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Rho-omega mixing and the pion form factor in the timelike region
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We determine the magnitude, phase, andependence of-w “mixing” in the pion form factor in the
timelike region through fits te*e™ — 7" 7~ data. The associated systematic errors in these quantities, arising
from the functional form used to fit the resonance, are small. The systematic errors irptheass and width,
however, are larger than previously estimated.
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I. INTRODUCTION data[6,11,4,9. We prefer the latter method for several rea-

) ) o o sons. Information on the phase asidependence flpw(s)
The pion form factor.(s) in the timelike region is ex- s not accessible from the— 2 branching ratio. Moreover,

7 - + . .. . ..
tracted from cross section measuremente oé” — 7" 7,  the determinetb-w mixing matrix element then explicitly
namely, depends on the relatively poorly knovgnresonance param-

eters.
7(8)=0en{S)|F £(3)|%, @

Our work differs from earlier analyses in that we enumer-

whereo(s) is the cross section to produce a structureles&te a variety of forms fof (s) which satisfy the known

m* 7~ pair ands is the usual Mandelstam variable. The theoretical constraints. We extract the magnitude, phase, and
isovector p resonance dominates the cross sectionfer S dependence of the effectiyew mixing matrix element
ranging from 600 to 900 MeV, though isospin violation al- IT,,,(s) from e"e —at7~ data and study the systematic
lows the isoscalaw resonance to contribute as well. We error in the above parameters resulting from the choice of
wish to extract the rho-omega “mixing” matrix element F,(s). We have also studied the systematic errors inghe
ﬁpw(S), which to leading order in isospin violation is given Parameter extraction and find them to be much larger than
by previously reported.

To extractll,,(s) from e'e" -7 7~ data we natu-
rally wish to use the best data set available. The most recent
: (2)  data for the pion form factor in the timelike region is due to
Barkov et al. [12]. They reportm,=775.9-0.8=0.8 MeV
and I',=150.5£1.6=2.5 MeV, where the errors respec-
tively refer to the error arising from the statistical and sys-
theoretical constraints; it is our purpose to determine how itéemat!c uncertalnne_s in the experimental data and to the.sys—
) ) o~ tematic error resulting from the form chosen for the pion
non-uniqueness impacts the extractionldf, . Moreover,  form factor [12]. The Barkovet al. value for thep mass
the p mass and width are themselves sensitive to the choicgyntributes some 40% of thé? in the Particle Data Group’s
of F,(s) [1-3], and we wish to determine the systematic 1994 world average for this quantifg3]. In the 1996 com-
error in these quantities as well. N pilation, the Particle Data Group rule the Barkeval. p
Maltman et al. have discussed the separationIdf,,(s) mass “probably wrong” on statistical grounds and exclude
into two contributions: one from the direct coupling of the Barkovet al. values from the world averages for tpe
— 2 and the other from mixingp— p— 27 [4—6]. Such a mass and width14,1]. The only determination of the mass
separation is model dependent, and we shall not pursue dwurrently included in the Particle Data Group world average
further. Rather, we wish to determine the constraifhe™ based, at least in part, on timelike pion form factor data is
— ot 7~ data places on the sum of these contributions; wehat of Heyn and Lan{15]. We apply our analysis to both

term ﬁpw(s) the effective mixing matrix elemenﬁpw(s) is the dataincluded in Barkost al.[12,16 and to the timelike

usually assumed to be both real and approximaseiyde- region data included in Heyn and Laht55,17], to ascertain
whether any systematic differences exist between the data

pendent[7]; we wish also to test these assumptions in the
T + - . ; ets.

context ofe"e” — w7~ data. An explicits dependence in . .
~ ) ) The p resonance is relatively broad, so that the reported
IT,,(s) emerges as a consequence 9f the inclusion of a nonpsonance parameters are numerically sensitive to the con-
resonant contribution taw— 2 [4,5]; thus, thes depen-  yention under which the mass and width are defined. The
dence of the effective mixing amplitude in the resonanceyppearance of a resonance is associated with a complex pole
region may partially constra|n~the role of this contribution. ;5= s, in the elastic scattering amplitude, and this complex

Previous determinations dil,,(s) have used either the pole can be used to define the resonance’s mass and width
empirical w— 27 branching ratig[9,10] or e"e" — ot 7~ [18]. The separation ofs, into a mass and width is

1
1+3

Fa(s)=F,(s) 3

I, (s) )

s—m2+im,I",

from data. Note thafF ,(s) is the pion form factor in the
absence of isospin violatiof.,(s) is subject only to general
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57 RHO-OMEGA MIXING AND THE PION FORM FACTOR ... 2717
not unique, however, for both the real and imaginary parts of
S, appear in any physical procegs9]. Thus, whether one

defines s,=m?—imI', so thatm=\Re s,, or ys,=m
—iI'/2, so thatm=Reys,, is a matter of convention. We

will present results for theg mass and width under both ~
conventions.

iT,/2, so thatm=Reys,, but this is merely a matter of

convention. Note that thex andm= Re\/s, prescriptions are
related via[15]

m2+ Jm*+m?r2\*?2 - m
5 , I'==

r. (7
m

Il. PION FORM FACTOR AND p- “MIXING” The Breit-Wigner form, Eq(6), only satisfies the phase
constraint ass—m?, so that a more general form for the
Only general theoretical constraints guide the constructiofyjon form factor, suitable for a, is needed. Generalizations

of the pion form factor in the timelike region. Charge con- satisfying the enumerated constraints have been constructed

servation requires the form factor to be unitysat0: by various authorg24,15,25; we will follow the work
of Gounaris and Sakuraj24] and of Heyn and Lang
F.(0)=1. 3 (HL) [15] in what follows. We include p-o mixing

as per EqQ.(2), so that our enumerated constraints are

Moreover, it should be an analytic function in the compex brought to bear on the form of (s) alone, for the

plane_, with a branch cut azlong_ the regl axis beglnn_lng at thQ/iolations of the above constraints due to isospin breaking
two-pion threshold,s=4m: . Finally, time-reversal invari- 5.a small.

