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Investigating confinement in dually transformed U„1… lattice gauge theory

Martin Zach, Manfried Faber, and Peter Skala
Institut für Kernphysik, Technische Universita¨t Wien, A-1040 Vienna, Austria

~Received 15 May 1997; published 5 December 1997!

The dually transformed path integral of four-dimensional U~1! lattice gauge theory is used for the calculation
of expectation values in the presence of external charges. Applying the dual simulation to flux tubes for charge
distances up to around 20 lattice spacings, we find a deviation from the behavior of a dual type-II supercon-
ductor in the London limit at large distances. The roughening of the flux tube agrees with the effective string
picture of confinement. Further we show that finite temperature effects are negligible for time extents larger
than the charge distance. Finally we analyze the different contributions to the total energy of the electromag-
netic field. The parallel component of the magnetic field turns out to have the strongest influence on the
deviation from the linear behavior at small charge distances.@S0556-2821~98!05801-9#

PACS number~s!: 11.15.Ha, 14.80.Hv
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I. INTRODUCTION

The mechanism of quark confinement within hadrons
still an open problem. Numerical simulations of QCD o
space-time lattices demonstrate the confinement phen
enon but could not yet clarify completely the mechanism
the formation of a gluonic flux tube. Effective theories ha
been created to improve our understanding of this mec
nism. An intuitive physical picture is the dual superco
ductor model @1#: Dynamically generated color magnet
monopole currents form a solenoid which squeezes the c
moelectric flux between quarks into a narrow flux tube. T
energy of this flux tube increases linearly with its length a
confinement is achieved. Another approach is the effec
string theory@2,3# which should describe flux tubes at larg
quark distances. It is an interesting goal of lattice gauge th
ries to test the validity of such effective models and theref
deepen our understanding of the confinement mechanism

U~1! lattice gauge theory in four dimensions undergoe
phase transition at strong coupling and has been widely u
as a prototype of a confining theory. In U~1! theory the con-
densation of magnetic monopoles is made responsible fo
confinement of electric charges. The results of lattice sim
lations have been interpreted in terms of the dual superc
ductor picture of confinement, e.g., the validity of a du
London relation has been checked@4#, and the U~1! results
for electric fields and monopole currents were found to ag
with the predictions of a classical effective model consid
ing also string fluctuations@5#. Most of the obtained result
are expected to hold also in non-Abelian gauge theories
least qualitatively@6#. The data accumulated so far, howev
for larger flux tube lengths are not of sufficient accuracy
perform a quantitative analysis in terms of effective mod
for the formation of a gluonic flux tube.

Furthermore, it was realized many years ago@7# that one
can perform a duality transformation of the path integral
compact Abelian gauge theories. In this way a new partit
function is obtained which can be regarded as a limit of
dual noncompact Abelian Higgs model@8#. We will use the
duality relation for expectation values in the presence of
ternal charges to clarify the connection between dually tra
formed U~1! theory and the dual superconductor model. B
570556-2821/97/57~1!/123~9!/$10.00
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sides this support for the interpretation of the results, the d
theory provides a very efficient tool for simulating flu
tubes. This fact has already been realized in Refs.@9,10#, but
to our knowledge no dual simulations of four-dimension
U~1! lattice gauge theory with external sources have b
performed yet.

The organization of this paper is as follows. In Sec. II w
review the duality transformation of U~1! lattice gauge
theory for the Wilson action with special consideration
fields and their squares in the presence of external char
The consequences for the interpretation in the dual super
ductor picture are discussed by connecting the results
dual Higgs model in Sec. III. After pointing out the adva
tages of dual simulations of flux tubes in Sec. IV, we pres
our results for electric field strength and magnetic curren
the presence of a charge-anticharge pair in Sec. V, analy
the flux tube as a function of spatial lattice size and tempe
ture. In Sec. VI we return to the dual superconductor pictu
subjecting our data to a quantitative comparison with
London model. In Sec. VII the dependence of the flux tu
width on its length is investigated and compared with t
prediction of an effective string theory. Finally in Sec. VI
we calculate the total electromagnetic energy and analyze
various components contributing to it.

