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Gravitational waves from inspiraling compact binaries: Angular momentum flux, evolution
of the orbital elements, and the waveform to the second post-Newtonian order
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The post-post-Newtonia(2PN) accurate mass quadrupole moment, for compact binaries of arbitrary mass
ratio, moving in general orbits is obtained by the multipolar post Minkowskian approach of Blanchet, Damour,
and lyer. Using this, for binaries in general orbits, the 2PN contributions to the gravitational waveform, and the
associated far-zone energy and angular momentum fluxes are computed. For quasielliptic orbits, the energy and
angular momentum fluxes are averaged over an orbital period, and employed to determine the 2PN corrections
to the rate of decay of the orbital elemeritS80556-282(97)01824-9

PACS numbg(s): 04.25.Nx, 04.30-w, 97.60.Jd, 97.60.Lf

I. INTRODUCTION Thorne-Will-WisemanEWTWW) [13] approach.
The BDI approach builds on a Fock-type derivation using
Inspiraling compact binaries are one of the most promisthe double-expansion method of Boniha#]. This approach

ing sources of gravitational radiation for kilometer size lasermakes a clean separation of the near-zone and the wave-zone
interferometric gravitational wave detectors such as the Laeffects. It is mathematically well defined, algorithmic, and
ser Interferometric Gravitational Wave ObservatéryGO)  Provides corrections to the quadrupolar formalism in the
[1] and VIRGO[2]. The method of matched filtering will be form of compact support integrals or more generally well-
employed to detect and extract information of binaries fromd€fined analytically continued integrals. The scheme has a
the inspiral waveformg3,4J. In this technique one cross cor- modular structure: the final results are obtained by combin-

relates the noisy output of a detector with theoretical temiNd @n “external zone module™ with a “near zone module

plates. For this technique to be successful, the templateas.nd a “radiative zone module.” For dealing with strongly

o - . . self-gravitating material sources such as neutron stars or
must remain in phase with the exact—general relativistic— g 9

waveform as long as possible. If the signal and template Iosbl""Ck holes one needs to use a “compact body module

X ' gupplemented by an “equation of motion module” to de-
phase with each other even by a cycle in the ten thousand Rribe their “conservative” orbital motion. Using this ap-

