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Rho-omega mixing and the pion form factor in the timelike region

S. Gardner and H. B. O’Connell
Department of Physics and Astronomy, University of Kentucky, Lexington, Kentucky 40506-0055

~Received 18 July 1997; published 4 February 1998!

We determine the magnitude, phase, ands dependence ofr-v ‘‘mixing’’ in the pion form factor in the
timelike region through fits toe1e2→p1p2 data. The associated systematic errors in these quantities, arising
from the functional form used to fit ther resonance, are small. The systematic errors in ther mass and width,
however, are larger than previously estimated.
@S0556-2821~98!03105-1#

PACS number~s!: 11.30.Hv, 13.65.1i, 14.40.Cs
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I. INTRODUCTION

The pion form factorFp(s) in the timelike region is ex-
tracted from cross section measurements ofe1e2→p1p2,
namely,

s~s!5sem~s!uFp~s!u2, ~1!

wheresem(s) is the cross section to produce a structurel
p1p2 pair and s is the usual Mandelstam variable. Th
isovector r resonance dominates the cross section forAs
ranging from 600 to 900 MeV, though isospin violation a
lows the isoscalarv resonance to contribute as well. W
wish to extract the rho-omega ‘‘mixing’’ matrix elemen

P̃rv(s), which to leading order in isospin violation is give
by

Fp~s!5Fr~s!F11
1

3S P̃rv~s!

s2mv
2 1 imvGv

D G , ~2!

from data. Note thatFr(s) is the pion form factor in the
absence of isospin violation.Fr(s) is subject only to genera
theoretical constraints; it is our purpose to determine how

non-uniqueness impacts the extraction ofP̃rv . Moreover,
the r mass and width are themselves sensitive to the ch
of Fr(s) @1–3#, and we wish to determine the systema
error in these quantities as well.

Maltman et al. have discussed the separation ofP̃rv(s)
into two contributions: one from the direct coupling ofv
→2p and the other from mixing,v→r→2p @4–6#. Such a
separation is model dependent, and we shall not pursu
further. Rather, we wish to determine the constrainte1e2

→p1p2 data places on the sum of these contributions;

term P̃rv(s) the effective mixing matrix element.P̃rv(s) is
usually assumed to be both real and approximatelys inde-
pendent@7#; we wish also to test these assumptions in
context ofe1e2→p1p2 data. An explicits dependence in

P̃rv(s) emerges as a consequence of the inclusion of a n
resonant contribution tov→2p @4,5#; thus, thes depen-
dence of the effective mixing amplitude in the resonan
region may partially constrain the role of this contribution

Previous determinations ofP̃rv(s) have used either the
empirical v→2p branching ratio@9,10# or e1e2→p1p2
570556-2821/98/57~5!/2716~11!/$15.00
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data@6,11,4,5#. We prefer the latter method for several re

sons. Information on the phase ands dependence ofP̃rv(s)
is not accessible from thev→2p branching ratio. Moreover
the determinedr-v mixing matrix element then explicitly
depends on the relatively poorly knownr resonance param
eters.

Our work differs from earlier analyses in that we enum
ate a variety of forms forFr(s) which satisfy the known
theoretical constraints. We extract the magnitude, phase,
s dependence of the effectiver-v mixing matrix element

P̃rv(s) from e1e2→p1p2 data and study the systemat
error in the above parameters resulting from the choice
Fr(s). We have also studied the systematic errors in thr
parameter extraction and find them to be much larger t
previously reported.

To extract P̃rv(s) from e1e2→p1p2 data we natu-
rally wish to use the best data set available. The most re
data for the pion form factor in the timelike region is due
Barkov et al. @12#. They reportmr5775.960.860.8 MeV
and Gr5150.561.662.5 MeV, where the errors respec
tively refer to the error arising from the statistical and sy
tematic uncertainties in the experimental data and to the
tematic error resulting from the form chosen for the pi
form factor @12#. The Barkovet al. value for ther mass
contributes some 40% of thex2 in the Particle Data Group’s
1994 world average for this quantity@13#. In the 1996 com-
pilation, the Particle Data Group rule the Barkovet al. r
mass ‘‘probably wrong’’ on statistical grounds and exclu
the Barkovet al. values from the world averages for ther
mass and width@14,1#. The only determination of ther mass
currently included in the Particle Data Group world avera
based, at least in part, on timelike pion form factor data
that of Heyn and Lang@15#. We apply our analysis to both
the data included in Barkovet al. @12,16# and to the timelike
region data included in Heyn and Lang@15,17#, to ascertain
whether any systematic differences exist between the
sets.

The r resonance is relatively broad, so that the repor
resonance parameters are numerically sensitive to the
vention under which the mass and width are defined. T
appearance of a resonance is associated with a complex
at s5sp in the elastic scattering amplitude, and this comp
pole can be used to define the resonance’s mass and w
@18#. The separation ofsp into a mass and width is
2716 © 1998 The American Physical Society
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57 2717RHO-OMEGA MIXING AND THE PION FORM FACTOR . . .
not unique, however, for both the real and imaginary parts
sp appear in any physical process@19#. Thus, whether one
defines sp[m22 imG, so that m5ARe sp, or Asp[m̃

2 i G̃ /2, so thatm̃5ReAsp, is a matter of convention. We
will present results for ther mass and width under bot
conventions.

II. PION FORM FACTOR AND r-v ‘‘MIXING’’

Only general theoretical constraints guide the construc
of the pion form factor in the timelike region. Charge co
servation requires the form factor to be unity ats50:

Fp~0!51. ~3!