ance and the unitarity of th® matrix requires that the phase  Ggunaris and Sakurai consider R,(s) of the form
of the form factor be that df=1, I =1 =7 scattering20].  £(0)/f(s) with f(s) such that

This last emerges as-7r scattering in the relevant channel is

very nearly elastic from threshold through=(m_+m,)? f(s)= (k% /s)cotd1—i (k% s), (8)
[21,15. In this region ofs, then, the form factor is related to

thel—1,1=1 phase shiftb‘}, via [22] where f(0) is real. Note that both the normalization and

phase constraints are manifest in such a constructionsyhe

st phase shift is parametrized via a generalized effective-range
Fr(s)=e"1F7(s) (4 formula of Chew-Mandelstam typ26], with two free pa-
rametersa’ andb’,
so that
k® tsy=a’+b'k?+k?h
1 m Fos) (k¥ s)cotst=a’'+b (s), 9
tandy(s)= go F.(s) (5 wherek andh(s) are chosen to be
The above is a special case of what is sometimes called thek=(s/4— mz)l/z h(s)= 2k o \/§+2k s=4am?
Fermi-Watson-Aidzu phase theord@R,23. LA /s 9 2m, |0 T

In the resonance region the phase and analyticity con-
straints can be realized via the Breit-Wigner form

i 12 2ki S e
k=i(mi—s/4)"% h(s)= arcco > ,
m2(1+8) W\/g 4m,,—s
lim F(s)=——"—,
2 S— mp+|mpl"p

S—m
P

6
© 0=<s<4m?. (10)

, i In this manner the required analytic structure is imposed as
wheree is a real constant. The complex paig assomat(zad well. The parametera’ andb’ can be replaced by functions
with the appearance of the resonance is givenspym,  of m, and[", by noting the resonance conditions &)
—im,I',. We have adopted th¢Re s, convention for the  —g and s}’ (m?)=1/(m,I",), so that the resulting form fac-

p mass. Alternatively, one could have Writtelj‘s_pE m,  tor is of the form[24]

2
GS o —(mp+dmp1“p)
Fp (s)= 2 IR 22T ! (1D
s—m2—T ,(m2/k3)[k3(h—h,)— (s—m2)kzh/]+im,I,(s)
|
where 3m?  (m,+2k,\ m, mm?2
d= —log + o T (13
k 3m ’7Tkp 2m7T 2 p 7Tkp
k,=k(m?), h,=h(m?), rp<s>=r,,(k—p) Tg

(12) Note that the Breit-Wigner form, Ed6), is recovered as
—>m§ . It turns out that the two-parameter fit of H41) does
andd is fixed in terms ofm, andm,, not suffice to fit the pion form factor data in tiperesonance
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region, and a modification ¢¥S¥(s) to include a multiplica- ~Pact[24]. Two parameters are needed to describe the left-
tive real function ofs, constrained by only the normalization hand cut. The third free parameter in Efj7) functions as a
condition, is phenomenologically necessary. Castillejo-Dalitz-DysonCDD) parameter; th&l/D solution

It is critical to note that the adoption of adependent of the partial-wave amplitude dispersion relation does not
width, T'(s), predicated by the phase constraint of B,  uniquely follow from the information input on the left-hand
implies thats=m§—im I, no longer determines the posi- cut[33,22.

tion of the complex poles, [27]. Rather, if one were to Oncea, b, andc are determined from a fi_t to data, t_be
resonance parameters can also be determined. As discussed

determine the mass and width fm‘F‘Em —|mpI‘p, where  oarier in the case of the Gounaris-Sakurai form fage,

f(s,) =0, then fors=m,? the phase shift wouldotbe /2,  Eq.(11), we determine the resonance parameters by compar-
and the resultant form factor nealtﬁf would not be of ing f(s) to s— mi—impl“p at thes in the physical region
Breit-Wigner form. We prefer, then, to determine the reso-where the real part of(s) vanishes. This has the effect of
nance parameters by comparifis) to s— m2—impl“p at  requiring thatf(s) be of Breit-Wigner form as—>mp Con-
thes in the physical region where the real partf¢g) van-  sequently,m, is determined by I{é(m )}=0 and T,

ishes. The resonance condition &etr/2 is thus satisfied as determined by |r{1f(m )= -m,l’, [15].

S— mi. Our procedure is consistent with that of Rf4]. The structure chosen fd(s) in Eq.(17) is formally con-
Heyn and Lang writd= ,(s) as sistent with the phase constraint resulting from unitarity and
time-reversal invariance, yet the constraint may not be nu-
Fo(s)=Q(S)Freds), (14 merically well satisfied, as the parameters are fit to the time-

like pion form factor data. We can, however, require that the
parameters irf(s) reproduce the empiricd=1, 1=1 -7
scattering Iengtha} to gauge whether the results we extract

Fred S) =1+ B1S+ B, + B3s°. (15 for the p parameters anﬂ[ ., are sensitive to this additional
constraint. We defina} as

where for 0<s=(m,+m,_)?, F.(S) is purely real and can
be approximated by a cubic polynom[dl5],

All phase information is contained in the Onsnéunction
Q(s) [28], which is chosen to be 1
—= lim k3cots, (19
5 ~
ags)= 2100 Sp=S A s

S)= = .
S, as’+bs+c—(s—4am2)g(s)/4

(16 Where empiricallya; = (0.038+ 0.002) m_* [34]. Note that
1/a} is equal to 2n_a’ in the Gounaris-Sakurai model, Eq.

