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We discuss long-baseline neutrino oscillations in the framework of the two 4-neutrino schemes which can
accommodate all existing neutrino oscillation data. Negative results of short-baseline reactor and accelerator

experiments allow us to obtain rather strong bounds on the long-baselinen̄ e→ n̄ e and nhm→ nhe transition
probabilities. We consider in detail matter effects and show that the vacuum bounds are not substantially
modified. We also comment on corresponding bounds in 3-neutrino scenarios.@S0556-2821~98!02703-9#

PACS number~s!: 14.60.Pq, 14.60.St
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I. INTRODUCTION

The problem of neutrino masses and mixing~see, for ex-
ample, Refs.@1–4#! is the central issue of modern neutrin
physics. A new stage in the investigation of this problem
represented by long-baseline~LBL ! neutrino oscillation ex-
periments: CHOOZ@5#, Palo Verde@6#, Kam-Land@7#, K2K
@8# ~KEK–Super-Kamiokande!, MINOS @9# ~Fermilab-
Soudan!, ICARUS @10# ~CERN-Gran Sasso!. The major goal
of these experiments is to reach the sensitivity of the ‘‘atm
spheric neutrino range’’ 1023– 1022 eV2 for the neutrino
mass-squared difference.

Concerning reactor experiments, the first LBL experim
CHOOZ is taking data now, the Palo Verde LBL experime
will start later this year and the Kam-Land experiment
scheduled to start in the year 2000. The accelerator L
experiment K2K is planned to begin taking data in the y
1999, whereas the MINOS and ICARUS experiments w
start in the first years of the next millennium.

What implications for future LBL experiments can be i
ferred from the results of short-baseline~SBL! neutrino os-
cillation experiments and solar and atmospheric neutrino
periments? We will consider here this question in t
framework of two models with four massive neutrinos th
can accommodate all the existing data on neutrino osc
tions.

The results of many neutrino oscillation experiments
presently available. Indications in favor of neutrino oscil
tions were found in solar neutrino experiments~Homestake
@11#, Kamiokande@12#, GALLEX @13#, SAGE @14# and
Super-Kamiokande@15#!, in atmospheric neutrino exper
ments~Kamiokande@16#, IMB @17#, Soudan@18# and Super-
Kamiokande@19#! and in the LSND experiment@20#. The
data of these experiments can be explained if there is n
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trino mixing with the following values of neutrino mass
squared differences:

Dmsun
2 ;10210 or 1025 eV2,

Dmatm
2 ;1023– 1022 eV2, DmLSND

2 ;1 eV2. ~1.1!

The two estimates ofDmsun
2 refer to the vacuum oscillation

solution @21# and the Mikheyev-Smirnov-Wolfenstei
~MSW! solution @22,23#, respectively, of the solar neutrin
deficit. The estimate ofDmatm

2 derives from the zenith angle
variation of the atmospheric neutrino anomaly. It has so
only been observed by Kamiokande@16# and Super-
Kamiokande@19#. From the analysis of the data of the LSN
experiment and the negative results of other SBL exp
ments~the strongest limits are provided by the Bugey@24#
and BNL E776@25# experiments!, it follows that

0.3&DmLSND
2 &2.2 eV2. ~1.2!

There are also data of many different reactor and ac
erator short-baseline neutrino oscillation experiments
which no indication in favor of oscillations was found~see
the reviews in Ref.@26#!.

Three different scales of mass-squared differences req
schemes with~at least! four massive neutrinos@27–30#
~see, however, Refs.@31–33# for scenarios with three
massive neutrinos and Ref.@34# for comments on these
scenarios!. In Refs. @29, 30# all possible 4-neutrino mas
spectra with the solar, atmospheric and LSND mass-squ
difference scales were considered. It was shown t
only two of these schemes are compatible with all the ex
ing data. In these two schemes the four neutrino masses
divided into two pairs of close masses separated by a ga
the order of 1 eV, which givesDmLSND

2 5Dm41
2 ;1 eV2:
1920 © 1998 The American Physical Society
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In scheme A,Dm21
2 [Dmatm

2 is relevant for the explanation o
the atmospheric neutrino anomaly andDm43

2 [Dmsun
2 is rel-

evant for the suppression of solarne’s. In scheme B, the
roles ofDm21

2 andDm43
2 are reversed.

In the framework of the schemes~1.3!, the probabilities of
SBL transitions have the form@29#

P
nha→ nhb

~SBL!
5

1

2
Aa;bS 12cos

Dm2L

2p D ~bÞa!, ~1.4!

P
nha→ nha

~SBL!
512

1

2
Ba;aS 12cos

Dm2L

2p D , ~1.5!

which are similar to the standard two-neutrino transiti
probabilities. From now on we use the notatio
Dm2[Dm41

2 [m4
22m1

2 for the SBL mass-squared differenc
L is the source-detector distance,p is the neutrino momen
tum and the oscillation amplitudes are given by

Aa;b54U (
k51,2

UbkUak* U2

54U (
k53,4

UbkUak* U2

, ~1.6!

Ba;a54S (
k51,2

uUaku2D S 12 (
k51,2

uUaku2D
54S (

k53,4
uUaku2D S 12 (

k53,4
uUaku2D , ~1.7!

where U is the unitary mixing matrix that connects flavo
and sterile fields with the fields of neutrinos with defin
masses:

naL5 (
k51

4

UaknkL ~a5e,m,t,s!. ~1.8!

Equations~1.5! and ~1.7! and SBL disappearance da
lead to further information on the schemes A and B. Fr
the exclusion plots obtained in the Bugey@24#, CDHS @35#
and CCFR@36# disappearance experiments, it follows tha

Ba;a<Ba;a
0 ~a5e,m!. ~1.9!

The values of these upper bounds depend onDm2. We have
considered the range

1021 eV2<Dm2<103 eV2. ~1.10!

In this range ofDm2 the amplitudeBe;e
0 is small, whereas

Bm;m
0 is small forDm2*0.3 eV2.
Taking into account the results of solar and atmosph

neutrino experiments, for the elements of the mixing ma
we have the following bounds in the two schemes~1.3!:

~A! ce<ae
0 , cm>12am

0 , ~1.11!
ic
x

~B! ce>12ae
0 , cm<am

0 , ~1.12!

where

ca[ (
k51,2

uUaku2 ~1.13!

and

aa
05

1

2
~12A12Ba;a

0 ! ~a5e,m!. ~1.14!

The values ofae
0 andam

0 are given in Fig. 1 of Ref.@37# @one
can see thatae

0&431022 for Dm2 in the range~1.10! and
am

0 &1021 for Dm2*0.5 eV2#.
In the following we will use also the bounds on the am

plitude of nhm→ nhe transition which can be obtained from
exclusion plots of the BNL E734@38#, BNL E776 @25# and
CCFR @39# appearance experiments. Thus, we can write

FIG. 1. Upper bound for the transition probability 12P n̄ e→ n̄ e

(LBL) in

the CHOOZ and Palo Verde experiments~solid curve!, for Dm2 in
the range 1021 eV2<Dm2<103 eV2. The upper bound was ob

tained from the 90% C.L. exclusion plot of the Bugeyn̄ e→ n̄ e

experiment@24#. The dash-dotted and dash-dot-dotted vertical lin
depict, respectively, the expected sensitivities of the CHOOZ
Palo Verde LBL reactor neutrino experiments. The shadowed
gion corresponds to the range ofDm2 allowed at 90% C.L. by the
results of the LSND experiment, taking into account the results
all the other SBL experiments@see Eq.~1.2!#.
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Am;e<Am;e
0 , ~1.15!

where the value ofAm;e
0 corresponding to each value ofDm2

can be obtained from the combination of these exclus
plots.