the waves sweep through the bandwidth of the detector theff ,» 1, the generation of gravitational waves from inspiraling
cross-correlation will be S|gn|f|c§ntly reduced and one maYcompact binaries of arbitrary mass ratio moving ima-
lose the event altogether. !Detalled works on.data analysisicircular orbit has been computed to 2PN accurbty,16
aspectg5-8] bears out this inference and one is forced to agnd more recently to 2.5PN accurddy7]. In this paper, in
description of the evolution of the binary system, using thethe first instance, using the BDI approach, we extend the
best available theory of gravity to substantially higher accuabove 2PN treatment to inspiralling compact binaries mov-
racy than that provided by the lowest order Newtonian aping in ageneral orbitand compute the 2PN contributions to
proximation. The construction of accurate theoretical temthe waveform and the energy flux. Unlike for circular orbits,
plates for inspiraling compact binaries involves the solutionthe angular momentum flux from general orbits provides ad-
to two different but related aspects referred to respectively aditional, independent information and we also compute the
the “wave generation problem” and the “radiation reaction same.
problem.” In the generation problem one computes the The Epstein-Wagoner-Thorne-Will-Wiseman approach
gravitational waveforms and the associated energy and angon the other hand, builds on a Landau-Lifshiftz type treat-
lar momentum fluxes emitted by the binary for a fixed, speciiment to derive post-Newtonian corrections to the lowest or-
fied orbital motion ignoring the back reaction of the radiationder quadrupole formula. The combined use of an effective
emission on the orbit. In the radiation reaction problem onstress energy tensor for the gravitational fieddth noncom-
the other hand, one computes the effect of the emitted radigsact suppoitand of formal post-Newtonian expansions led
tion on the orbital phase evolution and this is of crucial im-to the appearance of divergent integrals. The presense of the
portance as explained earlier. divergent integrals and the lack of a clear separation between
Einstein’s[9] far field quadrupole equation is the solution the near zone and the wave zone were unsatisfactory features
to the generation problem to the lowest order but applie®f this scheme until recently. However, last year, Will and
only to objects held together by nongravitational forces.Wiseman[18] have provided a resolution to this problem by
Fock[10] and Landau-Lifshift411] provided two very dif- taking literally the statement that the solution isedarded
ferent methods to generalize the above results to weakly selfategral, i.e., an integral over the entire past null cone of the
gravitating systems and the two approaches are the startirfgeld point. A careful evaluation of the far-zone contribu-
points for the two methods available today to calculate gravitions, then shows that all integrations are indeed convergent
tational wave generation to higher orders: the Blanchetand finite and moreover the tail terms are also correctly re-
Damour-lyer(BDI) [12] approach and the Epstein-Wagoner- covered. Using this treatment, Will and Wiseman have com-
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puted the 2PN accurate waveform and energy fluxgken- The expressions for the far-zone energy and angular mo-
eral orbits We thus have two approaches to the 2PNmentum fluxes find application in another related but distinct
generation, which can provide a useful check on the long angiroblem—the evolution of the orbital elements of systems
tedious algebra. such as the binary pulsar 198326—most importantly the
The most accurate results to date for the generation an@rbital period, and to a lesser extent the eccentricity and
the radiation reaction have been obtained in the limit where &mimajor axis. This application, in addition to the genera-
test body orbits a very massive central body. In this compleIlO_n results discussed ear!ler, requires a conve.nlent represen-
mentary approach, based on black hole perturbation tectation of the post-Newtonian motion of two point masses in
niques there exist numerical results that are exacwitt)(  elliptical orbits. To 1PN accuracy, such a quasi-Keplerian
and analytical results accurate to the 5.5PN order, i.e., cofPresentation has been provided by Damour and Deruelle
rections ofO[ (v/c)*] for a test particle in a circular orbit [32l While to the 2PN order a generalized quasi-Keplerian
around a Schwarzschild black hdle9—26, whereu is the ~ '€Presentation has been implemented by Damour, fécha
orbital velocity of the test particle. For a test particle in a2nd Wex[33-3@. This representation differs from the
slightly eccentric orbit, around a spinning black hole expresK€plerian representation of the Newtonian motion through
sions for the energy and the angular momentum fluxes havie appearance (_)f three eccentricities instead of one, and a
also been computed to the 2.5PN orfi4]. cons_tant measuring the secular adv_ance of the p_erlastron.
It is well known that, when gravitational waves from pro- Startlng from the above representation of the orbital ele-
totype systems such as the binary pulsar 1918 enter the ments in terms of the co!’lserveq energy and an.gular momen-
bandwidth of the terrestial interferometric detectors, the ectum: one computes the time variation of the orbital elements.
centricity of these binary systems would have been drastiOn€ €nds up with a result, in terms of the time variation of