Modulo the {§,—s)/S, factor, Q(s) also has &(0)/f(s)  (9), and is equal to (187a+4mZb+c)m, in the Heyn-

structure, where now Lang model, Eq(16).

The pion form factor we fit to data is

f(s)=as’+bs+c—(s—4m2)g(s)/4 (17 N
1 oS
andg(s) is determined by the one-pion-loop diagrams in the F.(8)=Q(s)F.(S)| 1+ 3 p—() . (20
p self-energy[29-31], s—mg+im,[,,

1 1+u We work to leading order in isospin violation, and we adopt
g(s)=— —ulogz— +iu, u= Vi-4mi/s, s=4m? the SU3) value of 1/3 for the ratio of the electromagnetic
coupling of thew to that of thep. Note thatF . S) is given
2 1 5 by Eq. (15 andQ(s) by Eg. (16), though we will also re-
=— _uarctan, u=vamy/s—1, Oss<4m; placeQ(s) by Fss), Eq.(11), and by an Omrefunction
modified to resembl& c(S),
1 u+l
=~ —ulog;—. u=y1-4m?/s, s<0, (18 c+m2g(0)
Qeg(s)= S . (D)
bst+c—(s—4m:)g(s)/4

g9(0)=—2/m.

) ) ) ] We thus test the sensitivity of the fit to the specific manner in
The p resonance is associated with a zerof¢$) in the  \yhich the phase constraint is realized. Rather than(£),
complex plane fors>4m?, yet f(s) also vanishes on the Barkov et al.[12] adopt a pion form factor such that
negative real axis whews= sp, by definition. This zero

simulates the left-hand cut in tH¥/D construction of the .  lta JFoXs)+a, ,F () + a,nF ,,(s)
amplitude[32] and physically corresponds to a bound state F(S)=F;,s) Tta to ta ;
[22]. The (s,—s)/'s, factor inQ(s) removes this singular- @ Tt T 22)

ity while preserving the normalization constraint. The singu-

larity structure ofQ)(s) occurs inFgg(s) as well; the zero  wherea,,, a,, anda, are real constants, to be determined
there, though, is at such large negatbhat the inclusion of  from a fit to data, and:\cjs(s), with V a vector meson, is
a ("s'p—s)/'§p factor would be of no phenomenological im- determined by Eqg11),(12),(13) with m,, I', replaced by
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my, I'y. FEXs) is complex in the region of we consider, TABLE I. Components ofF (s) for each fit. Note that *”
so that Eq(22) would seem to violate the phase constraint ofmeansll,(s) =pr(mi).

Eqg. (5). We fit Eq. (22) as well to the timelike pion form

factor data, and we will examine the above issue througfrit Q(s) Fred 1,,(s)
direct comparison with the=1, | =1 phase shifts.

If the inelastic contributions tar-m scattering in thes A Eq. (16) Eq. (15) -
region of interest are generated by isospin violation only, theé®’ Eq. (16) Eq. (19 Ea. (24
solution of the Muskhelishvili-Omreintegral equatiofi2g] A’ Eq. (16) Eq. (15 Eq. (23
with inelastic unitarity suggests that the effectjv@ mixing B Eq. (16) ( fixed) Eq.(19) -
matrix element]l,(s), is real[7]. It is also thought to be Eg Eﬁ; Eg 82 ~

weakly s dependenf7]. Thus, unless otherwise stated, we
make the replacemeft, ,(s) =Hpa,(mf)). We can, however,

also test these assumptions by repladihg,(s) with the pion-pair invariant masg, q=1/s, with the data[16]
included in the compilation of Ref12] in Fig. 1. The shapes
of A and B are very similar in the resonance region but are
ﬁpw(S)Eﬁ,Ffw(mf,)JF”m ﬁLw(mi) (23)  Visibly different at smallq as fit B is constrained to repro-
duce the empiricaa} scattering length. The scattering length
or with extracted from fit A is nearly a factor of 2 larger than the
empirical value; later we will explicitly compare the phase of
_ _ _ the fits we generate with the measutedL, | =1 7-7 phase
I,,(s)=1I1,,(m2) +(s—m2) I (m2), (24)  shift in thes range of interest. B
o The effectivep-w mixing matrix elemenﬂpw(mi) is re-
where it is natural to expand treedependence of the effec- 5 a1y insensitive to the parametrization chosen; the

tive mixing matrix element abowt=m, . In this manner we  yaje we find is—3500+300 Me\?. This insensitivity is
can test whether the value of B@pw(mi)} is sensitive to  significant, for thep mass varies by some 10 MeV over the

the matrix element’s possibkedependence or phase. same set of the parametrizations. It is likely the consequence
of the narrowe width; in particularl’,,/T",~20[1]. Thes
. RESULTS dependence and phase Idf,(s), as per Eq(24) and Eq.

