr

Experimentalists usually assumed that the imaginary p
of r i j

cha andr i j
coh are very small and they taker i j

cha andr i j
coh as

real. It is clear that without the imaginary part ofr i j
cha, the

three-pion correlation cannot supply more information th
two-pion interferomtry does. But we can check if the resu
derived from two-pion correlation are consistent with t
TABLE I. The data from UA1 group,r G andr exp are the fitted value of Eqs.~16!, ~17! and Eqs.~18!, ~19!,
respectively.

As
r G(fm)

2p
r G(fm)

3p
r exp(fm)

2p
r exp(fm)

3p

630 GeV 0.74260.009 0.82160.005 1.26460.017 2.61360.015

900 GeV 0.81460.016 0.83160.007 1.37460.018 2.64360.016
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TABLE II. The data from UA1 group,eG andeexp are the fitted value of Eqs.~16!, ~17! and Eqs.~18!,
~19!, respectively.

As
eG

2p
eG

3p
eexp

2p
eexp

3p

630 GeV 0.16860.004 0.15060.003 0.41060.015 0.50560.019

900 GeV 0.18660.006 0.15260.004 0.53160.038 0.53860.027
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results of three-pion correlation to test if the assumed fu
tion Bi j

cha is right. In the next section we will use experime
tal data to test the conclusion given in this section.

III. THREE-PION INTERFEROMETRY IN EXPERIMENT

Similar to the UA1-MINIMUM BIAS group@20#, we take
the approximation thatf i j

cha, f i j
coh;0, e(kW )5e, and assume

a symmetric configuration in momentum space, that is

q12
2 5q13

2 5q23
2 5•••5qn21,n

2 5q25Qnp
2 2

n~n21!
. ~14!

If we assume

Bi j
cha5exp~2r 2qi j

2 !5e2r 2@2Qnp
2 /n~n21!#, ~15!

then the two-pion and three-pion correlation function fo
partially coherent source can be expressed as@22#

C2511e2e22r 2Q2p
2

12e~12e!e2r 2Q2p
2

~16!

C35116e~12e!e2~1/3! r 2Q3p
2

13e2~322e!e2~2/3!r 2Q3p
2

12e3e2r 2Q3p
2

. ~17!

If we assumeBi j
cha5e2rqi j 5e2r @2/n(n21)#Qnp then we have

the following function:

C2511e2e22rQ2p12e~12e!e2rQ2p, ~18!

C35116e~12e!e2A1/3rQ3p13e2~322e!e22A1/3rQ3p

12e3e2)rQ3p. ~19!

Theoretically, high-order pion correlation function and tw
pion correlation function should give the same space t
information of the source. The differences between those
ted parameters may be due to the following reasons:~1! Bi j

cha

is not right;~2! we have not correctly treated the data~Cou-
-

e
t-

lumb correction, pion misidentification, etc.!; ~3! f i j
cha, f i j

coh

;0 is not a good approximation.
In the following, we use the data of UA1@20# and Mark II

@21# to test if the results of two-pion interferometry are co
sistent with the results of three-pion correlation. The data
UA1 were also analyzed in Ref.@22#, but there, the authors
want to show that the high-order correlations provide e
dence for the Gaussian form of the current distribution
well as for the presence of coherence. Here we want to s
that the higher-order correlations can be used to test if
have assumed the right correlation function.

The data used in this analysis were collected in 1985
the UA1 group at the SPS proton-antiproton collider. T
center-of-mass energies (As) for p p̄ are 630 and 900 GeV
respectively. Equations~16!, ~17! and Eqs.~18!, ~19! have
been used to fit the data. The fitted values of UA1 group
shown in Tables I and II.

From the above tables, we find that there are some dif
ences between the fitted valuee and r . As a Gaussian or
exponential function is too simple to describe the source
tribution in pp̄ collisions, it is not surprising to find the dif
ference between the results of two-pion interferometry a
the results of three-pion interferometry. Here we have sho
the power of three-pion interferometry, which can act a
tool to test if we have assumed the right function form
Bi j

cha and if the imaginary part of ther i j
cha and r i j

coh are very
small.

In Table III, the data from Mark II at the SPEAR and PE
e1e2 storage rings at SLAC are given. They used

C2511l2e2r 2
2Q2

2
~20!

to fit the two-pion correlation function and used

C3511l3e2r 3
2Q3

2
~21!

to fit the three-pion correlation function. HereQ2
25(p1

2p2)2, Q3
25q12

2 1q23
2 1q31

2 . It is impossible for us to com-
parer 3 with r 2 but we can comparel3 with l2 . In Table III,
TABLE III. The data from Mark II.

