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The inflationary prediction of a flat Universe is at odds with current determinations of the matter density
(VM.0.220.4). This dilemma can be resolved if a smooth component contributes the remaining energy
density (VX512VM). We parametrize the smooth component by its equation of state,pX5wrX , and show
thatXCDM with w.20.6,VM.0.3, andh.0.7 is the best fit to all present cosmological data. Together, the
position of the peak in the CMB angular power spectrum and the type Ia supernova magnitude-redshift
diagram provide a crucial test ofXCDM. @S0556-2821~97!50220-7#

PACS number~s!: 98.80.Cq, 95.35.1d, 98.65.Dx, 98.80.Es

I. INTRODUCTION

Inflation is a bold and expansive cosmological paradigm
which makes three firm and testable predictions: a flat uni-
verse; nearly scale-invariant spectrum of density perturba-
tions; and nearly scale-invariant spectrum of gravitational
waves@1#. ~The first prediction can be relaxed at the expense
of more complicated models and tuning the amount of infla-
tion @2#.! Flatness implies that the total energy density is
equal to the critical density (V tot51). However, it makes no
prediction about the form~s! that the critical energy takes.

Together, the first and second predictions lead to the cold
dark matter~CDM! scenario of structure formation which
holds that most of the matter consists of slowly moving el-
ementary particles such as axions or neutralinos and that
structure in the Universe developed hierarchically, from gal-
axies to clusters of galaxies to superclusters. Both the density
perturbations and the gravitational waves lead to character-
istic signatures in the anisotropy of the cosmic microwave
background radiation~CMB! @3#.

The CDM picture is generally consistent with a wide ar-

ray of cosmological observations: CMB anisotropy, determi-
nations of the power spectrum of inhomogeneity from red-
shift surveys and peculiar-velocity measurements, the
evolution of galaxies as recently revealed by the Hubble
Space Telescope and the Keck telescope, x-ray studies of
clusters of galaxies, and more. Actually, there are several
CDM models, distinguished by their ‘‘invisible’’ matter con-
tent ~e.g., Ref.@4# and references therein!: baryons1 CDM
only ~sCDM, s for simple!; baryons1 CDM 1 neutrinos
with Vn;0.15 ~nCDM!; baryons1 CDM 1 cosmological
constant~LCDM!; baryons1 CDM 1 larger energy density
in relativistic particles~tCDM!. Cosmological parameters
also affect the predictions of each model: Hubble parameter
H05100h km s21 Mpc21, baryon densityVBh2, power-
law index characterizing the spectrum of density perturba-
tionsn, and gravitational radiation described by its contribu-
tion to the quadrupole CMB anisotropy relative to that of
density perturbations (T/S) and the power-law index charac-
terizing its spectrum (nT). For each CDM variant there are
values of the cosmological parameters for which the model is
consistent with most—but possibly not all—of the data.
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II. FLATNESS PROBLEM

From the very beginning, the prediction of a flat universe
has been troublesome: Put simply there has never been
strong evidence forVM51. Today, almost all determinations
of the matter density are consistent withVM50.220.4 @5#.
@This does provide general support for the existence of CDM
since big-bang nucleosynthesis~BBN! constrains 0.007h22

<VB<0.024h22,0.1 for h.0.5 @6#.# Strong support for
VM;0.3 comes from measurements of peculiar velocities
and the cluster baryon fraction. Relating galactic peculiar
velocities to the distribution of galaxies allows the mean den-
sity to be sampled in a very large volume, about
(30h21 Mpc)3, and several studies indicate thatVM is at
least 0.25, but probably significantly less than 1@7#. x-ray
observations of clusters of galaxies determine the baryon-to-
total mass ratio in a system of sufficient size to be represen-
tative of the universal value (VB /VM). This, together with
the BBN value forVB , implies VM(h/0.7)1/25(0.360.2)
@8#. Indirect support forVM,1 comes from the fact that a

flat, matter-dominated universe~aget05 2
3 H0

21) may be too
young to be consistent with determinations of the age of the
oldest stars (t051562 Gyr! @9# and the Hubble parameter
(h50.760.1) @10#.

