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Five-brane instantons andR? couplings in N=4 string theory
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We compute the gravitational couplifig for type l1A string theory ork 3X T2 and use string-string duality
to deduce the corresponding term for heterotic stringTén The latter is an infinite sum of gravitational
instanton effects which we associate with the effects of Euclidean five-branes wrapped Bhese five-
branes are the neutral five-branes or zero-size instantons of heterotic string theory.
[S0556-282(97)05724-X]

PACS numbgs): 04.50:+h, 11.25.Mj

[. INTRODUCTION quantities,F;, in the simpler context of th&l=4 dual pair
of type IIA string theory ork3Xx T2 and the heterotic string
The principle of second quantized mirror symmefify  onT®. From a mathematical point of view the computation is
allows one to map world-sheet instanton effects in compacrather trivial. From a physical point of view, it is not. In a
tifications of type IIA string theory to spacetime instanton companion paper we will consider a closely relatée: 2
effects in dual heterotic string theories. For the most part thislual pair for which the nonperturbativie; can be written
has been studied IN=2 dual paird2,1] and the nonpertur- exactly[9].
bative effects deduced in the heterotic string in this way can Returning toN=4 theory, we first consider the type 1A
be attributed to Yang-Mills instanton effects, suitably side. TheT? has moduli T,U) which are the complexified
dressed up by string theory. Kahler modulus and complex structure modulusTéf re-
In this paper we will study this phenomenon in the muchspectively. The global moduli space &BxT? takes the
simpler context of théN=4 dual pair consisting of the type form
lIA string on K3Xx T2 and the heterotic string oR® [3]. By

studying purely gravitational couplings we will be able to (0(22,672)\0(22,6:R)/[ O(22) X O(6)])
map genus-1 world-sheet instanton effects on the type IIA
side to gravitational instanton effects on the heterotic side. X (SI22)\SK2:R)/U(1)) 2.1)

These instantons are the neutral five-branes or zero-size-
gauge instantons of heterotic string thepty-6]. These con- ) , , ! .
figurations have many dual descriptions. For examplévlin wflere the final 'factor is ass.omated vylth thehkeax modulus
theory this five-brane can be viewed as the zero-size instarl-~ 1n€ moduli parametrizing the first factor are tHes
ton of M theory which sits at the intersection of the Coulomb -model moduli, ghe type A dilaton, the complgx structure
and Higgs branches of thé theory five-brane moduli space. medulus U of T%, and the Wilson lines onr® of the
We call it a gravitational instanton since the gauge fielddX@mond-RamondRR) gauge fields.

vanish in the corresponding solution of the low-energy field

theory and the fermion zero modes involve the gravitino and A. Computation of F,

dilatino but not the gaugino fields. The quantity ofF, in type IIA string theory is defined as

a fundamental domain integrg8]:
IIl. CURVATURE-SQUARED COUPLINGS ,
FOR THE TYPE IIA STRING der —Hn
ON K3x T2 Fi= ff £ [Trer(—1)"JL(—1)'RIrq"q "' const,

Much effort has been devoted to the study of special 2.2)

higher-derivativeF terms in string theory wittN=2 space-

time supersymmetry. As shown [i@] theseF terms are re-
lated to the topological amplitudés, studied in[8].

While theF 4 have been much studied k=2 compacti-

where the trace is over the Ramond-Ramond sector of the
internal superconformal algeb(&8CA). The constant term is
determined by the massless spectrum and ensures that the
fications, in fact, they are not completely trivial N=4 integral is convergent. As ifiL0] one can analyze the states

compactifications. In this paper we study the first of thesdat contribute toF, by decomposing them under the left-
and right-moving superconformal algebras. Only the RR
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Bogomol'nyi-Prasad-SommerfieldPS states in shortbut
not medium representations of the spacetiNe=4 super-
symmetry algebra contribute.
The integral2.2) is easily evaluated fak3x T? compac-
tifications. Both the left and right SCA’s decompose as
T N=2_ 7 N=4
AzZ_50 Az ;. (2.3
Correspondingly,)=J®+J?) whereJ®® =233 from thec
=6 N=(4,4) superconformal algebra with® the Cartan
generator of an S(@) current algebra and hence Ji%
(—1)*P=0. Therefore, only the term with Tr(1)*®
= x(K3) =24 contributes and we can write E@.2) as

d2’7' _
i [ ST a1 R e
x (- qHg M- 24]

f d?r
— — (24Z122T,U)—24)
F T2

1-ve

|

where|| 7%(T)|?=Im T|74(T)]? is the invariant norm squared,
and in the last line we have used the resulf Of].