We optimize the fit parameters usingNuIT [35]. The (23), are also relatively insensitive to theparametrization;

parameters can be highly correlated, so that we compute tHBis is shown in Tables Il and Ill. We conclude tHaf, and
correlation coefficients and final errors with a double preci-[J' ,(m2) are 0.030.04 and—300+300 Me\?, respec-
sion FORTRAN code using standard techniquie6]. We fit g

i = 7! 2
data from threshold,s=2m_~280 MeV, through s tively. The errors are such that botly,, and1I,,(m;,) are

_ T S . consistent with zero. This is consistent with the conclusions
~m,+m,=923 MeV, as this is the region in which the of Costa de Beauregaret al. [7], and thus their implicit

empirical| =1, m=1 phase shift is essentially elasfi21]. assumptions would seem to be justified in the resonance re-
Our data set consists of the 82 points in this energy range

included in the analysis of Barkaat al.[12,16]. The follow-  gion. Note that the value of RH,,,(m2)} continues to be
ing fits are based on E¢20) — the forms chosen fofy(s), =~ —3500+300 MeV* in the presence ofs-dependent or

FredS), andﬁpw(s) in each fit are indicated in Table I. For imaginary contributions taI,(s); this is plausible as these
fits B and C above, a fit of the type indicated by and A corrections are themselves consistent with zero. Moreover,

has been performed as well, so thdtahd B, e.g., indicate the inferredp parameters are insensitive to the inclusion of

L L= these effects as well.
B-type fits in whichII,(s) has been replaced by E(R4) . .
and Eq.(23), respectivpely. Note that in fit B the parameter We also consider fits based on the form used by Barkov

e - . et al, Eq.(22). Fit E uses Particle Data Group values for the
is fixed so that the model reproduces the empirical scatterlnHi her p resonance$i]; fit F uses the values adopted b
length, al= (0.038*0.002) m_° [34], as per Eq(19). For oo P ' pted by

2 Barkov et al. [12]. These parameters, along with the results
definiteness, note that we use,=139.57 MeV, m, [12] b 9

~781.94 MeV, and", =8.43 MeV[1] in all fits. The resuits & > D E» and F. are given in Table IV. The values of
are given in Tables Il and Ill. The given parameter errorsllyo(M;,) for fits E and F are determined from the fit to Eq.
arise from they? optimization of the fit to data, whose errors (22 via the relation

include both statistical and experimental systematic uncer-

tainties. Specifically, the parameter errors are given by the ~ ) —3(mf,+ d,m,I',)«a,

square root of the diagonal elements of the inverse of the I, ,(mg) = : (29
curvature matri§36]. The parameters are correlated, so that Tra,taytay

the errors in the “Output” of Tables Il and Ill are generated )

using the full error matrix. All the parametrized forms are Where d, follows from Eq. (13) with m,,I',—m,,I',.
able to fit the data exceedingly well %?/Npg=1 in all  The final error in therw(mfu) of fits E and F is determined
cases. Fits A and B, along with the Heyn-Lang A-type fitby the full error matrix from the fit with Eq(22). The
[15] to the 1978 world datfl7], are plotted as a function of form of Eq. (22) is quite different from that of Eq(20),
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TABLE Il. Results from fitting the data of the Barkat al. compilation from threshold through 923 MeV
with F .(s) as per Eq(20) and Table I. Note than,=0.13957 GeV. In fit B, the first set of errors associated
with the p resonance parameters is determined by the statistical and experimental systematic errors in the
timelike pion form factor data, whereas the second set of errors arises from the error in the input empirical
scattering length.

Parameter A B C A A
102><a(m;2) —2.80+-0.88 —0.672+0.084 — —2.68£095 —-257+1.06
b 0.24+0.52 —1.008+0.027 —1.403+0.023 0.17-0.56 0.16:0.63
c(m2) 11.4+8.1 30.45° 36.48+0.66 12587 13.7-9.6
B1 (Gerz) —0.65+0.25 —-0.27£0.12 —-0.16:0.12 —-0.69+£0.25 —-0.57+=0.27
B> (GeV"‘) 1.80+0.91 0.76:0.46 0.65-0.48 1.85-0.88 1.53-0.93
Ba (GeViG) —0.97+0.68 —0.34+0.40 —0.29+0.42 —-1.01+0.66 —0.79+0.68
ﬁpw (Mevz) — 3460+ 290 — 3460+ 290 — 3460+ 290 —3500+£300 —3480+280
H”w — — — 0.027+0.040 -

Im 11,,, (MeV?) - - - - —310+280
Y2INpe 68/75 68/76 68/76 67/74 66/74
Output

gp(mi) —12.46 —125.7 — —14.21 —-8.214
a} (m;3) 0.084+0.043 0.0380.002° 0.03240.0024 0.0790.041 0.07x0.039
m, (MeV) 763.1+=3.9 771.3-1.3+=16 773.9:1.2 763.74.1 764.5-4,5
Fp (MeV) 153.8+1.2 156.2-0.4+4.7 157.6:0.4 154.0:-1.2 154.2-1.3
m, (MeV) 766.9:4.0  775.2:13+16  777.8:12 767.5:42  768.345
T, Mev) 153.0c1.2  155.4-0.4+4.7  156.2-0.4 1532-1.2  153.4-1.3

ot a fitting parameter.

bInput.

TABLE Ill. More results from fitting the data of the Barkaat al. compilation from threshold through

923 MeV withF _(s) as per Eq(20) and Table I. Note thain,=0.13957 GeV. Here the sensitivity of tse
dependence and phaseldf,(s) to thep parametrization is examined.