Moreover, it should be an analytic function in the complexs
plane, with a branch cut along the real axis beginning at
two-pion threshold,s54mp

2 . Finally, time-reversal invari-
ance and the unitarity of theS matrix requires that the phas
of the form factor be that ofl 51, I 51 p-p scattering@20#.
This last emerges asp-p scattering in the relevant channel
very nearly elastic from threshold throughs'(mp1mv)2

@21,15#. In this region ofs, then, the form factor is related t
the l 51, I 51 phase shift,d1

1, via @22#

Fp~s!5e2id1
1
Fp* ~s! ~4!

so that

tand1
1~s!5

Im Fp~s!

Re Fp~s!
. ~5!

The above is a special case of what is sometimes called
Fermi-Watson-Aidzu phase theorem@22,23#.

In the resonance region the phase and analyticity c
straints can be realized via the Breit-Wigner form

lim
s→mr

2

Fp~s!52
mr

2~11«!

s2mr
21 imrGr

, ~6!

where« is a real constant. The complex polesp associated
with the appearance of the resonance is given bysp[mr

2

2 imrGr . We have adopted theARe sr convention for the
r mass. Alternatively, one could have writtenAsp[m̃r
f

n

e

he

n-

2 i G̃r/2, so thatm̃5ReAsp, but this is merely a matter o

convention. Note that them andm̃5ReAsr prescriptions are
related via@15#

m̃5S m21Am41m2G2

2 D 1/2

, G̃5
m

m̃
G. ~7!

The Breit-Wigner form, Eq.~6!, only satisfies the phas
constraint ass→mr

2 , so that a more general form for th
pion form factor, suitable for alls, is needed. Generalization
satisfying the enumerated constraints have been constru
by various authors@24,15,25#; we will follow the work
of Gounaris and Sakurai@24# and of Heyn and Lang
~HL! @15# in what follows. We include r-v mixing
as per Eq. ~2!, so that our enumerated constraints a
brought to bear on the form ofFr(s) alone, for the
violations of the above constraints due to isospin break
are small.

Gounaris and Sakurai consider aFr(s) of the form
f (0)/ f (s) with f (s) such that

f ~s!5~k3/As!cotd1
12 i ~k3/As!, ~8!

where f (0) is real. Note that both the normalization an
phase constraints are manifest in such a construction. Thd1

1

phase shift is parametrized via a generalized effective-ra
formula of Chew-Mandelstam type@26#, with two free pa-
rameters,a8 andb8,

~k3/As!cotd1
15a81b8k21k2h~s!, ~9!

wherek andh(s) are chosen to be

k5~s/42mp
2 !1/2, h~s!5

2k

pAs
logSAs12k

2mp
D , s>4mp

2

k5 i ~mp
2 2s/4!1/2, h~s!5

2ki

pAs
arccotS s

4mp
2 2s

D 1/2

,

0<s,4mp
2 . ~10!

In this manner the required analytic structure is imposed
well. The parametersa8 andb8 can be replaced by function
of mr andGr by noting the resonance conditions cotd1

1(mr
2)

50 andd1
18(mr

2)51/(mrGr), so that the resulting form fac
tor is of the form@24#
Fr
GS~s!5

2~mr
21dmrGr!

s2mr
22Gr~mr

2/kr
3!@k2~h2hr!2~s2mr

2!kr
2hr8#1 imrGr~s!

, ~11!
where

kr5k~mr
2!, hr5h~mr

2!, Gr~s!5GrS k

kr
D 3mr

As
,

~12!

andd is fixed in terms ofmr andmp ,
d5
3mp

2

pkr
2
logS mr12kr

2mp
D1

mr

2pkr
2

mrmp
2

pkr
3

. ~13!

Note that the Breit-Wigner form, Eq.~6!, is recovered ass
→mr

2 . It turns out that the two-parameter fit of Eq.~11! does
not suffice to fit the pion form factor data in ther resonance
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2718 57S. GARDNER AND H. B. O’CONNELL
region, and a modification ofFr
GS(s) to include a multiplica-

tive real function ofs, constrained by only the normalizatio
condition, is phenomenologically necessary.

It is critical to note that the adoption of ans-dependent
width, G(s), predicated by the phase constraint of Eq.~5!,
implies thats5mr

22 imrGr no longer determines the pos
tion of the complex polesp @27#. Rather, if one were to

determine the mass and width fromsp[m̄r
22 im̄rḠ r , where

f (sr)50, then fors5m̄r
2 the phase shift wouldnot bep/2,

and the resultant form factor nears5m̄r
2 would not be of

Breit-Wigner form. We prefer, then, to determine the res
nance parameters by comparingf (s) to s2mr

22 imrGr at
the s in the physical region where the real part off (s) van-
ishes. The resonance condition cotd5p/2 is thus satisfied as
s→mr

2 . Our procedure is consistent with that of Ref.@24#.
Heyn and Lang writeFr(s) as

Fr~s!5V~s!F red~s!, ~14!

where for 0<s&(mv1mp)2, F red(s) is purely real and can
be approximated by a cubic polynomial@15#,

F red~s!511b1s1b2s21b3s3. ~15!

All phase information is contained in the Omne`s function
V(s) @28#, which is chosen to be

V~s!5
c1mp

2 g~0!

s̃ p

s̃p2s

as21bs1c2~s24mp
2 !g~s!/4

.

~16!

Modulo the (s̃ p2s)/ s̃ p factor, V(s) also has af (0)/ f (s)
structure, where now

f ~s!5as21bs1c2~s24mp
2 !g~s!/4 ~17!

andg(s) is determined by the one-pion-loop diagrams in t
r self-energy@29–31#,

g~s!52
1

p
ulog

11u

12u
1 iu, u5A124mp

2 /s, s>4mp
2

52
2

p
uarctan

1

u
, u5A4mp

2 /s21, 0<s<4mp
2

52
1

p
ulog

u11

u21
, u5A124mp

2 /s, s,0, ~18!

g~0!522/p.