II. THE DUALITY TRANSFORMATION OF U „1… LATTICE
GAUGE THEORY

We begin with the usual prescription for simulating U~1!
lattice gauge theory. Expectation values of physical obse
ablesO in the presence of a static charge pair at distancd
are determined by the correlation function

^O~x!&QQ̄5
^L~0!L1~d!O~x!&

^L~0!L1~d!&
2^O&, ~1!

whereL(rW) is the Polyakov loopL(rW)5)k51
Nt Ux5(rW,ka),m50

and the angle brackets denote the evaluation of the path
tegral using the standard Wilson action

SW5b (
x,m,n

@12cos~du!x,mn#. ~2!
123 © 1997 The American Physical Society
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b51/e2 is the inverse coupling, and (du)x,mn is the dis-
cretized exterior derivative of the phasesu of the link vari-
ablesUx,m5eiux,m and is assigned to a plaquette of sizea2.
Below we will use the notation of lattice differential form
and therefore suppress indices. The observablesO we are
interested in are the electric field strength, the magnetic
rent and the electric and magnetic energy densities. For
field strengthF we use the identificationa2eF5sin(du)
which was shown to fulfil the electric Gauss law for th
Wilson action@5#. The magnetic current can be construct
via the dual Maxwell equations. The squared fields are
culated in the usual way by means of the operatorbcos(du).

Let us briefly review the most important steps of the d
ality transformation. We start from the U~1! partition func-
tion using the Wilson action which reads@13#

Z5) E
2p

p

du expH 2b( ~12cosdu!J , ~3!

where the product is over all links on the lattice, and the s
in the exponent is over the plaquettes. Expanding the Bo
mann factor for each plaquette in a Fourier series one
write

Z5) E
2p

p

du(
$k%

) exp$ i ~k,du!%e2bI iki~b!

5~2p!4N(
$k%

) e2bI iki~b!U
dk50

, ~4!

where we have used the plaquette variablesk and the prop-
erty of the inner product (k,du)5(dk,u), and then per-
formed the integration over the linksu. N is the number of
lattice sites, and the Boltzmann factor is a product over
plaquettes.k is an integer valued two-form corresponding
the field strengthF. The constraintdk50 describes the ab
sence of electric charges,dF5Je50. We solve this con-
straint by introducing an integer valued three-forml with

k5d l , ~5!

Z5~2p!4N(
$ l %

) e2bI id l i~b!

5~2p!4N(
$* l %

) e2bI id* l i~b!, ~6!

where we have finally switched to the dual link variables* l ,
representing an integer valued dual potential. The sum n
extends over all possible configurations of* l .

The next step is the inclusion of external charges into
U~1! path integral.L1 andL2 denote the world lines of a
static charge pair. Starting from
r-
he

l-

-

z-
n

ll

w

e

ZQQ̄5) E
2p

p

du expH 2b( ~12cosdu!J
3)
L`

e2 iu)
L2

eiu, ~7!

one arrives at an expression equivalent to Eq.~4!, with a
modified constraintdk561 for links belonging toL6

~equivalent toedk5Je). This constraint is solved by an ad
ditional integer two-formn:

k5d l 1n, with edn5Je ,

* k5d* l 1* n, with ed* n5* Je . ~8!

External electric currents are represented by the bounda
of a dual Dirac sheet in the dual theory. The dually tran
formed path integral therefore reads

ZQQ̄5~2p!4N(
$* l %

) e2bI id* l 1* ni~b!, ~9!

where the product is performed over all links of the du
lattice. The dual Dirac sheet* n can be fixed as the minima
straight area between the two Polyakov loops, while the
teger gauge field* l is kept as dynamical variable and up
dated in simulations. Fluctuations in* l result in fluctuations
of the flux stringd* l 1* n.

Further, we will perform the duality transformation fo
the correlation function~1!. For the determination of the flux
Fh0

through a given plaquetteh0, we have to insert the

operatorAbsinduh0
into the path integral in addition to th

Polyakov loops. So we can write

^Fh0
&QQ̄5ZQQ̄

21
I) E

2p

p

du(
$k%

)
L`

e2 iu

3)
L2

eiu
Ab

2i S)
h0

eiu2)
h0

e2 iuD
3) exp$ i ~dk,u!%e2bI iki~b!. ~10!