Note that Eq.(2.4) is invariant under the 8,7) group
acting onT. However, the expression is no{Z2,6) invari-
ant since the complex structure moduluamixes into other

=24( |n||772(T)||2+|n||772(U)||2—m{swe

V27

(2.4)

moduli in the 22,6 coset. Of course, the equations of mo-

tion of the low-energy effective theory must hé-duality
invariant.

B. Relation to the effective action

It was shown in[12,8] that for a Calabi-Yaur model,
quite generallyF; splits as a sum,

Fi= Fcomplex+ FKéhIer

-1 1 ’

(2.9

which depends only on complex andlidar moduli, respec-

tively, and are exchanged by mirror symmetry. Which of

these two functions couples tadRf\R depends on whether
we discuss the type IIA or IIB theory. In type IIA theory
only the termea‘h'er in Eq. (2.5 appears in the low-energy
effective theory and this term is invariant under bott23l)
and 422,6. In the type 1IB theory we would keep the com-
plex structure term in Eq2.5) but the moduli spac€.1) is
also changed by the interchangeTofindU.

Supersymmetry constrains the local Wilsonian couplingsm

of R? to the Kéler moduli to be holomorphit.Of course,
FXahler extracted from Eq(2.4) is not holomorphic. This am-

2Supersymmetric completions of terms of the forffatrR/AR
have been discussed extensively 1183,14. When comparing with
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plitude is related to an effective coupling. Nevertheless, we
may extract from it the holomorphic Wilsonian coupling to
R2. (The relation of the nonholomorphy of effective cou-
plings and the holomorphy constraints of Wilsonian cou-
plings is subtle and is discussed at length[1%-18,14.)
The bosonic terms in the Wilsonian action for themodu-
lus, including leading couplings to gravity fields, afi@
Minkowski space

a,To* T
gauge fields
2K4J V9 imTyz !
1 In[ 7(T)13*
+ERe“ %tr(R iR*)2|. (2.6

Here k3=1/M3,,« The curvature tensor is regarded as a
two form with values in the Lie algebra of $81), R

bde“dx” the dual orR is taken on the tangent space
|nd|cesand the trace is over these indices.

We recall the coupling to the gauge fields which follows
from the general constraints af=4, N=4 supergravity
[19]. The scalar geometry is fixed to be an SIKP,

X O(6)) coset. Following20] we may write the action in
the present case by introducingl) gauge field strengths'
(considered as two-forms|1=1,...,28, a quadratic form
(v,w)=v'L,;w’ defining 22,6, andM;, a matrix of sca-
lar moduli for the @22,6 coset such tham =M, (ML)?
=1. We define the projection operatol$.. 2(1+ML)
onto the graviphotons and vector multiplet field strengths,
respectively, and also defin’=II_(F+ ni*F) with e=

*, p==

Under SK2,R), F? transforms as a modular form of
weight (0,1) when ex=1 and of weight(1,0 when en=
—1:

Fr(cT+A)II, (F+i*F), 27

Fr—(cT+d)I_(F+i*F).

Moreover,F7— QF? under 22,6 transformationg}. The
coupling to gauge fields is

auge fields__i Tr
e felis Rs[ | ).