The r resonance is associated with a zero off (s) in the
complex plane fors.4mp

2 , yet f (s) also vanishes on the

negative real axis whens5 s̃ p , by definition. This zero
simulates the left-hand cut in theN/D construction of the
amplitude@32# and physically corresponds to a bound st
@22#. The (s̃ p2s)/ s̃ p factor in V(s) removes this singular
ity while preserving the normalization constraint. The sing
larity structure ofV(s) occurs inFGS(s) as well; the zero
there, though, is at such large negatives that the inclusion of
a ( s̃ p2s)/ s̃ p factor would be of no phenomenological im
-

e

-

pact @24#. Two parameters are needed to describe the l
hand cut. The third free parameter in Eq.~17! functions as a
Castillejo-Dalitz-Dyson~CDD! parameter; theN/D solution
of the partial-wave amplitude dispersion relation does
uniquely follow from the information input on the left-han
cut @33,22#.

Oncea, b, andc are determined from a fit to data, ther
resonance parameters can also be determined. As discu
earlier in the case of the Gounaris-Sakurai form factor@24#,
Eq. ~11!, we determine the resonance parameters by com
ing f (s) to s2mr

22 imrGr at the s in the physical region
where the real part off (s) vanishes. This has the effect o
requiring thatf (s) be of Breit-Wigner form ass→mr

2 . Con-
sequently,mr is determined by Re$ f (mr

2)%50 and Gr is
determined by Im$ f (mr

2)%52mrGr @15#.
The structure chosen forf (s) in Eq. ~17! is formally con-

sistent with the phase constraint resulting from unitarity a
time-reversal invariance, yet the constraint may not be
merically well satisfied, as the parameters are fit to the tim
like pion form factor data. We can, however, require that
parameters inf (s) reproduce the empiricall 51, I 51 p-p
scattering lengtha1

1 to gauge whether the results we extra

for the r parameters andP̃rv are sensitive to this additiona
constraint. We definea1

1 as

1

a1
1

5 lim
s→4mp

2

k3cotd1
1 , ~19!

where empiricallya1
15(0.03860.002) mp

23 @34#. Note that
1/a1

1 is equal to 2mpa8 in the Gounaris-Sakurai model, Eq
~9!, and is equal to (16mp

4 a14mp
2 b1c)mp in the Heyn-

Lang model, Eq.~16!.
The pion form factor we fit to data is

Fp~s!5V~s!F red~s!F11
1

3

P̃rv~s!

s2mv
2 1 imvGv

G . ~20!

We work to leading order in isospin violation, and we ado
the SU~3! value of 1/3 for the ratio of the electromagnet
coupling of thev to that of ther. Note thatF red(s) is given
by Eq. ~15! and V(s) by Eq. ~16!, though we will also re-
placeV(s) by FGS(s), Eq. ~11!, and by an Omne`s function
modified to resembleFGS(s),

VGS~s!5
c1mp

2 g~0!

bs1c2~s24mp
2 !g~s!/4

. ~21!

We thus test the sensitivity of the fit to the specific manne
which the phase constraint is realized. Rather than Eq.~20!,
Barkov et al. @12# adopt a pion form factor such that

Fp~s!5Fr
GS~s!

11avFv
GS~s!1ar8Fr8

GS
~s!1ar9Fr9

GS
~s!

11av1ar81ar9

,

~22!

whereav , ar8, andar9 are real constants, to be determin
from a fit to data, andFV

GS(s), with V a vector meson, is
determined by Eqs.~11!,~12!,~13! with mr , Gr replaced by



o

g

th

e

-

t
ci

e

ng

r

rin

r
rs
ce
th
th

ha
d
re

fi
f

are
-
th
e
of

e

e
nce

ns

re-

e
ver,
of

kov
he
y
lts
of

q.

57 2719RHO-OMEGA MIXING AND THE PION FORM FACTOR . . .
mV , GV . FV
GS(s) is complex in the region ofs we consider,

so that Eq.~22! would seem to violate the phase constraint
Eq. ~5!. We fit Eq. ~22! as well to the timelike pion form
factor data, and we will examine the above issue throu
direct comparison with thel 51, I 51 phase shifts.

If the inelastic contributions top-p scattering in thes
region of interest are generated by isospin violation only,
solution of the Muskhelishvili-Omne`s integral equation@28#
with inelastic unitarity suggests that the effectiver-v mixing

matrix element,P̃rv(s), is real @7#. It is also thought to be
weakly s dependent@7#. Thus, unless otherwise stated, w

make the replacementP̃rv(s)5P̃rv(mv
2 ). We can, however,

also test these assumptions by replacingP̃rv(s) with

P̃rv~s![P̃rv
R ~mv

2 !1 i Im P̃rv
I ~mv

2 ! ~23!

or with

P̃rv~s!5P̃rv~mv
2 !1~s2mv

2 !P̃rv8 ~mv
2 !, ~24!

where it is natural to expand thes dependence of the effec
tive mixing matrix element abouts5mv

2 . In this manner we

can test whether the value of Re$P̃rv(mv
2 )% is sensitive to

the matrix element’s possibles dependence or phase.

