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Strongly interacting vector bosons at TeVe6e2 linear colliders
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In the absence of light Higgs bosons, theW andZ bosons become strongly interacting particles at energies
of about 1 TeV. If the longitudinalW,Z components are generated by Goldstone modes associated with
spontaneous symmetry breaking in a new strong interaction theory, the quasi-elasticW,Z scattering amplitudes
can be predicted as a systematic chiral expansion in the energy. We study the potential of TeVe1e2 ande2e2

linear colliders in investigating these scattering processes. We estimate the accuracy with which the coeffi-
cients of the chiral expansion can be measured in a multi-parameter analysis. The measurements will provide
us with a quantitative test of the dynamics underlying theW,Z interactions.@S0556-2821~98!05503-9#

PACS number~s!: 11.30.Qc, 11.15.Ex, 12.15.Ji, 14.70.2e
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I. INTRODUCTION

Elastic scattering amplitudes of massive vector bos
grow indefinitely with energy if they are calculated as a p
turbative expansion in the coupling of a non-Abelian gau
theory. As a result, they manifestly violate unitarity beyond
critical energy scaleAsc @1#. In fact, theS-wave scattering
amplitude of longitudinally polarizedW,Z bosons in the
isoscalar channel (2W1W21ZZ)/),

a0
0~s!5

&GFs

16p
1O~g2,g82!, ~1!

must be bounded by 1/2. Unitarity therefore is violated
energies in excess of

Asc;1.2 TeV ~2!

in WW scattering.
This problem can be solved in two different ways. In t

standard model@2# a novel scalar particle, the Higgs boso
is introduced to restore unitarity at high energies@3,4#. The
additional contribution due to the exchange of this particle
the scattering amplitude of longitudinal vector bosons c
cels the asymptotic rise of the Yang-Mills amplitude if th
coupling of the Higgs particle to theW,Z bosons is chosen
properly. In that case, the tree-level amplitude approach
constant value. Electroweak observables in the fermion
gauge boson sector of the standard model are affecte
radiative corrections which depend logarithmically on t
Higgs boson massMH . From the high-precision data at th
CERN e1e2 collider LEP1, SLAC Linear Collider~SLC!,
and the Fermilab Tevatron, an upper limit ofMH,550 GeV
has been derived at the 2s level @5#. This limit is not sharp:
Excluding one or two observables from the analysis weak
the bound significantly@6#. In a cautious conclusion the ex
perimental limit may therefore be interpreted within t
minimal model as indicative for a scale&O(1 TeV).

However, there exists a second solution to the unita
problem. If the Higgs boson is not realized in nature, theW
570556-2821/98/57~3!/1553~20!/$15.00
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bosons become strongly interacting particles at TeV en
gies. In such a scenario the experimental upper bound
;1 TeV can be re-interpreted as the cutoff scale up to wh
the standard model of fermions and vector bosons may
extended before new physical phenomena become appa
Such novel strong interactions of theW bosons may be in-
dicated by slight deviations of the static electroweakW,Z
parameters from the predictions in the standard model,
for the oblique parameters, theZ-fermion couplings, the
magnetic dipole, and the electric quadrupole moments of
W6 bosons@7–9#. However, besides the production of trip
gauge bosons ine1e2 annihilation @10#, the classical test
ground for these interactions is the elastic and quasi-ela
2→2 scattering experiments of theW6 andZ bosons,

WW→WW ~3!

whereW generically denotes the particlesW6,Z.
It is natural, though not compulsory, to trace back t

strong interactions of theW bosons to a new fundamenta
strong interaction characterized by a scale of order 1 T
@11#. If the Lagrangian of the underlying theory is global
chiral invariant, this symmetry may be broken spontan
ously. The Goldstone bosons associated with the spont
ous symmetry breaking can be absorbed by the gauge bo
to generate the masses and to build up their longitud
degrees of freedom. It may be assumed in this scenario
the breaking pattern of the chiral symmetry in the stron
interacting sector is such thatSU(2)3SU(2)→SU(2)c
leaves the isospin groupSU(2)c unbroken. This custodia
SU(2)c symmetry@11# automatically ensures that ther pa-
rameter, the ratio of the neutral-current to charged-curr
couplings, is unity up to small perturbative corrections. T
condition @12# is strongly supported by the electroweak pr
cision data. The fact that in such a scenario the longitudin
polarizedW bosons are associated with the Goldstone mo
of chiral symmetry breaking has far-reaching consequen
which are formalized in the equivalence theorem@4,13–15#.
This mechanism can be exploited to predict the scatte
amplitudes of theWL bosons for high energies below th
1553 © 1998 The American Physical Society
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1554 57BOOS, HE, KILIAN, PUKHOV, YUAN, AND ZERWAS
mass scale of new resonances.1 Expanding the scattering am
plitudes in powers of the energyAs, the leading term is
parameter free, thus being a consequenceper seof the chiral
symmetry breaking mechanism, independent of the partic
dynamical theory. The higher-order terms in the chiral e
pansion depend on new coefficients which reflect the
tailed structure of the underlying strong-interaction theo
With rising energy they may evolve towards a resonant
havior, in the scalar or vector channels for instance.

To study potentially strong interactions betweenW
bosons requires energies in the TeV range. They will
provided by thepp collider LHC and by futuree1e2 linear
colliders which will operate in the second phase at energ
of 1.5–2 TeV; see e.g. Ref.@16#. LongitudinalW bosons are
radiated off quarks and electrons or positrons with a pr
ability g2/16p2;331023; since theZ charge of leptons is
small, the radiation ofZ bosons is suppressed compared
W bosons. The following~quasi-!elastic processes can b
studied ine1e2 ande2e2 collisions @17–19#:

e1e2→ n̄ eneW
1W2 via W1W2→W1W2,

e1e2→ n̄ eneZZ via W1W2→ZZ,

e2e2→neneW
2W2 via W2W2→W2W2. ~4!

It turns out that the rates for these processes are sufficie
large for thorough analyses ate1e2 c.m. energies ofAs
;1 TeV and above. Other processes involving initial statZ
bosons,

e1e2→ n̄ ee
2W1Z via W1Z→W1Z,

e1e2→e1e2ZZ via ZZ→ZZ, ~5!

are suppressed for the reasons discussed above. Neve
less, they must be investigated to achieve a complete d
mination of the quartic gauge interactions in next-to-lead
order of the chiral expansion. Since all basic scattering p
cesses~4! and ~5! lead to different final states, they can b
disentangled in principle~though this may not be so straigh
forward in practice since the final state electrons and p
trons may be lost in the forward directions!.

The main objective of the present analysis is theoret
predictions for the processes~4! and~5! in the region where
theW,Z bosons become strongly interacting but the energ
do not reach yet the resonance region, which may be dela
until a scale of 4pv;3 TeV is approached. We study th
predictions in leading order of the chiral expansion and a
lyze the sensitivity to next-to-leading order contribution2

This will enable us to estimate the accuracy with which
parameter-free leading-order amplitudes can be measure
the Higgs mechanism is not realized in nature, these anal
will shed light on the symmetry structure and the ba

1This is the analogue to low-energy pion physics below ther
resonance of QCD, in which the pions are the Goldstone bos
associated with the spontaneous chiralSU(2)3SU(2) symmetry
breaking.

2Preliminary results of this study have been presented in Ref.@20#.
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physical mechanism that provides masses to the fundame
electroweak bosons. Alternative approaches that are
based on chiral symmetry breaking would in general lead
quite different predictions forWW scattering amplitudes.

The paper is organized as follows. In Sec. II we brie
recapitulate the basic formalism of electroweak chi
Lagrangians. In Sec. III the helicity amplitudes for theWW
→WW fusion signals are analyzed, while Sec. IV is devot
to the equivalent particle approximations and kinemati
improvements. This discussion serves as a useful guide
for the analysis and as an independent check for the comp
f 1f 2→ f 18 f 28WW tree-level calculations. The full calculatio
and the results for probing both the custodialSU(2)c con-
serving and breaking chiral parameters at TeVe6e2 linear
colliders are presented in Secs. V and VI. Conclusions
given in Sec. VII. In Appendixes A and B, constraints fro
unitarity bounds are derived and the leading contributions
the one-loop radiative corrections are estimated. The e
tree-levelWW→WW helicity amplitudes are summarized i
compact form up to next-to-leading order in Appendix C.