Parameter B B' c’ c
1Px a(m_?) ~0.690:0.087  —0.712:0.090 - -
b —1.002+0.028 —0.993+0.030 —1.408+0.023 —1.413+0.024
c(mi) 30.43+0.10% 30.40+0.102 36.62+0.68 36.80:0.71
B, (Gev~2) ~0.35£0.15 ~0.25+0.12 ~0.25+0.16 —14+0.13
B> (GeV“‘) 0.93+0.49 0.68-0.46 0.82-0.51 0.56-0.48
B3 (GeViG) —0.45+0.42 —0.28+0.40 —0.40=0.43 —0.22£0.42
ﬁ (MeV 2) —3510+ 300 —3480+290 —3510+ 300 —3480+290
pw
ﬁ, 0.034+0.039 — 0.035:0.039 -
pw
im T1,,, (Mev?) - —340+270 - —340+ 260
Y%Npr 67/75 66/75 67/75 66/75
Output
5p(m2) —122.72 ~119.01 - -
al (m_?) 0.038+0.002 0.038:0.002°  0.0323-0.0024  0.032%0.0025
m, (MeV) 771.3-1.3+15 771.5-1.3+15 773.9:1.2 774.11.2
Fp (MeV) 156.2+0.4+4.3 156.3:0.4+4 157.0:0.4 157.6:0.4
ﬁ:]p (MeV) 775.2£1.3+15 775.4-1.3+=15 777.8:1.2 778.1-1.2
T, (Mev) 155.4-0.4+43  1555-0.4+4 156.2-0.4 156.3-0.4

8ot a fitting parameter.

®Input.
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useful to reexamine this analysis and compare it with
the current results. The physidad) and|p®) are related to
the isospin-pure statds,) and|p,°> via the transformation

[4]
(e )0

to leading order in isospin violation. Assuming that the
vector mesons couple to conserved currents,and ¢,
are determined by requiring that the physical mixed propa-
gator DF’(s) has no poles, so thatsl:l'[pw(mfU
—im,I',)/[[m2—m;+i(m,I,—m,T',)] and &,=1I,,(m,

300 460 5(.10 660 7(.)0 860 960 . 2 2" .
a(MeV) —im,I ) /[my,—mo+i(m,I,—m,I',)]. Then

© Barkov 85 (OLYA)
X Barkov 85 (CMD}
» Amendolia 84
A Vasserman 81
¥ Barkov 79
+ Cosme 76
% Quenzer 78
—— FitA
10 | ---- Heyn-Lang A
——- FitB

(26)

IF°

FIG. 1. The absolute square of the timelike pion form factor,
|F.(s)|?, plotted versus the invariant magof the 7w+ 7~ pair. Fits
A (solid line) and B(long-dashed ling as per Eq(20) and Table I,
are shown with the data compiled by Barketval. The A fit, as per +
Table I, of Heyn and Langdashed lingis shown for reference.

(' |oy=(m" 7" o))

2 .
pr(mp—lmpl“p)

+_—1.0
2 2 . <7T m |p|>
mw—mp+|(mpl“p—mwl“w)

yet the values oprw(mf)) are comparable; cf—3600 @7
+300 Me\? with —3500+300 Me\V? from fits A-D. i

We favor the latter value as the’ and p” contributions _ IT,,(m;,) (77| p0)

in Eq. (22) serve as sources of phase beyond that generated N mi—m§+i(mprp—mwrw) T Ap
by F,(s). We will examine whether such a construction (28)

is explicity at odds with -7 scattering data. Note,
however, that the scattering lengths extracted from fitso that
D—F are reasonably close to the empirical value, though as
approaches threshold the impact of the imaginary part of th b 3.2 = 2.2
p’ andp” contributions is minimized. T(o—n'n ):pwmp( [Ty (M)

The strength ofp-w mixing is commonly extracted T'(p—m'7") pimfo\(mi—mi)er(mpr—mwa)Z '
from the w—2# branching ratio[9,10, so that it is (29

TABLE IV. Results from fitting the data of the Barkast al. compilation from threshold through 923
MeV with F_(s) as per Eq(22) and Eqs(11),(12),(13). However, note that fit D, as per Table I, uses Eq.
(200 with Egs. (11),(15) in place of Eg. (22). For Fit D B;=-0.16+0.12 GeV?, B,=0.65
+0.48 GeV 4 andB;=—0.29+0.42 GeV ®. The values oﬁpw(mi) for fits E and F are determined from
the fit to Eq.(22) via Eq. (25).

Parameter D E F
m, (MeV) 773.951.2 774.2:1.2 773.8:1.1
r, (MeV) 146.9+ 3.4 145.7-2.2 144.6-2.3
a, - (1.20+0.34)x 102 (1.50+0.28)x 102
a, - 1.01+0.18 0.467-0.096
o - —1.40+0.33 —0.70+0.20
m,. (MeV) - 14652 12902
I, (Mev) - 3102 2002
m,, (MeV) - 17002 15902
T, (MeV) - 2352 2602
X3/ Npe 68/76 74/77 7177
ﬁpw (MeV?) — 3460+ 290 —3610+310" —3580+310°
m, (MeV) 777.3:1.2 777.6:1.2 777.121.1
T (Mev) 146.2+3.3 145.12.2 143.4:-2.2
P
a; (m23) (3.240+0.060)x 1072 (3.208+0.036)x 10" 2 (3.182+0.038)x 102

Anput.
®Not a fitting parameter.
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where the overalp’m3/(p3m?) factor arises from treating ~ TABLE V. p parameters anill,, (m2) resulting from fits A—C

(w7 |pd), e.g., as the, ., coupling as per Ref29]. We  of Table | and Eq.(20) to the timelike pion form factor data,
assume thatT'(p—m*7")=T, and that ("7 |p) IF.(g%)]2. “40” denotes the 40 points of the 1978 world data.