Taking the imaginary part reflects the change of sign of
field strength under an exchange of charge and anticha
i.e., under complex conjugation. Our constraint fordk is fur-
ther modified:dk has to be nonzero along the electric curre
and the boundary of the considered plaquetteh0. Solving
this constraint by a redefinition ofk on this plaquette
(k→k61) and using the identity for modified Bessel fun
tions

kIk~b!5
b

2
@ I k21~b!2I k11~b!#, ~11!

one obtains

^Fh0
&QQ̄5ZQQ̄

21
~2p!4N(

$* l %

1

Ab
* kh0) e2bI id* l 1* ni~b!,

~12!
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57 125INVESTIGATING CONFINEMENT IN DUALLY . . .
where* k5d* l 1* n as before. Note that in this dual expre
sion the validity of Gauss’ law for electric charges is check
easily because ofd* k/Ab5* Je .

Performing the duality transformation for the expectati
value ofbcosduh0

in an analogous way leads to

^Fh0

2 &QQ̄5ZQQ̄
21

~2p!4N(
$* l %

b

I * kh0

8 ~b!

I * kh0
~b!

) e2bI id* l 1* ni~b!

2^F2&vac. ~13!

We would like to mention that an identity equivalent to E
~13! was already derived in Ref.@9# for calculating the elec-
tromagnetic energy density in three-dimensional U~1! lattice
gauge theory, using the polymer formulation of the path
tegral.

III. A COMPARISON TO A DUAL HIGGS MODEL

The results of U~1! simulations in the confinement phas
verify the dual superconductor picture@4,5#: The electric flux
between a charge pair is squeezed into a flux tube, encir
by monopole currents acting as a coil. We want to disc
how this scenario can be described by the dual noncom
Abelian Higgs model, in order to establish an exact conn
tion to the dually transformed lattice U~1! theory presented
above. The dual Higgs model is written in terms of du
potentials* A assigned to links on the dual lattice~the aster-
isk is again used for all fields which are located on the d
lattice! and of a dual Higgs field* F which is located on the
dual sites. Electric charges in this dual model correspon
monopoles~assigned to three-dimensional cubes on the d
lattice! and can be introduced by the dual of a Dirac string
the same way as in the last section. On the original lattice
world lines of electric charges define the boundary of a c
tinous surface~the Dirac sheet!:

n5H 1 for plaquettes on the surface,

0 elsewhere.
~14!

The field strength* F is given by g* F5gd* A12p* n,
where d* A is the exterior derivative of the one-form* A,
andg52p/e is the magnetic coupling. In the London lim
the Higgs field * F is constrained to* F5exp(i*x) and
therefore the coherence length vanishes. Including elec
sources the corresponding action reads

S5b̃ (
plaquettes

G~gd* A12p* n!2 g̃ (
links

cos~d* x2g* A!,

~15!

where b̃51/g2. The functionG(g* F) determines the non
compact gauge field action and approach
G(g* F)→g2* F2/2 in the continuum limit. The second pa
of the action is the compact lattice version of the gauge
variant kinetic term of the Higgs field* F. The ratiob̃ / g̃ has
the meaning of the bare squared London penetration le
l2. The Higgs current* JH , given by
d
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g* JH5
g̃

b̃
~@d* x#2g* A!, ~16!

is constructed in such a way that the fluxoid quantisat
* F1l2d* JH5* m(2p/g)5* me @4# is valid for every
single field configuration. The integer two-form* m charac-
terizes the physical fluxoid string which is allowed to flu
tuate in simulations due to the compactness of the phasex of
the Higgs field.@d* x# in Eq. ~16! indicates the reduction o
d* x to the interval (2p,p#. Therefored@d* x# may be non-
zero for topologically nontrivial field configurations, an
2p* m52p* n1d@d* x#. If the value of@d* x# on one dual
link flips, i.e., the phase difference between neighbor
points exceeds the range (2p,p#, this effects six dual
plaquettes corresponding to a closed cube on the orig
lattice. If such a cube has one plaquette in common with
Dirac sheet (n51), 2p* n and d@d* x# may cancel each
other, changing the shape of the physical fluxoid string.