III. RESULTS

We optimize the fit parameters usingMINUIT @35#. The
parameters can be highly correlated, so that we compute
correlation coefficients and final errors with a double pre
sion FORTRAN code using standard techniques@36#. We fit
data from threshold,As52mp;280 MeV, through As
'mv1mp5923 MeV, as this is the region in which th
empirical l 51, p51 phase shift is essentially elastic@21#.
Our data set consists of the 82 points in this energy ra
included in the analysis of Barkovet al. @12,16#. The follow-
ing fits are based on Eq.~20! — the forms chosen forV(s),

F red(s), andP̃rv(s) in each fit are indicated in Table I. Fo
fits B and C above, a fit of the type indicated by A8 and AI

has been performed as well, so that B8 and BI, e.g., indicate

B-type fits in whichP̃rv(s) has been replaced by Eq.~24!
and Eq.~23!, respectively. Note that in fit B the parameterc
is fixed so that the model reproduces the empirical scatte
length,a1

15(0.03860.002) mp
23 @34#, as per Eq.~19!. For

definiteness, note that we usemp5139.57 MeV, mv

5781.94 MeV, andGv58.43 MeV@1# in all fits. The results
are given in Tables II and III. The given parameter erro
arise from thex2 optimization of the fit to data, whose erro
include both statistical and experimental systematic un
tainties. Specifically, the parameter errors are given by
square root of the diagonal elements of the inverse of
curvature matrix@36#. The parameters are correlated, so t
the errors in the ‘‘Output’’ of Tables II and III are generate
using the full error matrix. All the parametrized forms a
able to fit the data exceedingly well —x2/NDF'1 in all
cases. Fits A and B, along with the Heyn-Lang A-type
@15# to the 1978 world data@17#, are plotted as a function o
f

h

e

he
-

e

g

s

r-
e
e
t

t

the pion-pair invariant massq, q[As, with the data@16#
included in the compilation of Ref.@12# in Fig. 1. The shapes
of A and B are very similar in the resonance region but
visibly different at smallq as fit B is constrained to repro
duce the empiricala1

1 scattering length. The scattering leng
extracted from fit A is nearly a factor of 2 larger than th
empirical value; later we will explicitly compare the phase
the fits we generate with the measuredl 51, I 51 p-p phase
shift in thes range of interest.

The effectiver-v mixing matrix elementP̃rv(mv
2 ) is re-

markably insensitive to ther parametrization chosen; th
value we find is235006300 MeV2. This insensitivity is
significant, for ther mass varies by some 10 MeV over th
same set of the parametrizations. It is likely the conseque
of the narrowv width; in particularGr /Gv;20 @1#. The s

dependence and phase ofP̃rv(s), as per Eq.~24! and Eq.
~23!, are also relatively insensitive to ther parametrization;

this is shown in Tables II and III. We conclude thatP̃rv8 and

P̃rv
I (mv

2 ) are 0.0360.04 and23006300 MeV2, respec-

tively. The errors are such that bothP̃rv8 and P̃rv
I (mv

2 ) are
consistent with zero. This is consistent with the conclusio
of Costa de Beauregardet al. @7#, and thus their implicit
assumptions would seem to be justified in the resonance

gion. Note that the value of Re$P̃rv(mv
2 )% continues to be

235006300 MeV2 in the presence ofs-dependent or

imaginary contributions toP̃rv(s); this is plausible as thes
corrections are themselves consistent with zero. Moreo
the inferredr parameters are insensitive to the inclusion
these effects as well.

We also consider fits based on the form used by Bar
et al., Eq. ~22!. Fit E uses Particle Data Group values for t
higher r resonances@1#; fit F uses the values adopted b
Barkov et al. @12#. These parameters, along with the resu
of fits D, E, and F, are given in Table IV. The values

P̃rv(mv
2 ) for fits E and F are determined from the fit to E

~22! via the relation

P̃rv~mv
2 !5

23~mv
2 1dvmvGv!av

11av1ar81ar9

, ~25!

where dv follows from Eq. ~13! with mr ,Gr→mv ,Gv .

The final error in theP̃rv(mv
2 ) of fits E and F is determined

by the full error matrix from the fit with Eq.~22!. The
form of Eq. ~22! is quite different from that of Eq.~20!,

TABLE I. Components ofFp(s) for each fit. Note that ‘‘2 ’’

meansP̃rv(s)5P̃rv(mv
2 ).

Fit V(s) F red P̃rv(s)

A Eq. ~16! Eq. ~15! 2

A8 Eq. ~16! Eq. ~15! Eq. ~24!

AI Eq. ~16! Eq. ~15! Eq. ~23!

B Eq. (16) (c fixed) Eq.~15! 2

C Eq. ~21! Eq. ~15! 2

D Eq. ~11! Eq. ~15! 2
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TABLE II. Results from fitting the data of the Barkovet al.compilation from threshold through 923 MeV
with Fp(s) as per Eq.~20! and Table I. Note thatmp50.13957 GeV. In fit B, the first set of errors associat
with the r resonance parameters is determined by the statistical and experimental systematic error
timelike pion form factor data, whereas the second set of errors arises from the error in the input em
scattering length.

Parameter A B C A8 AI

1023a(mp
22) 22.8060.88 20.67260.084 2 22.6860.95 22.5761.06

b 0.2460.52 21.00860.027 21.40360.023 0.1760.56 0.1060.63
c(mp

2 ) 11.468.1 30.45a 36.4860.66 12.568.7 13.769.6
b1 ~GeV22) 20.6560.25 20.2760.12 20.1660.12 20.6960.25 20.5760.27
b2 ~GeV24) 1.8060.91 0.7660.46 0.6560.48 1.8560.88 1.5360.93
b3 ~GeV26) 20.9760.68 20.3460.40 20.2960.42 21.0160.66 20.7960.68

P̃rv ~MeV2) 234606290 234606290 234606290 235006300 234806280

P̃rv8 2 2 2 0.02760.040 2

Im P̃rv ~MeV2) 2 2 2 2 23106280

x2/NDF 68/75 68/76 68/76 67/74 66/74

Output

s̃ p(mp
2 ) 212.46 2125.7 2 214.21 28.214

a1
1 (mp

23) 0.08460.043 0.03860.002b 0.032460.0024 0.07960.041 0.07360.039
mr ~MeV! 763.163.9 771.361.3616 773.961.2 763.764.1 764.564.5
Gr ~MeV! 153.861.2 156.260.464.7 157.060.4 154.061.2 154.261.3

m̃r ~MeV! 766.964.0 775.261.3616 777.861.2 767.564.2 768.364.5

G̃r ~MeV! 153.061.2 155.460.464.7 156.260.4 153.261.2 153.461.3

aNot a fitting parameter.
bInput.