cally reduced and have become negligible due to the gravith® “conserved” energy and angular momentum. By a heu-
tational radiation reaction. A treatment of such systems i¢/StiC argument, one replaces these by the corresporaling
simpler since the quasicircular approximation for their orbits€r2gefar-zone fluxes which may be computed by averaging
is amply adequate and the corresponding waveforms do ndj€ far-zone fluxes over an orbital period, using the quasi-
depend on the eccentricity parameter of the orbit, Howeverlfeple”an orbital representation. Thg rgductlon in the o.rbltal
there exist scenarios in which the eccentricity is no longeP€riod, accurately inferred from the timing data of the binary
negligible and this would require the more general treatmenulSars is in excellent agreement with the rigorous predic-
provided in this paper and independently by Will and Wise-tions of general relativity37-41], which in turn are consis-
man[18]. One such possibility has been discussed by Sh tent with the resylts of the above heuristic approach
piro and Teukolsky27] in the context of the formation of 42,44,43, Extendmg the above approach, BIanche_t and
supermassive black holes. They consider a cluster of C0n§chder have obtained the 1PN and the 1.5PN corrections to
pact objects—neutron stars and black holes—residing at thB, the rate of decay of the orbital peridel [46,47. They
center of a galactic nucleus. Coulomb scattering and dissipdave shown that for PSR 19336, the relative 1PN and
tive processes will drive such a cluster to a high density, higik.5PN corrections are numerically equal 62.15x 10>
redshift state. Once the central redshift becomes sufficientignd +1.65x 10~ 7, respectively. These are unfortunately far
large, relativistic instability sets in, and the core undergoeselow the present accuracy in the measurement® dér
catastrophic collapse to form a supermassive black holel913+16. Junker and Scker [48] computed the 1PN con-
Quinlan and Shapir$28] have shown that during the final tributions to the gravitational waveforms, the associated an-
year of the evolution of such a cluster, just prior to the catagular and linear momentum fluxes and used it to compute the
strophic collapse, there can be 000" evolving black hole  evolution of the orbital elements in the quasi-Keplerian rep-
binaries in eccentric orbits driven by gravitational radiationresentation. In the other part of the paper, we extend the
reaction, with masses in the range-1000My. Ground above computations to obtain the 2PN corrections to the evo-
based interferometric detectors will be sensitive to the gravitution of orbital elements, taking due care of a new compli-
tational radiation from these binaries in eccentric orbits andtation at this order that the far-zone fluxes are computed in
such eccentric binaries may prove to be another possiblghe harmonic or De Donder coordinates, while the orbital
class of gravitational wave sources. More recently, Flanagarepresentation is available in the Arnowitt-Deser-Misner
and Hughed29] suggest that intermediate mass black hole(ADM) coordinates.
binaries of the kind considered above—uwith total masses in Briefly, in this paper we obtain the tern®(e?) in the
the range 5M <M= (a few) X 10°M—may well be the expressions below, where~v%/c2~Gm/c? r; m,r,v, be-
first sources to be detected by LIGO and VIRGO. The otheing the total mass, the distance between the bodies and the
possibility involves compact objects orbiting 41 10'M relative velocity of the two bodies, respectively,
black holes, that seem fairly common in galactic nuclei. In
this case the compact objects could be scattered into very lij=(1;j))n{1+O(e) + O(e?) + - - -}, (1.13
eccentric orbits orbits via gravitational deflections by other
stars. However, by the time gravitational radiation reaction ,,;77_ /7T 0.5 15 2y, ...
becomes the dominant orbital driving force, there is not <™ (Nem)ni1+O(e79)+0(e) + O(e) + O(eD) + (1 ib)
enough inspiral remaining to fully circularize these orbits. '
Hills and Bendef30] have argued that the event rates for the 4s /de
above process are very encouraging and the chances of such  —— _ (_) [1+0(e)+O(e-5+0(e?)+ - - -},
signals being observed by Laser Interferometric Space An- dt \dt
tenna(LISA) [31] appear very good. (1.10
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s ) binary in the generalized quasi-Keplerian parametrization.
a:(d—f) {1+0(e)+0O(e)+0(e) +- -}, Note that the suffilN denotes Newtonian contribution in all
N (1.1g  the above equations. For examphg,[)y denotes the New-
' tonian contribution to the waveform given by
de {2GI(c* R)}Pijkm IP. See Eq(5.1) for our notation.
<—> {1+0(e)+O(e®+0(e?)+- - -}, The plan of the paper is as follows. In Sec. II, using the
N BDI approach, we compute the 2PN accurate mass quadru-
(1.19 pole moment for two masses moving on general orbits. We
also obtain and list the mass and the current moments to the
<_‘7> {1+ 0(e)+0(e*%+0(e?) + - - -}, required accuracy, needed to compute the 2PN accurate
U waveform. In Sec. Il we calculate the 2PN contributions to
(1.1f)  the far-zone energy and angular momentum fluxes and dis-
da, cuss the limiting forms of these expressions. In Sec. IV, for
% 15 2y, . the quasielliptic case, we average the above expressions over
< >N{1+O(E)+O(E )TO()+---}, an orbital period to obtain the 2PN corrections(ttf/dt),
(1.19  (dJ/dt), and the rate of decay of the orbital elements. Sec-
tion V computes the 2PN contribution to gravitational wave
de 15 ) form for general orbits. Section VI contains the summary
i/ (1T0(e)+0(e7)+0(e)+ -], and a few concluding remarks. In Appendix A we list iden-