(2.9

Finally, let us discuss the invariances of the act(@re).
As emphasized ifi21], Eq. (2.8) is not manifestly invariant.
This is not surprising since the gauge fields undergo duality
rotations under S(2,R). On the other hand, the Einstein met-
ric is SL(2,R) invariant, and hence the coupling ®f to it
ust be invariant. This is the key difference between the
gravity coupling in Eq.(2.6) and the gauge coupling in Eq.
(2.8). Actually, Eq. (2.6) is not exactly invariant because
In[7(T)]?* suffers a shift under SR,R). As explained in
[15-18,14 this is closely connected witb-model duality
anomalies. Indeed, the gravitinos, dilatinos, and gauginos are
chiral under SK2,R). Since all the fields are neutral under

these expressions it is important to bear in mind that string amplithe 28 gauge fields, the anomalous variation will have an

tudes are only computed on shell.

imaginary part proportional only toR{JR. The anomalous
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variation of the fermion determinant cancels the shift ofi.oncforms with a shift Whild/E\z=E2—3/7T|mT transforms

24 . . . .
In[7(T)]". It is worth emphasizing that the nonholomorphic ¢\ ariantly. Equationd3.5) are theR? corrections to the

terms inF, are nonzero in this example, even though theS—duaIity-invariant equations d21].
“gravitational 8 function” of [22] is zero®

; ) . It is worth noting that in the low-energy field theory limit
It would be very interesting to extend the above discusyhere we fix the dilatorS to be constant and work on a
sion to the highefF g terms.

general Euclidean four-manifold, E(B.4) contributes

(3.6

lll. CURVATURE-SQUARED COUPLINGS FOR THE
HETEROTIC STRING ON T® exp —

x+ ; 0') In 7712—()(— ; 0') In 7 12

Under six-dimensional string-string duality themodulus
of the type IIA theory onT2xXK3 is exchanged with the
dilaton-axion multiplet or axiodils=4iS of the heterotic
string onT®. Thus to obtain th&? couplings in the heterotic
theory we may simply replacé— 75 everywhere in the pre-
vious section.

It is also easy to argue for this result directly in the het-
erotic string by insisting orS duality. At tree level the
Bianchi identity forH, which follows from implementing
the Green Schwarz mechanism, requires a term in th
Minkowskian action:

to the Euclidean path integral. Hexeis the Euler character
and o is the signature. We presume that this gravitational
S-duality anomaly is related to th®&-duality anomaly in the
gauge partition function studied ir24]. Note in particular
that on a four-dimensional hyper-Ki@r manifold where the
physical and twistedN=4 theories should agree the curva-
ture is automatically anti-self-dual and as a resuyk
—30/2 so that the term discussed here there contributes
gﬁ*“’( to the Euclidean path integral. It would be interest-
Ihg to make the connection to the resul 2#] more precise.

1 IV. PHYSICAL INTERPRETATION
— f Re(7g)[tr RAR—tr FAF], (3.) ) ) .
8 As mentioned earlier, we expect that world-sheet instan-

tons effects in the type IlA string should be exchanged with

where as usual the gauge trace is in the fundamental Qfyacetime instanton effects in the heterotic string. The for-
SO32) or 1/30 times the trace in the adjoint f&igX Eg. mula for F, is, as explained i8], a sum over genus-1

The coefficient should be exactly as given, since otherwisg e A world-sheet instantons. In this section we will iden-
instantons would not break the continuous(BLR) duality ity the spacetime instanton in the heterotic string which
group to SI(2, 7). Supersymmetry then requires the couplingjeags to theR? corrections(3.4). Since the heterotic string
of Sto R? to be and the type IIA string can each be viewed as wrapped five-
1 branes in the QUaI theob’ZS,ZG,q, we expect that the insstan-
o f Re(ro)tr(RAR) —Im(7g)tr(RAR*). (3.2)  tons can be viewed as heterotic five-branes wrappe@“on

From S duality itself, we know that the&s-dual completion A- Instanton expansion

must take In order to make the instanton expansion manifest we use
the “string conventions” with axion-dilaton chiral superfield

24 ith Re(©>
Tsﬂmm (79, (3.3 S with Re§>0 and

_ a—872S_ 27t
gs=e =e?m"s,
which leads to thdR? couplings

1 n?r9
ER‘{J‘ —277' tr(R—IR )

which reproduces Ed2.6) after exchanging and 7. 5 3
In terms of effective couplings we may state the result in In[ 77(7'5)]24= _gm?S— 24[q5+ 30s 4_qs

We normalize the four-dimensional gauge action to be
(1/292)ftrFWF’” with tr the trace in the fundamental rep-

, (3.4 resentation of Uf) so that a charge one instanton has action
8m2/g?. ThenS=1/g2+i /872, and we can expand:

—+

terms of the equations of motion for the dilaton multiplet: 2 3
4.9
1 VZTS . VMTsvﬂTS 1
m (Im 75)?2 l (Im 70)3 +* 167 (Fi . FL) The first term is the tree level coupling, as discussed above.