In this paper we will show that, in the framework of th
two schemes~1.3!, rather strong limits on the LBLn̄ e→ n̄ e
and nhm→ nhe vacuum transition probabilities are obtaine
The first of these channels will be investigated in t
CHOOZ, Palo Verde and Kam-Land experiments and
second one by the K2K, MINOS and ICARUS collabor
tions. There are no similar limits on the probability ofnhm
→ nhm and nhm→ nht oscillations.

Furthermore, we will consider in this paper the LBL tra
sition probabilities of then̄ e→ n̄ e and nhm→ nhe channels in
the presence of matter. We will show that the vacu
bounds are not substantially modified by matter correctio

Let us stress that the bounds on the LBL transition pr
abilities that we have obtained are general, but are hea
based on the existing neutrino oscillation data and in part
lar on the LSND data. If the LSND indications in favour o
n̄ m→ n̄ e oscillations will not be confirmed by the future ex
periments, these bounds will not be valid.

Future measurements by LBL experiments ofn̄ e→ n̄ e
and/or nhm→ nhe transition probabilities that violate th
bound presented in this paper would allow to exclude
4-neutrino schemes~1.3!.

II. VACUUM BOUNDS FOR LBL NEUTRINO
OSCILLATIONS

A. The caseDmsun
2 L /2p!1

In scheme A, the probabilities ofna→nb and n̄ a→ n̄ b
transitions in LBL experiments are given by

Pna→nb

~LBL,A !5UUb1Ua1* 1Ub2Ua2* expS 2 i
Dm21

2 L

2p DU2

1U (
k53,4

UbkUak* U2

, ~2.1!

P n̄ a→ n̄ b

~LBL,A !
5UUb1* Ua11Ub2* Ua2 expS 2 i

Dm21
2 L

2p DU2

1U (
k53,4

Ubk* UakU2

. ~2.2!

These LBL formulas are derived by taking into account
fact that—apart from Kam-Land with the MSW solution
the solar neutrino deficit~see next subsection!—in LBL ex-
perimentsDm43

2 L/2p!1 and dropping the terms propo
tional to the cosines of phases much larger than 2p ~we have
Dmk j

2 L/2p@2p for k53,4 and j 51,2!, which do not con-
tribute to the oscillation probabilities averaged over the n
trino energy spectrum. The transition probabilities in sche
B ensue from the expressions~2.1! and~2.2! with the change

1,2�3,4. ~2.3!
n

.

e

s.
-

ily
-

e

e

-
e

Since scheme B emerges from scheme A by the subs
tion ~2.3! and since we will derive bounds on the LBL osc

lation probabilitiesP
nha→ nhb

(LBL,A)
and P

nha→ nhb

(LBL,B)
as functions of

Aa;b , ca and cb , it is evident that such bounds app
equally to both schemes A and B and to neutrinos and
tineutrinos by virtue of the definitions~1.6! and~1.13!. Con-
sequently, when dealing with such bounds we will omit t
superscripts A, B indicating the specific scheme.

To derive limits on the LBL oscillation probabilities
which are given by the results of the SBL oscillation expe
ments we apply the Cauchy-Schwarz inequality. It impl
for scheme A that

U (
k51,2

UbkUak* expS 2 i
Dmk1

2 L

2p DU2

<cacb . ~2.4!

Using this inequality and the definition~1.13! of ca , we find
from the LBL probabilities in Eqs.~2.1! and ~2.2! that the
survival probabilitiesPna→na

(LBL) andP n̄ a→ n̄ a

(LBL) are bounded by

~12ca!2<P
nha→ nha

~LBL !
<ca

21~12ca!2. ~2.5!

As explained before these bounds are scheme-indepen
In order to obtain bounds on the LBL transition probabiliti
Pna→nb

(LBL) and P n̄ a→ n̄ b

(LBL) with bÞa, we take into account the

definition ~1.6! of Aa;b and the inequality~2.4!. When in-
serted into Eqs.~2.1! and ~2.2! they imply

1

4
Aa;b<P

nha→ nhb

~LBL !
<cacb1

1

4
Aa;b . ~2.6!

The bounds~2.5! and ~2.6! are the basis of the following
considerations for the different oscillation channels in LB
experiments.

The smallness ofce in scheme A@see Eq.~1.11!# implies
that the electron neutrino has a small mixing with the ne
trinos whose mass-squared difference is responsible for
oscillations of atmospheric and LBL neutrinos~n1 ,n2 in
scheme A!. Hence, the probability of transitions of atmo
spheric and LBL electron neutrinos into other states is s
pressed. Indeed, taking into account the constraintce<ae

0 ,
the lower bound onP n̄ e→ n̄ e

(LBL) and the upper bounds o

P
nhm→ nhe

(LBL)
which we will derive are rather strict.

Let us discuss first the bounds on the LBL survival pro
ability P n̄ e→ n̄ e

(LBL) . With the constraint~1.11! on ce , Eq. ~2.5!

implies that in both schemes A and B

12P
nhe→ nhe

~LBL !
<ae

0~22ae
0!. ~2.7!

The curve corresponding to this limit obtained from the 90
C.L. exclusion plot of the Bugey@24# experiment is shown in
Fig. 1 ~solid line!. For comparison, the expected sensitiviti
of the LBL reactor neutrino experiments CHOOZ and Pa
Verde are also shown in Fig. 1 by the dash-dotted and da
dot-dotted vertical lines, respectively. These expected se
tivities with respect to 12P n̄ e→ n̄ e

(LBL) have been extracted by u

from the figures presented in Refs.@5, 6# showing the sensi-
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tivity of the respective experiments in the two-generat
sin 22q2d m2 plane~hereq is the mixing angle anddm2 is
the mass-squared difference!, using the fact that for high
values ofdm2 each experiment is sensitive only to the av

aged survival probabilityP n̄ e→ n̄ e

(LBL)
512 1

2 sin 22q. Thus, the

vertical lines in Fig. 1 correspond to12 sin 22q at highdm2 in
the figures presented in Refs.@5, 6#. The case of the Kam
Land experiment will be discussed in Secs. II B and III.

Figure 1 shows that, in the framework of the two schem
~1.3! with four neutrinos, which allow to accommodate a
the indications in favor of neutrino oscillations, the existi
data put rather strong limits on the probability of LBL tra
sitions of ne into other states~for Dm2*3 eV2 the upper
bound for 12P n̄ e→ n̄ e

(LBL) is close to the border of the region o

sensitivity of the CHOOZ experiment, whereas f
Dm2&3 eV2 it is much smaller!.

The shadowed region in Fig. 1 corresponds to the ra
~1.2! of Dm2 allowed at 90% C.L. by the results of th
LSND and all the other SBL experiments. It can be seen
the LSND signal indicates an upper bound for 12P n̄ e→ n̄ e

(LBL) of

about 531022, smaller than the expected sensitivities of t
CHOOZ and Palo Verde experiments.

Let us stress that, in the framework of the schemes un
consideration, the smallness ofce is a consequence of th
solar neutrino problem. Consider for example scheme A.
probability of solar neutrinos to survive is given by

Pne→ne

~sun,A!5 (
k51,2

uUeku41S 12 (
k51,2

uUeku2D 2

Pne→ne

~3;4! ,

~2.8!

wherePne→ne

(3;4) is the survival probability due to the mixing o

ne with n3 and n4 , depending on the small mass-squar
differenceDm43

2 . From the results of SBL reactor exper
ments it follows that the quantityce[(k51,2uUeku2 can be
small or large~close to one!. In order to have the energ
dependence of the survival probabilityPne→ne

(sun,A) and the sup-

pression of the flux of solarne’s that are required for the
explanation of the data of solar neutrino experiments,
must choose a small value ofce . In this case, the surviva
probability of n̄ e’s in LBL reactor experiments is close t
one.

We want to emphasize that from the constraint onam
0 in

Eq. ~1.11! and from Eq.~2.5! no nontrivial bound on the
nhm→ nhm survival probability can be derived.