In defense of a flat, matter-dominated universe it should
be said that there has yet to be a convincing measurement of
the matter density in a sufficiently large volume to provide a
definitive determination ofVM—important systematic and
interpretational uncertainties remain even in the peculiar-
velocity and cluster-baryon-fraction methods. While the age
of the Universe coupled with large values of the Hubble
parameter argue forVM,1, the errors int0 and h are still
significant. Finally, some methods continue to favor higher
values of VM : velocity power-spectrum measurements,
redshift-space distortions, void outflow, linear vs nonlinear
power-spectrum measurements, galaxy counts, and the prob-
lem of galaxy antibiasing~see, e.g., Ref.@11#!.

A cosmological constant can resolve the flatness dilemma
@12,13#. Since it corresponds to a uniform energy density
~vacuum energy! that does not clump, its presence is not
detected in determinations of the matter density. Because of

the accelerated expansion associated with a cosmological
constant, the expansion age is larger for a given Hubble pa-
rameter~see Fig. 1!. Until very recently,LCDM was the
model preferred by the observations@14#.

Two problems now loom forLCDM: The limits to VL

from ~1! the frequency of gravitational lensing of distant
quasistellar objects~QSOs!, VL,0.66~95% C.L.! @15#, and
~2! the magnitude-redshift~Hubble! diagram of type Ia su-
pernovae~SNe-Ia! VL,0.51 ~95%! @16#. Neither deals a
death blow toLCDM— VL as low as 0.5 still retains many
of the beneficial features and several systematic uncertainties
associated with the SNe-Ia determination remain—but a dark
shadow has been cast.

III. XCDM

ThoughLCDM is the ‘‘best fit’’ CDM model, the theo-
retical motivation is weak. The best argument for consider-
ing the tiny vacuum energy required,rvac;1028 eV4, is the
absence of a reliable calculation of the quantum vacuum en-
ergy@17#. ~Naive estimates of the vacuum energy range from
50 to 125 orders of magnitude larger than this.! Given the
weak motivation for a cosmological constant and the appar-
ent observational evidence against one, as well as the strong
motivation for inflation and the evidence againstVM51, we
think it worthwhile to take a broader view.

Other possibilities have been suggested for a smooth com-
ponent@18#: relativistic particles@12#; a tangled network of
light strings@19#; texture@20#; and a decaying cosmological
constant~i.e., scalar-field energy! @21–23#. For definiteness,
as well as to facilitate a comprehensive analysis, we param-
etrize the effective equation of state of the unknown, smooth
component byw[pX /rX with w,0 @24#. The energy den-
sity of the smooth componentrX decreases asR23(11w)

whereR(t) is the cosmic scale factor; vacuum energy corre-
sponds tow521 and texture or tangled strings correspond
to w52 1

3 .
For the reasons described above, we insist thatX matter

remain approximately smooth on all scales. Naively a com-
ponent withw,0 should be highly unstable to the growth of
small-scale perturbations. However, vacuum energy, by defi-
nition, is constant in space and time. Tangled strings, rela-

FIG. 1. The age in Hubble units as a function ofw for VM

50.2, 0.3, and 0.4. Horizontal lines indicate the value ofH0t0

required for t0512 Gyr with h50.6, 0.7, and 0.8. Note that the
‘‘age constraint’’ is stronglyw dependent.

FIG. 2. Power-spectrum normalization 105dH as determined by
the four-year COBE Differential Microwave Radiometer~DMR!
results. The COBE 1s error is approximately 10%.
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tivistic particles, and scalar-field energy are all relativistic by
nature and hence very ‘‘stiff’’; thus, in spite of the clumping
of matter around them, they should remain~nearly! smooth.
~In fact, it has been shown@22,23# that scalar-field energy
remains approximately smooth.! Relativistic particles, by
virtue of their high speeds, do not clump@12#. Likewise, it is
easy to show that the effect of clumpy matter on an other-
wise straight string segment is to bend it~similar to the bend-
ing of light! by an angle of orderdF/c2, wheredF;1025

is the typical magnitude of the large-scale perturbed gravita-
tional potential in the universe. Thus, a tangled string net-
work should remain approximately smooth. We consider our
smoothness~or stiff X component! approximation to be a
reasonable starting point@25#.

