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t˜h„h8…2pn, 3pn and the WZW anomaly
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It is found that the branching ratio oft→h82pn is two orders of magnitude smaller than that oft→h2pn.
The branching ratio oft→hpppn is calculated. The theoretical result agrees with the data. It is the first time
that the anomalous Wess-Zumino-Witten vertexhaa is tested. Ana1 resonance is predicted in the final state
of the three pions. A prediction of the branching ratio oft→h8pppn is presented.@S0556-2821~98!00403-2#

PACS number~s!: 13.35.Dx, 11.30.Rd, 11.40.Ha, 14.40.Cs
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All the hadrons produced int hadronic decays are meson
made of light quarks, therefore, thet mesonic decays pro
vide a test ground for all meson theories. Chiral symme
plays an essential role in studyingt mesonic decays@1#. The
Wess-Zumino-Witten~WZW! anomalous action@2# is gen-
eral and model independent. It is an important part of
meson theory. A test of the WZW action is very significa
in the physics of strong interactions. Various anomalo
WZW vertices were used to calculate the decay widths
mesons@3,4#. The t mesonic decays provide a comprehe
sive test ground for the WZW anomaly. The abnormal v
ticeshrr andvrp derived from the WZW anomalous ac
tion were studied@5# in t mesonic decays. In Ref.@6# we
studied more abnormalt mesonic decays. It is pointed out i
Ref. @7# that theh production int decay is associated wit
an anomaly. Recently the CLEO Collaboration reported
measurement of the branching ratio oft→h(3h2)n @8#:

B@t2→nt~3h2!h#5~4.160.760.7!31024. ~1!

In Ref. @7# an abnormal axial-vector current ofh and pions
has been constructed to calculate the branching ratio
t→h3pn. The theoretical prediction is

1.231026

which is less than the experimental value by more than
orders of magnitude. The decayt→h3pn is caused by the
axial-vector current and, as pointed out in Ref.@7#, by the
anomalous meson vertex. The result of Ref.@7# indicates that
resonances should be taken into account. As shown in
studies@1,5,6#, resonances play an essential role int me-
sonic decays. In this paper we are going to find all anom
lous WZW terms which contribute to this decay mode.
constructing the anomalous vertices, the resonancesa1 andr
need to be taken into account. In doing so, an effective ch
theory of mesons is required.

In Ref. @4# an effective chiral theory of three nonets
pseudoscalar, vector, and axial-vector mesons is propo
This theory has been used to study meson physics at
energies. So far, it has been phenomenologically succes
The chiral symmetry breaking scaleL is determined to be
1.6 GeV@4#. Therefore, this theory is suitable for studyingt
mesonic decays. Our studies oft mesonic decays based o
this effective theory are presented in Ref.@6#. The theoretical
results agree with the data reasonably well. The We
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Zumino-Witten action is derived from the leading terms
the imaginary part of the effective Lagrangian@4#. In this
paper the Lagrangian of Ref.@4# is used to derive all vertices
needed. The expression of the axial-vector current (Ds50)
of mesons presented in Ref.@6# is taken. The calculations
done in this paper are at the tree level which is supported
the argument of largeNC expansion@4#. It is necessary to
point out that in the studies of this paper there is no n
parameter.

The anomalous vertices can be found in the WZW act
@2,3#. The formalism of the WZW action is model indepe
dent. However, the meson fields in the WZW action need
be normalized to physical fields by the normal part of t
Lagrangian~see Refs.@3,4#!. In Ref. @4# a method is devel-
oped to derive the anomalous vertices which are found
have the same expressions as the ones obtained from
WZW action. In this way the meson fields are normalized
physical mesons. In this paper we use the method prese
in Ref. @4# to derive all anomalous vertices needed.

