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Gravitational lensing on the cosmic microwave background by gravity waves
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We study the effect of a stochastic background of gravitational waves on the gravitational lensing of the
cosmic microwave backgroun@CMB) radiation. It has been shown that matter density inhomogeneities
produce a smoothing of the acoustic peaks in the angular power spectrum of the CMB anisotropies. A
gravitational wave background gives rise to an additional smoothing of the spectrum. For the most simple case
of a gravitational wave background arising during a period of inflation, the effect is three to four orders of
magnitude smaller than its scalar counterpart, and is thus undetectable. It could play a more relevant role in
models where a larger background of gravitational waves is prod{i86856-282(98)00504-9
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The gravitational lensing effect of matter density inhomo- , L T Tk
geneities on the cosmic microwave backgro@MB) ra- XL()\S)Z(ﬁ]_ee])J)\ dN (XK€= Xxojk€")
diation has been the subject of several studliesg]. It is ©

well known that the deflections undergone by the photons I P 1

along their path since last scattering can modify the pattern — (8" —e'e')J dN(Ae=N)| 2¢j— EXkTI,jekel),
of the observed anisotropies. The effect is to smooth the ro

acoustic or Doppler peaks in the angular spectrum. Although 2

the effect has been found to be small, it should be observable

in small angle high accuracy observatidig]. It has re- wheree is a unit vector denoting the direction of arrival of

cently been pointed oyg)] that a stochastic background of the photons, and the integration is along the photon back-

ig]nrgv(;;zitrl]%ngl'\xv; \;aelgigiis(;)ncontnbutes o the gravitational IensQround geodesics parametrized by The subscriptO de-

. : otes quantities evaluated at the observation pointé&ad
Many scenarios of the early universe may have produce L . : .
. o . “the emissionor last scattering surfageThe term including
a stochastic background of gravitational waves, as for in-

stance  pero of s, phase transiions leadng 1o L SY1EDONCS 1 he depocement o o s densty e
pological defect§10], or bubbles nucleated in a first order P

phase transitiofl1]. In many inflationary models, the back- [6-8] and has an observable effect on small angular scales,
ground of gravitational waves gives a substantial contribu{)vgéllfgtrr;ir:gﬂ describes the effect of the gravitational wave
tion to the CMB anisotropies at large angular scdl&2). ’ . I

; : ; . It has been shown by the studies of scalar gravitational
These anisotropies arise .due to the redsh!ﬁ of the phomr\%nsing that the effect o)r: the CMB anisotropiesgcan be ob-
mduced by the time variation of the gravitational waves aMained from the autocorrelation function of the transverse
plitude along the photon paths. displacement

In this paper we want to quantify the effect on the CMB P
anisotropies induced by the gravitational lensing of photons o A
from a gravitational wave background. We consider a per- S(a)=(B'(€;)8j(&2)) &, ¢,=cos)
turbed flat Robertson—Walker spacetime described in the
Poisson gauge by dQg dQs, | R .
ZJ yp J?5(91'eZ_Comx,Bj(el):Bj(eZ».

ds?=a%(n){—(1+2¢)d7n*+[(1-2¢)§; +Xi{]dxidxi}i, ) 3
1

where we have taken the mean over all directions separated
by an anglea. Once this correlation function is known, we
can compute the effect on the temperature correlation func-

denotes the t . dt | rurbat tion using the methods developed in Rdf,6,8 for small
enotes the tensdtransverse and tracelegeerturbation. ngular scales, or the method in REf] that applies to ar-

The gravitational lensing effect on photons is describe itrary angular scales
by the angular displacemeyst that measures the difference  The gravitational wave background in a flat universe can
between the angular direction on the sky from which a giverpe decomposed as
photon arrives to the observer and the one it would have had
in the absence of lensing sources along its path. It is given by

B=rz1x,(\g), with re=(70—7¢) the distance to the last
scattering surface and

where 7 is the conformal time, in the absence of vector
perturbationse is the peculiar gravitational potential amf{

Xi) (X, )= fd3kexp(ik~x))((,(k,77)eﬁ(|2), (4)

(2m)®
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whereei‘}(lz) is the polarization tensor, with ranging over In orde_r to compute the_autocorrelatlon functl_on.of the
the polarization components, X, and y,(k,7) the corre- ~angular displacemen§(a) induced by the gravitational
sponding amplitudes. The time evolution of the amplitudewave background, we spli¢, in two pieces which give in-
during the matter dominated era can be written as dependent contributions ®(«), x| =x' +x!" with

3j1(kmn)
k7

Xo (K, m)=A(K)a, (k) , ©)

. 1 . . (x

X =— (o —e'eJ)J gd)\()\g—X)XL,jeke',
N

wherea,(k) is a zero mean random variable with autocor- ¢
relation function  (a,(k)a, (k'))=(2m)k 38k
+k') 6,4, andj1(x) denotes the spherical Bessel function i i i [ T T o«
of first order. The spectrum of the gravitational wave back- x| =(8~¢ele )L dA (xjke"— Xojk€"), @)
ground depends on the processes by which it was generated. ©

For a wave propagating in the directidn defining a _
right-handed triad given byk(m,n), the polarization tensor as(x'x};)=0. We thus obtair§(a)=S'(a)+S"(a), with

can be written as S (a)=rzYx"Ix{("). The expressions foB'(a) and
A S"(a) can be obtained by replacing in E¢B) the above
Efjr(k)= m;m; —n;n;, expressions foxﬂ andxﬂ' . Parametrizing the photon geode-
R sics byA=(npo— n)/(no— n¢), SO thathp=0 and\.=1,
&) (K)=min;+mm;. (6)  andx=ex(np— 7). we obtain
9 (~dw A%(w)