Let us now discuss the bounds onnhm→ nhe transitions in
LBL accelerator experiments. We will compare these bou
with the expected sensitivities of the K2K@8#, MINOS @9#
and ICARUS@10# experiments. Taking into account the co
straints~1.11! on ce and ~1.15! on Am;e , Eq. ~2.6! implies
that, in both schemes A and B,

P
nhm→ nhe

~LBL !
<ae

01
1

4
Am;e

0 . ~2.9!

Conservation of probability and Eq.~2.5! lead to a further
upper bound:
-

s

e

at

er

e

d

e

s

Pna→nb

~LBL ! <12Pna→na

~LBL ! <ca~22ca! ~aÞb!. ~2.10!

In generalPnb→na

~LBL ! can be different fromPna→nb

~LBL ! ~if CP is

violated in the lepton sector!, but conservation of probability
gives the same upper bound as Eq.~2.10! for the opposite
transitionnb→na :

Pnb→na

~LBL ! <12Pna→na

~LBL ! <ca~22ca! ~aÞb!. ~2.11!

Finally, these two equations hold evidently also for a
tineutrinos. Thus from Eq.~2.11! and the constraint~1.11! on
ce we obtain

P
nhm→ nhe

~LBL !
<ae

0~22ae
0!. ~2.12!

Numerically, this bound is better than the bound~2.9! for the
SBL parameterDm2&0.4 eV2.

Combining Eqs.~2.9! and ~2.12!, we finally arrive at

P
nhm→ nhe

~LBL !
<minS ae

0~22ae
0!,ae

01
1

4
Am;e

0 D . ~2.13!

The curve corresponding to this limit obtained from the 90
C.L. exclusion plots of the Bugey@24# experiment forae

0 and
of the BNL E734@38#, BNL E776 @25# and CCFR@39# ex-
periments forAm;e

0 is shown in Figs. 2 and 3 by the shor
dashed line. For comparison, the expected sensitivities of
LBL accelerator neutrino experiments K2K@8#, MINOS @9#
and ICARUS@10# are also indicated~the dash-dotted vertica
line in Fig. 2 and the dash-dotted and dash-dot-dotted ve
cal lines in Fig. 3, respectively!. These sensitivities have
been obtained from the figures presented in Refs.@8–10#
showing the sensitivities of the respective experiments in
two-generation sin22q2d m2 plane with the method ex
plained in the context of LBL reactor experiments. No
however, that the short-dashed lines in Figs. 2 and 3 hav
be corrected for matter effects. This will be done in the n
section.1

The shadowed areas in Figs. 2 and 3 represent the ra
~1.2!. The LSND @20# experiment also supplies the lowe
bound in vacuum

1

4
Am;e

min<P
nhm→ nhe

~LBL !
~2.14!

whereAm;e
min is the minimal value ofAm;e allowed at 90% C.L.

by the LSND experiment. Evidently,Am;e
min only exists for the

range~1.2! and the function1
4 Am;e

min of Dm2 is represented in
Figs. 2 and 3 by the left edge of the darkly shadowed
gions. These regions extend to the right until they reach
bound~2.13!.

Figures 2 and 3 show that, in the framework of t
schemes under consideration, the sensitivities of the MIN
and ICARUS experiments are considerably better than

1The short-dashed lines in both figures are identical, howe
they receive different matter corrections for K2K on the one ha
and MINOS and ICARUS on the other hand. This will becom
clear in the next section.
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1924 57S. M. BILENKY, C. GIUNTI, AND W. GRIMUS
upper bound~2.13! for P
nhm→ nhe

(LBL)
. The sensitivity of the K2K

experiment does not seem to be sufficient to reveal L
nhm→ nhe oscillations, but matter corrections soften t
bound ~2.13!, as we will discuss quantitatively in the ne
section. It is interesting to observe the existence of the lo
bound~2.14! on this transition probability that follows from
the LSND results. However, this lower bound is valid only
the case of LBL neutrino oscillations in vacuum. The corre
tions due to the matter effects in LBL experiments make
disappear~see Sec. III!.

FIG. 2. Upper bounds for the probability ofnm→ne transitions
in the K2K experiment. The solid curve is obtained by a numer
analysis of Eq.~3.37! and uses the following experimental inpu

the 90% C.L. exclusion plot of the Bugeyn̄ e→ n̄ e experiment@24#,
the 90% C.L. exclusion plots of the BNL E734@38#, BNL E776
@25# and CCFR@39# nhm→ nhe experiments and the 90% C.L. ex
clusion plots of the CDHS@35# and CCFR@36# nm→nm experi-
ments. The solid curve is the matter-corrected version of the sh
dashed curve, which represents the bound~2.13! valid for neutrino
oscillations in vacuum~this curve does not need the input of th
nm→nm experiments!. The long-dashed line represents the bou
~3.30! derived from probability conservation and has been eva

ated by using then̄ e→ n̄ e data. The dotted curve depicts th
‘‘matter-stable’’ bound ~3.26!, which needs experimental inpu

from n̄ e→ n̄ e andnm→nm transitions. The dash-dotted vertical lin
represents the expected sensitivity of the LBL accelerator neut
experiment K2K. The shadowed region corresponds to the rang
mixing parameters allowed at 90% C.L. by the results of the LS
experiment, taking into account the results of all the other S
experiments. The two horizontal borderlines correspond to the
its ~1.2! for Dm2. The darkly shadowed area represents the allow
region if matter effects are neglected. The left edge of this regio
given by the lower bound Eq.~2.14! of LSND on the probability of
nhm→ nhe transitions. The long-dashed curve constitutes also an
per bound for the probability ofnhe→ nht transitions if K2K would
use anhe beam.
L

er

-
it

In vacuum, the right-hand side of Eq.~2.12! is at the same

time an upper bound onP
nhe→ nht

(LBL)
. This is evident from Eq.

~2.10!. The bound~2.12! is quite prone to matter effects. O
the other hand, the probability ofnhm→ nht transitions is not
constrained by the results of SBL experiments.

Finally, a further upper bound onP
nha→ nhb

(LBL)
for aÞb is

gained from Eq.~2.6!. Since Aa;b<4(12ca)(12cb), we
have

P
nha→ nhb

~LBL !
<cacb1~12ca!~12cb! ~aÞb!. ~2.15!

Obviously, ifca5cb50 or 1 is in the allowed range of thes
quantities, then this upper bound is 1 and thus is trivial. T
leaves onlya5m andb5e as a nontrivial case, with

P
nhm→ nhe

~LBL !
<ae

01am
0 22ae

0am
0 . ~2.16!

The dotted curves in Figs. 2 and 3 show this limit withae
0

and am
0 obtained from the 90% CL exclusion plots of th

Bugey @24# n̄ e→ n̄ e experiment and of the CDHS@35# and
CCFR @36# nm→nm experiments, respectively. Fo
am

0 !ae
0!1 this bound is about half of that given by Eq

~2.12!. However, sinceam
0 is only small in the same range o

Dm2 where Am;e
0 is small, numerically the bound~2.16!,

which is stable against matter effects, turns out to be wo
than the bound~2.9! in its matter-corrected form~see Sec.
III !.

B. The caseDmsun
2 L /2p;1

If the MSW effect is responsible for the solar neutrin
deficit the phase

l

rt-

-

o
of

L
-
d
is

p-

FIG. 3. The same as in Fig. 2 but the matter corrections n
refer to the MINOS and ICARUS experiments with the dot-dash
and dot-dot-dashed lines as their respective sensitivities.
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h[
Dmsun

2 L

2p
~2.17!

is not necessarily negligible in LBL reactor experiments.
deed, we have

h.2.531022S L

1kmD ~2.18!

for Dmsun
2 .1025 eV2 andp.1 MeV. Hence, the phaseh is

negligible in the CHOOZ and Palo Verde experimen
which have a baseline of about 1 km, but is not negligible
the Kam-Land experiment, which has a baseline of ab
150 km. From Eqs.~2.17! and ~2.18! one can see that th
phaseh is a function of neutrino energy and is of order 1 f
Kam-Land. For a vacuum oscillation solution of the so
neutrino deficit the corresponding phase is always neglig
in LBL experiments.