We first present the study oft→h(h8)ppn which has
been studied by many authors@5#. As pointed out in Ref.@5#,
both the contact term and the anomalous vertexhrr contrib-
ute to t→hppn. Using the Lagrangian of Ref.@4#, these
vertices are determined without any new parameters.
anomalous WZW vertices derived in Ref.@4# are

Lhrr5
NC

2p2g2f h

«mnabh

3S 2A2

3
sinu1

1

A3
cosu D ]mrn

i ]arb
i ,

Lh8rr5
NC

2p2g2f h8

«mnabh8

3SA2

3
cosu1

1

A3
sinu D ]mrn

i ]arb
i , ~2!

whereu5220° andf h5 f h85 f p are taken.g is a universal
coupling constant and is determined to be 0.39 in Ref.@6#.
Lhrr was used in Ref.@5#. Besides the vertices~2!, there are
other vertices which contribute to these two decay mod
Using the same method we used to derive Eqs.~2! @4#, we
obtain
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57 1791t→h(h8)2pn, 3pn AND THE WZW ANOMALY
Lhrpp5
2

p2g fp
3 S 2A2

3
sinu1

1

A3
cosu D

3S 12
4c

g
2

2c2

g2 D «mnabe i jkh]mrn
i ]ap j]bpk,

Lh8rpp5
2

p2g fp
3 SA2

3
cosu1

1

A3
sinu D

3S 12
4c

g
2

2c2

g2 D «mnabe i jkh8]mrn
i ]ap j]bpk,

~3!

wherec5 f p
2 /2gmr

2 . Using vector meson dominance~VMD !,
the direct couplings ofh(h8)ppg are obtained from the
Lagrangians~3!. As studied in Ref.@9# long ago, the abnor-
mal Lagrangians~3! are from the box anomaly. Therefor
the decayst→hppn provide a test ground for the bo
anomaly@9#. All the parameters in Eqs.~3! have been fixed.
In the final states of the decayt→h(h8)ppn caused by the
vertices ~2! the two pions have ar-resonance structure
while for the decay amplitudes determined by Eqs.~3! there
are nor resonances. Because of the cancellation in the fa
124c/g22c2/g2 the contributions of Eqs.~3! are smaller.
This result has been obtained by Braaten, Oakes, and Tse@5#.
This is similar to the decayv→ppp which is dominated by
the vertexvrp and the contribution of the contact ter
vppp is small @3,4#. Using the VMD and Eqs.~2!,~3!, the
decay branching ratios are calculated:

B~t→hppn!51.931023,

B~t→h8ppn!50.4431025. ~4!

The calculation shows that 28% ofB(t→hppn) is from the
anomalous contact terms~3!. The data are

B~t→hppn!5~1.7160.28!31023 @10#,

B~t→h8ppn!,0.831024 @8#.

Theoretical results agree with the data.
The decay processt→hpppn is more complicated than

the ones studied above. Only the axial-vector current cont
utes to these processes. The WZW anomalous interaction
mesons cause these decays. More vertices are involved
Feynman diagrams of these decays are shown in Fig
The derivation of these vertices is lengthy. A
done in Ref.@4# by calculating2(2i / f p)mh^c̄g5c& and
2(2i / f p)mh^c̄l8g5c&, we derive all anomalous vertice
contributing to these decays:

Lhaa5
f a

2

2p2f h

«mnabhS 2A2

3
sinu1

1

A3
cosu D ]man

i ]aab
i ,

~5!

Lhrpp5
1

4p2g
S 2

f p
D 3S 12

4c

g
2

2c2

g2 D S 2A2

3
sinu
or

b-
of
he
1.

1
1

A3
cosu D e i jk«mnabh]mrn

i ]ap j]bpk , ~6!

Lhappp5
NCf a

~4p!2S 2

f p
D 4S 2A2

3
sinu1

1

A3
cosu D

3S 12
10

3

c

g
1

8

3

c2

g2D «mnabh]man
i ]ap2]bp i ,

~7!

wheream
i is thea1 meson field andf a

215g(121/2p2g2)1/2.
The vertices related toh8 meson are obtained by using th
substitution

S 2A2

3
sinu1

1

A3
cosu D h→SA2

3
cosu1

1

A3
sinu D h8

in Eqs.~5!–~7!.
The verticesLarp andLrpp are involved int→hpppn.

They are presented in Refs.@4,6#:

La1rp5e i jk$Aam
i r j mpk2Bam

i rn
j ]mnpk%, ~8!

A5
2

f p
g faH ma

2

g2f a
2

2mr
21p2F2c

g
1

3

4p2g2S 12
2c

g D G
1q2F 1

2p2g2
2

2c

g
2

3

4p2g2S 12
2c

g D G J , ~9!