N (1.1h tities, that are used in the computations, especially, of the
waveform. Finally, in Appendix B, we sketch the steps in-
volved in verifying the equivalence of our waveform ob-

= —) {1+0(e)+0O(e*)+0(e?) +-- -}, tained using the symmetric trace-fre®TH multipoles of the
N radiative field and the Will-Wiseman one obtained using the

(1.1i) Epstein-Wagoner multipoles.
and wherd j; is the mass quadrupole moment for a system of
two compact objects moving in general orbits wHﬂH1 is Il. MASS AND CURRENT MOMENTS OF
the transverse-tracele§8T) part of the radiation field, rep- COMPACT BINARIES ON GENERAL ORBITS
resenting the deviation of the metric from the flat spacetime. FOR 2PN GENERATION

In the aboved&/dt,d J/dt are the far-zone energy and angu-
lar momentum fluxes{d&/dty and (dJ/dt) represent the
averages of the far-zone fluxes over an orbital period, while The starting point for the computation of the 2PN accu-
(da, /dt), (de, /dt) along withd P/dt give the gravitational rate mass moment is the form of the moment quotdd &),
radiation driven rate of decay of the orbital elements of thd.e., Eq.(2.17):

A. 2PN mass quadrupole moment

x|2x 4021+ 1)x; 2U
|| L 2 ( )IL 0”(1"‘_2)0]

2c221+3) 7 21+ n20+3) "

IL(t):FPB=Of d3X|X|B[ ;(L O'_FO'USSJF FUG-SS:|+

2U; 1 3 x| 4%, . 2(21+1)|x|%;. 5
__20'+—2 &JUﬁ,U]——&,UﬁjU] + 10— t T
c mGe 4 8c*(21+3)(21+5) c*(1+1)(21+3)(21+5)
221+ Dk 2 o+ ——aUaU|+ X 20,0, Ui~ Uy 9 U= =(3,U,)2
G+ +2)(21+5) Tii T z2a Y9 —Gcd 2YidiiVj—Uijai U= 5(diUi)
1 2 2 5
+2£?|U]£?JU|_§5»[(U )+W”5|JU +O(8 ) (21)
|
The symbol FB_, in the above stands for “finite part at N dyf dys 1 dt
B=0" and denotes a mathematically well-defined operation wy = — — — 5(x—
y P TGO =2 Mg G T a0 YA,

of analytic continuation. For more details Jd6].
As emphasized iff16] though the above expression is (2.2

mathematically well defined, it is a nontrivial and long cal-

culation to rewrite it explicitly in terms of the source vari- wherem, denotes théconstant Schwarzschild mass of the

ables only. This is achieved by representing the stress energith compact body. Evaluating this to 2PN accuracy we ob-

tensor of the source as a sum of Dir@dunctions: tain for the source variables
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N 2 motion. In this section we need to use the general form of the

Y%
a(x,t)= 2 ualt) 1+_‘2‘ 5+ (x—ya(t)), (2.33  Damour-Deruelle equations of motion rather than the re-
A=1 c stricted form of the circular orbit equations of motion rel-
N evant in[16].
; We take up the compact terms first. They are given b
()= 3 uAvho0ya), (23 P P yare gen by

N 4 4
N 1= 2 | 1a 1= GaUsst aUA(vw)? |y

oi,-<x,t>=A21MA<t>vkvL6(x—yA<t>>, (2.30

Ma

1 s R
S + 5 o (LAYAYR)
wherev,,=dy,/dt and 2(21+3)c? dZ AIAYA

_ 1 d* - -
ma(D)=ma{1+(dp)a+ (dg)a} (2.49 + PRI W(MA(V/%\)ZV/E\)
dzzé %VZ—V , (2.4b 4(21+1) d