II. CHIRAL LAGRANGIANS

For theories in which the chiral symmetry is broken spo
taneously, i.e., SU(2)3SU(2)→SU(2)c , effective
Lagrangians can be defined for the associated Golds
fields. They correspond to expansions in the dimensions
the field operators or, equivalently, in the energyAs in mo-
mentum space@21,22#. This systematic expansion leads to
parameter-free leading-order interaction in the Lagrang
supplemented by higher-order terms which reflect the
tailed structure of the underlying strong interaction theo
Thus the leading-order interaction is a direct mod
independent consequence of chiral symmetry breakingsui
generis. The equivalence theorem then allows us to
interpret scattering amplitudes derived for the Goldstone p
ticles as equivalent to the scattering amplitudes of the lon
tudinally polarizedW,Z particles for asymptotic energie
E(W,Z)@MW,Z .

The kinetic terms of the gauge fields and the first terms
the chiral Lagrangian of the Goldstone fields are given by
following expansion:

L5Lg1Le1L01L41L51... . ~6!

Lg denotes the kinetic terms of theW6,3 andB fields.3 The
SU(2)3U(1) gauge fields are coupled to the matter fie
through covariant derivatives inLe . These two parts of the
Lagrangian are given by the expressions

Lg52
1

8
tr@Wmn

2 #2
1

4
Bmn

2 , ~7!

Le5 ēLiD” eL1~L↔R!, ~8!

ns

3The complete Lagrangian is understood to contain the us
gauge-fixing and ghost terms.
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57 1555STRONGLY INTERACTING VECTOR BOSONS AT TeV . . .
with the usual definition of the covariantSU(2)3U(1) de-
rivative in terms of the vector fields, theSU(2) generators
Ta, and the hyperchargeY:

iD m5 i ]m1gTW •WW m2g8
Y

2
Bm , ~9!

where 2TW is equal to the Pauli matrixtW . In the generalRj

gauge the Goldstone fields are described by the uni
matrix4

U5exp@2 iwW •tW /F#. ~10!

The custodial-symmetric dimension-2 operator of the Go
stone fields is then given by

L05
F2

4
tr@DmU†DmU#. ~11!

The coupling between the Goldstone particles and theW,B
gauge fields is parametrized by the coefficientF. The value
of this parameter is fixed by the measuredW or Z masses,

L05MW
2 W1W21

1

2
MZ

2Z21... , ~12!

so that the experimental value

F5~&GF!21/25246 GeV ~13!

can be derived forF from the Fermi constant. In the standa
model,F is replaced by the expectation valuev of the Higgs
field in the ground state,F5v. However, the physical inter
pretation of these parameters is completely different in
two scenarios.5

A vector fieldVm can be defined by the Goldstone fiel
as

Vm5U†DmU, ~14!

corresponding to the derivative]mwW 1... for small field
strengths. From the vector field two independe
dimension-4 operators may be formed,

L45a4 tr@VmVn#tr@VmVn#, ~15!

L55a5 tr@VmVm#tr@VnVn#, ~16!

which describe the first two non-leading and mod
dependent terms in the chiral expansion. The two interac
termsL4 andL5 are custodial symmetric wheng8→0, leav-
ing the valuer51 unchanged. Since they involve at leas
quartic coupling of the Goldstone particles, they affect
lowest order only 2→2 scattering processes but do not affe
the trilinear vertices. Thus,a4 and a5 can only be deter-

4In the standard model,U is the Goldstone boson matrix whic
generates the Higgs isodoublet field from the real Higgs field in
Rj gauges.

5From now on, we will nevertheless adopt the symbolv to char-
acterize the weak-interaction scale, as generally done in the li
ture.
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mined inWW→WWscattering.~Additional dimension-4 op-
erators affect the trilinear couplings; in this analysis they
assumed to be pre-determined by standard methods suc
WW pair production ine1e2 annihilation.!

We assume that all higher-order coefficients in the ch
expansion are much smaller than unity. Even though
gauge-symmetric chiral Lagrangian can be defined form
for any theory with a particular particle content, this is mea
ingful only if the chiral series can be truncated at a fix
operator dimension~d54 for our purpose! and still higher
orders can be neglected. However, if the concept of spo
neous chiral symmetry breaking were not realized in natu
higher-order coefficients would be so large that an infin
number of terms would enter even at theW,Z mass scale. In
that case, the above effective-theory formalism must
abandoned.

From the magnitude of loop effects which carry a fac
1/16p2 together with an additional power ofs/v2, the largest
value ofAs for a chiral expansion to be valid may be es
mated@23# asAs&4pv;3 TeV. Thus, if the coefficientsa i
in the chiral expansion were experimentally required to
substantially larger than 1/16p2, new resonance effect
would already appear below the 3 TeV scale: e.g., thresh
for resonance production would become visible in the int
mediate range between about 1 and 3 TeV.

Although the ’t Hooft–Feynman gauge turns out to
most convenient for the computation method described
low ~Sec. V!, all observable quantities can be calculat
equally well within the unitary gauge in which the Goldsto
fieldswW are set to zero. In this gauge the physical conten
the various terms becomes more transparent: The stan
vector boson interactions are determined by the Yang-M
kinetic Lagrangian alone,L0 just provides theW,Z masses,
and the new dimension-4 operatorsL4,5 are recognized as
two independent contact-interaction terms for theW,Z vec-
tor bosons:

L05MW
2 Wm

1W2m1
1

2
MZ

2ZmZm, ~17!

L45a4Fg4

2
@~Wm

1W2m!21~Wm
1W1m!~Wn

2W2n!#

1
g4

cw
2 ~Wm

1Zm!~Wn
2Zn!1

g4

4cw
4 ~ZmZm!2G , ~18!

L55a5Fg4~Wm
1W2m!21

g4

cw
2 ~Wm

1W2m!

3~ZnZn!1
g4

4cw
4 ~ZmZm!2G , ~19!

wherecw
2 512sin2 uw andg25e2/sin2 uw. The contact terms

introduce all possible quartic couplingsW1W2W1W2,
W1W2ZZ, and ZZZZ among the weak gauge bosons th
are compatible with charge conservation and custo
SU(2)c symmetry.

e

a-
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III. WW SCATTERING

From the effective chiral Lagrangian, the 2→2
~quasi-!elasticWW scattering amplitudes can easily be de
rived. As shown generically in Fig. 1, they involve
s-channel, t/u-channel exchange diagrams, and the no
Abelian quartic boson coupling, with their sum growing as
ymptotically proportional tos. The additional quartic contri-
butions introduced byL4 andL5 rise proportional tos2. The
maximal power ofs is realized only for amplitudes in which
all four vector bosons are longitudinally polarized; replacin
any longitudinally polarized external particle by a trans
versely polarized particle removes one factor ofAs/v; at the
same time an additional power of the weak couplingsg,g8 is
introduced.~In the extreme forward and backward direction
where t,u are of the orderMW,Z

2 , the power counting is
invalid and both longitudinal and transversal degrees of fre
dom contribute with comparable magnitude.!

It follows @1,13# from analyticity, crossing symmetry,CP
invariance, and custodial symmetry that, asg,g8→0, all
~quasi-!elastic amplitudes can be expressed in terms of
single functionA(s,t,u) which is symmetric with respect to
the exchange (t↔u). This function is analytic in the Man-
delstam variabless,t,u apart from the usual one-particle pole
and two-particle cut singularities. The Mandelstam variabl
are given by the total energy and the momentum transfer
the scattering processes:s5Ec.m.