TABLE III. More results from fitting the data of the Barkovet al. compilation from threshold through
923 MeV withFp(s) as per Eq.~20! and Table I. Note thatmp50.13957 GeV. Here the sensitivity of thes

dependence and phase ofP̃rv(s) to ther parametrization is examined.

Parameter B8 BI C8 CI

1023a(mp
22) 20.69060.087 20.71260.090 2 2

b 21.00260.028 20.99360.030 21.40860.023 21.41360.024
c(mp

2 ) 30.4360.10a 30.4060.10a 36.6260.68 36.8060.71
b1 ~GeV22) 20.3560.15 20.2560.12 20.2560.16 2.1460.13
b2 ~GeV24) 0.9360.49 0.6860.46 0.8260.51 0.5660.48
b3 ~GeV26) 20.4560.42 20.2860.40 20.4060.43 20.2260.42

P̃rv ~MeV2) 235106300 234806290 235106300 234806290

P̃rv8
0.03460.039 2 0.03560.039 2

Im P̃rv ~MeV2) 2 23406270 2 23406260

x2/NDF 67/75 66/75 67/75 66/75

Output

s̃ p(mp
2 ) 2122.72 2119.01 2 2

a1
1 (mp

23) 0.03860.002b 0.03860.002b 0.032360.0024 0.032160.0025
mr ~MeV! 771.361.3615 771.561.3615 773.961.2 774.161.2
Gr ~MeV! 156.260.464.3 156.360.464 157.060.4 157.060.4

m̃r ~MeV! 775.261.3615 775.461.3615 777.861.2 778.161.2

G̃r ~MeV! 155.460.464.3 155.560.464 156.260.4 156.360.4

aNot a fitting parameter.
bInput.
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yet the values ofP̃rv(mv
2 ) are comparable; cf.23600

6300 MeV2 with 235006300 MeV2 from fits A–D.
We favor the latter value as ther8 and r9 contributions
in Eq. ~22! serve as sources of phase beyond that gener
by Fr(s). We will examine whether such a constructio
is explicitly at odds with p-p scattering data. Note
however, that the scattering lengths extracted from
D–F are reasonably close to the empirical value, thoughs
approaches threshold the impact of the imaginary part of
r8 andr9 contributions is minimized.

The strength ofr-v mixing is commonly extracted
from the v→2p branching ratio @9,10#, so that it is

FIG. 1. The absolute square of the timelike pion form fact
uFp(s)u2, plotted versus the invariant massq of thep1p2 pair. Fits
A ~solid line! and B~long-dashed line!, as per Eq.~20! and Table I,
are shown with the data compiled by Barkovet al.The A fit, as per
Table I, of Heyn and Lang~dashed line! is shown for reference.
ed

s

e

useful to reexamine this analysis and compare it w
the current results. The physicaluv& and ur0& are related to
the isospin-pure statesuv I& and ur I

0& via the transformation
@4#

S ur0&
uv& D5S 1 2«1

«2 1 D S ur I
0&

uv I&
D ~26!

to leading order in isospin violation. Assuming that th
vector mesons couple to conserved currents,«1 and «2
are determined by requiring that the physical mixed pro
gator Drv

mn(s) has no poles, so that«15Prv(mv
2

2 imvGv)/@mv
2 2mr

21 i (mrGr2mvGv)# and «25Prv(mr
2

2 imrGr)/@mv
2 2mr

21 i (mrGr2mvGv)#. Then

^p1p2uv&5^p1p2uv I&

1
Prv~mr

22 imrGr!

mv
2 2mr

21 i ~mrGr2mvGv!
^p1p2ur I

0&

~27!

[
P̄rv~mv

2 !

mv
2 2mr

21 i ~mrGr2mvGv!
^p1p2ur I

0&,

~28!

so that

G~v→p1p2!

G~r→p1p2!
5

pv
3 mr

2

pr
3mv

2 S uP̄rv~mv
2 !u2

~mr
22mv

2 !21~mrGr2mvGv!2D ,

~29!

,

3
q.
TABLE IV. Results from fitting the data of the Barkovet al. compilation from threshold through 92
MeV with Fp(s) as per Eq.~22! and Eqs.~11!,~12!,~13!. However, note that fit D, as per Table I, uses E
~20! with Eqs. ~11!,~15! in place of Eq. ~22!. For Fit D b1520.1660.12 GeV22, b250.65

60.48 GeV24, andb3520.2960.42 GeV26. The values ofP̃rv(mv
2 ) for fits E and F are determined from

the fit to Eq.~22! via Eq. ~25!.

Parameter D E F

mr ~MeV! 773.961.2 774.261.2 773.861.1
Gr ~MeV! 146.963.4 145.762.2 144.062.3
av 2 (1.2060.34)31023 (1.5060.28)31023

ar8 2 1.0160.18 0.46760.096
ar9 2 21.4060.33 20.7060.20
mr8 (MeV) 2 1465a 1290a

Gr8 (MeV) 2 310a 200a

mr9 (MeV) 2 1700a 1590a

Gr9 (MeV) 2 235a 260a

x2/NDF 68/76 74/77 71/77

P̃rv (MeV2) 234606290 236106310b 235806310b

m̃r (MeV) 777.361.2 777.661.2 777.161.1

G̃r (MeV) 146.263.3 145.162.2 143.462.2

a1
1 (mp

23) (3.24060.060)31022 (3.20860.036)31022 (3.18260.038)31022

aInput.
bNot a fitting parameter.
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where the overallpv
3 mr