C(I+1)(21+3)c2 dt

113 3 3 A A
=!I \VA+ ZUvi—-4U.p. — —y2 2U 22U .
dy= | gV*+ JUV2 -4V~ 20+ 5 U +4uss]. o[ 14 25 o= 2 y'AL)
(2.49
L 2(21+1) d3 o
In the aboveV denotes the combination - — i 2yl
(+1)(21+3)(21+ 5)c" e HavaYaYa)
1
V=U+ =— d°X (2.5 2(21+1) d? .
2c2 7t ! el i joijL
T+ D+ 2)(2 +5)c" ar HAvAAYA )|
the potential appearing naturally in the 1PN near-zone metric 2.7

in harmonic coordinates. The subscriptappearing in Eq.

(2.43 indicates that one must replace the field poitity the  in  which we have introduced for convenience
position y, of the Ath_ mass point, Wh||_e _d|scard|ng aI_I t_he ﬁAEMA(lJFVi/CZ)- In the above form the moment depends
ill-defined (formally infinite) terms arising in the limit only on the position and velocity of the bodies but on
X—Ya. For instance higher time derivatives. It is in the reduction of these deriva-
tives that we need the 2PN accurate equation of motion for

212
(U),=G >, M, (2.6a  9eneral orbits. We use a harmonic coordinate system in
B#A YA~ Vel which the 2PN center of mass is at rest at the origin. Using
5 the 2PN accurate center of mass theorem, in the center of
U)=G z me(t)vg 2 6b mass frame, we can express the individual positions of the
(Usda= E7A |Ya— Vsl (28D two bodies moving in general orbits in terms of their relative
positionx=y;—Y, and velocityv=v;—V,:
pe(t)(1+vg/c?)(U)
(®)a=G > — 2 . (260 pom| , Gml xi|  xo
B#A |YA— Vel y1=14 Xo+ vi—— |+ —x+—v, (2.83
2mc r c? c*
_ 21 2|y
(X0a=G 2, me()(1+Vg/c)lya=yel. (264 pom|  Gml xl  xe
Yo= _X1+ V= — |+ — X+ —V, (28b)
2mc? r c? c?

[Note that the second time derivative appearingvinEg.

(2.5, must be explicated before making the replacemenjyherer=|y,~y,| is the harmonic separation between the

X—Ya(t) ] _ _ two bodies. The explicit values gf, and y, are not needed
The terms in Eq.(2.1) fall into three types: compact in our calculations and hence not given above. The above

terms,Y terms, andV terms. The compact terms, where the equations are obtained by setting equal to zero the conserved

three-dimensional integral extends only over the compaciass dipoleG for general orbits. Here we denote
support of the material sources—thé terms involving

three-dimensional integral of the product of two Newtonian- m=m;+m,, Jom=m;—m,,
like potentials—and th&/ term involving three-dimensional

integrals of terms trilinear in source variables. The evalua- m; m,

tion of these different terms proceeds exactly as in the circu- X1= m'’ Xo= m 1-Xq,

lar case. In fact if the time derivatives are not explicitly
implemented the expression in the general case and the cir-
cular case would be identical. The difference obtains when =X Xo= _r (2.9
the time derivatives are implemented using the equation of m m
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The 2PN accurate equations of motion is written down Gm([3 G?m? . 15
next for completeness, where finite-size effects, such as spirﬂ(ngz T2 2(12+ 297) -z +9(3—4n)v*+ —7;(1

orbit, spin-spin, or tidal interactions are ignofe®-51]. For
the relative motion we have .. 3 )
—3y)rt=—Sn(3=4nui?
a=ay+apy+abant O(€), (2.10 om
5 n(13—417) Tvz
where the subscripts denote the nature of the term, Newton-
ian (N), post-Newtonian(PN), post-post-Newtoniai2PN),

and the superscripts denote the ordekrinThe explicit ex-
pressions for various terms mentioned above are given by

n

Gm.
—(2+ 257;+27;2)Tr2

1 ) ,,Gm
3 7(15+4n)v —(4+41p+87y )T

ay=——2n, (2.11a
—35(3+27)r?

fv], (2.110

n wheren=x/r andr=dr/dt.