2 , t(u)'2s(17cosu)/2
for usu,utu,uuu@MW

2 . The amplitudes of the scattering pro
cesses~4! and~5! can be derived from the master amplitud
A in the following way:

A~W1W2→ZZ!5A~s,t,u!, ~20!

A~W1W2→W1W2!5A~s,t,u!1A~ t,s,u!, ~21!

A~W2W2→W2W2!5A~ t,s,u!1A~u,t,s!, ~22!

and

A~W1Z→W1Z!5A~ t,s,u!, ~23!

A~ZZ→ZZ!5A~s,t,u!1A~ t,s,u!1A~u,t,s!. ~24!

To leading order in the energy expansion the amplitud
A(s,t,u) is reduced to the simple expression

A~s,t,u!LO5
s

v2 , ~25!

which is parameter free. The next-to-leading order term
modify this result, and the final tree-level expression is give
to orders2 by

FIG. 1. Feynman graphs for~quasi-!elasticWW scattering.
-

-
-

-

-

a

s
in

e

s
n

A~s,t,u!5
s

v2 1a4

4~ t21u2!

v4 1a5

8s2

v4 . ~26!

The relations~20!–~24! for the amplitudes are preserved b
loop corrections and they are valid to all orders for chira
symmetric strong interactions. There are, however, ad
tional perturbative corrections which are proportional to t
Yang-Mills couplingsg,g8, with the g8 coupling breaking
the custodial symmetry. Amplitudes involving transverse
polarized vector bosons, which are subleading both for h
energies and in the weak coupling expansion, do not res
the relations~20!–~24!.

It is instructive to analyze the angular momentum sta
that are populated inWW scattering. The helicity analysi
@24# of the scattering amplitudes leads to the following d
composition in the angular momentum:

A~00,00!5(
J

AJ~00,00!d00
J ~u!, ~27!

for longitudinally polarized vector bosons, whered00
J

5PJ(cosu) are the Legendre polynomials.
Choosing the processW1W2→ZZ, for example, the

gauge contributions to the amplitudes involvet- and
u-channel exchange diagrams, giving rise to arbitrarily h
orbital angular momentum states. Therefore we decomp
the amplitude with respect to spin only; i.e., the residues
the poles fort/u-channel diagrams are expanded:

AJ5
s2

4MW
4 Fg2cw

4 S s

2~ t2MW
2 !

Ât1
s

2~u2MW
2 !

Âu1ÂcD
1g4~a4Â41a5Â5!G . ~28!

The subscriptst,u,c for Â denote thet,u exchange and the
four-boson contact terms, respectively~Table I!.6

In the spin amplitudes, the contact term contains angu
momentaJ50 and 2. In thet/u-channel diagrams the add
tional vector boson in the intermediate state populates,
gether with the external vector bosons, the states up tJ
53. In the limit usu,utu,uuu@MW

2 the leadings2 behavior can-
cels for a45a550; however, in the forward-backward re
gions (utu,uuu;MW

2 ) this cancellation need not occur. I
other processes such asW1W2→W1W2 there is an addi-

6For the processW1W2→W1W2, the complete decomposition
is given in Appendix C.

TABLE I. Amplitude decomposition for the proces
W1W2→ZZ in the limit E@MW .

Ât Âu Âc Â4 Â5

J50 2
20
3 2

20
3 2

16
3

8
3 8

1 44
5 2

44
5 0 0 0

2 2
4
3 2

4
3

4
3

4
3 0

3 2
4
5

4
5 0 0 0
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57 1557STRONGLY INTERACTING VECTOR BOSONS AT TeV . . .
tional s-channel diagram which is purely spin 1, since
single vector bosonZ/g is exchanged.

Given the helicity amplitudes, the differential cross se
tions can be written as

ds

d cosu
~Wl1

Wl2
→Wl3

Wl4
!5

1

32ps
uA~l1l2 ,l3l4!u2.

~29!

This cross section can easily be integrated over all angle

s~Wl1
Wl2
→Wl3

Wl4
!

5
h

32ps E
21

1

d~cosu!uA~l1l2 ,l3l4!u2, ~30!

whereh5 1
2 (1) accounts for~non-!identical particles in the

final state.
Even though the longitudinal helicities build up the a

ymptotically leading cross sections(WLWL→WLWL), it
cannot be identified with the total cross section without
plying angular cuts for non-asymptotic energies since
forward peak for the scattering of transversely polarizedW
bosons gives rise to additional large contributions to the t
cross section.

Interference effects between different helicity amplitud
in the initial state have to be taken into account in the n
asymptotic regime. Since theW bosons are radiated off th
electrons and positrons, a coherent mixture ofWl1

Wl2
he-

licity states is generated withl1 andl256,0. Interference
effects in the finalWl3

Wl4
state need only to be included

the angular and energy distributions of the leptons or jet
the W3 ,W4 decays are analyzed explicitly.

IV. EQUIVALENT PARTICLE APPROXIMATIONS

The elastic scattering ofW bosons at high energies will b
studied in TeVe1e2 ande2e2 collisions. At high energies
electron-positron beams split for a long time into~neutrino
1W! or ~electron-positron1Z! pairs. In fact, if the trans-
verse momentum in the splitting process isp' , the lifetime
of the split state is of ordert;Ee /(p'

2 1MW
2 ) in the labora-

tory, which is large for high electron-positron energies. W
Ee5800 GeV the lifetimet;1021 GeV21 is an order of
magnitude longer than the weak interaction scaletw;MW

21

;1022 GeV21. The W bosons can therefore be approx
mately treated as equivalent particles@25#, similar to the
equivalent photon approximation in QED@26#. Moreover,
the splitting probability is maximal for small transverse m
mentap'&MW . In the final picture, theW bosons can be
treated as real particle beams which accompany the pa
e6 beams in the accelerator.

The energy spectrum of theW bosons can convenientl
be determined, in the spirit of the discussion above, by o
fashioned perturbation theory@27#. Denoting the fraction of
energy transferred from the initial lepton to theW boson by
x, with 0<x<1, the spectra, under the leading logarithm
approximation, are given by the following@25#:
-

,

-

-
e

al

s
-

in

nt

-

~1! Transversely polarized W6 bosons:

fW/e
T ~x!5

a

4psw
2

11~12x!2

2x
ln

ŝ

MW
2 , ~31!

whereŝ5xs.
For e2 beams, the term;1 corresponds to negativ
helicity of the W boson, while the term;(12x)2

corresponds to positive helicity, suppressed forx→1
by the conservation of angular momentum.~The role
of the helicities is interchanged fore1 beams.! The
spectrum increases with the logarithm of the ener
which is a consequence of the unlimited transve
momentum of the point-like coupling in the splittin
process.

~2! Longitudinally polarized W6 bosons:

fW/e
L ~x!5

a

4psw
2

12x

x
. ~32!

Since the emission of longitudinally polarizedW
bosons is suppressed for large transverse momen
the longitudinal spectra are not logarithmically e
hanced.

In the equivalent particle approximation the cross sect
ds for the colliding beam process, such as

e1e2→ n̄ eneW
1W2 via W1W2→W1W2, ~33!

can be obtained by convoluting the cross sectiondŝ of the
WW subprocess with the spectra of the two initial-stateW
bosons:7

ds@e1e2→ n̄ eneW
1W2#

5E
0

1

dx1E
0

1

dx2f W/e~x1! f W/e~x2!dŝ@W1W2

→W1W2; ŝ5x1x2s#. ~34!

The c.m. invariant energy of the subprocess is given byAŝ
5Ax1x2s. The fixing of final-state observablesV can be
implemented by restricting the integration over the pha
spaceF̂ appropriately:

ds

dV
@e1e2→ n̄ eneW

1W2#

5E
0

1

dx1E
0

1

dx2f W/e~x1! f W/e~x2!
dŝ

dF̂
dF̂

3d„V2V~x1 ,x2!…. ~35!