We note that there are reasons for only consideringw
,0. The first is the age problem, which is even more severe
for w>0 ~see Fig. 1!. The second is that forw.0 the energy
density in the smooth component decreases faster thanR23,
implying that the ratio of the energy density in the smooth
component to the matter component was even larger at ear-
lier times. This suppresses the growth of density perturba-
tions, and when the spectrum of density perturbations is
fixed on large scales by the Cosmic Background Explorer
~COBE!, this leads to too little inhomogeneity on small
scales~see Fig. 2! @26#. The casew50 corresponds to the
smooth component behaving like pressureless matter; if the
smooth component clumped, but only on large enough scales
to evade detection (.50h21 Mpc!, the flatness problem
could be solved and the COBE normalization would be the
same assCDM because the growth of density perturbations
on large scales would be unaffected. However, the growth of
perturbations on small scales would be affected and the prob-
lem of producing sufficient small scale structure would be
similar to that of hot dark matter. Thus, we dismiss this
possibility.

The formation of cosmic structure in a CDM model is
dictated by the power spectrum of density perturbations.
There are two important changes brought about by the pres-
ence of a smooth component: the normalization of the power
spectrum based upon the accurate COBE determination of
CMB anisotropy on angular scales of around 10° and the
transfer function that describes the growth of density pertur-
bations from the inflationary epoch to the present. For fixed
inflationary perturbations, CMB anisotropy on COBE scales
is larger~due to the integrated Sachs-Wolfe effect@27#!; be-
cause of the smooth component there is less growth of den-
sity perturbations from the inflationary period until the
present.

We use the COBE four-year results@28# to normalize the
power spectrum~assuming negligible gravity waves andn
51) using the method of Ref.@29#. Writing the ~linear!
power spectrum today as

P~k![^udku2&5
2p2

H0
3 dH

2 ~k/H0!nT2~k! , ~1!

T~k!5
ln~112.34q!

2.34q

3@113.89q1~16.1q!21~5.46q!31~6.71q!4#21/4,

~2!

where dk is the Fourier transform of the density field,q
5k/G (h/Mpc! and G.VMh is the ‘‘shape’’ parameter
@30,31#. The quantitydH , which corresponds to the ampli-
tude of density perturbations on the Hubble scale today, is a
convenient normalization whose value is shown as a function
of VX andw in Fig. 2. The transfer function,T(k), is well fit
by the form quoted forw,0, with more small-scale power
than this form predicts whenw→0.

There are many constraints on CDM models. The two
most stringent for the power spectrum in low-VM models are
the shape parameterG50.2560.05 ~for n51) @32# and the
abundance of rich clusters. The latter can be reduced to a
constraint ons8 ~the rms mass fluctuation in spheres of ra-
dius 8h21 Mpc!:

s r
2[E

0

`dk

k

k3P~k!

2p2 S 3 j 1~kr !

kr D 2

, ~3!

with r 58h21 Mpc. There is no consensus on the precise
value ofs8 or its scaling withVM ; differences arise due to
different input data and calculational schemes@33#. Further,
the scaling withVM depends slightly uponw, through the
relation between virial mass and cluster temperature. Never-
theless, there is a general consensus about this important
constraint and as a middle-of-the-road estimate we uses8

5(0.5560.06)VM
20.5 which is consistent with most pub-

lished estimates@33# and slightly conservative~low s8) near
VM;0.3.

There are two nice features ofxCDM: The shape con-
straint can be satisfied withh;0.7 andVX;0.6 for which
thes8 constraint can be readily satisfied withw;21/2 ~see
Fig. 3!. For LCDM (w521) tilt ~i.e., n,1) and/or gravity
waves are needed to reduces8 and for an open universe

~closely approximated byw52 1
3 ) s8 is too small unless

VM is large orn.1 @34#.
Next, we turn to the two worries ofLCDM—the fre-

quency of QSO lensing and the SNe-Ia constraint. Both in-

FIG. 3. s8 as a function ofw with G50.25 andn51. Points
with 2s error bars on the curves shows8 from cluster abundance
for that value ofVM . Note, s8 scales as (G/0.25)1.3exp@23.1(n
21)#.
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volve the increased distance to a given redshift that comes
with L. The proper distance today is given by the Robertson-
Walker radial coordinate@35#

r ~z!5E
0

z dz

H~z!
5H0Fz2

1

2
~11q0!z21••• G , ~4!