In order to derive a bound on the survival probabil
P n̄ e→ n̄ e

(LBL) , it is convenient to write it~in scheme A! as

P n̄ e→ n̄ e

~LBL,A !
5UuUe1u21uUe2u2 expS 2 i

Dm21
2 L

2p DU2

1~ uUe3u2

1uUe4u2!222uUe3u2uUe4u2~12cosh!. ~2.19!

It is clear that this probability is bounded from below by

P n̄ e→ n̄ e

~LBL,A !
>~12ce!

222uUe3u2uUe4u2~12cosh!

>~12ce!
2cos2

h

2
, ~2.20!

where we have used the definition ofce given in Eq.~1.13!.
Taking into account the constraint~1.11! on ce , we obtain

12P n̄ e→ n̄ e

~LBL !
<12cos2

h

2
~12ae

0!2. ~2.21!

In the case of a small mixing MSW solution of the sol
neutrino problem, eitheruUe3u2 or uUe4u2 is very small and
the contribution of the term 2uUe3u2uUe4u2(12cosh) in Eq.
~2.19! is negligible. Hence, in this case the vacuum bou
~2.7! on 12P n̄ e→ n̄ e

(LBL) is valid for all reactor LBL experiments

including Kam-Land. This bound is represented by the sh
dashed line in Fig. 4 for the Kam-Land experiment.

In the case of a large mixing MSW solution, the cont
bution of the term 2uUe3u2uUe4u2(12cosh) in Eq. ~2.19! is
not negligible. It is evident from Eq.~2.17! that the bound
~2.21! depends on the neutrino energy. For example, ass
ing Dmsun

2 .1025 eV2, for p52,4,7 MeV we have, respec
tively, h.1.9,0.95,0.54 and cos2(h /2).0.34,0.79,0.93 in
Kam-Land. The bounds derived with Eq.~2.21! correspond-
ing to these neutrino momenta are represented by the do
dash-dotted and dash-dot-dotted lines in Fig. 4 for the Ka
Land experiment. One can see that for neutrino ener
around 2 MeV the upper bound for 12P n̄ e→ n̄ e

(LBL) in Kam-Land

practically disappears. Hence a measurement of a large
sition probability 12P n̄ → n̄

(LBL) in the Kam-Land experiment a

e e
-

,
n
ut

r
le

d

t-

-

ed,
-

es

n-

neutrino energies around 2 MeV and a suppression of
same probability at neutrino energies bigger than abou
MeV would be an indirect indication in favor of the larg
mixing angle MSW solution of the solar neutrino problem

If a large mixing MSW solution of the solar neutrino defi
cit is realized in nature, the value ofDmsun

2 could be deter-
mined by an experiment like Kam-Land, having a sufficie
neutrino energy resolution. Considering Eq.~2.19! and ne-
glecting the first term on the right-hand side which is su
pressed by (ae

0)2 we obtain

P n̄ e→ n̄ e

~LBL,A !.~12ce!
224uUe3u2uUe4u2sin 2

h

2
. ~2.22!

As a function ofp this survival probability has maxima at

p05
Dmsun

2 L

2p~2k11!
~k50,1,2, . . .!. ~2.23!

FIG. 4. Upper bounds for the transition probability 12P n̄ e→ n̄ e

(LBL)

in the Kam-Land experiment. The short dashed curve@see Eq.
~2.7!# represents the bound for vacuum oscillations~it is identical
with the solid curve in Fig. 1! and is valid also in matter if the sola
neutrino problem is explained by the small mixing angle MS
solution. The solid curve represents the bound~3.28! valid in matter
with the value ofvmax given in Table I and it refers to the case o
a vacuum oscillation solution of the solar neutrino problem. T
dotted, dash-dotted and dash-dot-dotted lines give the upper bo
for 12P n̄ e→ n̄ e

(LBL) at different neutrino momentap in the case of a

large mixing angle solution of the solar neutrino problem@see Eq.
~2.21!#. The long-dashed vertical line depicts the expected sens
ity of the Kam-Land experiment. The shadowed region and the
horizontal solid lines correspond to the range ofDm2 allowed at
90% C.L. by the results of the LSND experiment, taking into a
count the results of all the other SBL experiments@see Eq.~1.2!#.
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A measurement of these maxima would allow the deter
nation ofDmsun

2 .

III. MATTER CORRECTIONS

In this section we will derive the expressions for the LB
transitions in matter in the schemes~1.3! with mixing of four
neutrinos. These schemes contain active and sterile ne
nos. In such a case, in the effective Hamiltonian of the in
action of neutrinos with matter there is an additional neu
current term apart from the usual charged current term.
the total Hamiltonians of neutrinos and antineutrinos
have the following expressions in the flavor representa
@22#:

Hn5
1

2p
„UM̂2U†1diag~aCC ,0, 0, aNC!…, ~3.1!

H n̄ 5
1

2p
„U* M̂2UT2diag~aCC ,0, 0,aNC!…. ~3.2!

Here we have defined

aCC52&GFNep.2.331024 eV2S r

3 g cm23D S p

1 GeVD ,

~3.3!

aNC5&GFNnp.
1

2
aCC , ~3.4!

M̂2 denotes the diagonal matrix of the squares of the n
trino masses,GF is the Fermi constant,Ne and Nn are the
electron and neutron number density, respectively, andr is
the density of matter, which in the Earth’s crust is on avera
3 g cm23. Since the lithosphere consists mainly of eleme
where the neutron number equals the proton number,
have Ne.Nn.(NA/2)(r/1 g), whereNA is the Avogadro
number. The parametersaCC and aNC can be as large a
Dmatm

2 , which is relevant for LBL oscillations. Their effect
on the bounds for transition probabilities in LBL expe
ments need not be negligible, as we shall see.

In order to assess the size of matter effects, we cons
the simplifying approximation of constantNe andNn , which
is rather good in the case of LBL experiments. Furthermo
in the following we will concentrate on the scheme A and
will consider only the neutrino Hamiltonian~3.1!. At the end
of this section we will see that, as in the vacuum case,
bounds obtained for neutrinos in the scheme A are also v
for antineutrinos in scheme A and for neutrinos and
tineutrinos in scheme B.

In order to obtain the expressions for the transition pr
abilities of neutrinos in matter, we have to diagonalize
Hamiltonian ~3.1!. With the diagonalization matrixU8 we
have

Hn5U8
ê

2p
U8† ~3.5!
i-

tri-
r-
l

or
e
n

u-

e
s
e

er

,

e
lid
-

-
e

where ê5diag(e1,...,e4) and U8†U851. Note that in the
vacuum caseU85U and e j5mj

2 ( j 51,...,4). It is conve-
nient to use the basis whereH0[Hn(aCC5aNC50) is diag-
onal. In this basis we have

Ĥn[U†HnU5
1

2p
„M̂21U†diag~aCC ,0, 0,aNC!U…

5
1

2p
RêR† ~3.6!

and the unitary matrixU8 is given by

U85UR. ~3.7!

SinceaCC!Dm2, whereDm2[m4
22m1

2;1 eV2 is relevant
for SBL oscillations, it is obvious that, apart from correctio
of orderaCC /Dm2, the matrixR has the block structure

R5S Ratm 0

0 Rsun
D , ~3.8!

whereRatm andRsun are 232 unitary matrices. All our con-
siderations in this paper are based on this approximation
glance at Table I shows that the ratioaCC /Dm2 is less than
1022 for all the LBL experiments of the first generation. Th
block structure ofR has the consequence that

(
j 51,2

Ua j8 U8b j* 5 (
j 51,2

Ua jUb j* ~3.9!

and therefore

ca5 (
j 51,2

uUa j u25 (
j 51,2

uUa j8 u2. ~3.10!