OtherW,Z processes can be treated analogously.
The commonly used equivalent particle spectra in

leading logarithmic approximation, Eqs.~31! and ~32!, are
derived in the small-angle limit with zerop' . To suppress

7A formalism, improved further, but with more complexity, ca
be found in Ref.@28#.
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background processes which are induced by Weizsa¨cker-
Williams photons, it is necessary to consider the transve
momentum distribution of theW boson pair. To high accu
racy, the c.m. frame ofg-initiated subprocesses moves pa
allel to thee6 beams. TheW-initiated signal processes, b
contrast, have transverse momenta of orderP'(WW)
;MW . Hence, theg-initiated background processes can
eliminated by cutting the total transverse momentum of
subprocess with respect of thee6 beams. For the above rea
son, the usual leading logarithmic equivalent-particle
proximation, Eqs.~31! and ~32!, cannot be applied when
P'(WW) cut is imposed in the analysis. In order to provi
a guideline for the later more complete analysis, we s
with the improved equivalent-particle formalism@29#, from
which we derive theP'(WW) distribution. This can be mos
conveniently performed by relating theW transverse mo-
mentum to its virtual mass squaredq2:

p'5
As

2
~12x!A12F11

2q2

s~12x!G
2

, ~36!

with the space-likeq2 bounded by2s(12x)<q2<0. Ex-
pressed in terms ofq2, the improved equivalent particle dis
tributions can be written as

f W/e
l ~x!

5
ax

16psw
E

qmin
2

qmax
2 2q2dq2

~q22MW
2 !2 H MW

2 k1
2

2q2 for l5L

~11k2
2! for l5T

~37!

where

k1[
2A12x1q2/s

x2q2/s
, k2[

2

x2q2/s
21, ~38!

andl5L,T denotes longitudinal and transverse polarizati
respectively. In the latter case we have added the result
negative and positive helicity of theW boson.

The improved luminosity distributions of theW bosons
with respect to the transverse momentum are thus give
follows:

f W/e
l ~x,p'

2 !5
a

4psw
2 5

kmxk1
2

s x̄r ~ x̄ r̄ 12km!2
for l5L

x r̄ ~11k2
2!

2sr~ x̄ r̄ 12km!2
for l5T

~39!

with

k'[
p'

2

s
, km[

MW
2

s
, x̄[12x,

r[A12
4k'

~12x!2 , r̄ [12r . ~40!

In the asymptotic limits@P'
2 , MW

2 , and forx1,2 neither
close to 0 nor 1, we can derive the following approxima
formula from Eq.~39!:
se

e

-

rt

,
for

as

f W/e
T ~x,p'

2 !5
a

4psw
2

11~12x!2

2x

p'
2

~p'
2 1~12x!MW

2 !2 , ~41!

f W/e
L ~x,p'

2 !5
a

4psw
2

12x

x

~12x!MW
2

~p'
2 1~12x!MW

2 !2 . ~42!

The transverse momentum distribution@ f WW/ee
l1l2 (x,P'

2 ; ŝ)#
of the two-particleWWsystem can be approximately derive
by convoluting the spectra~39! for each initialW boson:

ds~e1e→ f 31 f 41Xus!

5(
l
E

0

1

dxE dP'
2 f WW/ee

l1l2 ~x,P'
2 ; ŝ!

3dŝ~Wl1
1Wl2

→Xuŝ! , ~43!

f WW/ee
l1l2 ~x,P'

2 ; ŝ!5E
x

1E
0

1

dx1dx2E E dp1'
2 dp2'

2

3D~x!D~P'
2 ! f W/e

l1 ~x1 ,p1'
2 ! f W/e

l2 ~x2 ,p2'
2 !

~44!

with

D~x!5d~x2x1x2!u ŝ5xs , ~45!

D~P'
2 !5E

0

2p dw12

2p
d~P'

2 2upW 1'1pW 2'u2! ~46!

wherew12 is the azimuthal angle between the two initialW
bosons in thee1e2 c.m. frame. Because of the implicitw12

dependence in the squared transverse momentum,upW 1'

1pW 2'u2, the integral in Eq.~46! is non-trivial.
The characteristic features of the luminosity spectra w

respect to the transverse momentum of theWW system are
exemplified in Fig. 2. In Fig. 2~a! we depict theP'(WW)
distributions forx15x250.5. The probability for the emis
sion of longitudinalW bosons is maximal around low value
of P';MW/2 and falls off rapidly with increasing transvers
momentum. The spectrum of the transverseW bosons ex-
tends to much larger values ofP' , decreasing asymptoti
cally like (1/P'

2 )ln(MW
2 /P'

2). Thegg spectrum, by contrast, is
strongly peaked at zero transverse momentum.

Since the phase space in Eq.~44! is restricted for a finite
collider energyAs, the improved distributions~39! @solid
lines in Fig. 2~a!# decrease for large transverse mome
faster than the approximate distributions~41! and ~42! ~dot-
ted line!.

In Fig. 2~b! the WW transverse momentum distribution
~44! are depicted for two values of the invariantWW mass,
MWW50.8 and 1 TeV, at a fixed collider energy ofAs
51.6 TeV. A typical cut of 50 GeV, which will be intro-
duced below~cf. Sec. V!, is indicated by the dotted line. Th
distributions are not shown for transverse momenta bey
;250 GeV since interference effects between the amplitu
become significant for large transverse momenta, invalid
ing the probabilistic picture of the single-particle distrib
tions.
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FIG. 2. Distribution of theWW transverse momentumP'(WW) in 1.6 TeVe6e2 collisions.
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As shown in Fig. 2~b!, for higher values ofMWW the
distributions are shifted towards lower values ofP'

2 . For a
fixed MWW, the improvedP' distributions are lower than
the approximate ones, as shown in Fig. 2~a!. For this reason,
the leading logarithmic approximation generally overes
mates the production rates due to transverseW boson fusion
by a factor of 3–5@30,31#. Therefore, we use the improve
equivalent-particle method, in contrast to the leading lo
rithmic approximation, as a guideline for the analysis and
an independent check for the complete tree-level calculat
It turns out that the61s exclusion contours fora4 – 10, as
shown in Figs. 9, 10 and 11, obtained from the above t
methods, are in good agreement after imposing all the
evant kinematic cuts to enhance the ratio of signal
background.8 Hence, we shall not discuss in detail the n
merical results obtained by applying the equivalent-part
method, but we will focus on the improved results which a
based on the exact tree-level calculations.

8For example, the 90% exclusion limit, obtained from using
improved equivalent-particle method which predicts a nontriv
P'(WW) distribution, agrees with that in Fig. 9 at the level
20–30 %.
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V. CALCULATION AND RESULTS: CONSERVED
CUSTODIAL SU„2…c

For a detailed numerical study, based on a complete tre
level calculation, we have chosen the three processes

e1e2→ n̄ eneW
1W2, ~47!

e1e2→ n̄ eneZZ, ~48!

e2e2→neneW
2W2, ~49!

where the~quasi-!elasticWW scattering signal corresponds
to the generic diagrams depicted in Fig. 3. However, ther
are also Feynman diagrams contributing to Eqs.~47!–~49!
which do not containWWscattering as a subprocess~cf. Fig.
4!. This irreducible background is not negligible and must b
taken into account in the analysis.

l
FIG. 3. Diagrams contributing to the strongWW scattering sig-

nal.
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In all signal processes there are already two neutrino
present in the final state; therefore important kinematic info
mation is lost if aW boson decays leptonically~or aZ boson
into two neutrinos!. In particular, the c.m. energy of the sub-
process cannot be determined in that case. For the pres
study we therefore restrict ourselves to hadronicW,Z decays
and to decays of theZ boson into electrons and muons. Fur
thermore, an error in the dijet invariant mass is introduced b
the limited energy resolution of the calorimeters, which lead
to the rejection of a fraction of di-boson events and to th
misidentification ofW vs Z bosons. Adopting the results for
the net efficiencies determined in Ref.@17#, we assume that
in a hadronic decay a trueW,Z boson will be identified ac-
cording to the following pattern:9

W→85%W, 10%Z, 5% reject; ~50!

Z→22%W, 74%Z, 4% reject. ~51!