The higher-order terms have the form of instanton correc-
(F F)-E THR,,+iR* )2]=0. 3 tions to theR“ couplings where the instanton action is given
< > Z(TS) ( % ,uv) ] ( 5) by 87T2Re®:87T2/92
The first two terms in Eq(3.5) transform under S2, R)
transformations covariantly with weight 2. The last term B. Wrapped five-branes: Macroscopic analysis

breaks the invariance to &2, 7). The Eisenstein seri€s, The result(3.4) appears to sum up an infinite set of in-

stanton contributions. To confirm this we would like to iden-
tify the instanton configurations in the heterotic string which
3The reader should compare with the discussiof2. lead to these corrections ®? couplings.
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We now argue that the relevant instanton is the neutralhus the gauge coupling diverges “down the throat” of the
five-brane wrapped on®. We will proceed in two steps, first neutral five-brane. Nevertheless, the fermion zero modes are
analyzing the instanton using the low-energy analysiggdf normalizable and localized near the thro@t distances
and then discussing the nonperturbative modifications foungcales~ \/a'). Moreover, the eight-fermion term inducing
in [6]. the R? interactions can be extracted from Eg.11) of [28].

As in the one-instanton contribution to tiN=2 prepo- One finds several different tensor structures, which can be
tential[27] the easiest quantity to calculate is not the purelydenoted schematically as
bosonic term in the action but rather the term with the maxi- ___ _ _ . .
mal number of fermion fields which is related to the bosonic (¢T'Vy)*, (YT PV y)3(YTPy), (YT D) 3(yT' Oy,
term by extended supersymmetry. N=4 supergravity a

coupling of the formF (S)trR? is paired with eight fermion YT O3 DY), (YT O y)3(YTON),
terms involving the dilatino and gravitino. To see this we o o
note that such eight fermion terms are presenNin1, d (YT D)3y DN). (4.4)

=10 supergravity and are paired with the tree leS&#R?

coupling by supersymmetf28]. They must thus be present The notatiorl'" refers tol,, ..., . Indices are contracted in

in the dimensional reduction to the=4 theory ind=4. 4 nossible combinations. All these terms scale in the same

There are of course additional terms with fewer ferm|onWay asx?—0, and the density in the collective coordinate

fields: these must be generated by supersymmetric instantqﬁn{egrm behaves like

perturbation theory as has been checked in detaiNfer2

gauge theon|29]. We are thus looking for an instanton in 1

heterotic string theory which has acti@t 8™ and eight f d*x vk

fermion zero modes constructed out of the gravitino and di-

latino but independent of the gauginos. asx?—0, and so there is no divergence. The integral also
In [5] a number of five-brane solutions to heterotic stringconverges well fox2— .

theory were discussed, the neutral five-brane, gauge five- we can also argue that the weight of the instanton action

brane, and symmetric five-brafi@he latter two involve fi- is correct. The wrapped neutral five-brane has an action

nite size instantons of an unbroken non-Abelian gauggyhich is TsVs with Ts the five-brane tension andg the

group. For simplicity we will restrict our analysis to a ge- yolume of T°. The five-brane tension saturates a

neric point in the Narain moduli space where the gaugespgolomol’nyi bound given if30] and from this bound the

group is U1)*® and there will be no finite size gauge instan- action T,V is equal to the action of a minimal charge gauge

tons. Thus only the neutral five-brane can be relevant to outstanton and is thus equal tor8 ReS with our conven-

analysis. ) ) tions. We will also check the action later by comparison to
According to the low-energy analysis £8] the neutral ) theory.