B52
2

f p
g fa

1

2p2g2S 12
2c

g D , ~10!

Lrpp5
2

g
e i jkrm

i p j]mpk2
2

p2f p
2 g

3H S 12
2c

g D 2

24p2c2J e i jkrm
i ]np j]mnpk, ~11!

where p is the momentum of ther meson andq is the
momentum ofa1. These vertices have been used to calcul

FIG. 1. Diagrams of the decayt→hpppn.
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1792 57BING AN LI
the decay widths ofa1→rp, 3p, the ratio ofd/s, the width
of r→pp, and the width oft→3pn @4,6#. The theoretical
results agree with the data.

The axial-vector current is needed to calculate the de
rates oft→hpppn. In terms of chiral symmetry and dy
namical chiral symmetry breaking, the expression of
axial-vector current of mesons is obtained in Ref.@6# @Eqs.
~10!,~23!,~24!,~25!#. We used this axial-vector current to ca
culate somet mesonic decay rates in Ref.@6#. Theoretical
results agree with data. Using the axial-vector current and
vertices @Eqs. ~5!–~11!#, the decay rate oft→hpppn is
calculated. In the subprocesses shown in Fig. 1 there
anomalous vertices and normal vertices. The anomalous
tices are at the fourth order in low energy expansion, he
the strengths of anomalous vertices are weaker. This a
ment is supported by the narrow decay widths of thev and
f 1(1280) mesons whose decays are a result of anoma
vertices@4#. Because the vertices~8!,~11! are normal and a
the second order in the low energy expansion, the stren
of the vertices~8!,~11! are stronger. Therefore, ther and the
a1 mesons have broader widths. Only the anomalous ve
Lhappp contributes to the subprocess shown in Fig. 1~a!,
therefore, the contribution of this process to the decay
small. For the subprocess@Fig. 1~b!# there are normal verti-
ces and anomalous ones. For the anomalous vertexLhrpp

~6!, because of the cancellation in the factor (124c/g
22c2/g2), the anomalous vertexLhrpp ~6! is very weak.
The contribution of this subprocess is small. In the th
subprocess@Fig. 1~c!# there is ar resonance. The minimum
of q2 of this r is mr1mh51.32 GeV which is much greate
thanmr . This effect suppresses the contribution of this su
process. Numerical calculation supports these argume
The contribution of these subprocesses is less than 1
which is ignored in this paper. Finally, only the fourth su
process@Fig. 1~d!# survives. There is no cancellation in th
anomalous vertexLhaa and the strength of the normal verte
Larp is strong. Therefore, we expect that the diagram F
1~d! is the major contributor of the decayt→hpppn.

The discussion above leads to that the processt→hrpn
is dominant the decayt→hpppn. The Feynman diagram
Fig. 1~d!, shows that there are two subprocesses in this
cay:t→ha1n anda1→rp. As mentioned above, the forme
is caused by the anomalous vertexLhaa ~5! which has never
been tested before and the latter is a result of the vertex~8!
which has been tested. It is necessary to point out that
anomalous verticesLhvv (v5r,v,f) have been tested b
y
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h→gg, r→hg, v→hg, f→hg, and t→hppn. How-
ever, it is the first time that the anomalous WZW vertexLhaa
has been tested.

Using the vertices~5!,~8!,~11! and the axial-vector curren
of Ref. @6# in the chiral limit the amplitude of the deca
t→hrpn is derived as

^h~p!r0~k8!p2~k!u c̄t1gmg5cu0&

5
i

A8vv8E

f a
2

p2f p
S 2A2

3
sinu1

1

A3
cosu D

3
g2f amr

22 i f a
21Aq2Ga~q2!

q22ma
21 iAq2Ga~q2!

3
1

q1
22ma

21 iAq1
2Ga~q1

2!

3$A~q1
2!gbl1Bkbkl%«mnabqnq1ae* l, ~12!

whereq5p1k1k8, q15q2p, andk, k8, andp are momen-
tum of the pionr andh, respectively. The width of thea1
meson is derived from the vertex~8!

Ga~q2!5
ka

12p

1

Aq2ma
H S 31

ka
2

mr
2D A2~q2!