Thus, for example, when calculating the signal event rate
theZZ detection mode, one has to include the rates predict
by 55%, 7%, and 1% of the partonicZZ, W6Z, andW1W2

final states, respectively, to account for final-state misiden
fication. The relative weighting factors from the above thre
partonic final state cross sections are 55:7:1 which is equal
1:0.13:0.018, as given in the last column of Table II. As
discussed above, we only consider the hadronic decay mod
of a final stateW boson; the corresponding decay branchin
ratio ~BR! is 0.67. For detecting aZ boson, we include both
the hadronic modes (BR50.70) and the di-lepton modes
(BR50.067 fore1e2 andm1m2!. Hence, the efficiency for
detecting aWW, ZZ, andWZ pair originating from a par-
tonic WW, ZZ, and WZ final state is 33.4%, 34.2%, and
33.8%, respectively. For simplicity, we take 33% as the de
tection efficiency for all the detection modes considered i
this study.

Since the final state cannot be completely resolved expe
mentally in all cases, further background processes will pla
a role ~cf. Fig. 5!. The most important background to the
signal processe1e2→ n̄ nW1W2 is generated by the reac-
tion

e1e2→W1W2e1e2, ~52!

which is built up primarily by the subprocessgg
→W1W2. In this process most of the electrons or positron
are emitted in forward direction so that they cannot be de
tected. A similar background is introduced by the misident
fication of vector bosons in jet decays:

9Using the tagging ofb quarks, theZ→W misidentification prob-
ability could be reduced, thus improving its detection efficiency.

FIG. 4. Typical diagrams contributing to the irreducible back
ground for the strongWW scattering signal.
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e1e2→W6Ze7n. ~53!

An irreducible background is also generated by three-bos
final states,

e1e2→W1W2Z, ~54!

with theZ decaying into neutrino pairs. Similar background
~less dangerous for theZZ final state! exist for the other
processes.

The total cross sections for the signal and backgrou
processes, including interference effects, have been co
puted in a complete tree-level calculation using the au
matic packageCompHEP@32# in which the effective Lagrang-
ian ~6! has been implemented. The results of the cro
sections for the reference pointa45a550 are summarized
in Table II.

The background reduction is essential for isolating th
strong scattering signal, as demonstrated by the number
Table II. To this purpose, we follow the strategy introduce
in Ref. @17#:

~1! We require M inv( n̄ n).200(150) GeV. The first
number applies forAs51.6 TeV, while the bracketed num-
ber forAs5800 GeV. This cut removes the events with ne
trinos fromZ decay together with backgrounds fromW1W2

and QCD four-jet production. The signal is not affected~cf.
Fig. 6!.

~2! Selecting central events@ ucosu(W/Z)u,0.8# with
p'(W/Z).200(100) GeV removes events dominated b
t-channel exchange in the subprocess.

FIG. 5. Partially reducible backgrounds to the strongWW scat-
tering signal.

TABLE II. Total cross sections in fb for various processes. De
tection efficiencies and branching ratios are not included. Includi
final-state misidentification, the numbers should be multiplied
the relative weighting factor given in the last column which a
counts for final-state misidentification in the corresponding dete
tion mode~W1W2, ZZ, or W2W2!.

Process 800 GeV 1.6 TeV Factor

W1W2 n̄ n 11 56 1

W1W2e1e2 628 1979 1
W6Ze7n 39 173 0.26

W1W2(Z→ n̄ n) 13 11 1

ZZn̄ n 4 26 1

ZZe1e2 2 4 1
W6Ze7n 39 173 0.13
W1W2e1e2 628 1979 0.018

ZZ(Z→ n̄ n) 0.6 0.4 1

W2W2nn 14 67 1
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FIG. 6. Distribution of the invariantWW recoil mass distribution in the processe1e2→W1W2 n̄ n ~signal!. The cut ~shaded area!
removes events in which the neutrinos are generated throughZ decays. The other cuts have been applied as described in the text.
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~3! The background fromgg fusion is reduced by two
orders of magnitude if an electron veto is applied@removing
events withu(e).10°# and, at the same time, a minimu
p' of the vector boson pair, equivalent to the fermionp' , is
required. We usep'(WW).50(40) GeV and p'(ZZ)
.30 GeV. This cut removes also about one-half of the s
nal events~Fig. 7; cf. the discussion in Sec. IV!.

~4! Since the impact of the strong interaction termsL4
andL5 increases with the energy of the subprocess, we u
window in M inv(WW/ZZ) between 700~350! and 1200~600!
GeV, Fig. 8.~The bulk of events has lower invariant mas
but those are quite insensitive to the parameters of inter!

After applying those cuts, we find the numbers reported
Table III. If they are multiplied by the misidentificatio
probabilities in the last column, the signal/background rat
are raised toO(1). In order to obtain the final event rate
-

a

,
t.
n

s

the cross sections in Table III have to be multiplied by t
expected luminosity and 33% detection efficiency@cf. Eqs.
~50! and~51!; this number includes theW/Z decay branching
ratios#.

For polarized beams with left-handed electron and rig
handed positron polarizationsP7 , the rates are modified a
follows:

~1! Two left-handed electron-positron couplings are
volved in the signal process. The rate is therefore increa
by the factor (11P1)(11P2).

~2! The dominant part of theWZ background is initiated
by gW fusion which involves only one left-handed couplin
The cross section is therefore increased by the facto
1(P11P2)/2. Since theZ coupling to electrons is almos
of axial-vector type, this holds approximately true also f
the remainder of theWZ background.
,
oint
FIG. 7. Transverse momentum distribution of theW pair in the processe1e2→W1W2 n̄ n at As51.6 TeV. All cuts have been applied
but theWW detection efficiency~therefore, the decay branching ratio! is not included. The solid line corresponds to the reference p
a45a550, the dashed line toa450.005 for comparison. The dominant backgroundsW1W2e1e2 ~dotted! andWZen ~dot-dashed line,
with 26% misidentification probability! are also indicated. The shaded area is removed by thep' cut.
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FIG. 8. Invariant mass distribution of theW pair in the processe1e2→W1W2 n̄ n. Legend as in Fig. 7.
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~3! The WWeebackground is not modified.@There are
diagrams in which theW’s both originate from the sam
fermion line. The contribution from this kind of diagram
should increase by the factor 11(P11P2)/2; however, its
net effect is not important.#

We conclude thatbothelectron and positron polarization
are essential in order to improve the signal rate as well as
signal/background ratio. In the ideal case of complete po
ization,S/B improves by a factor 2 andS/AB by a factor 3
as far as reducible backgrounds are concerned. For the
ducible part,S/AB increases by a factor 2 from the ra
alone.

All numbers quoted so far were based on the valuesa4
5a550. Ultimately we are interested in the measuremen
those parameters. The result of the theoretical predictio
depicted in Fig. 9. In the upper part the dependence of
cross sections ona4 anda5 is displayed for polarized beam
after all cuts are applied, but no detection efficiencies
cluded. The band, based on the hypothesisa45a550, is
determined by the61s statistical error in theWWn̄ n event
rate if the expected integrated luminosity of*L5500 fb21

and the efficiency of 33%~which includes theW/Z decay
branching ratios! are taken into account. The lower part
the figures shows the corresponding experimental region

TABLE III. Cross sections in fb as in Table II, but including a
cuts.

Process 800 GeV 1.6 TeV Factor

W1W2 n̄ n 0.41 0.71 1

W1W2e1e2 0.12 0.47 1
W6Ze7n 1.42 1.23 0.26

W1W2(Z→ n̄ n) 0.01 0.01 1

ZZn̄ n 0.33 0.86 1

ZZe1e2 0.00 0.00 1
W6Ze7n 1.54 1.37 0.13
W1W2e1e2 0.51 0.93 0.018

ZZ(Z→ n̄ n) 0.00 0.00 1

W2W2nn 0.81 1.36 1
he
r-

re-

f
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-

in

the two-dimensional@a4 ,a5# plane, based on the hypothes
a45a550. We display the (61s) bounds for the indi-
vidual channels, which can be combined to give the 9
exclusion limit indicated by the closed contour curve.