This Higgs model can be regarded as four-dimensio
generalization of the static classical effective model inve
gated in Ref.@5#. It can also serve to extend numerically th
predictions from the dual QCD ansatz@11# or from similar
analytical calculations in effective models@12#, especially in
investigating fluctuations of the fluxoid string. For the U~1!
gauge theory, it is even possible to establish an exact c
nection at the level of the path integral. Let us assumeg̃→`
which imposes a new constraint on the fields: Choosin
gauge where the phasex of the Higgs field in Eq.~15! is
zero, we realize that the integral over* A for each dual link
reduces to a sum over an integer* l , according to the con-
straint * A52p* l . Up to a b-dependent factor theg̃→`
limit of the partition function of this Higgs model equals th
dually transformed path integral~9! of U~1! gauge theory,
including two Polyakov loops. This duality property is we
known for the Villain form of the action@8#. In the case of
the Wilson action the functionG(g* F) describing the gauge
field action in the corresponding Higgs model is determin
by the modified Boltzmann factor in Eq.~4!:

exp@2b̃G~g* F !#5e2bI ig* F/~2p!i~b!, ~17!

and b̃51/(4p2b).
Especially interesting for us is the interpretation of expe

tation values in U~1! in terms of the dual Higgs model. Le
us first regard the field strength in U~1! derived in Eq.~12!:
It also agrees with the field strength of the dual Higgs mo
in the g̃→` limit which reads

g* F→2pd* l 12p* n⇒* F→e~d* l 1* n!5
1

Ab
* k.

~18!

This means that the field strength expectation values and
to the validity of the extended Maxwell equations also t
magnetic currents in U~1! gauge theory agree with the co
responding fields and currents in the dual Higgs model in
limit of both zero coherence length and zero penetrat
length. From this point of view a U~1! flux tube looks rather
similar to an infinitely thin fluctuating string than a flux tub
in a classical dual superconductor.
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126 57MARTIN ZACH, MANFRIED FABER, AND PETER SKALA
This correspondence to the Higgs model does not hold
energy densities. The dually transformed expectation va
of the squared field strength, Eq.~13!, obviously disagrees
with the corresponding result in theg̃→` limit of the dual
Higgs model. This is not astonishing, since the expecta
values of the squared fields are connected to the vac
fluctuations which show the opposite behavior in the d
theory, where the confinement phase is the weakly coup
phase and fluctuations become more important with incre
ing b. Hence, a direct interpretation of the U~1! energy den-
sity in the dual Higgs model is not possible, which make
difficult to distinguish by analytical considerations betwe
dual type-I and type-II superconductivity.

IV. SIMULATING THE DUALLY TRANSFORMED
U„1… THEORY

As has been pointed out above, one has to be car
when comparing U~1! lattice gauge theory to a dual Higg
model on a ‘‘microscopic’’ level. Nevertheless, simulatin
the dual U~1! gauge theory gives us the possibility to calc
late any expectation value in the presence of static cha
with significantly higher precision. This has several reaso
The confinement phase is the weakly coupled one in the
theory, therefore we have less quantum fluctuations in
region of interest. Simulating the dually transformed pa
integral ~12!, respectively, Eq.~13! is also much faster be
cause of the integer valued gauge fields. Most import
however, is the fact that it is not necessary to project
charge-anticharge state out of the vacuum: Charge pairs
arbitrary distance can be simulated with equal accuracy
well as multiply charged systems@14,15#.

The updating procedure itself is very simple: As alrea
discussed in the previous section, the dual Dirac string s
* n connecting the two Polyakov lines is held fixed, wh
the integer gauge field* l , located on the dual links, is
changed by61 during the updates. We have to mention th
this is essentially the same procedure as the ‘‘chang
cube’’ algorithm used in Ref.@9#. The only difference for the
three-dimensional model used there is that the dual pote
is located on the dual sites instead of the dual links. In R
@9# the electromagnetic energy distribution was calculated
extract the string tension in a range of weaker couplings
total field energy per length. However, this quantity must
be confused with the string tension calculated from us
correlation functions.

Recently, a detailed analysis of simulating dual U~1! lat-
tice gauge theory in three dimensions was performed in R
@16#. The authors found that at weak coupling the advanta
are outweighed by large autocorrelation times as the d
model becomes disordered. We also observed the increa
the autocorrelation time and correspondingly of the error
increasing values ofb—with a peak at the phase transitio
of the four-dimensional theory. In the deconfinement ph
there are large fluctuations, but the autocorrelation time
smaller than around the phase transition. Since our goa
the investigation of the confinement mechanism, we take
main advantage from simulations in the confinement pha
anyhow. In this context we want to mention that we use
duality transformation exactly valid for the wholeb range,
not only in the weak coupling limit as in Ref.@16#. Further,
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as stated above, the power of dual simulations lies in
inclusion of the sources in the action, which already has b
realized in Ref.@9,10#.