five-brane has(1,00 world-brane supersymmetry with a
single hypermultiplet of zero modes. The hypermultiplet
consists of four real scalar moduli associated with transla-
tions in the four dimensions transverse to the brane and a So far we have ignored the fact that the five-brane solu-
six-dimensional Weyl fermion. The fermion zero modestions of [5] have regions of strong coupling‘down the
arise from the action of the eight componentsNof 1 su-  throat”) which can invalidate a naive low-energy analysis of
persymmetry ind=10 which are broken by the five-brane the zero-mode structure and lead to novel effééisLet us
background. start with the S@?2) heterotic string ind=10. The neutral
The eight fermion zero modes are precisely what we refive-brane ha$l,0) world-brane supersymmetry and the zero
quire to get an instanton-induced eight-fermion interactionmodes discussed {b] consist of a single neutral hypermul-
term. It is important to check that the collective coordinatetiplet whose scalar fields give the locationRf of the five-
integral is well defined. We do this as follows. From the brane. According to the analysis 8] there are additional
formulas of [5] it is easy to write down the fermion zero nonperturbative collective coordinates which consist of a

C. Wrapped five-brane: Microscopic analysis

modes: SU(2) gauge multiplet with gauge fieldl. There are also
hypermultiplets in th€2,32 of SU(2)xXSQO(32).
S\=2e TMo,pe® 7, At a generic point in the Narain moduli space (89
Wilson lines will break the four-dimensional gauge group to
Y, =—8umindl "e® 7, (4.2 y(1)8 and give mass to the,32 hypermultiplets. The five-

brane collective coordinates governing zero-energy deforma-

whereu,m=1,....4,e® 7 is a constant spinor in the (24)  ions of the five-brane will then consist of the neutral hyper-

of SO4)xSA6), and¢ is given by[5] multiplet plus the values of the flat $2) connections and
o their fermion partners.
e2¢ =204 =z (4.3 It is convenient to wrap the five-brane @ in two steps

by regardingT® as T*x72. From string duality we know

that the Kaler modulus of theZ? in this decomposition is

equal to theS modulus of the original type 1A string theory.
“The gauge five-brane was first discussed30]. The neutral  We first consider the neutral five-brane wrappediénThen
five-brane is also discussed [i]. as in[6] the flat SU2) connections orT* are just Wilson
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lines around the one-cycleg of T* perturbative spacetime instanton effects in the heterotic
string. The adiabatic argument will need to be corrected,
U=Pexp | A (4.5) since, for example, th&3 fibers degenerate ovér as do
. the T? fibers overP!. Nevertheless, it should be possible

_ again to map directly the spacetime instantons to the world-
If @'’ are the eigenvalues &f;, then the moduli space of gheet instantons of the dual soliton type IIA string oK&
flat SU2) connections has periodic coordinatgssubject to  fipration Calabi-Yau space. It is an interesting problem to
the Weyl group identificatio®, — — 6; . The moduli space of ~determine the relation between these two Calabi-Yau spaces
flat connection is thu§ %/Z, where we us€l to denote the and to figure out how the data of the heterotic gauge bundle
torus with coordinate$7 in order to distinguish it from the are encoded in this descnpnon The answer is prov|ded in
compact|f|cat|on torug “. Thus the five-brane wrapped on part, byF compactificatior 31].
T “ yields a string in ten dimensions with transverse coordi- Even in theN=4 context discussed here there are several
nates propagating on the spaiéx7T?xT*Z,. As pre-  aspects of this identification which deserve further investiga-
dicted by string-string duality, this is precisely the structuretion. As in [6] we have ignored effects which may be asso-
of the type IIA string compactified o3 as long as it is ciated with cancellation between &) and S@32) Wilson
correct to view the orbifold */Z, as equivalent t&K3. We  lines. However, the general picture seems robust and should
henceforth refer t& */Z, as k3. This soliton description is continue to hold true whether or not guantum effects modify
implicitly in static gauge, but we should be able to considerthe orbifold 74/Z, to a smoothK3 surface, as discussed in
the soliton type IIA string constructed in this way more ab-[6,33].
stractly. We now consider the effects of wrapping the five-
brane on the fullT®. These instantons can be viewed as

. . . . V. COMMENTS ON M-THEORY FIVE-BRANES
world-sheet instantons of the type IlIA soliton string in the

target spaceZ 2x 3. Summing over these instantons will It is clear that the five-brane instanton effects described
give precisely the same sum as in the original type IIA stringabove must have a descriptionh theory since the S@2)
theory, but with the replacemeiit— 7. heterotic string isT dual to the BXEg theory which can be