VI. CALCULATION AND RESULTS: BROKEN
CUSTODIAL SU„2…c

In addition to the interactionsL4,5 in Eqs.~15! and ~16!,
three more dimension-4 operatorsL6,7,10are present at next
to-leading order of the electroweak chiral Lagrangian. Sin
these interactions affect the quartic gauge couplings o
they also do not contribute to low-energy observables at
level:

L65a6tr@VmVn#tr@TVm#tr@TVn#, ~55!

L75a7tr@VmVm#tr@TVn#tr@TVn#, ~56!

L105a10

1

2
~ tr@TVm#tr@TVn#!2, ~57!

whereT5Ut3U†. Because of the presence ofT , the new
operatorsL6,7,10 violate the custodialSU(2)c symmetry in
contrast toL4,5.

The coefficientsa4,5 and a6,7,10 can be constrained only
indirectly from low-energy observables, to which they co
tribute through one-loop diagrams at the order ofan~1/16p2!
; (v2/L2)(1/16p2) @33#.10 Since the corresponding loop d
vergences must be absorbed by renormalization coun
terms, it is impossible to deriveprecise bounds on these
parameters from low-energy data. Nevertheless, rough
mates can be obtained by keeping only the leading logar
mic terms. The estimated indirect bounds on these 4-bo
couplings are summarized in the following list@34,33#:

10Here, L&4pv;3 TeV @23# is the cutoff of the effective La-
grangian, which characterizes the scale of the new strong inte
tions.
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23 23 23 23
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263310 <a5<318310 ; 232310 <a7<163310 ,

2431023<a10<2231023; ~58!
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which are derived at 90% C.L. by setting only one new p
rameter nonzero at a time. Even though current bounds
the r parameter severely constrain the possible amoun
SU(2)c violation, the next-to-leadingSU(2)c-violating pa-
rametersa6,7,10are still allowed in the range from 0.02 to 0
which is well above the natural value;1/16p2.0.006.

In this section, we focus on tests of theSU(2)c-violating
operatorsL6,7,10 in quasi-elasticWW scattering. Unlike the
parametersa4,5, the termsa6,7,10 signal new dynamics be
yond the standard model~SM!, since the SM-like Higgs sec
tor respectsSU(2)c-symmetry and thus does not contribu
to a6,7,10. The leading contribution of the quasi-elast
WW→WW scattering amplitudes is associated with longi
dinal gauge bosons and can be written as follows:

A~W1W2→W1W2!52
u

v2 1
4~s21t212u2!

v4 a4

1
8~s21t2!

v4 a5, ~59!

A~W1W2→ZZ!51
s

v2 1
4~ t21u2!

v4 ~a41a6!

1
8s2

v4 ~a51a7!, ~60!

A~W2W2→W2W2!52
s

v2 1
4~2s21t21u2!

v4 a4

1
8~ t21u2!

v4 a5, ~61!

A~W6Z→W6Z!51
t

v2 1
4~s21u2!

v4 ~a41a6!

1
8t2

v4 ~a51a7!, ~62!

A~ZZ→ZZ!501
8~s21t21u2!

v4

3@~a41a5!12~a61a71a10!#. ~63!

The amplitudes are given for asymptotic energies at wh
the W,Z masses can be neglecte
-
on
of

-

h

The five parameters$a4,5;a6,7,10% can in principle be
uniquely determined by measuring the total cross section
the processes~59!–~63!. If the event rates are large enoug
additional information can be extracted from theMWW, P' ,
and angular distributions. However, because of large ba
grounds and the smalleeZcoupling, the experimental analy
sis of the reactions~62! and ~63! is more difficult.

Elastic W2W1→W2W1 and W2W2→W2W2 scatter-
ings depend only ona4 and a5 ; these two processes ar
sufficient to determine botha4 and a5 to a high accuracy
~Fig. 9!. The two reactions can therefore be taken as re
ence processes. The other two processesW2W1→ZZ and
W7Z→W7Z can subsequently be exploited to measurea6
anda7 , while a10 can finally be extracted from the reactio
ZZ→ZZ.

To probe the chiral parametersa6 , a7 , anda10, we as-
sume that theSU(2)c-conserving parametersa4 and a5
have been pre-determined in the processese1e2

→ n̄ nW1W2 and e2e2→nnW2W2;11 in the following
analysis we therefore set these parameters to the refer
values$0,0% sine restructione generalitis. In this framework,
the61s exclusion contours fora6 anda7 are shown in Fig.
10 for the reactionse1e2→e1nW2Z1 c.c. and e1e2

→ n̄nZZ. The enWZ final states suffer from large back
grounds due tog-inducedeeWWevents in which onee is
lost in the beam pipe and oneW misidentified asZ. This
background can be suppressed efficiently by a cut in
missing transverse momentum which in the following ana
sis is set top'(miss.).30 GeV. To isolate the signal, w
furthermore require the final-state electron to be detec
(u.10°) and apply the additional cuts described in Sec.
with the exception of the cut on the boson pair transve
momentum which is not useful here.

The remaining chiral parametera10 can be determined in
the processe1e2→e1e2ZZ. Since elasticZZ→ZZ scatter-
ing is not possible in lowest order of the standard model, t
channel is relatively clean, though suppressed by the sm
eeZ initial-state couplings. We apply the same cuts
M inv(ZZ), M recoil, and cosu as for the previous channels
and require both final-state electrons to be detectedu
.10°). The resulting cross section is shown as a function
a10 in Fig. 11.@a10 is actually embedded in the combinatio
(a41a5)12(a61a7)12a10, yet the parameters
(a4 ,...,a7) are assumed to be pre-determined.# From the 1s
band of the cross section we conclude thatua10u can be
bounded to less than;0.002 at ane1e2 collider of 1.6 TeV

11As indicated in Fig. 9, measuring the event rates of these
processes only, in general, leads to two allowed regions in
$a4 , a5% plane. They can in principle be separated by carefu
studying various distributions, which is beyond the scope of
present work.
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FIG. 9. Upper part: Cross section including backgrounds for the processe1e2→ n̄ nW1W2. All cuts have been applied. The shade
band is the statistical error corresponding to the expected detection efficiency and a luminosity of*L5500 fb21. It is assumed that thee2

(e1) beam is polarized at a degree of 100% (50%). Lower part: 1s exclusion contours for all three processes in thea4 /a5 plane, based
on the hypothesisa45a550. All cuts have been applied and detection efficiencies are included. The closed contour curve is th

exclusion limit obtained by combining thee1e2→ n̄ nW1W2 ande1e2→ n̄ nZZ channels.
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for an integrated luminosity of 500 fb21. The sensitivity is
an order of magnitude better at 1.6 TeV than at 800 GeV

VII. CONCLUSIONS

As demonstrated in this analysis,e6e2 linear colliders
operating in the TeV range are able to shed light on
 e

details of WW scattering even in the most difficult cas
where no new resonances are present in the accessibl
ergy range. The accuracy of simultaneous measuremen
the chiral parametersa4,5 will be of the order 0.002 with an
integrated luminosity of 500 fb21. Furthermore, the
SU(2)c-violating quartic gauge couplingsa6,7,10 can be
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FIG. 10. 1s exclusion contours for theSU(2)c-violating parametersa6,7 from e2e1→n n̄ ZZ ande2e1→e2 n̄ W1Z/e1nW2Z. All cuts
have been applied as described in the text, and the detection effiencies are included.
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measured directly by studying all possibleWW scattering
channels. Analogous processes can be studied at the C
Large Hadron Collider~LHC!, where a lower sensitivity to
a4,5 is predicted@35#. On the other hand, if there are ne
resonances inWW scattering below the maximal accessib
energy, they will be observed in different channels at b
the LHC ande6e2 ~or m1m2) colliders @36,17,19,37#.