It is easy to calculate the energy eigenvalues up to te
of order aCC /Dm2. We are interested in the difference
e22e1 ande42e3 . Defining

uUa1u25cacos2ga and uUa2u25casin 2ga for a5e,s
~3.11!

and

d5arg~Ue1Ue2* Us1* Us2!, ye5
aCCce

Dm21
2 , ys5

aNCcs

Dm21
2

~3.12!

TABLE I. List of the planned LBL experiments~except
CHOOZ and Palo Verde where matter effects are absent! with their
average neutrino momentâp&, the lengthL of the baseline, the
value of the matter parameteraCC and the maximal value of the
phasev @given by Eq.~3.24!# characterizing the matter effects i
the bounds on LBL neutrino oscillation probabilities.

Experiment ^p&/1 GeV L/1 km aCC/1 eV2 vmax

Kam-Land~vac. osc.! 1023 150 2.331027 0.13
K2K 1 250 2.331024 0.22
MINOS 10 730 2.331023 0.63
ICARUS 25 730 5.831023 0.63
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we obtain for the atmospheric neutrino sector

e22e15Dm21
2 F u12yee

2ige2yse
2igsu2

24yeyssin 2gesin 2gssin 2
d

2G1/2

. ~3.13!

Similarly, with

uUa3u25~12ca!cos2ga8 and uUa4u25~12ca!sin 2ga8

for a5e,s ~3.14!

and

d85arg~Ue3Ue4* Us3* Us4!, ye85
aCC~12ce!

Dm43
2 ,

ys85
aNC~12cs!

Dm43
2 ~3.15!

we have for the solar sector

e42e35Dm43
2 F u12ye8e

2ige82ys8e
2igs8u2

24ye8ys8 sin 2ge8 sin 2gs8 sin2
d8

2 G1/2

. ~3.16!

Looking at Eq.~3.3! or Table I it can be read off thataCC

is not necessarily smaller thanDm21
2 relevant for LBL neu-

trino oscillations and thuse22e1 could be different from
Dm21

2 . SinceDm43
2 is of the order 1025 or 10210eV2, in the

solar sectoraCC is much larger than the relevant mas
squared differenceDmsun

2 except for reactor experiment
with the MSW solution of the solar neutrino puzzle~see
Table I!. In any case,e42e1.Dm2 holds and therefore the
LBL oscillation probabilities averaged over the fast oscil
tions due toDm2 are given by

Pna→nb

~LBL,A !5U (
j 51,2

Ub j8 Ua j8* expS 2 i
e j

2p
L DU2

1U (
k53,4

Ubk8 Uak8* expS 2 i
ek

2p
L DU2

, ~3.17!

analogously to the vacuum case@see Eqs.~2.1! and ~2.2!#.
A first upper bound onPna→nb

(LBL) is obtained by simply

applying the Cauchy–Schwarz inequality to Eq.~3.17!. Tak-
ing into account Eq.~3.10! this leads to

Pna→nb

~LBL ! <cacb1~12ca!~12cb!. ~3.18!

It is remarkable that with Eq.~3.18! we have recovered Eq
~2.15! of the vacuum case. The present discussion rev
that this equation is correct in matter apart from terms
orderaCC /Dm2. Equation~3.18! is also valid for antineutri-
nos because the unitary matrix which diagonalizesH n̄ also
has the block structure~3.8! and in Eq.~3.10! the phases of
U do not enter.
-

ls
f

To derive matter corrections to the other bounds dev
oped in Sec. II it is convenient to write Eq.~3.17! in the form

Pna→nb

~LBL,A !5Pna→nb
8 22 Re@Ua38 U8b3* Ua48* Ub48

3„12exp~2 iv!…# ~3.19!

where

Pna→nb
8 5UUb18 Ua18* 1Ub28 Ua28* expS 2 i

e22e1

2p
L D U2

1uUb38 Ua38* 1Ub48 Ua48* u2 ~3.20!

and

v[
e42e3

2p
L. ~3.21!

The Cauchy–Schwarz inequality and Eqs.~3.9! and~3.10!
allow to bound the expression Eq.~3.20! for aÞb by

1

4
Aa;b<Pna→nb

8 <cacb1
1

4
Aa;b . ~3.22!

For a5b we have instead

~12ca!2<Pna→na
8 <ca

21~12ca!2. ~3.23!

These two equations are the analogues of Eqs.~2.6! and
~2.5!, respectively. Matter corrections are characterized
the parameterv. For v50 the vacuum bounds onPna→nb

(LBL)

ensue. Inspection of Eq.~3.16! shows that, taking into ac
count Eqs.~3.3! and ~3.4!, if ye,s8 @1 the maximal value of
the parameterv is given by

vmax.
3

2

aCCL

2p
5

3

2
&GFNeL58.631024S L

1kmD
~3.24!

for r53g cm23. Note that in this casevmax does not depend
on the neutrino energy, but only on the propagation dista
L. Hence, the matter corrections to the bounds for the L
transition probabilities that we will derive in the caseye,s8 @1
are independent from the neutrino energy and the co
sponding bounds apply to all the energy spectrum of L
experiments. From Eq.~3.24! one can see that these matt
corrections could be relevant forL*100 km. The size of
vmax in the individual LBL experiments can be looked up
Table I. This parameter is not small for the MINOS an
ICARUS experiments. In Table I the CHOOZ and Pa
Verde experiments are not listed because their respec
neutrino beams do not propagate in matter. Anyway,
baselines around 1 km matter effects are totally negligible
can be seen from Eqs.~3.19!–~3.24!.

The conditionye,s8 @1 is satisfied in all the LBL experi-
ments of the first generation ifDmsun

2 is either in the range of
the MSW or of the vacuum oscillation solution of the sol
neutrino problem, apart from the LBL reactor experiments
the MSW effect is responsible for the solar neutrino defic
In this case we haveDmsun

2 @aCC , which implies that
ye,s8 !1 andv.h given in Eq.~2.17!. Furthermore, since in
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this caseaCC is much smaller than all theDm2’s, the mixing
matrix in matter is the same as in vacuum and the osc
tions in LBL reactor experiments are the same as in vacu
Hence, this case coincides with that discussed in Sec. II

For the same reasons as in the case of Eq.~3.18!, the two
inequalities~3.22! and~3.23! also hold for antineutrinos. The
oscillation probabilities for scheme B follow from Eq.~3.17!
with the substitution of indices

1,2�3,4. ~3.25!

Since the conditions~1.12! for scheme B emerge from th
corresponding conditions~1.11! through the same substitu
tion ~3.25!, all the bounds derived for the scheme A ho
likewise for the scheme B.

A. A bound on Pnµ˜ne

„LBL … stable against matter effects

Repeating the discussion of Sec. II for completeness,
bound~3.18! is nontrivial for the case ofnm→ne transitions
and thus we obtain

Pnm→ne

~LBL ! <ae
01am

0 22ae
0am

0 . ~3.26!

As argued before it holds for both schemes A and B and
neutrinos and antineutrinos. In Figs. 2 and 3 the upper bo
~3.26! is represented by the dotted curve.

B. The bound onPne˜ne

„LBL …

From Eqs.~3.19! and ~3.23! with a5b5e we get the
lower bound

Pne→ne

~LBL,A !>~12ce!
222uUe38 u2uUe48 u2~12cosv!

>~12ce!
2 cos2

v

2
. ~3.27!

Finally, with Eq. ~1.11! we arrive at the result

12Pne→ne

~LBL ! <12cos2
v

2
~12ae

0!2. ~3.28!

In the approximationye,s8 @1 the parameterv is equal for
neutrinos and antineutrinos. Therefore, like the bound~3.26!,
Eq. ~3.28! holds for both schemes and for neutrinos and
tineutrinos.