For each charge distanced a separate simulation has to b
performed, and of course for the subtraction of the vacu
expectation value in Eq.~1! a distinct run is needed. There
fore one gets a good estimate of the reliability of the err
bars. For smaller distances on a 8334 lattice an accurate
comparison was performed between expectation values f
ordinary and from dual simulations@14#. The only difference
in the observed results is the effect of the periodic bound
conditions which is absent in the dual model: There can
no electric flux over the period per construction. Ford>3a
the dual simulation is clearly more efficient, because in
dinary simulations the signal decreases exponentially w
the charge distanced, while in the dual simulation it stays
constant~the necessary amount of computer time still d
pends of course on the lattice size used!.

For the updating procedure we use a standard Metrop
algorithm, which has proven sufficient for the investigat
range of couplings, although a nonlocal cluster algorith
would certainly lead to a further increase in performan
Our typical measurements are taken from 53105223106

configurations, where each tenth configuration is evalua
For determining the errorbars we took blocks of 100 eva
ated configurations. For the results shown in the next s
tions we used the couplingb50.96, where the system i
clearly in the confinement phase. On the other hand the fl
tuations in the dual theory are already large enough to p
duce a flux tube of the desired transverse extent. If one li
to compare with the QCD flux tube, we can require that o
string tension equals the physical value, which gives a lat
spacinga of roughly 0.25 fm.

V. THE PROFILE OF FLUX TUBES
BETWEEN STATIC CHARGES

We present now our numerical results for the electric fi
and magnetic current distribution in the presence of a st
charge pair. The great advantage compared to the re
reported in Ref.@5# is that we are now able to investiga
much larger charge distances and much lower temperatu

Before discussing the temperature dependence of the
tube profile, let us comment on the necessary spatial siz
the lattice. There is the simple condition that the spatial
tent of the lattice has to be greater than the extent of
considered flux tube both in longitudinal and in transve
direction in order to prevent strong finite size effects. For o
simulations we used a spatial extent of 83 for charge dis-
tancesd51a25a, 123 for simulatingd55a28a, and 163

for d58a212a. Further we performed some simulations o
larger lattices; the largest investigated charge distance
d522a ~on a 263332 lattice!. Results for this distance ar
displayed in a three-dimensional plot in Fig. 1. We focus
the longitudinal component of the electric field strength a
on the azimuthal component of the magnetic current wh
encircles the flux tube like a coil. It can already be seen
these plots that a flux tube of constant thickness is not
served even for this large charge distance. The increas
the flux tube width with the distance between charges m
be explained by roughening effects and will be discussed
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57 127INVESTIGATING CONFINEMENT IN DUALLY . . .
Sec. VII. The right figure demonstrates that the signal for
magnetic current drops in the middle between charges
radial dependence in the symmetry plane exhibits a m
mum at finiteR. This behavior is interesting for the dua
superconductor interpretation as will be discussed in the n
section.

In all our simulations we represent static charges
Polyakov loops and therefore have to deal with finite te
perature effects due to the finite time extent of the lattice
is therefore important to separate the occuring thermal fl
tuations from quantum fluctuations which are essential
the extended flux tube. This is achieved by analyzing
dependence of the results on the time extent of the latt
denoted by NT, as is shown in Fig. 2 for the electric fie
profile and in Fig. 3 for the magnetic current profile in th
symmetry plane between charges for various charge
tancesd. From the results we conclude that if the time exte
NT exceeds the charge distanced finite temperature effects
can safely be neglected. For smaller NT, however, we rea
a significant widening of the flux tube, connected with
decreasing magnetic current. From the point of view of

FIG. 1. The flux tube between static charges for a distance o
lattice spacings. The left plot shows the parallel component of
electric field, the right plot shows the azimuthal component of

magnetic current, both in a half plane through theQQ̄ axis. Note
that in the symmetry plane between charges the magnetic cu
takes its maximum value at a transverse distance of 1.5a, not atR
50.5a.

FIG. 2. The temperature dependence of the electric field pro
in the symmetry plane between charges for various charge dista
d: If the time extent NT of the lattice~corresponding to the invers
temperature! is smaller than the charge distance, the width of
flux tube is strongly temperature dependent.
e
its
i-

xt

y
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It
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e
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e

e

dual simulation, this widening can easily be explaine
Quantum fluctuations of the world sheet of the string cor
spond to cubelike excitations on the original lattice. At fin
temperature there also appear time-independent excita
which wrap around the lattice in time direction and therefo
increase the effective flux tube width. These excitations v
ish if NT is large compared to the length of the flux tube

After the discussion of the techniques used for the sim
lation of long flux tubes and the dependence of the results
the temperature, we will now turn again to the dual sup
conductor interpretation.