The error with which the reference values$a4 ,a5%
5$0,0% of the next-to-leading corrections will be measur
can be re-interpreted as the error with which the lead
amplitudes can be determined, i.e., the master amplit
A(s,t,u)LO5s/F2. At the e1e2 collider energy As
51.6 TeV, the scale parameterF5v can be determined to
high accuracy,
RN

h

g
e

DF/F&5%, ~64!

for an integrated luminosity of*L5500 fb21. Since the
form of this amplitude is characteristic for the chiral symm
try breaking as the mechanism driving the dynamics of
strongly interactingW bosons, this test is the most importa
goal in analyzing the strong interaction threshold befo
resonance phenomena are expected to be observed a
higher energies. No dynamical mechanisms other than
Higgs mechanism and spontaneously broken strong inte
tion theories have been worked out so far through wh
masses of the electroweak gauge bosons could be gene
in a natural way.
or
FIG. 11. Cross section~including backgrounds and cuts! for e2e1→e2e1ZZ as a probe ofa10. The shaded band is the statistical err
corresponding to the expected detection efficiency and an integrated luminosity of 500 fb21.
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FIG. 12. Region ina4,5 allowed by tree-level unitarity forWW elastic scattering at a subprocess energy of 0.8 TeV~left! and 1.2 TeV
~right!, respectively.
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APPENDIX A: UNITARITY BOUNDS ON a4 ,a5

If custodialSU(2)C symmetry is assumed, the weak is
spin amplitudesA(I ) (I 50,1,2) for longitudinalWW scatter-
ing in the asymptotic regime (usu,utu,uuu@MW

2 ) are given as
follows:

A~0!53A~s,t,u!1A~ t,s,u!1A~u,t,s!,

A~1!5A~ t,s,u!2A~u,t,s!,

A~2!5A~ t,s,u!1A~u,t,s!. ~A1!

The master amplitudeA(s,t,u) has been discussed to nex
to-leading order earlier,

A~s,t,u!5
s

v2 1a4

4~ t21u2!

v4 1a5

8s2

v4 . ~A2!

The isospin amplitudes may be decomposed with respe
orbital angular momentum according to

A~1!532p (
l 50

`

~2l 11!Pl ~cosu!al
I . ~A3!

From the parametrization~A2! the non-zero amplitudesa0
I

can be extracted:

S wave: a0
05

1

64p F1
4s

v2 1
16

3
~7a4111a5!

s2

v4G ,
~A4!
r-

to

a0
25

1

64p F2
2s

v2 1
32

3
~2a41a5!

s2

v4G ; ~A5!

P wave: a1
15

1

64p F1
2s

3v2 1
8

3
~a422a5!

s2

v4G ;
~A6!

D wave: a2
05

1

64p F01
16

15
~2a41a5!

s2

v4G ,
~A7!

a2
25

1

64p F01
8

15
~a412a5!

s2

v4G . ~A8!

All amplitudes with I 1l 5odd vanish due toCP invari-
ance. Angular momentum states withl .2 are populated by
higher-order operators in the chiral expansion.

Two-body elastic unitarity requiresual
I 2 i /2 u51/2. Once

a partial-wave amplitude approaches the limit Real
I 51/2,

rescattering effects set in which induce a phase shift
unitarizes the amplitudes. Such effects can no longer be
scribed within the effective-theory approach in a mod
independent way. The validity of the chiral expansion

therefore limited toWW-scattering energiesAŝ and values
of the parametersa i such that

ual
I u&1/2. ~A9!

In Fig. 12 we display the allowed regions in the@a4 ,a5#

plane forAŝ50.8 TeV and 1.2 TeV, which cover the mai
energy range of theWW scattering subprocess in the anal
sis. The strongest limits can be derived from unitarity in t
S wave for isospin 0 and 2 channels. The limit from theI
5l 51 channel is significantly weaker. As demonstrated
Fig. 12, the unitarity bounds are very sensitive to the ene

scale: ForAŝ51.2 TeV they are more stringent by about
factor of 5 than the bounds at 0.8 TeV. However, they o
marginally restrict thea i parameters in the range we a
interested in (ua i u&0.005). Thus they do not affect the va
lidity of the chiral expansion in the range considered in t
present analysis.
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APPENDIX B: RADIATIVE CORRECTIONS

The leading radiative corrections of the tree-level amp
tude ~26! are generated by the one-loop corrections fr
pure Goldstone dynamics~Fig. 13!. They give rise to addi-
tional SU(2)c-symmetric contributions of the form@38#

DA~s,t,u!1 loop5
1

16p2v4 H 2
~ t2u!

6 F t ln
2t

m2 u ln
2u

m2 G
2

s2

2
ln

2s

m2 J . ~B1!

FIG. 13. Leading one-loop contributions to theWW scattering
amplitude, expressed in terms of Goldstone-boson scattering.
-

The real part of these corrections is taken to vanish at
symmetric pointm25s522t522u, which corresponds to
the scattering angleu5p/2. Infinities are absorbed in th
definition of the renormalized parametersa4,5(m). A shift in
the scalem may be mapped into a finite renormalization
the parameters$a4 ,a5%:

FIG. 14. Comparison of the leading one-loop correctio
uRe(DA)u to the longitudinalW1W2→W1W2 scattering amplitude,
with the effects due to nonvanishing values ofa4 anda5 , respec-
tively.
TABLE IV. Decomposition of the NLO helicity amplitudes forW1W2→W1W2.

a4 a5

J50 1 2 0 1 2

Âi
J(00,00) 2(11b212b4) 2b2 2 4

3 (213b213b4) 24b2 4
3

Âi
J(10,00) - 2b2 2) - 2b2

2
2

)

Âi
J(11,00) 2(21b2) - 1 2

2
3 (413b2) - 2

3

Âi
J(10,01) - 2

1
2 12b2 3 - 2 1

Âi
J(10,10) - 2

1
2 2b2 3

2 - 122b2 1

Âi
J(10,20) - 2

1
2 1b2 2

3
2 - 112b2 21

Âi
J(10,02) - 2

1
2 22b2 2

3
2 - 1 21

Âi
J(12,00) - - 2A6 - - 2

2
3A6

Âi
J(11,10) - 2

1
2 )

2

- 1 1

)

Âi
J(11,20) - 1

2 )

2

- 21 1

)

Âi
J(12,10) - - 3

&

- - &

Âi
J(12,01) - - 3

&

- - &

Âi
J(11,11) 2 2

1
2

1
2

8
3 1 1

3

Âi
J(11,12) - -

2
A6

2

- -
2

A6
3

Âi
J(11,22) 2 1

2
1
2

8
3 21 1

3

Âi
J(12,21) - - 3 - - 2

Âi
J(12,12) - - 3 - - 2
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a4~m!5a4~m0!2
1

16p2

1

6
ln

m

m0
, ~B2!

a5~m!5a5~m0!2
1

16p2

1

12
ln

m

m0
. ~B3!

The leading-order termA(s,t,u)LO5s/v2 is not renormal-
ized. The same holds true for the next-to-leading order c
todial SU(2)c-breaking coefficientsa6,7,10 because standar
one-loop corrections generate onlySU(2)c-symmetric am-
plitudes.

The leading contributions are built up by Goldstone loo

since contributions of transverseW, Z bosons are suppressed
s-

s

by the electroweak gauge couplings and by reduced enha
ment factors in the energy@33#.