Taking into account the value ofvmax for the Kam-Land
experiment in the case of a vacuum oscillation solution
the solar neutrino problem~see Table I!, this equation shows
that matter effects are not negligible in establishing the up
bound for 12P n̄ e→ n̄ e

(LBL) in this experiment. This upper boun

is shown by the solid line in Fig. 4 and one can see that th
is a small deviation from the vacuum bound~short-dashed
line! for small values ofDm2. However, the vacuum boun
is not substantially modified and the bound in matter is w
below the sensitivity of the Kam-Land experiment~repre-
sented by vertical long-dashed line!. Hence, in the case of
vacuum oscillation solution of the solar neutrino problem
sensitivity of the Kam-Land experiment is not enough
observen̄ e→ n̄ e in the framework of the 4-neutrino schem
~1.3!.
-
.

.

e

r
d

-

f

er

re

ll

e

Conservation of probability leads to

Pne→nm

~LBL ! <12Pne→ne

~LBL ! ~3.29!

and therefore Eq.~3.28! also boundsPne→nm

(LBL) . In LBL accel-

erator experiments, the initial neutrinos arenm’s and not
ne’s. If, however,CP is conserved in the lepton sector,
follows from theCPT theorem that the transition probabil
ties in vacuum are invariant under time reversal, i
Pna→nb

5Pnb→na
. In this case, the probabilities ofna→nb

andnb→na transitions are equal also in matter if the mat
density is symmetric along the neutrino path. In gene
however, these two probabilities are different. Neverthele
from conservation of probability we obtain

Pnm→ne

~LBL ! <12Pne→ne

~LBL ! <12cos2
v

2
~12ae

0!2. ~3.30!

Equation~3.30! is the matter-corrected version of Eq.~2.12!.
For the K2K experiment sin2 vmax.1022 is small, but for the
ICARUS and MINOS experiments we obtai
sin2 vmax.0.09 and therefore, in the case of these two
periments, matter effects are considerable in the bound~3.30!
on the probabilities of LBLnm→ne transitions. In Figs. 2
and 3 the long-dashed lines show the bound~3.30! for the
K2K experiment and the ICARUS and MINOS experimen
respectively.

Note that the right-hand side of Eq.~3.28! also constitutes
an upper bound forPne→nt

(LBL) .

C. The upper bound onPnµ˜ne

„LBL …

Now we come to matter corrections to the bound~2.9! on
Pnm→ne

(LBL) which incorporates information onAm;e . The start-

ing point is given by Eqs.~3.19! and ~3.22!. To proceed
further it is necessary to develop a parameterization forUa j8 .
Without loss of generality we can write

Ue j8 5A12ceej 22
~1! for j 53,4, ~3.31!

with the orthonormal basis

e~1!~u!5~cosu,sin u!, e~2!~u!5~2sin u,cosu!.
~3.32!

We expandUm j8 with j 53,4 with respect to this basis as

Um j8 5A12cm (
r51,2

prej 22
~r! , ~3.33!

wherep1 andp2 are complex coefficients such that

(
r51,2

upru251. ~3.34!

Using this parameterization, from Eqs.~1.6! and ~3.9! we
obtain

Am;e54~12ce!~12cm!up1u2. ~3.35!

With these equations we eliminateup1u andup2u and defining
s5arg(p1*p2) we arrive at
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Pnm→ne

~LBL ! <cecm1
1

4
Am;e1~12cosv!

3H F1

2
~12ce!~12cm!2

1

4
Am;eGsin2 2u

2
1

8
AAm;e@4~12ce!~12cm!2Am;e# sin4u cossJ

2
1

4
sin vAAm;e@4~12ce!~12cm!2Am;e# sin2u sin s.

~3.36!

Since we do not have information on the values ofu ands,
we have to maximize the right-hand side of Eq.~3.36!. The
maximum with respect tos is easily found: the maximum o
a functiona coss1b sins with constanta andb is given by
Aa21b2. It remains to find the maximum with respect
sin2 2u for the resulting function. One can show that,
cosv>0, the maximum is given by sin2 2u51. This is the
case for the K2K, MINOS and ICARUS experiments b
causevmax,p/2 and therefore the following bound applie

Pnm→ne

~LBL ! <cecm1
1

4
cosvAm;e

1
1

2
~12cosv!~12ce!~12cm!

1
1

4
sin vAAm;e@4~12ce!~12cm!2Am;e#.

~3.37!

In this inequality it is difficult to take into account analyt
cally the conditions~1.11!, ~1.15! andv<vmax. Hence, we
have done it numerically and the result is shown by the s
curves in Figs. 2 and 3. In both figures the solid curve is
most stringent bound onnhm→ nhe transitions with matter
effects. These two solid curves belong to the main result
this paper. It is interesting to compare the solid curves
Figs. 2 and 3 with the short-dashed lines which represent
corresponding bounds in vacuum. For the K2K experim
the solid line deviates from the short-dashed line only
Dm2 close to 0.3 eV2, the lower edge of the range~1.2!. The
same is true for the MINOS and ICARUS experiments e
cept that the deviation starts at largerDm2 values and is
more pronounced at the lower edge of the shadowed are

As in the previous sections, the bound~3.37! is valid for
neutrinos and antineutrinos. Although the parametersu ands
are in principle different for neutrinos and antineutrinos t
maximization procedure wipes out any difference in t
bounds.

D. The lower bound onPnµ˜ne

„LBL …

Since the LSND experiment has seen a positive signa

P
nhm→ nhe

(LBL)
, this experiment provides a lower bound for th

amplitude of nhm→ nhe transitions @see Eq.~2.14!#. Using
analogous steps as in the previous section one derives
-

d
e

of
n
he
t
t

-

.

e

r

Pnm→ne

~LBL ! >
1

4
cosvAm;e1

1

2
~12cosv!~12ce!~12cm!

2
1

4
sin vAAm;e@4~12ce!~12cm!2Am;e#.

~3.38!

Now we have to minimize the right-hand side of Eq.~3.38!
with respect toce andcm with the bounds~1.11!. This pro-
cedure leads to the following result:

Pnm→ne

~LBL ! >0 for Am;e<2~12cosv!am
0 ~3.39!

and

Pnm→ne

~LBL ! >
1

4
cosvAm;e1

1

2
~12cosv!am

0

2
1

4
sin vAAm;e~4am

0 2Am;e!

for Am;e>2~12cosv!am
0 . ~3.40!

Equation~3.39! states thatAm;e has to be sufficiently large
otherwise the nontrivial lower bound in vacuum (v50) be-
comes trivial.

Taking v50.63, the maximal value of the parameterv
for the ICARUS and MINOS experiments~see Table I!, the
condition for a trivial lower bound onPnm→ne

(LBL) is given by

Am;e&0.3am
0 . Looking atAm;e

min of the LSND experiment and
the functionam

0 one sees that indeed this condition is fu
filled. Thus matter effects make the nontrivial lower bou
of the vacuum case disappear. For the K2K experiment
analogous condition for triviality is given byAm;e&0.04am

0 .
Here the triviality condition is not fulfilled but K2K does no
seem to have sufficient sensitivity to reach small enou
Pnm→ne

(LBL) . However, for such small oscillation probabilities

would be necessary to take corrections of orderaCC /Dm2

into account. Thus also in this case the lower bound seem
be irrelevant and the shadowed areas~dark and light! in Figs.
2 and 3 show the allowed regions fornhm→ nhe transitions
taking into account matter effects for the K2K experime
~Fig. 2! and the MINOS and ICARUS experiments~Fig. 3!.

IV. THREE MASSIVE NEUTRINOS

It is worthwhile to have a look at LBL neutrino oscillatio
experiments neglecting some of the present hints for neut
oscillations. It is possible that not all these hints will b
substantiated in the course of time and it is useful to ch
which features are actually dependent on or independ
from them.

In this section we consider the minimal scenario of m
ing of three neutrinos. We will assume that of the two d
ferences of squares of neutrino masses one is relevan
SBL oscillations and the other one for LBL oscillations~see
also Refs.@40–42#!. Hence, in this section we adopt the poi
of view that not neutrino mixing but other reasons cou
explain the solar neutrino data. With these assumptio
there are two possible 3-neutrino mass spectra:
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~4.1!
r
th

a

li-

e

o
r

in

es

s
-

n

e
de
in

o

er
e of
ion
os-
gh

-
nd

the

s a

ity

at
r

ts

.