VI. A CLOSER LOOK AT THE DUAL
LONDON EQUATION

In the presence of a pair of static charges, the class
solution of the Higgs model~15! yields an electric field and
a magnetic current distribution according to

rotEW ~rW !52JWm~rW !, ~19!

EW ~rW !5l2rotJWm~rW !1EW~rW !, ~20!

where the~straight! string EW(rW) connects the point charges
carrying a quantum of electric fluxe. Integrating Eq.~20!, a
generalization of the London equation, over a surface in
secting the string gives the fluxoid quantization. For an in
nitely long string Eqs.~19! and ~20! yield an electric field
profile of the formE(R)5(e/2pl2)K0(R/l).

These classical equations were used in Ref.@4# for com-
parison with the results of U~1! lattice simulations. The free
parameterl ~the London penetration length! could be fitted
by comparingEW and rotJWm off axis, and also the fluxoid
quantisation was verified. An extension of this analysis w
performed in Ref.@5# by including fluctuations of the string
EW(rW) in the above model. Further the effective model w
solved numerically on a lattice of same size, to avoid be
misled by lattice artifacts. Due to the exponential falloff
the signal, however, the U~1! data analyzed so far contai
only charge distances up tod53a. We will now consider the
data obtained in the dual simulations, in order to see if
above interpretation holds for longer flux tubes.

In the classical model with a straight stringEW(rW) one
would expect that the flux tube width as a function ofd soon
approaches a constant, this means that the fitted paramel

2
e
e

nt

le
es

FIG. 3. The temperature dependence of the magnetic cur
profile in the symmetry plane between charges for charge dista
d53a and d512a: If NT is smaller thand, the signal for the
current gets significantly lower which means a widening of the fl
tube. Ford512a the maximum current is observed at the transve
distanceR51.5a, like in thed522a case shown in Fig. 1.
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128 57MARTIN ZACH, MANFRIED FABER, AND PETER SKALA
should not depend ond, l2 is constant everywhere off axis
the azimuthal magnetic current encircling the axis sho
exhibit a maximum in the symmetry plane between
charges, and not near the charges. The radial depend
should exhibit an exponential falloff.

It was shown that these requirements are not even fulfi
for a charge distanced53a @5#, nevertheless the flux tub
profile in the symmetry plane may be described well by
effective model with a static string@4#. Considering larger
charge distances confirms the discrepancy to the items m
tioned above. In a comparison of electric field profiles
d53a andd512a ~see Fig. 4! it can be seen that the fitte
values for l not only differ very much, but it is already
impossible to describe the field distribution for larger cha
distances by the numerical solution of coupled Maxwell a
London equation.

For the magnetic current distribution we already see
Figs. 1 and 3 that its behavior cannot be explained in
above effective model. Figure 5 shows the correspond
classical solutions, again ford53a andd512a. For larger
distances, there is not even qualitative agreement: The
muthal component of the magnetic current as a function
the transverse distance first increases and takes its maxi
value atR51.5a.

This phenomenon together with the other described ob
vations may be explained within the dual superconduc
picture by two different approaches: First, it can be regar
as evidence for the importance of string fluctuations. T
way was chosen in Ref.@5#, where the intrinsic thickness o
the flux tubel turned out to be much smaller than the effe

FIG. 4. Comparison of the U~1! electric field profile with the
numerical solution of the Maxwell and London equation for
straight fluxoid string. The free parameterl is fitted. For small
charge distances (d53a, left figure, lfit50.75a) good agreemen
can be achieved; for larger distances (d512a, right figure, lfit

51.50a) it is not possible to describe the U~1! flux tube behavior.

FIG. 5. Comparison of the U~1! magnetic current profile with
the numerical solution of Maxwell and London equation for
straight fluxoid string (l values chosen as in Fig. 4!. The agreement
is reasonable for small charge distances (d53a, left figure!, for
large distances the behavior of the current distribution canno
described by the solution of the London model (d512a, right fig-
ure!.
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tive flux tube width which increases with charge distan
The extreme scenario (l→0) leads us again to the exa
correspondence of U~1! to the g̃→` limit of a dual Higgs
model.