Since the loop corrections~B1! will affect the final re-
sults, it is necessary to estimate their impact. In Fig. 1
comparison is presented between the various contribution
the elastic scattering of longitudinal polarizedW bosons,
A(W1W2→W1W2), as a function of the scattering angl
The magnitude of the loop corrections, evaluated at

renormalization pointm5Aŝ, is confronted with the effects
of the next-to-leading order correctionsL4 and L5 on the
scattering amplitude. The loop corrections are appare
significantly smaller than the chiral contributions for coef
cientsa4 anda550.001. Since this is the size of the sen
tivity we are aiming at~cf. Fig. 9!, we can conclude that the
longitudinal loop corrections do not invalidate the previo
tree-level results.
TABLE V. Decomposition of the NLO helicity amplitudes forW1W2→ZZ.

a465a41a6 a575a51a7

J50 1 2 0 1 2

Âi
J(00,00)

2
3 12bW

2 bZ
2 - 4

3 2(11bW
2 bZ

21bW
2 1bZ

2) - -

Âi
J(10,00) - -

2
2

)

- - -

Âi
J(00,01) - -

2
2

)
cw

21
- - -

Âi
J(11,00) 2

2
3 - 2

3 22(11bZ
2) - -

Âi
J(00,11)

2
3 cw

22 - 2
3 cw

22 22(11bZ
2)cw

22 - -

Âi
J(00,12) - -

2
4

A6
cw

22
- - -

Âi
J(12,00) - -

2
4

A6

- - -

Âi
J(10,02) - 2cw

21bWbZ 2cw
21 - - -

Âi
J(10,01) - cw

21bWbZ cw
21 - - -

Âi
J(11,10) - -

2
1

)
cw

21
- - -

Âi
J(10,11) - -

2
1

)
cw

22
- - -

Âi
J(11,02) - - 1

)
cw

21
- - -

Âi
J(02,11) - - 1

)
cw

21
- - -

Âi
J(01,12) - - &cw

22 - - -

Âi
J(12,01) - - &cw

21 - - -

Âi
J(11,11)

2
3 cw

22 - 1
3 cw

22 2cw
22 - -

Âi
J(11,22)

2
3 cw

22 - 1
3 cw

22 2cw
22 - -

Âi
J(11,12) - -

2
A6

3
cw

22
- - -

Âi
J(12,11) - -

2
A6

3
cw

22
- - -

Âi
J(12,21) - - 2cw

22 - - -
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TABLE VI. Decomposition of the NLO helicity amplitudes forW6W6→W6W6.

a4 a5

J50 1 2 0 1 2

Âi
J(00,00) 4( 2

3 1b21b4) - 4
3 4( 1

3 1b4) - 8
3

Âi
J(10,00) - -

2
2

)

- - 4

)

Âi
J(11,00) 2

2
3 (413b2) - 2

2
3 2

4
3 - 4

3

Âi
J(10,01) - b2 1 - 2b2 2

Âi
J(00,12) - -

2
4

A6

- -
2

8

A6

Âi
J(10,02) - 2b2 21 - 22b2 22

Âi
J(11,10) - -

2
1

)

- - 22

)

Âi
J(11,02) - - 1

)

- - 2

)

Âi
J(01,12) - - & - - 2&

Âi
J(11,11)

8
3 - 1

3
3
2 - 2

3

Âi
J(11,12) - -

2
A6

3

- -
2

2A6

3

Âi
J(11,22)

8
3 - 1

3
4
3 - 2

3

Âi
J(12,21) - - 2 - - 4

TABLE VII. Decomposition of the NLO helicity amplitudes forW1W2→W1W2.

Contact graph s-channelZ/g exchange
J50 1 2 0 1 2

Âi
J(00,00) 2

2
3 (11b2) 6b2 2

3 - 24(32b2)2 -

Âi
J(10,00) - 23b2

2
1

)

- 8(32b2) -

Âi
J(11,00)

2
3 1b2 - 1

3 - 4(b223) -

Âi
J(10,01) - 2

3
2 12b2 1

2 - 216 -

Âi
J(10,10) - 2

3
2 1b2 1

2 - 216 -

Âi
J(10,20) - 2

3
2 2b2 2

1
2 - 16 -

Âi
J(10,02) - 2

3
2 22b2 2

1
2 - 16 -

Âi
J(12,00) - - A6

3

- - -

Âi
J(11,10) - 3

2
2
)

6

- 8 -

Âi
J(11,20) - 3

2 )

6

- 28 -

Âi
J(12,10) - - 1

&

- - -

Âi
J(12,01) - - 1

&

- - -

Âi
J(11,11) 2

2
3 2

3
2

1
6 - 24 -

Âi
J(11,12) - -

2
1

A6

- - -

Âi
J(11,22) 2

2
3

3
2

1
6 - 24 -

Âi
J(12,21) - - 1 - - -

Âi
J(12,12) - - 1 - - -
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TABLE VIII. Decomposition of the leading order helicity amplitudes forW1W2→W1W2.

t-channelZ/g exchange
J50 1 2 3

Ât
J(00,00) 210(21b214b41b6) 6b2(223150b225b4) 20(22111b2210b4) 212b2

Ât
J(10,00) - 18b2(725b2) 10)(229b215b4) 4A6b2

Ât
J(11,00) 20(223b212b4) 2114b2 20(2219b222b4) 26b2

Ât
J(10,01) - 26(5117b215b4) 10(23113b223b4) 28b2

Ât
J(10,10) - 3(210239b2125b4) 5(26125b223b4) 28b2

Ât
J(10,20) - 3(210139b225b4) 5(6217b213b4) 8b2

Ât
J(10,02) - 6(25112b225b4) 10(328b213b4) 8b2

Ât
J(12,00) - - 10A6(225b212b4) 2A30b2

Ât
J(11,10) - 6(5113b2) 10)(125b2) 2A6b2

Ât
J(11,20) - 6(528b2) 10)(2112b2) 22A6b2

Ât
J(12,10) - - 10&(2314b2) 24A5b2

Ât
J(12,01) - - 10&(2315b2) 24A5b2

Ât
J(11,11) 25(4119b2) 23(1019b2) 5(22113b2) 23b2

Ât
J(11,12) - - 5A6(223b2) A30b2

Ât
J(11,22) 25(41b2) 3(101b2) 5(221b2) 23b

Ât
J(12,21) - - 210(61b2) 210b2

Ât
J(12,12) - - 210(615b2) 210b2
ity

be
-
s
ro

les

LO

-

ge

d by
APPENDIX C: DECOMPOSITION OF HELICITY
AMPLITUDE

The partial wave decomposition formula for the helic
amplitudes of the process

Wl1

a Wl2

b →Wl3

c Wl4

d ~C1!

is defined as@24#

A~l1l2 ,l3l4!5exp@ i ~l2l8!w#

3(
J

AJ~l1l2 ,l3l4! dll8
J

~u!, ~C2!

wherel[l12l2 , l8[l32l4, and

dll8
J

~u!5(
s50

J

~2 !s
@~J1l!! ~J2l!! ~J1l8!! ~J2l8!! #1/2

s! ~J2s2l!! ~J2s1l8!! ~l2l81s!!

3S cos
u

2D 2~J2s!1l82lS 2sin
u

2D 2s1l2l8
. ~C3!

Each 2→2 gauge-boson scattering process is descri
by a total of 34581 helicity amplitudes. However, by apply
ing C,P,T transformations, they can be reduced to a ba
set of 17, 20, and 13 independent amplitudes for the p
cessesW1W2→W1W2, W1W2→ZZ, andW2W2→W2W2,
d

ic
-

respectively, which we present in tabular form. In Tab
IV–VI the contributionsAi to the individual helicity ampli-
tudes which are proportional to the next leading order~NLO!
coefficientsa i are listed. In Tables VII and VIII thes-,
t-channel exchange, and contact terms are presented in
for the main processW1W2→W1W2. We use the notation

AJ5S E

MW
D eLF(

V
gV

2 S p2

s2MV
2 Âs1

E2

t2MV
2 Ât1

E2

u2MV
2 ÂuD

1g2Âc1g4 (
i 54,5

a i Âi G , ~C4!

and

b[p/E, bW[p/EW , bZ[p/EZ, ~C5!

wherep5upW u is the length of 3-momentum of each incom
ing W(Z) boson in the c.m. frame, andEW(EZ) is the cor-
responding c.m. energy. When the two incoming gau
bosons have equal masses, we remove the subscript ofEW or
EZ . The vector boson masses and couplings are denote
MV ,gV ~V5W,Z,g referring to the exchanged particle!,
where

gW[g5e/sw, gZ5ecw
2 /sw, gg5e, ~C6!

with sw5sinuw andcw5cosuw .
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