Data l2 l3 l38

SPEARJ/C 0.9660.0360.08 4.9760.3360.62 4.6760.2560.62

PEPgg 1.2060.0860.10 4.5660.4560.57

SPEARq q̄ 0.7260.0460.06 2.5860.2460.33 3.0760.2360.34

PEPq q̄ 0.4560.0360.04 1.5460.2360.19 1.6860.1460.18
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TABLE IV. The fitted results of 1.8 GeV/nucleon Ar on Pb and 1.5 GeV/nucleon Ar on KCl.

Source parameters 1.8A GeV Ar1Pb 1.5A GeV Ar1KCl

Three-pion R~fm! 5.6560.49 5.5160.86

analysis l3 0.9820.26
10.02 1.0020.33

10.00

j 0.9520.49
10.05 1.0020.33

10.00

Triplet-pion R ~fm! 5.8060.75 4.0660.49

analysis j 1.0020.25
10.00 1.0020.36

10.00

Two-pion R ~fm! 5.5360.45 4.7260.30

analysis l 0.9920.24
10.01 1.0020.34

10.00
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we give the value ofl. It is easily seen from Eqs.~16!, ~17!
or Eqs.~18!, ~19! that l252e2e2 andl353e224e316e.
If we take thel2 value from Table III and think that both
three-pion and two-pion correlations should give the sa
value ofe, then we can use the fitted value ofl2 to calculate
the value ofl3 , which is also give in Table III~denoted as
l38!. From the comparion betweenl3 and l38 , we find that
the results of three-pion correlations function are consis
with the results of two-pion interferometry.

In Table IV, the fitted values of Ref.@23# are given. In
their fitting, they did not use the configuration momentu
approximation. They used

C2511le2q120
2 t2/22qW 12

2 R2/2 ~22!

and

C3511l3e2~q120
2 t21q12

2 R2!/21~223!1~321!

12je2@Q3p0
2 t21QW 3p

2 R2#/4 ~23!

to fit their data. Here (i 2 j ) represents the cyclically per
muted form of the second term of Eq.~23!, Q3p0

2 5q120
2

1q230
2 1q310

2 and QW 3p
2 5qW 12

2 1qW 23
2 1qW 31

2 . They also fitted the
triplet-pion correlation with the function

R352je2@Q3p0
2 t21QW 3p

2 R2#/4. ~24!

From Table IV, we can see that the source is nearly tot
chaotic and the results of two-pion correlation are consis
with the results of three-pion correlation. So it seems t
Gaussian source is a good model to describe the sourc
low energy heavy-ion collisions.

For relatively heavy-ion collisions, due to the correlati
between coordinate and momentum, a simple Gaussian f
tion is not suitable to describe the data. As multipion cor
lation functions have the power to test if we have assume
e

nt

ly
nt
t
in

c-
-
a

good function form ofBi j
cha, we strongly suggest that exper

mentalists use three-pion correlation functions to fit th
data.

IV. CONCLUSIONS

In this paper, we analyze the difference between thr
pion correlation function and two-pion correlation functio
for a totally chaotic source and a partially coherent sour
For a totally chaotic source, it is shown that three-pion int
ferometry supplements what can be extracted from two-p
interferometry. For a partially coherent source, three-pion
terferometry not only can act as an independent tool to
tract the source information but also can act as a indepen
tool to test if we have assumed the right correlation functi

From the data of the UA1 group, we find that the resu
of three-pion correlation are not consistent with the results
two-pion interferometry. That means Gaussian or expon
tial function is too simple to describe the source inpp̄ colli-
sions. This result is consistent with the result of previo
publications @24,25#, where Andreevet al. found that in
models with a fixed source size the shape of the second o
Bose-Einstein correlations in terms ofQ2p is neither purely
Gaussian nor purely exponential. The authors of Re
@24,25# also found that appropriate projection of the co
relator helps one to find out the right source function. Fro
the data of Mark II, it seems that Gaussian source distri
tion andf i j ;0 is a good approximation ine2e1 collisons.
But due to the lower statistics at present, no definite conc
sion can be given. Three-pion correlation not only can
used as an independent method to extract the source in
mation but also can be used as a tool to test if we h
assumed the right correlation function.
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