22A~q2!B~q21mr
2!

ka
2

mr
2

1ka
4 q2

mr
2

B2J , ~13!

whereka
25(1/4q2)(q21mr

22mp
2 )22mr

2 . Making the substi-
tution q2→q1

2 in Eq. ~13!, theGa(q1
2) is obtained.

This matrix element has the strength of the vertexLa1rp .
In the matrix element~13! there is a seconda1 resonance,

1

q1
22ma

21 iAq1
2Ga~q1

2!
.

The minimum ofq1
2 is (mr1mp) which is less thanma .

Therefore, the matrix element is enhanced by the secona1
resonance. These two factors make the subprocess@Fig. 1~d!#
the main contributor of the decayt→hpppn. The term
g2f amr

2 comes from dynamical chiral symmetry breakin
which is the origin of the mass difference of thea1 and ther
mesons@6#. Using the matrix element, in the chiral limit th
decay rate oft→hrpn is found to be
dG~t2→hr0p2n!5
G2

~2p!5
cos2uc

1

1152

1

mt
3q2

~mt
22q2!2~mt

212q2!S f a
2ah

p2f p
D 2

mr
4g2f a

21 f a
22q2Ga

2~q2!

~q22ma
2!21q2Ga

2~q2!

3
1

~q1
22ma

2!21q1
2Ga

2~q1
2!
H 3A2~q1

2!
~q•p!2

q2
~qmax

2 2qmin
2 !2

1

6
A~q1

2!B~q•p!2
1

q4
@~q22qmin

2 !3

2~q22qmax
2 !3#1@A2~q1

2!22A~q1
2!Bk•k81B2~k•k8!2#

3
~q•p!2

12mr
2q4

@~q22qmin
2 !32~q22qmax

2 !3#J dq2dq1
2 , ~14!
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where

qmax
2 5mr

21
1

Aq1
2 ~q22q1

2!~Amr
21 l 21 l !,

qmin
2 5mr

21
1

Aq1
2 ~q22q1

2!~Amr
21 l 22 l !,

where l 5(1/2Aq1
2)(q1

22mr
2) and ah52A2/3sinu

1(1/A3)cosu. The branching ratio is computed to be
,

.

B~t2→hr0p2n!52.9331024. ~15!

Theoretical result agrees with the data reasonably well. T
theory predicts ar resonance structure in the two pion sta
and a a1 resonance in the three pion state of the dec
t→hpppn.

Because of the value ofmh8 the decayt→h8rpn is for-
bidden. Only the diagrams, Figs. 1~a! and 1~b!, contribute to
the decay. Because of kinematic reason ther resonance am-
plitude in the amplitude derived from the vertexLh8rpp pro-
vides a very strong suppression. The contribution of this d
gram is completely negligible. The decay rate derived fro
the anomalous vertexLh8appp is
ertices are
n

’s result
.

dG~t2→h8p1p2p2n!5
G2cos2u

9216~2p!7

p2

48mt
3q4

F2~mt
22q2!2~mt

212q2!@~q21p22mh8
2

!224q2p2#1/2

3F 1

4q2
~q21mh8

2
2p2!22mh8

2 G @~q21p22mh8
2

!22q2p2#
mr

4g4f a
41q2Ga

2~q2!

~q22ma
2!21q2Ga

2~q2!
dq2dp2,

~16!

F5
2NC

~4p!2S 2

f p
D 4SA2

3
cosu1

1

A3
sinu D S 12

10

3

c

g
1

8

3

c2

g2D , ~17!

whereq25(pt2pn)2 andp25(q2ph8)
2,

B~t→h8pppn!50.6431028.

To conclude, it is predicted that the decay rate oft→h8ppn is two orders of magnitude smaller thant→hppn. The
decay modet→hpppn provides the first test on the anomalous vertexLhaa . Theoretical results agree with data. Aa1
resonance structure in the final state oft→hpppn is predicted. A small decay rate fort→h8pppn is predicted too. The
formulas of the anomalous vertices presented in this paper are model independent. The coupling constants in these v
determined by fitting to other experiments. The vertexarp is derived from the effective theory@4# and has been tested i
many physical processes@4,6#.
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