Thus in this example we have a very direct mapping fromobtained fromM theory onS/Z, [34].
second quantized mirror symmetry not only between terms From an analysis of the fermion zero modes it is clear that
in the Lagrangian but also between explicit instanton conin M theory the required five-brane cannot be the bulk five-
figurations. In the original type IIA theory we have world- brane with(2,0) world-brane supersymmetry but must in-
sheet instantons which are genus-1 holomorphic curves ostead be a zero-size-gauge five-brane which lives at the
K3XT 2. In heterotic theory these map to spacetime instanboundary of the Higgs and Coulomb branches of the
ton effects which can be viewed as world-sheet instantons dfl-theory five-brane moduli space. This is the tensionless
the soliton type IIA string given by genus-1 holomorphic string theory when considered ltt° [35-38 but here com-
curves onk3X 7 2. We expect that this point of view will be pactified in Euclidean signature &n°.
useful also inlN=2 dual pairs. In this case we can start with We can perform one small check on th-theory de-
world-sheet instantons of the fundamental type IlA string onscription by computing the action of the instanton directly in
a Calabi-Yau space which isk3 fibration. On the heterotic M theory. On general grounds this must give the same an-
side we have a dual pair consisting of the heterotic string oswer as before.
K3XT? with a specific choice of gauge bundle. Indeed, if Following the conventions of39] the M-theory five-
the K3 surface is elliptically fibered, as iR compactifica- brane tension is given in terms of the 11-dimensional Planck
tion [31], we may attempt to use the adiabatic argument otonstant by
[32] and write the “fibration”

71_1/3

T2X T2 K3X T2 T§”=W. (5.7
l (4.6) -
pt On the other hand, it was shown [iA0] that the E gauge

ling\ in M theor he relation
whose generic fiber is a four-torus. Once again we can con- coupling A theory obeys the relatio

sider five-brane instantons wrappedt8x T2 in a two-step G

process. In the first step we wrap the five-brane on a generic K‘lllz_5_ (5.2
fiber T>X T2 to obtain a soliton type 1A string. This soliton 4(2m)
tri t the “fibration” . L .
String propagates on fhe “Hbration Combining this with Eq(5.1) gives
IC3*>X3 5 5
47NVg 8
][J::l ' “-0 TsVe=—7—= @2 (5.3

giving a Calabi-Yau threefoldK;, where thek3 fiber is  where the final factor of 2 arises from the fact that the nor-
constructed as before as the moduli space of flaptbn-  malization used if40] for the gauge kinetic term differs by
nections onT2>< T2. World-sheet instantons where the soli- a factor of 2 from the normalization we use in which the
ton type IIA string wraps thé@! will then give rise to non- instanton action is 82/g.
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VI. CONCLUSIONS to have application to other dual pairs involving omy=2

We have used string-string duality to compute theorN:1 spacetime supersymmetry.

S-dependent corrections &> couplings inN=4 heterotic
string theory. These are given by an infinite set of spacetime
instanton corrections and we have identified the instanton as We would like to thank T. Banks, O. Ganor, A. Losev, E.
the neutral five-brane of heterotic string theory or equiva-Martinec, S. Shatashvili, A. Strominger, and S. Shenker for
lently the zero-size five-brane of ti\ theoretic description discussions. We are extremely grateful to J. Louis for exten-
of heterotic string theory. We have also argued that there isive correspondence on gravitational couplings and holomor-
in this example a direct map from the world-sheet instantonghic anomalies and to V. Kaplunovsky for an important dis-
of the type IIA string onK3x T2 to spacetime instantons in cussion on this topic. G.M. would like to thank the Aspen
the heterotic string consisting of world-sheet instantons ofCenter for Physics for providing a stimulating atmosphere
the type IIA soliton string on a duak3xT2. This direct during the beginning of this work. This work was supported
map from world-sheet instantons to spacetime instanton& part by NSF Grant No. PHY 91-23780 and DOE Grant
viewed as world-sheet instantons of a soliton string is likelyNo. DE-FG02-92ER40704.
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