We have on hand all the ingredients to compute

. Though long and tedious the computation is straightforward
—-2(2— n)rv], (2.11bh and yields for the 2PN mass quadrupole:

1)_
Ahi=-

Gm -2(2 +(1+3 3 r2
22 (+77)— (1+ 77)0—2

1
I[C= 7»mSTR 'l+—[ ]
T '[ 42c?

291—-37)v?>—6(5— 87})—} 241-39)rrxiv+22(1—37)r?y'

22

Gm
v4(759- 55057+ 10635;?) + (1758-6468y+ 18787%) +v? 7(5818— 16742p—12166y%)

+
1514

..Gm . Gm
- r27(2038— 66627+ 146772) X+ v%(123— 1011p+ 21997;2) + T(68+ 434y — 2090772)

+30r3(1-59+575%)|r?

1 [Gm
i (101+ 2877— 16557%) + v2(156— 12125+ 25085?)

rfxiui}. (2.12

The Y terms on the other hand are given by so that
2Gmm 1 ) Y =20SukYl,, (2.153
[YI_ _ 17772 _ = v 1¥2 " sk
Iij - c |2Y|v]1u2 Ylvjlvl 2v1Y1;] ZUZYIle z
1 9 0 . o .
1 20 3 Y=o — —r (Y + (i Dy +yl, (2.15H
——5t(Y”)_ 5t[v2Ya”_4v Yau} 3 ays oy 12Y1TY1Y2) 7Yz
5 y —|v. —
+2_16(9t2[aygb'1] +(12), (2.13 ro=|y1—yal. (2.159
The explication of all the above terms finally leads us to
where following[16]
2mn Gm .
0, Yy, =03 V3 aYe, (2143 =- - 2 SR, [ ii| (v2—12)(37—1017—5072)
c?
Yp= dya angL, (2.14b

m .
— (18— 5475— 3772)} —r?p'1(118- 925+ 107?)

ly1— Y2|
Yy, <| Py p> 2.14 S
12 ="y pzo (2.149 +rrx'v1(82—36277+16772)]. (2.16
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The evaluation of thé[" term, the new feature at 2PN Adding up the compact, i.eC, Y, and W contributions
level, was discussed in detail [A6]. The W term has been given by Eqs(2.12), (2.16), and(2.17), we finally obtain the
evaluated there for general orbits and we need to use thexpression for the 2PN accurate mass quadrupole for a sys-
same result here. We have tem of two bodies moving in general orbits. The final result
62 5 is written below as a combination of the three possible com-
7m G™m binationsx'!,x'v),v" with coefficients which include correc-
IM=— — — — STF,{[2+57]x 2.1 ’ U .
: ill 7Ix} .17 tions beyond the Newtonian order at 1PN and 2PN orders:

1 Gm
1+ 1202 2( (29—877)v*—(30—48y) ks (253- 1835+ 3545172)v4+ =—(2021- 5947y
C

756

Iij:MSTFIi{ x'! ( 504

—X-UJ

,Gm , 1 ,.Gm. 1 2sz2 - rr
—48837%)—— v?— Z=(131- 907y + 127372)—— 1~ -(355+ 19067~ 3377?) 2o (24720

756 252
+r ! 26— 2025+ 4187°)v2+ 1085- 40577 — 146 ZGm + il r’ 11-33 + r’ 41— 337
| 53¢ 7 7°)v 378( n—14637°)——| | +v o1 ( 7) 126( U
1 Gm
+7337]2)v2+ (1 57+57%)r? +189(742—33577—985772)T . (2.18