:<7T+777|P|>, as corrections to the latter are of nonleading::60: denotes the OLYA and CM.D data of Barkost al, whereas
order in isospin violation. Using the Particle Data Group 52 denotes the data set compiled by Barkeval.

(PDG) values for thew— 27 branching ratio, 2.2%.30%, Fit m r ~ 2N
and for thep andw resonance parametdr yields a central 4 P I, XToF
value of |II,,|=3860 MeV?, whereas using the Barkov A40 768+ 12 155.3-3.5  —2970:690 41/33
etal. w—27 branching ratio, 2.30.4+0.2%, and A6l 759. 7 4.1 152.8-1.2 —3340+300 38/54
m,=775.9 MeV andl',=150.5 MeV as per their analysis Ag2 763.1+3.9 153.8-1.2 —3460+290 68/75

[12] yields |IT,,|=3950 MeV* [37]. Note that theirw g 0" 7607 36155 15571145 —2070-600 41/34

t_h)zwhb{ﬁ”Ch'”(?t;a“gD'z 'tS‘T'f eXtra‘t::]ed frt‘?m tE(gZIZ)’t B61 771.7-1.3+15.6 156.30.38+4.6 —3310+300 43/55
ough this and the value use the estimated 1eptonie, 771 21 3+16.1 156.20.37+4.7 —3460-290 68/76

widths'(p—e*e™) andT'(w—e*e™) to infer the ratio of

the w to p electromagnetic couplings, rather than adopt thec40 772.4-3.6 156.5-1.0  —2970+690 41/34
SU(3) value of 1/3 as we df31]. This explains why the c61 774.0:1.2 157.2-0.4  —3310+300 43/55
above results are of slightly larger magnitude than the resuitg2 773.9-1.2 157.6-:0.4 —3460+290 68/76
for 11,,,, —3500=300 Me\2, which emerges from the di-

rect analysis oe"e” — 77~ data in the timelike region.

We prefer the latter analysis, however, fdy,, is accessed
directly and is not subject to uncertainties in ghparametri-
zation and its associated parameters.

As the value of thep mass extracted by the analysis of

=1, I=1 phase shifts, we have adopted the energy-
independent analysis of Hyanes al. [21] and the energy-
dependent analysis of Protopesetial. [21]. The above
analyses must assume isospin symmetry to separataI the
Barkov et al. has been called into question on statisticalphase shifts, so that we omit th_e contrlbut_lon from our

i plots of the phase df .(s) determined from fits to the time-

grounds{14,1], it is prudent to examing the sensitivity of our like pion form factor data. We have omitted fit D as its phase
results to the chosen data set. Previously we have used the |

: . ’ is essentially identical to fit C, which is shown. Fits C and D
82 data points withys<923 MeV compiled by Barkov e .. L
etal. and used in their analysikl6]. We have repeated differ in how they parametrize thedependence of the phase

fits A—C on the 40 points of the 1978 world dafa7] of the pion form factor, yet this has no impact on the ex-

: tracted -7 phase shift. Thep widths for fits C and D do
used by HL[15] and on the 61 data points from the OLYA . o
and CMD detectors reported by Barkeval. [12] in the s differ by some 10 MeV, but this is of no consequence for the

region of interest. Our results are shown in Table v, accompanying phase shifts, asTa(imF.,/ReF ) — /2 as

Note that the fit B errors refer to the errors generated b)éH m, . Fits B—F are reasonably consistent with data, though

uncertainties in the data and by the error in the scatterin P JLtjtdg.e th('js tm ?et?r'll V\ﬁ har\]/ € compll:J.tedzt'jaé to the 7-a
length, respectively. We see that the parameters obtained f pattering data for the nits shown in F1g. 2:
a given fit are consistent within errors for the three data sets.

Note, moreover, that the striking insensitivityH[,w(mf,) to
the p parametrization is manifest in all the data sets consid- 590/34 [E], 230/34 [F]. (30
ered.

The fits we have considered support a wide range of With such x®s it is unlikely that any of the timelike pion
masses and widthsn,, for example, ranges from 763.1 to form factor fits are truly correct models of the-7 phase
774.2 MeV, wheread’, ranges from 144.0 to 157.0 MeV. shift data, though the employed data sets are themselves not
The median values are 768.7 and 150.7 MeV respectivelyglways consistent withind. Note, moreover, that points in
remarkably close to the values reported by the Particle Datthe p-o interference region have been included in fpe
Group [1]. It is worth noting that the two-parameter computation, though in this region tle could influence the
Gounaris-Sakurai form, realized as either fit C, D, E, or Fphase extracted from thecomponent of the form factor. Fit
recalling Egs.(20),(22) and Tables | and IV, consistently B is decidedly better than fit A; note that B differs from A
returns a value of 774 MeV, though fits D, E, and F allonly in that it incorporates the empirical scattering length.
possesgp widths some 10 MeV smaller than that of fit C. Fits C, E, and F are also similar in structure; they differ in
Fits C and D only really differ in the manner they param- the manner they parametrize teedependence of the form
etrize thes dependence of the phase of the pion form factor;factor phase — fit C usds(s), Eqgs.(10),(9), whereas fits E
cf. h(s), Egs.(10),(9), of fit C with g(s), Egs.(18),(17), of  and F usey(s), Egs.(18),(17) — and in that thep’ andp”
fit D. contributions of fits E and F, Eq22) and Table IV, admit