In
BL

a
ef
In both schemes I and II,Dm31
2 is assumed to be relevant fo

neutrino oscillations in SBL experiments. In this case,
SBL oscillation probabilities depend onuUe3u2 anduUm3u2 in
the scheme I@37# and onuUe1u2 anduUm1u2 in the scheme II
@28#. There are three regions of these quantities which
allowed by the results of disappearance experiments~see
Refs.@37, 28#!:

~1! uUeku2> 12ae
0, uUmku2<am

0 ,

~2! uUeku2<ae
0, uUmku2<am

0 ,

~3! uUeku2<ae
0, uUmku2>12am

0 , ~4.2!

with k53 for the scheme I andk51 for the scheme II2 @for
the definition ofae

0 andam
0 see Eq.~1.14!#.

The neutrino and antineutrino LBL oscillation probabi
ties in scheme I are given by

Pna→nb

~LBL,I !5UUb1Ua1* 1Ub2Ua2* expS 2 i
Dm21

2 L

2p DU2

1uUb3u2uUa3u2, ~4.3!

P n̄ a→ n̄ b

~LBL,I !
5UUb1* Ua11Ub2* Ua2 expS 2 i

Dm21
2 L

2p DU2

1uUb3u2uUa3u2. ~4.4!

The transition probabilities in the scheme II can be obtain
from the expressions~4.3! and ~4.4! with the cyclic permu-
tation of the indices

1,2,3→2,3,1. ~4.5!

Therefore, as in the case of the schemes A and B for f
neutrinos, the bounds on the LBL oscillation probabilities a
the same in the 3-neutrino schemes I and II. In the follow
we will concentrate on scheme I.

The bounds on the vacuum LBL oscillation probabiliti

P
nha→ nhb

(LBL)
for the 4-neutrino schemes~1.3! are valid also in

the case of mixing of three neutrinos: the demonstration
the 4-neutrino case A~B! can be carried over to the 3
neutrino case I~II ! if we put Ua450 (Ua150 and change
the indices 2,3,4→1,2,3) for all a5e,m,t. It is obvious
that, with Aa;b54uUb3u2uUa3u2, the same bounds o
P

na→nb

(2) (2)
(LBL)

arise fora5b andaÞb as given by Eqs.~2.5! and

~2.6!.
It is interesting to observe that in the 3-neutrino case th

are no matter corrections, apart from those of or
aCC /Dm2 which have been neglected also in the 4-neutr

2For a comparison, the schemes I, II and the regions 1, 2, 3
called hierarchies II, I and regions A, B, C, respectively, in R
@40#.
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case. This is easily understood by noting that the matrixR
~3.8! has now a 131 block Rsun. Consequently, there is n
analogue to the eigenvaluee4 of R. This situation corre-
sponds tov50 and vanishing matter corrections at the ord
we are interested in. Let us emphasize that this absenc
matter corrections is relative to the bounds on the oscillat
probabilities which we are discussing, but in general the
cillation probabilities are affected by matter effects throu
Ratm ande22e1 .

In the following we will give the bounds on the LBL
oscillation probabilities for each of the regions~4.2!, along
the lines of the 4-neutrino Sec. II.

Region 1.With respect to SBL and LBL neutrino oscilla
tions, the 3-neutrino schemes I and II in region 1 correspo
to the 4-neutrino schemes A and B, respectively, with

same bounds onP
nhe→ nhe

(LBL)
@Eq. ~2.7! and Fig. 1# and

P
nhm→ nhe

(LBL)
@Eqs.~2.13! and ~2.16! and Figs. 2 and 3#.

For completeness, we want to mention that there i

change in the upper bound forP
nhm→ nhe

(LBL)
in going from four

to three neutrinos: taking into account the inequal
ce1cm>1, we havecm>12min(ae

0 ,am
0) and Eq.~2.16! im-

proves to

P
nhm→ nhe

~LBL !
<ae

01~122ae
0!min~ae

0 ,am
0 !. ~4.6!

For ae
0,am

0 this bound is slightly more stringent than th
given by Eq.~2.12!, but the improvement is negligible fo
ae

0!1.
Region 2.Actually, this region is excluded by the resul

of the LSND experiment~see Refs.@37, 28, 29#! apart from
a small interval ofDm2 which might be marginally allowed
The reason is that~in combination with other data! the upper
bound

Am;e<4ae
0am

0 ~4.7!

is too restrictive to be compatible with the LSND data.
spite of this evidence, let us discuss the bounds on the L
probabilities in this region.

The restrictionsce>12ae
0 , cm>12am

0 and the unitarity
of the mixing matrix imply that ct is small:
ct522ce2cm<ae

01am
0 . From Eq.~2.6! it follows that the

probabilities of nhm→ nht and nhe→ nht transitions in LBL
experiments are confined in the range

1

4
Aa;t<P

nha→ nht

~LBL !
<

1

4
Aa;t1ae

01am
0 ~a5e,m!, ~4.8!

whereas for the probability ofnhm→ nhe transitions we have
only the lower bound

1

4
Am;e<P

nhm→ nhe

~LBL !
. ~4.9!

re
.
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The inequality~2.11! leads to the additional upper bounds

P
nha→ nht

~LBL !
<~ae

01am
0 !~22ae

02am
0 ! ~a5e,m!.

~4.10!

We want to mention that the scenario of Ref.@31# is
settled in region 2 and seems to take advantage of the
thatDm2.1.7 eV2 is marginally allowed despite of Eq.~4.7!
~see Refs.@29, 34#!. In this way Ref.@31# incorporates the
LSND data whereas the atmospheric neutrino anomaly
the solar neutrino deficit are taken into account by a sin
Dmatm, sun

2 ;1022 eV2, which allows for the zenith angle
variation of the atmospheric neutrino anomaly but leads to
energy-independent suppression of the solar neutrino
that is unfavoured by the data of solar neutrino experime
@43,44#. Moreover, it has been shown in Ref.@33# that a
combined analysis of all SBL data excludes this scenari
;99% C.L.

Region 3.In this region, wherece>12ae
0 and cm<am

0 ,
the full set of atmospheric neutrino data cannot be explai
in the framework discussed here. The reason is that for s
GeV events one has

P
nhm→ nhm

~LBL !
>~12am

0 !2 ~4.11!

and this is incompatible@29# with the atmospheric neutrino
anomaly except for values ofDm2 close to 0.3 eV2, where
there is no zenith-angle variation. The LBL transition pro
abilities of muon neutrinos are confined by

1

4
Am;b<P

nhm→ nhb

~LBL !
<

1

4
Am;b1am

0 ~b5e,t!, ~4.12!

whereas for nhe→ nht transitions there is only the lowe
bound

1

4
Ae;t<P

nhe→ nht

~LBL !
. ~4.13!

The inequality~2.10!, which is a consequence of probabili
conservation, leads to

P
nhm→ nhb

~LBL !
<am

0 ~22am
0 ! ~b5e,t!. ~4.14!

Furthermore, taking into account the inequalityce1cm>1,
we havece>12min(ae

0 ,am
0) and Eq.~2.16! improves to

P
nhm→ nhe

~LBL !
<am

0 1~122am
0 !min~ae

0 ,am
0 !. ~4.15!

For ae
0!am

0 !1 this bound is about half of that given by E
~4.14!.

The 3-neutrino scheme of Ref.@32#, which lies in region
3, merges the LSND and atmospheric mass-squared s
and dispenses with the zenith angle variation of the atm
spheric neutrino anomaly. This is only allowed atDm2.0.3
eV2 ~see also Ref.@33#!. If one accepts this possibility, th
low mass-squared difference is free to be used for a solu
of the solar neutrino deficit problem.