2/(pr
3mv

2 ) factor arises from treating
^p1p2ur I

0&, e.g., as thegrpp coupling as per Ref.@29#. We
assume that G(r→p1p2)5Gr and that ^p1p2ur&
5^p1p2ur I&, as corrections to the latter are of nonleadi
order in isospin violation. Using the Particle Data Gro
~PDG! values for thev→2p branching ratio, 2.216.30%,
and for ther andv resonance parameters@1# yields a central

value of uP̄rvu53860 MeV2, whereas using the Barko
et al. v→2p branching ratio, 2.360.460.2%, and
mr5775.9 MeV andGr5150.5 MeV as per their analysi

@12# yields uP̄rvu53950 MeV2 @37#. Note that theirv
→2p branching ratio is itself extracted from Eq.~22!,
though this and the PDG value use the estimated lept
widths G(r→e1e2) andG(v→e1e2) to infer the ratio of
the v to r electromagnetic couplings, rather than adopt
SU(3) value of 1/3 as we do@31#. This explains why the
above results are of slightly larger magnitude than the re

for P̃rv , 235006300 MeV2, which emerges from the di
rect analysis ofe1e2→p1p2 data in the timelike region

We prefer the latter analysis, however, forP̃rv is accessed
directly and is not subject to uncertainties in ther parametri-
zation and its associated parameters.

As the value of ther mass extracted by the analysis
Barkov et al. has been called into question on statistic
grounds@14,1#, it is prudent to examine the sensitivity of ou
results to the chosen data set. Previously we have used
82 data points withAs&923 MeV compiled by Barkov
et al. and used in their analysis@16#. We have repeated
fits A–C on the 40 points of the 1978 world data@17#
used by HL@15# and on the 61 data points from the OLY
and CMD detectors reported by Barkovet al. @12# in the s
region of interest. Our results are shown in Table
Note that the fit B errors refer to the errors generated
uncertainties in the data and by the error in the scatte
length, respectively. We see that the parameters obtaine
a given fit are consistent within errors for the three data s

Note, moreover, that the striking insensitivity ofP̃rv(mv
2 ) to

the r parametrization is manifest in all the data sets cons
ered.

The fits we have considered support a wide range or
masses and widths.mr , for example, ranges from 763.1 t
774.2 MeV, whereasGr ranges from 144.0 to 157.0 MeV
The median values are 768.7 and 150.7 MeV respectiv
remarkably close to the values reported by the Particle D
Group @1#. It is worth noting that the two-paramete
Gounaris-Sakurai form, realized as either fit C, D, E, or
recalling Eqs.~20!,~22! and Tables I and IV, consistentl
returns a value of 774 MeV, though fits D, E, and F
possessr widths some 10 MeV smaller than that of fit C
Fits C and D only really differ in the manner they param
etrize thes dependence of the phase of the pion form fact
cf. h(s), Eqs.~10!,~9!, of fit C with g(s), Eqs.~18!,~17!, of
fit D.

The phase constraint can still be used to discriminate
tween the fits, for the phase of the form factor must be
merically that ofl 51, I 51 scattering, if the latter is elastic
We explore this issue in Fig. 2, in which the phase of
A–C, E, and F are shown as a function of the invariant m
q, q[As, and compared with data@21#. In plotting the l
ic
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51, I 51 phase shifts, we have adopted the ener
independent analysis of Hyamset al. @21# and the energy-
dependent analysis of Protopescuet al. @21#. The above
analyses must assume isospin symmetry to separate thd l

I

phase shifts, so that we omit thev contribution from our
plots of the phase ofFp(s) determined from fits to the time
like pion form factor data. We have omitted fit D as its pha
is essentially identical to fit C, which is shown. Fits C and
differ in how they parametrize thes dependence of the phas
of the pion form factor, yet this has no impact on the e
tractedp-p phase shift. Ther widths for fits C and D do
differ by some 10 MeV, but this is of no consequence for t
accompanying phase shifts, as tan21(ImFp /ReFp)→p/2 as
s→mr

2 . Fits B–F are reasonably consistent with data, thou
to judge this in detail we have computed thex2 to thep-p
scattering data for the fits shown in Fig. 2:

x2/NDF51500/34 @A#, 140/34 @B#, 140/34 @C#,

590/34 @E#, 230/34 @F#. ~30!

With suchx2’s it is unlikely that any of the timelike pion
form factor fits are truly correct models of thep-p phase
shift data, though the employed data sets are themselve
always consistent within 1s. Note, moreover, that points in
the r-v interference region have been included in thex2

computation, though in this region thev could influence the
phase extracted from ther component of the form factor. Fi
B is decidedly better than fit A; note that B differs from
only in that it incorporates the empirical scattering leng
Fits C, E, and F are also similar in structure; they differ
the manner they parametrize thes dependence of the form
factor phase — fit C usesh(s), Eqs.~10!,~9!, whereas fits E
and F useg(s), Eqs.~18!,~17! — and in that ther8 andr9
contributions of fits E and F, Eq.~22! and Table IV, admit
sources of phase beyond ther-v sector. Fit C describes th
p-p phase shift slightly better than fits E and F. As fits
and D yield phase shifts of comparable shape — thex2/NDF
for fit D is also 140/34 — it is the presence of ther8 andr9
contributions in fits E and F which is likely responsible f
their poorer agreement with data. In particular, their inc

TABLE V. r parameters andP̃rv(mv
2 ) resulting from fits A–C

of Table I and Eq.~20! to the timelike pion form factor data
uFp(q2)u2. ‘‘40’’ denotes the 40 points of the 1978 world dat
‘‘60’’ denotes the OLYA and CMD data of Barkovet al., whereas
‘‘82’’ denotes the data set compiled by Barkovet al.