H2~z!5H0
2@~11z!3VM1~11z!3~11w!VX# , ~5!

and the deceleration parameterq052R̈0 /R0H0
25 1

2

1 3
2 wVX . Note,r (z) increases with decreasingw; this leads

to more volume and more lenses between us and a QSO at
redshiftz and a higher frequency of lensing.

While the SNe-Ia limits on the distance redshift relation
@16# are quoted for a flat universe with cosmological con-
stant, they are readily translated into a constraint onr . Since
the seven distant SNe-Ia have redshiftsz;0.4, that con-
straint can be expressed as 0.287(0.271),H0r (z50.4)
,0.342(0.362) at 68% C.L.~95% C.L.! @36#. Their results
constrainVM and w ~see Fig. 4!. Soon, Perlmutter’s group
should have results based on nearly four times as many SNe-
Ia’s and another group~the High-z Supernova Team! should
have results based on a comparable number of SNe-Ia’s. This
will sharpen this important constraint tow significantly.

IV. CONCLUDING REMARKS

Inflation is a bold and compelling idea. It predicts a flat
universe, but not the form which the critical energy density
takes. Because of increasing evidence that the matter density
is significantly less than the critical density, as well as the
attractiveness of inflation and the successes of CDM, we
have explored the possibility that most of the critical energy
density resides in a smooth component of unknown nature,
with equation of statepX5wrX (w,0). Increasingw to
around20.6 retains the attractive features ofLCDM and
resolves the conflict with the SNe-Ia constraint; further tilt

and/or gravity waves are not required to obtain the correct
number of rich clusters observed at present.

For the sake of illustration we have used the following
cosmological data to find the best fitXCDM model: t0515
62 Gyr, h50.760.07, VBh250.02, G50.2560.1, s8VM

0.5

50.5560.1, @H0r (z50.4)#250.1060.015, and the COBE
four-year data set.~For several constraints we have inflated
the error bars to be conservative.! We have marginalized
over VM with prior VM50.360.05. Forn51, an XCDM
model with w520.6 andh50.7 has maximum likelihood
~see Fig. 5!. ~The unmarginalized likelihood prefersVM
;0.4, h50.7, andw520.4 but is quite broad.! In passing,
we note that a ‘‘tangled’’ network of walls or a wall wrapped
around the universe~supposing space isS23S1) would lead
to a smooth component withw52 2

3 .
Introducingw to the list of CDM parameters brings the

total to at least ten (w, n, h, VBh2, nT , T/S, V tot , Vn , VX ,
and V rad). While this is a daunting number, the flood of
cosmological data coming—larger redshift surveys, accurate
measurements of the expansion rate and deceleration rate of
the universe, high resolution observations of clusters with x
rays, the Sunyaev-Zel’dovich effect and weak lensing, stud-
ies of galactic evolution by HST and Keck, and especially
measurements of CMB anisotropy on angular scales from
arcminutes to tens of degrees—should eventually overdeter-
mine the parameters of CDM1 inflation. Then the data will
not only sharply test inflation, but also discriminate between
different CDM models and even provide information about
the underlying inflationary potential@37#.

In the near term, the SNe-Ia magnitude-redshift diagram
and CMB angular power spectrum will provide an important
test ofxCDM: the position of features~e.g., the first peak! in
the angular power spectrum tests flatness, but is less sensi-
tive to w, and givenV tot ~andVM), SNe-Ia can determinew
~see Fig. 4!.
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FIG. 4. Constraints from the SNe-Ia magnitude-redshift dia-
gram. Contours are ofH0r (z50.4) from 0.31 to 0.39 in steps of
0.01. The thick contours are the current 95% C.L. and 68% C.L.
limits, and arrows indicate that values to the upper right of these
curves are favored.~For w521 the constraint shown here is less
stringent than that in Ref.@16# because we have two free parameters
rather than one.!

FIG. 5. The likelihood, marginalized overVM . Contours are in
units of 1

2 s. ~See text for the cosmological data and conservative
errorbars used.!
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