The differences in the bounds on the LBL probabiliti
are marked and could thus serve to distinguish between
three different regions in the 3-neutrino case. They also se
as a cross-check for present hints of neutrino oscillations
course, in the experiments discussed the bounds on the
sition probabilities in vacuum in the 4-neutrino ca
ct
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~schemes A and B! are indistinguishable from those in th
3-neutrino case with region 1. However, LBL experimen
could distinguish the 4-neutrino case from the 3-neutr

case by measuring a transition probabilityP
nhm→ nhe

(SBL)
or a sur-

vival probability P
nhe→ nhe

(LBL)
which is incompatible with the

vacuum bounds but satisfies the bounds in matter obtaine
the 4-neutrino case. Such an observation would exclude
3-neutrino case with region 1.

V. CONCLUSIONS

At present there are three experimental indications in
vor of neutrino oscillations which correspond to three diffe
ent scales of neutrino mass-squared differences: the s
neutrino deficit, the atmospheric neutrino anomaly and
result of the LSND experiment. These indications and
negative results of numerous short-baseline neutrino exp
ments can be accommodated in two schemes~A and B! with
mixing of four massive neutrinos@29#. In this paper we have
presented a detailed study of the predictions of the sche
A and B for long-baseline experiments. We have discus
what general conclusions on the long-baseline transi
probabilities between different neutrino states can be infer
from the existing data of short-baseline experiments, tak
into account the results of solar and atmospheric neut
experiments. We have obtained rather strong bounds on
probabilities ofn̄ e→ n̄ e and nhm→ nhe LBL transitions. Mat-
ter effects were thoroughly taken into account and we h
shown that they do not change substantially the main c
clusions drawn from the vacuum case.

The schemes A and B give completely different pred
tions for neutrinoless double beta decay and for neutr
mass effects in experiments for neutrino mass measurem
by the tritium method@29#. They lead, however, to the sam
bounds on long-baseline oscillation probabilities. In additio
all the bounds that we have derived apply for neutrinos
well as antineutrinos.

We have shown that the results of the short-baseline
actor experiments put rather severe bounds on the probab
12P n̄ e→ n̄ e

(LBL) of n̄ e transitions into all possible other states

the long-baseline CHOOZ and Palo Verde reactor exp
ments. If theDm2 relevant in short-baseline oscillations
bigger than about 3 eV2, the bound on 12P n̄ e→ n̄ e

(LBL) is slightly

higher than the sensitivity of the CHOOZ experiment, allo
ing some possibility to reveal neutrino oscillations in th
channel. However, the results of the LSND experiment fa
the range 0.3&Dm2&2.2 eV2. We have shown that in this
range the upper bound for the quantity 12P n̄ e→ n̄ e

(LBL) lies be-

tween 1022 and 531022 ~see Fig. 1! and thus is below the
sensitivity of CHOOZ and Palo Verde.

The Kam-Land reactor experiment is very interesting b
cause its baseline of 150 km is very long compared to
baseline of 1 km of CHOOZ and Palo Verde. If the so
neutrino deficit problem is to be resolved by vacuum os
lations, the situation is very similar to the other LBL react
experiments. The upper bound on 12P n̄ e→ n̄ e

(LBL) is shown in

Fig. 4 by the solid line. It deviates from the short-dash
curve, which is valid in vacuum, because matter correcti
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are not negligible though small in this case, due to the lo
baseline. The bound represented by the short-dashed cur
Fig. 4 is valid also in the case of a small mixing angle MS
solution of the solar neutrino problem. On the other hand,
have shown in Sec. II B that, if large mixing angle MS
resonant flavor transitions are responsible for the solar n
trino deficit, the bound on 12P n̄ e→ n̄ e

(LBL) in Kam-Land be-

comes practically trivial at small neutrino energi
(;1 MeV). Therefore, if in the Kam-Land experiment
large value of 12P n̄ e→ n̄ e

(LBL) is found at small neutrino ener

gies, with a suppression at higher neutrino energies,
would have an indirect indication in favor of the large mi
ing angle MSW solution of the solar neutrino deficit.

We have also shown that in this caseDmsun
2 could be

determined by measuring the maxima ofP n̄ e→ n̄ e

(LBL) as a func-

tion of the neutrino energy. There are two conditions t
must be satisfied in a LBL experiment in order to have
possibility to measureDmsun

2 , apart from the necessary se
sitivity and energy resolution. First one needsDmsun

2 @aCC in
order that this measurement is not disturbed by matter
fects. Second,Dmsun

2 L/2p;1 is required. These condition
lead to p!40 MeV and L;403(p/1 MeV) km for
Dmsun

2 ;1025 eV2. At present, among the planned LBL e
periments these conditions are only met by Kam-Land.

In Figs. 2 and 3 the solid lines depict the upper bounds

the probabilityP
nhm→ nhe

(LBL)
of nhm→ nhe transitions for the K2K

experiment and the MINOS and ICARUS experiments,
spectively. In the derivation of the solid curves matter effe
are included and thus in the schemes A and B such tra
tions are severely constrained by the results of short-base
reactor and accelerator experiments. The sensitivities
MINOS and ICARUS is well below the upper bound fo

P
nhm→ nhe

(LBL)
whereas the sensitivity of the K2K experime

might be insufficient. If matter effects are neglected, the
per bound on this probability is given by the short-dash
lines in Figs. 2 and 3. In all four figures the shadowed
gions~light and dark! indicate the range~1.2! determined by
the LSND experiment and the negative results of all
other SBL experiments.

We have shown that there is also an upper bound on lo
baselinenhe→ nht oscillations which is less tight than the on
for nhm→ nhe transitions. It is indicated by the long-dashe
curves in Figs. 2 and 3 which would be relevant if the c
responding experiments would use anhe beam. On the othe
hand, the long-baselinenhm→ nhm and nhm→ nht channels are
unconstrained with the methods discussed here.
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We have obtained bounds on LBL transition probabiliti
in the case of the neutrino mass spectra~1.3!, which are
implied by the results of the solar, atmospheric and LSN
experiments. If the LSND data are not confirmed by futu
experiments, but nevertheless there is a mass~or masses!
approximately equal to 1 eV providing an explanation for t
hot dark matter problem, then the neutrino mass spect
can be different from the spectra A and B in Eq.~1.3!. The
natural neutrino mass spectrum in this case is hierarch
and the bounds that we have obtained in this paper are
valid.

We have also made a digression to 3-neutrino scena
and discussed the bounds on the transition probabilities
all possible cases such that the two mass-squared differe
correspond to SBL and LBL neutrino oscillations. We ha
argued that for three neutrinos matter corrections to
bounds on the transition probabilities are absent, apart f
those of orderaCC /Dm2 which have been neglected also
the 4-neutrino case.

Summarizing, we would like to emphasize that the resu
of all neutrino oscillation experiments lead to severe co
straints for the probabilities ofn̄ e disappearance andnhm
→ nhe appearance in long-baseline experiments. Never
less, the allowed region for the probability in thenhm→ nhe
channel is well within the planned sensitivities of the M
NOS and ICARUS experiments. The channelsnhm→ nht and
nhm→ nhm are not constrained at all. Therefore, from t
point of view of the present investigation, long-baseli
muon neutrino beams provide promising facilities for t
observation of neutrino oscillations. However, it is importa
to note that future measurements by LBL experiments
n̄ e→ n̄ e and/or nhm→ nhe transition probabilities that violate
the bounds presented in this paper would allow to exclu
the 4-neutrino schemes~1.3!.

Note added in proof.After we finished this paper the re
sults of the first long-baseline reactor experiment CHO
appeared~M. Apollonio et al., hep-ex/9711002!. No indica-
tions in favor of n̄ e→ n̄ e transitions were found in this ex
periment. The upper bound for the transition probability
electron antineutrinos into other states found in the CHO
experiment is in agreement with the limit presented in Fig
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