Fit mr Gr P̃rv
x2/NDF

A40 768612 155.363.5 229706690 41/33
A61 759.764.1 152.861.2 233406300 38/54
A82 763.163.9 153.861.2 234606290 68/75

B40 769.763.6615.5 155.761.164.5 229706690 41/34
B61 771.761.3615.6 156.360.3864.6 233106300 43/55
B82 771.361.3616.1 156.260.3764.7 234606290 68/76

C40 772.463.6 156.561.0 229706690 41/34
C61 774.061.2 157.260.4 233106300 43/55
C82 773.961.2 157.060.4 234606290 68/76
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sion increases the phase shift at largeq. We have assumed
that d1

1 is purely elastic in the regime shown, though t
measured elasticityh1

1 does differ slightly from unity above
900 MeV@21#. The structure of fits E and F suggests that t
assumption be examined. If the phase shift is not stric
elastic, that is, ifh is not exactly unity, then the phase of th
form factorf is related to the scattering phase shiftd via @7#

tanf[
ImF

ReF
5

~12hcos2d!

hsin2d
. ~31!

If (1 2h)!1, thenf andd are related by

f5d1
~12h!cosd

2hsind
~32!

to leading order in (12h). As h<1 and d1
1*100° for

q.800 MeV @21#, Eq. ~32! implies thatf<d as well. Thus
the structure of fits E and F would seem inconsistent with
manner in which they fit the phase shifts, for the phase of
E and F exceeds that of C fors*900 MeV, at odds with the
constraint of Eq.~32!. We conclude that the comparison wi
the measured phase shifts indicates that fits B, C, an
would seem to be preferred. The averager parameters which
emerge from these selected fits aremr5773 MeV andGr

5153 MeV.
There is one last form factor constraint we can consid

for the pion form factor is known ass→0 from chiral per-
turbation theory. Through two-loop order@38#,

Fp~s!511
1

6
^r 2&V

ps 1cV
p s21 f V

US s

mp
2 D 1O~s3!,

~33!

where^r 2&V
p is the electromagnetic charge radius of the p

squared andcV
p is a low-energy constant. Note thatf V

U(s/mp
2 )

FIG. 2. Thel 51, I 51 p-p phase shiftd1
1 extracted from the

phase of the timelike pion form factor as determined by fits A~solid
line!, B ~dotted line!, C ~dashed line!, E ~long-dashed line!, and F
~dot-dashed line!, given by Eqs.~20!, ~22! and Tables I, II, and IV,
plotted versus the pion-pair invariant massq, along with the data
from Ref. @26#. Note that ther-v mixing contribution to the time-
like pion form factor phase has been omitted, to facilitate comp
son with the empirical phase shifts.
s
y

e
ts

D

r,

is the genuine loop contribution. A three-times-subtrac
dispersion integral relates it tol 51, I 51 p-p scattering at
the tree and one-loop level and to the pion form factor at
one-loop level@38#; a convenient analytic representation
f V

U(s/mp
2 ) is given in Ref.@39#. f V

U(s/mp
2 ) possesses contri

butions at bothO(s) and O(s2), yet the separation of the
polynomial and dispersive pieces given in Eq.~33! suggests
that its contribution tô r 2&V

p is very small — indeed, this
is numerically the case@38#. Crossing symmetry dictate
the form of theO(s) term and thus offers a consistenc
check of the spacelike and timelike region data.^r 2&V

p has
been measured in the spacelike region by Amendoliaet al.;
adopting a fit in whichuFp(t)u25n/(12t3 1

6 ^r 2&V
p)2 and

Fp(0)5n51.00060.009 yields ^r 2&V
p50.43160.010 fm2

@40#. The data of Amendoliaet al. has been reanalyzed b
Colangeloet al. @39# using the form dictated by chiral per
turbation theory, Eq.~33!, and they find

^r 2&V
p50.43160.02060.016 fm2 ~34!

cV
p53.260.560.9 GeV24 ~35!

where the errors refer to statistical and theoretical uncert
ties, respectively. The agreement of^r 2&V

p with the value
extracted by Amendoliaet al. also indicates that the contri
bution of f V

U(s/mp
2 ) at O(s) is small. The larger statistica

error is a consequence of the two-parameter fit.
In the timelike region,̂ r 2&V

p is determined by fits to data
above the two-pion threshold,s>4p2. Ignoring the negli-

gible P̃rv contribution, one has for fits A and B, e.g., tha

^r 2&V
p56Fb12

1

sp
2

1

3S 3bp12

cp22mp
2 D G , ~36!

whereas the ^r 2& contribution from Fr
GS(s), Eqs.

~11!,~12!,~13!, is

^r 2&5
6

mr
21dmrGr

F11
1

2p

Gr

kr
1

Grmr

2pkr
2S 112

mp
2

mr
2 D

3 logS mr12kr

2mp
D2

1

3p

Grmr
2

kr
3 G . ~37!

Using the parameters of Tables II and IV, one finds

^r 2&V
p ~ fm2!50.3060.04 @A#, 0.3560.03

60.02 @B#, 0.3660.03 @C and D#, 0.40

60.01 @E and F#. ~38!

Fit A does poorly on thea1
1 scattering length, so that it

disagreement with the value of^r 2&V
p from spacelike data is

not surprising. Fit B, however, is constrained to reproducea1
1

and is much closer to the Colangeloet al. value @39#. Note
that the errors associated with fit B are to be added in qua
ture; the first error arises from the error in the fits, the seco
from the error ina1

1. The agreement of fits C and D is com
parable to that of fit B, whereas the results of fits E and F
within error of the Colangeloet al. value, when its error is

i-
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2724 57S. GARDNER AND H. B. O’CONNELL
taken into account as well. Thus, we see no real evidence
disagreement with the spacelike data, and its considera
does not serve to distinguish the fits B–D, preferred by
phase shifts.

A plurality of conclusions exists in the literature concer
ing the consistency of the spacelike and timelike d
@15,41,42,25#. Of those who have argued that they are inco
sistent@15,41#, the difficulty seems to be with data at larg
t @15,42#, well beyond the region from which the charg
radius is extracted.