1 1 1 T
S(a)= f d)\f d)\’j1(w(1—)\))j1(w(1—>\’))f dcosﬂf dgexplio[ \cos—\'(cos#cosx
0 0 -1 0

2)o o (2m)°
— cospsindsina) ])(1— cos 6+ cospsindsinacosdcos — cos ¢sirt dsirfa)[2cofa—1—3cog fcoS a
+ cos' fcog a+ 2cospsin’ gsinacosicose + cos 6+ cos ¢psirfa(1—cos )], (8)

where we have defined=k(#n,— 7¢), and

§i(a=18[ 92 AL (*
Y70 e (2m)3Jo
(@(1)) ji(w)
w(1-\") w

(@10 (o)
w(1—N\) 1)

1 1
d)\f d)\’J' dcosﬁ(exp(iw)\cosa)
0 -1 0

) J'quS( exd —io\’(cosfcosx

— cospsingsina) | ) ([cog 60— (co¥cosx — cospsindsina ) ?][ cosusir? + cospsindsinaco]

+ cosa[ 2c0ga—1—3cog0cos a+ cos 9o a + 2 cospsint fsinacosicosy + cos 0+ cos ¢sirfa(1—cos 6)]).
©)

The integrations oveg in the previous equations can be for modes that entered the horizon during the radiation and
performed analytically in terms of Bessel functions; we domatter dominated eras and can be fitted By(k)=1
not show the result here. We will instead directly show the+ 1.34(k/keq)+2.5(k/keq)2 [14], wherek.q is the scale that
result of the numerical integration over the remaining vari-entered the horizon at the equality time.
ables for the case of a background of gravitational waves A useful quantity is the dispersion of the difference of the
generated during an inflationary period. In this case, thdhotons displacement in two directions defined by
spectrum is nearly scale invariant and proportional to the 1
Hubble constant durmg inflation. Different |_anat|onary mod-  52(a)= E«B(el)_:8(62))2>(é1~%=c03a):s(0) - a).
els predict slightly different spectral tensor indexand am-
plitude of tensor modes. For definiteness, we will consider a (10

scale invariant spectrumy=0. An upper limit to the ampli-  Fjgure 1 shows the ratio(«)/« for a range of angular sepa-
tude is set by the Cosmic Background Explof@OBE)  rations. As the gravitational wave background and the pecu-
measurement of CMB anisotropies at large scales. We cafar gravitational potential are two uncorrelated fields, the
thus write the spectrum a&?(k)/(2m)3=6x10"T?(k),  gravitational lensing displacements that they produce are
where we have included the transfer function for gravitonsalso uncorrelated. Thus, we can describe the total effect of
T2(k) that takes into account the difference in the evolutiongravitational lensing as the sum of the scalar and tensor con-
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4x10°° . . . . . . Hubble radius, and thus their contribution at small scales is
suppressed. A recent analysis of the effect of a stochastic

3.5x10° background of gravitational waves on multiple images and
3x10° weak g_ravitational lensing has found_ a comparable suppres-
sion with respect to the corresponding scalar perturbations

ola)fe, o lensing[13].
We could wonder if the very large scale modes, that are
2x10° the larger amplitude ones, can lead to an observable effect at
large angular scales. This is not the case, as the effects of
1.5x107 gravitational lensing are not evident at scales for which the
X1 . . : . : . angular spectrum is smooth. An estimation of this effect us-
0 02 04 06 08 1 1.2 L4 ing the method proposed in Rdf7] with the correlation
S(a) computed in this paper shows that the effect on the
FIG. 1. o(@)/a vs « for a range ofa in units of radians. temperature anisotropy correlation function at large angular

scales can be of the same order of magnitude as that at small
tributions, i.e.S(@)=Ss(@)+Si(a) and o2 (@)= o3(a) angular scalegon the contrary, for scalar perturbations the
+g'.2|_(a)’ whereS;(a) anda%(a) are the ones computed in €effect at large angular scales is much smaller than the small
this paper andSg(«) and o3(a) have been computed by scales ong This is however too small to be detectable, be-
several author§6—§]. sides the fact that cosmic variance at large angular scales

It has been shown that the temperature autocorrelatiofakes small variations in the predicted spectrum untestable.
function including the effects of gravitational lensigy( ) The .results discussed above have been. obtalneq for a
can be obtained from that in the absence of gravitationaﬁ’r"’“/'tatlon"jll wave background produced during a period of

lensingC(8) if S(6) is known. For small angular scales the inflation. There are however other scenarios of the early uni-

gravitational lensing effect is to smooth the autocorrelation’ - oo N which a larger background of gravitational waves is

function as if the smoothing was produced by a Gaussiar?x.peCted' This is the case for example for models with cos-

antenna of widtho(6). mic strings[10] or first order phase transitiod1]. The

Comparing the results in Fig. 1 with the correspondingmemOd developed in .thls paper can be_ applied to any of
. . these cases by replacing the corresponding spédi#g in
ones for scalar perturbations in Ref6—8], we see that the )

i . o : : . gs.(8) and(9). It should be taken into account that also the
ispersion of the gravitational lensing displacements induce emperature anisotropies and the scalar gravitational lensin
by gravitational waves is 3 to 4 orders of magnitude smalle s %rsion mav be di?ferent in alternativegtheories 9

than the corresponding scalar ones. We thus expect thgf P y '

oo @) = o5(a) and that the effect of the gravitational lens- It is a pleasure to thank M. Portilla and S. Matarrese for
ing by the gravitational waves background be undetectable atseful comments and suggestions. | would like to acknowl-
small scales. This result is essentially due to the fact that thedge the Vicerrectorado de investigacide la Universidad
amplitude of the gravitational waves decreases during thde Valencia for financial support, and the Theory Division at
matter dominated era for wavelengths smaller than the&CERN for hospitality.
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