The phase constraint can still be used to discriminate besources of phase beyond thew sector. Fit C describes the
tween the fits, for the phase of the form factor must be nu-r-7r phase shift slightly better than fits E and F. As fits C
merically that ofl =1, | =1 scattering, if the latter is elastic. and D yield phase shifts of comparable shape —xthdpr
We explore this issue in Fig. 2, in which the phase of fitsfor fit D is also 140/34 — it is the presence of theandp”
A-C, E, and F are shown as a function of the invariant massontributions in fits E and F which is likely responsible for
d, g=+/s, and compared with dati21]. In plotting thel their poorer agreement with data. In particular, their inclu-

¥2/Npe=1500/34 [A], 140/34 [B], 140/34 [C],
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is the genuine loop contribution. A three-times-subtracted
dispersion integral relates it ie=1, | =1 -7 scattering at
the tree and one-loop level and to the pion form factor at the
one-loop level 38]; a convenient analytic representation of
fy(s/m2) is given in Ref.[39]. fy(s/m%) possesses contri-
butions at bothO(s) and O(s?), yet the separation of the
polynomial and dispersive pieces given in Eg3) suggests
that its contribution to(r?)y is very small — indeed, this
is numerically the cas¢38]. Crossing symmetry dictates
the form of theO(s) term and thus offers a consistency
check of the spacelike and timelike region date)y has
been measured in the spacelike region by Amendsiial
adopting a fit in which|F ,(t)|?=n/(1—tx §(r?)7)? and
%o = - ~ ™ F.(0)=n=1.000+0.009 yields(r?)y=0.431+0.010 fnf
a(MsV) [40]. The data of Amendoli@t al. has been reanalyzed by

- Colangeloet al. [39] using the form dictated by chiral per-
FIG. 2. Thel=1,1=1 == phase shiftd; extracted from the turbation theory, Eq(33), and they find

phase of the timelike pion form factor as determined by fits@lid

150

= Hyams 73

9 L
00 4 Protopescu 73

50 |

line), B (dotted ling, C (dashed ling E (long-dashed ling and F <I‘2>\7;=0.43E 0.020+0.016 fn? (34)
(dot-dashed ling given by Eqs(20), (22) and Tables |, II, and IV,
plotted versus the pion-pair invariant magsalong with the data cT=3.2+0.5+0.9 GeV 4 (35)

from Ref.[26]. Note that thep-w mixing contribution to the time-

like pion form factor phase has been omitted, to facilitate compariyynere the errors refer to statistical and theoretical uncertain-
son with the empirical phase shifts. ties, respectively. The agreement @)7 with the value
extracted by Amendoliat al. also indicates that the contri-

sion increases the phase shift at largeve have assumed bution of f\lf(s/mf,) at O(s) is small. The larger statistical

that 5} is purely elastic in the regime shown, though the . i
S . X . error is a consequence of the two-parameter fit.
measured elasticityy; does differ slightly from unity above o . o . '
: . In the timelike region{r<)y is determined by fits to data
900 MeV[21]. The structure of fits E and F suggests that thlsabove the two-pion threshold=472. lanorina the nedli-
assumption be examined. If the phase shift is not strictly” "~ _p _ ~ W_‘ g 9 9
elastic, that is, ify is not exactly unity, then the phase of the gible IL,,, contribution, one has for fits A and B, e.g., that

form factor ¢ is related to the scattering phase sliftia [7]
1 1/ 3bw+2

IBl_S_p_§<C77——2m§T : (36)

_ImF  (1—7c0s25) a1 (r2)v==6
@Y= R = sz (3Y)

whereas the (r?) contribution from F$¥s), Egs.

If (1—7)<<1, theny andé are related by (11),(12),(13), is
(1-7n)coss 2
5+ — " 1T, I'm m
¢ 27sind (32) (ry=——- 1+ — L+ 2L 1427
me+dm,| 27K, 27k m;
to leading order in (+ 7). As »<1 and 5}2 100° for 2
q>800 MeV[21], Eq. (32) implies that¢< & as well. Thus xl0g m,+2k,) 1 I',m; (37
the structure of fits E and F would seem inconsistent with the 2m, 3 ki

manner in which they fit the phase shifts, for the phase of fits
E and F exceeds that of C fse900 MeV, at odds with the Using the parameters of Tables Il and IV, one finds
constraint of Eq(32). We conclude that the comparison with
the measured phase shifts indicates that fits B, C, and D(r?)J (fm?)=0.30£0.04 [A], 0.35+0.03
would seem to be preferred. The averagegarameters which
emerge from these selected fits ang=773 MeV andl’, +0.02 [B], 0.36x0.03 [C and O, 0.40
=153 MeV. +0.01 [E and A. (39
There is one last form factor constraint we can consider,
for the pion form factor is known as—0 from chiral per-  Fit A does poorly on theaj scattering length, so that its
turbation theory. Through two-loop ordg38], disagreement with the value 6f?)7 from spacelike data is
not surprising. Fit B, however, is constrained to reprodaice
and is much closer to the Colangedt al. value[39]. Note
that the errors associated with fit B are to be added in quadra-
(33)  ture; the first error arises from the error in the fits, the second
from the error inal. The agreement of fits C and D is com-
where(r?)y is the electromagnetic charge radius of the pionparable to that of fit B, whereas the results of fits E and F are
squared andy, is a low-energy constant. Note tHat(s/m2)  within error of the Colangel@t al. value, when its error is