The second possibility for arguing is to stay in the clas
cal model of a dual superconductor, but leave the Lond
~extreme type-II! limit described so far. A strong suppressio
of the Higgs condensate in the region of electric fields m
also lead to the behavior of the current observed in Fig. 5
similar current distribution measured in Abelian projecti
of SU~2! was interpreted in this way in Ref.@17#. Hence, one
may conclude that U~1! lattice gauge theory in this respe
behaves as a dual type-I superconductor. Stronger evid
for such a statement is expected of course from an inve
gation of the interaction between flux tubes~which also can
be performed very efficiently in a dual simulation!. Indeed
preliminary results@15# show an attraction between U~1! flux
tubes for the regarded value ofb.

We may conclude that interpreting the flux tube results
terms of the dual superconductor picture still makes sen
but U~1! lattice gauge theory certainly cannot be regarded
a classical dual superconductor in the London limit if o
examines larger charge distances. On the other hand, th
fective string description of flux tubes represents an indep
dent feature of the lattice gauge system, and from the p
of view of dual simulations this looks somehow easier
argue. We will use this approach in the next section fo
closer look at the flux tube width in dependence of t
charge distance.

VII. THE FLUX TUBE WIDTH AND THE EFFECTIVE
STRING DESCRIPTION

In Ref. @3# the string model approximation to Wilson loo
correlation functions was used to study the behavior of
flux tube width for large charge distances. This model
sumes a very thin bare flux tube subjected to quantum
chanical fluctuations. A convenient measure for the tra
verse extent of the flux tube is the squared width

w25

E r'
2 e~r'!d2r'

E e~r'!d2r'

, ~21!

wheree represents a quantity characteristic of the flux tu
for example the~chromo-!electric field energy density. It wa
found in Ref.@3# that the squared widthw2 diverges loga-
rithmically for d→`,

w25w0
2 ln~d/dc!, ~22!

with some constantsw0
2 and dc . A numerical test of this

hypothesis could not be performed up to now for U~1! lattice
gauge theory. In the three-dimensionalZ2 gauge model this
prediction was verified in Ref.@10#, where the authors also
exploited the duality relation to a three-dimensional Isi
model and combined their data with high precision data
the interface physics of the three-dimensional Ising mod
They also achieved agreement with the prediction
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w0
25

1

2ps
~23!

~wheres is the string tension! for the two-dimensional free
Gaussian model. There is the conjecture that this behavio
the flux tube width should be observed in all gauge theor

It is therefore interesting to test this prediction in du
U~1! simulations where large flux tubes become accessi
We determine the flux tube width by means of the para
component of the electric field strengthEi . Our definition on
the lattice reads

wE
25

( iRi
2Ei~Ri !

( iEi~Ri !
. ~24!

This slightly reduces the estimated error compared to
definition via the electric field energy, in all other aspects
results roughly agree. The sum extends over a transv
plane of the lattice withRi,Rmax: For d<12a we evaluate
the sum until a transverse distanceRmax54a, for larger dis-
tances we useRmax55a. In Fig. 6 one can see again th
influence of finite temperature effects on the flux tube wid
The calculation with time extent 16 can be taken as acc
able approximation to the zero temperature case for the
garded charge distances and is analyzed according to
prediction~22! in Fig. 7 in analogy to Ref.@10#. The loga-
rithmic increase of the flux tube width is realized very w
for U~1! lattice gauge theory. The constantw0

2, however,
disagrees with Eq.~23! by roughly a factor 2.

The above data demonstrate that the thickness of U~1!
flux tubes does not saturate for large charge distances
expected in a naive formulation of the dual superconduc
picture. It seems to diverge logarithmically, as predicted
the effective string description. As can be seen from Fig
this behavior sets in already atd52a, which corresponds to
a physical length of around 0.5 fm in agreement with R
@10#.

VIII. ENERGY FROM THE DUAL SIMULATION

In Sec. II we have discussed the duality transformation
the expectation value ofb cosduh0

in the presence of two

FIG. 6. The thickness of the flux tubewE ~calculated from the
profile of the electric field! in the symmetry plane between charg
as a function of the charge distanced for various time extents NT of
the lattice. Ifd exceeds the time extent NT, finite temperature
fects becomes important and the flux tube significantly widens.
of
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Polyakov loops—see Eq.~13!—which gives the squared
field strength on a specified plaquetteh0. This allows for the
determination of the Euclidean action densityE21B2 and
energy densityE22B2. As has been pointed out, the squar
field strength calculated in the dual simulation differs fro
the squared field strength of theg̃→` Higgs model. The
contributions of all plaquettes can be summed up and g
the total action respective energy of the system. In ordin
lattice simulations this is a very difficult task, since the d
ference between the squared field strength of the pure U~1!
vacuum and the charge-anticharge state is small compare
the vacuum expectation value itself. Therefore it cannot
resolved for larger charge distances. Further, concerning
energy density there are large cancellations between ele
and magnetic field contributions.