Let us conclude this section by summarizing our resu
for the r mass and width. Fits A–D are all distinct in cha
acter and generate excellent fits to the timelike pion fo
factor data. Presuming that the central values are norm
distributed, we can compute the variance of the central
ues to infer the theoretical systematic error in a particu
parameter. Using them prescription, so that the form facto
is given by Eq.~6! ass→mr

2 , and averaging over the resul
of fits A–D yields

mr5770.561.164.4 MeV, Gr5153.560.964.0 MeV,
~39!

where the errors reflect the experimental statistical and
tematic uncertainties and the theoretical systematic un
tainties arising from ther parametrization chosen, respe
tively. Note that we have discarded the error arising fro
the use of the empirical scattering length in fit B
the above, as realistically one would refit the parame
should the scattering length be varied. These values d
from those of Barkovet al., mr5775.960.860.8 MeV and
Gr5150.561.662.5 MeV @12#, though the most significan
difference is in our respective estimates of the model err
cf. 4.4 MeV with 0.8 MeV for ther mass and 4.0 MeV with
2.5 MeV for ther width. The theoretical systematic error w
report is sensitive to the manner in which we determine thr
mass and width. If, alternatively, we compute the mass
width from the value of the complex polesp , namely sp

[m̄22 im̄Ḡ , we find for fits A–D thatm̄r ranges from 756

to 757 MeV andḠ r ranges from 141 to 142 MeV. A simila
parametrization insensitivity of the mass and width defin
from the complex pole position has been noted in Ref.@6#.
Note, however, for this latter choice, that the phase s
would not bep/2 ats5m̄r

2 and that the resultant form facto
nears5m̄r

2 would not be of Breit-Wigner form. Determining
the mass and width as we have previously, but adopting
m̃ prescription, noting Eq.~7!, fits A–D yield

m̃r5774.361.164.4 MeV, G̃r5152.760.963.9 MeV.
~40!

If we discard fit A for its poor fit to thep-p phase shifts and
repeat the above procedure for fits B–D only, we find

mr5773.060.761.2 MeV, Gr5153.361.164.6 MeV
~41!

and

m̃r5776.860.761.1 MeV, G̃r5152.661.164.5 MeV.
~42!
or
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This stepwise elimination procedure may not be reasona
however, as slight adjustments of fit A may yield an acce
able simultaneous description of thel 51, I 51 p-p phase
shift and timelike pion form factor data with comparab
values of ther resonance parameters. We favor our deter
nation based on the timelike form factor data alone, Eq.~39!.

IV. CONCLUSIONS

We have determined the magnitude, phase, ands depen-

dence of the effectiver-v mixing matrix elementP̃rv(s)
from fits to e1e2→p1p2 data in the context of a theoret
cal framework which satisfies the analyticity, normalizatio
and phase constraints. We have considered a variety of
scriptions which satisfy these theoretical constraints a
have found ther-v mixing parameters of interest to be in
sensitive to the manner in which ther is parametrized. Em-
pirically Gv!Gr , and this likely drives the above resul
Recalling Eqs.~23!,~24!, we find

P̃rv~mv
2 !5235006300 MeV2

P̃rv
I ~mv

2 !523006300 MeV2 ~43!

P̃rv8 50.3060.40 MeV2,

whereP̃rv
I (mv

2 ) denotes the imaginary part of the effectiv

mixing matrix element ats5mv
2 andP̃rv8 characterizes thes

dependence ofP̃rv(s) abouts5mv
2 . Both the phase ands

dependence ofP̃rv(s) are statistically insignificant. It is no
that these effects are numerically trivial, but rather that th
are poorly constrained by currente1e2→p1p2 data.

The value ofP̃rv(mv
2 ) we extract differs slightly from

that extracted from thev→2p branching ratio, Eq.~29!, that

is, uP̃rv(mv
2 )u'390024000 MeV2. G(v→2p) is itself ex-

tracted from the timelike pion form factor data, and its co

nection to P̃rv(mv
2 ) explicitly involves ther parameters,

which are relatively uncertain. It thus seems more appro

ate to extractP̃rv(mv
2 ) directly frome1e2 data, as we have

done. Were we to use Eq.~29! to extract B(v→2p) from

our value ofP̃rv(mv
2 ), not only would it be smaller than tha

which Barkovet al. report@12#, but it would also be explic-
itly sensitive to ther parametrization.

We have also systematically explored ther parameters
associated with our parametrizations of the pion form fac
We find that the timelike data support a range ofr param-
eters. Adopting the prescription currently favored by the P
ticle Data Group@1#, we find

mr5770.561.164.4 MeV, Gr5153.560.964.0 MeV,
~44!

where the errors refer to the empirical and theoretical s
tematic uncertainties, respectively. It is worth noting that
differing prescriptions for the mass and width plague t
direct comparison of the results of different groups, for t
most recent world average for ther mass@1# mixes results
defined under different conventions@43#. The convention
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favored by the Particle Data Group has itself chang
with time @cf. them̃ convention, noting Eq.~7!, of Ref. @47#
with the m convention, noting Eq.~6!, of Ref. @1##,
with no apparent adjustment of the reported values.
agree with the r width extracted by Barkovet al.,
Gr5150.561.662.5 MeV, but their value for ther mass,
mr5775.960.860.8 MeV, seems slightly large@12#. It is
the latter value that the Particle Data Group excludes
statistical grounds@1,14#. Note that our theoretical system
atic errors are much larger than those reported by Barkoet
al. @12#; cf. 4.4 MeV with 0.8 MeV for ther mass. We have
also studied ther parameters which result from differen
choices of data sets and find that the parameters extra
from the data of Barkovet al. are merely more precise. W
conclude, then, that the data of Barkovet al. @16# are not
t.
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ee
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ted

likely wrong, but rather that the theoretical systematic err
associated with the extraction of ther parameters are large
than previously estimated.
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