1 S
F.(s)=1+ 6<r2>\7}s +cy S+ fy| — | +0(s%),

w
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taken into account as well. Thus, we see no real evidence farhis stepwise elimination procedure may not be reasonable,
disagreement with the spacelike data, and its consideratiomowever, as slight adjustments of fit A may yield an accept-
does not serve to distinguish the fits B—D, preferred by theable simultaneous description of the 1, | =1 7-7 phase
phase shifts. shift and timelike pion form factor data with comparable

A plurality of conclusions exists in the literature concern- values of thep resonance parameters. We favor our determi-
ing the consistency of the spacelike and timelike datanation based on the timelike form factor data alone,(Bf).
[15,41,42,2% Of those who have argued that they are incon-

sistent[15,41], the difficulty seems to be with data at larger IV. CONCLUSIONS
t [15,42, well beyond the region from which the charge _ )
radius is extracted. We have determined the magnitude, phase, siddpen-

Let us conclude this section by summarizing our resultglence of the effectivg-w mixing matrix elementlI,,(s)
for the p mass and width. Fits A—D are all distinct in char- from fits toe*e~— #*#~ data in the context of a theoreti-
acter and generate excellent fits to the timelike pion formcal framework which satisfies the analyticity, normalization,
factor data. Presuming that the central values are normallgnd phase constraints. We have considered a variety of de-
distributed, we can compute the variance of the central valscriptions which satisfy these theoretical constraints and
ues to infer the theoretical systematic error in a particulahave found the-w mixing parameters of interest to be in-
parameter. Using then prescription, so that the form factor sensitive to the manner in which theis parametrized. Em-

is given by Eq.(6) ass—>m§, and averaging over the results pirically I',<I",, and this likely drives the above result.

of fits A—D yields Recalling Eqs(23),(24), we find

m,=770.5-1.1+-4.4 MeV, I',=153.5-0.9+4.0 M((?éi ﬁpw(mi)=—3500t 300 Me\2

where the errors reflect the experimental statistical and sys- ﬁl,ﬂ,( m2)=—300+300 Me\? 43
tematic uncertainties and the theoretical systematic uncer-

tainties arising from the parametrization chosen, respec- ﬁ;w:O.SOt 0.40 Me\?,

tively. Note that we have discarded the error arising from
the use of the empirical scattering length in fit B in
the above, as realistically one would refit the parameters ) ) ~, )
should the scattering length be varied. These values diffeMixing matrix element as=m;, andIl,,, characterizes the
from those of Barkowt al, m,=775.9-0.8=0.8 MeV and  dependence ofl,,(s) abouts= m2 . Both the phase ang
I' ,=150.5-1.6+2.5 MeV [12], though the most significant g
difference is in our respective estimates of the model error:
cf. 4.4 MeV with 0.8 MeV for thep mass and 4.0 MeV with
2.5 MeV for thep width. The theoretical systematic error we ~ ) )
report is sensitive to the manner in which we determingthe  1he value ofIl,,(m) we extract differs slightly from
mass and width. If, alternatively, we compute the mass anéhat extracted from the— 2 branching ratio, Eq29), that
width from the value of the complex polg,, namelys, is,|II,,(m2)|~3900-4000 Me\2. T'(w—2) is itself ex-
=m2—imI, we find for fits A—D thatrﬁ ranges from 756 tracted from the timelike pion form factor data, and its con-

to 757 MeV andl, ranges from 141 to 142 MeV. A similar Nection to II,,(m;) explicitly involves thep parameters,
parametrization insensitivity of the mass and width definegvhich are relatively uncertain. It thus seems more appropri-
from the complex pole position has been noted in R8f.  ate to extractl,,(m?) directly frome*e™ data, as we have
Note, however, for this latter choice, that the phase shifone. Were we to use EqR9) to extract Bp— 21) from

would not ber/2 atSZFp2 and that the resultant form factor g value Oﬂ’:[pw(mi), not only would it be smaller than that

nears=ﬁzp would not be of Breit-Wigner form. Determining which Barkovet al. report[12], but it would also be explic-

the mass and width as we have previously, but adopting thgly sensitive to thep parametrization.
m prescription, noting Eq(7), fits A—D yield We have also systematically explored theparameters
associated with our parametrizations of the pion form factor.
m,=774.3+1.1+4.4 MeV, T,=152.7:0.9+3.9 Mev. We find that the timelike data support a rangepoparam-
(40) eters. Adopting the prescription currently favored by the Par-
ticle Data Grougd 1], we find
If we discard fit A for its poor fit to ther-7 phase shifts and
repeat the above procedure for fits B—D only, we find m,=770.5£1.1+4.4 MeV, 1,=153.5£0.9+4.0 MeV,
(44)

7! 2 ; : ;
herell,,,(m;) denotes the imaginary part of the effective

dependence dfl,,(s) are statistically insignificant. It is not
Shat these effects are numerically trivial, but rather that they
are poorly constrained by curreete” — 7" 7~ data.

m,=773.0:0.7=1.2 MeV, TI',=153.3+1.1+4.6 MeV N _
(41) where the errors refer to the empirical and theoretical sys-

tematic uncertainties, respectively. It is worth noting that the
and differing prescriptions for the mass and width plague the
_ direct comparison of the results of different groups, for the
ﬁp=776.8t 0.7+1.1 MeV, I',=152.651.1+4.5 MeV. most recent world average for tlremass[1] mixes results
(420  defined under different conventiorjg3]. The convention
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favored by the Particle Data Group has itself changedikely wrong, but rather that the theoretical systematic errors
with time [cf. them convention, noting Eq(7), of Ref.[47] associateq with the_ extraction of theparameters are larger
with the m convention, noting Eq.(6), of Ref. [1]], than previously estimated.

with no apparent adjustment of the reported values. We
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