In the dual simulation of U~1! lattice gauge theory it is
possible to determine the total energy of the electromagn
fields as a function of the charge distance. The influence
finite temperature effects is analyzed in Fig. 8. The therm
fluctuations increase the total energy. This is again due to
periodic excitations in time direction which contribute to th
electric part of the energy only.

The total field energy shown in Fig. 8 qualitatively b
haves as the free energy for a charge pair~as determined in

-

FIG. 7. The squared thickness of the flux tubewE
2 ~for NT516!

is plotted against the logarithm of the charge distanced. The dashed
line shows a fit of the formw25w0

2ln(d/dc) for charge distancesd
>3, with w0

251.02(2), dc50.88(4), andx2,1.

FIG. 8. The total field energy as a function of the charge d
tanced for NT516 and NT54. For higher temperature the period
excitations in time direction mainly contribute toE2 and therefore
increase the total energy.
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usual lattice simulations!, i.e., up to a constant such as
Coulomb and a linear term. However, as already realize
Ref. @9#, a quantitative comparison shows that the integ
over the energy density differs from the potential. We me
tion here that it is also possible to determine the free ene
via dual simulations; this opens the opportunity for the a
plication of lattice sum rules@18#. Such calculations are in
progress and will be reported elsewhere.

It is also interesting to look at the individual contribution
to the total field energy. Forb→0 there are no string fluc
tuations, and therefore only the parallel component of
electric field contributes. If we consider single cubelike e
citations in transverse directions, we get also contributi
from transverse electric and transverse magnetic fields
this case they cancel each other exactly and therefore do
change the total energy. For stronger fluctuations, i.e.,
creasing roughening of the string, these components di
and also the parallel magnetic component gets nonzero.
results forb50.96 are plotted in Fig. 9. One can argue th
for charge distancesd,3a the string fluctuations are no
fully developed. The ‘‘Coulomb’’ behavior of the total fiel
energy observed in Fig. 8 is mainly due to the parallel co
ponent of the magnetic field which gives the smallest con
bution to the linear increase of the energy. This demonstr
that the behavior of the flux tube cannot be explained ea
within a classical static model.

FIG. 9. The various contributions to the total energy~for NT
516!. The parallel component of the electric field increases alm
linearly for all distances, the parallel magnetic component deve
its full slope afterd53a only.
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IX. CONCLUSIONS

Our motivation was a detailed quantitative analysis of
dual superconductor picture in U~1! lattice gauge theory. By
considering the duality transformation of correlation fun
tions we improved the understanding of the behavior of
pectation values of fields and currents in the presence
charge pair, as well as the significance of string fluctuatio
Moreover, simulating the dually transformed theory provid
numerical flux tube data for low temperatures and la
charge distances not obtained before in four-dimensio
U~1! lattice gauge theory.

We found that finite temperature effects may be neglec
for time extents exceeding the charge distance, while
smaller time extents the flux tube widens significantly. F
ther we examined the electric field and magnetic current
tribution and found that its description by the classical so
tion of Maxwell and London equation fails for large charg
distances. The observed effects may be explained by fluc
tions of the flux tube, on the other hand the current pro
resembles that of a dual type-I superconductor. Roughen
effects which become important for large distances are
scribed well by the effective string picture of confineme
which predicts a logarithmic increase of the flux tube wid
Finally, the analysis of the total field energy revealed t
responsibility of the parallel magnetic field for the Coulom
behavior at small distances.

At this time, no final statement should be made whi
effective model is really able to describe strongly coup
U~1! gauge theory. Certain aspects of the flux tube may
explained by a ‘‘classical’’ dual superconductor pictur
while others cannot. Further studies considering periodic
closed flux tubes~torelons! are in progress and promise t
answer some of the remaining questions.
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@8# J. Fröhlich and T. Spencer, Commun. Math. Phys.83, 411
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