The above expression is identical to the one obtained by Will

and Wiseman in Appendix E ¢1.8] using the new improved ik = #STRjk [ x”k'{(l—Sn) +
version of the Epstein-Wagoner formalism. In their treatment

the Epstein-Wagoner multipoles appear more naturally, us-

ing which they compute the STF mass quadrupole moment. Gm
Since the approach employed here andig] follow alge- +13957%)v?— (100- 6107+ 1050772)—)]
braically different routes, the above match provides a valu- r
able check on the long and complicated algebra involved in

1
Cbz( (103— 735y

the determination of the crucial mass quadrupole moment for 7ot 2
2PN generation. —u'xIM| ——(1-55+59%) | +0IxK| —
5502( n+57 52
B. The other relevant mass and current moments
In this section we list the higher order mass and current _ 2
multipole moments, required to compute the 2PN contribu- X(1=59+59%) ] (2.20
tions to the gravitational waveform and the associated far-
zone energy and angular momentum fluxes. They are
straightforwardly obtained by explicating the point particle sm
limits of the more general expressions in the earlier BDI Iijklm:_(ﬂ F) (1_2,7)ST|:|jk|m{XijkIm}’ 2.21)
paperg 12]:
B sm ik 1 5 Lijkimn= #(1=57+57%) STRjjmn{X¥'™"}, (2.22
Iijk__ /.LF STF”k X 1+@ (5_197])U
Gm rr J--=—(,u 5—m)STF-e- b] X2 1+ i((13—687;)112
1 1 a
—(5—13p) — | |—xIvM 5 (1-27) . m o 28c2
c?
Gm ibeal T
2 +(54+607])T +vX 2?&:2(5_1077) )
+xvK —(1-29) |, (2.19
727 (2.23
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. 1
Jiik:MSTFljkEkab[Xaljvb{(l 377)+?<(41 3857

r2
+—(1

+9255%)v2+ (140— 1607 — 8601;2)G—m
r 45c2

—59+57%%) xau”b+£(1 57+57%)x¥y bl]
45c2
(2.24
om -
JijkI:_<:U' F(l_zﬂ))STEjkl{Elab x@iiky by,
(2.25

Jijam=[# (1=57+57°)1STRjym{ €man x*"*'v"}.
(2.26

The mass and the current moments listed above, agree wi
Eqgs.(E3) of [18]. For the case of circular orbits, the above

mass and current moments reduce to E4s) of [16].

Ill. THE FAR-ZONE FLUXES
A. The energy flux

As discussed in16] the end result of the 2PN accurate
generation formalism is an expression relating the radiative
mass and current multipole momeritg and V, , respec-
tively to the source mass and current multipole moménts
and J_, respectively, obtained in the previous section. In

particular,

{5

2 2Gm [+
Uij(Tr) =1j; (TR)+_CT o dr

11
+ 5|l (Te=n+0(% . (318
to T 97
Ui(Tr) = |]k(TR) dr In( 2b
ff’Q(TR 7+0(s%) (3.1
Vij(Tr) =3i2( In(;b) 3BT 7)
+0(e%) 3.19

for the moments that need to be known beyond the 1PN &1en=15 c’r

accuracy, and
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which is an arbitrary constant with dimensions of time pa-
rametrizing a freedom associated in the construction of the
far-zone radiative coordinate system.

In terms of the STF radiative moments of the gravitational
field the far-zone energy flux to 2PN accuracy is given by
[17] (with UM=d"U/dTR)

d& G 11
- Wy (LD
( dt)far-zone c® [5 U U iC; 189U”kU”k
16 1
2V Vil | G go7aYiknUiian
L (L) 4 6

The 2PN-accurate energy loss given by E8.3 splits
{ha\turally into an “instantaneous” contribution and a “tail”
one. In this paper, we deal only with the instantaneous con-
tribution, which is given by52,16|

L@ 185 3303

inst
de _s 1|,<3>|,<3>+ !
5 189 ijk Ijk 45 i

c’|lg "y

far-zone

1 1

+ Gl go72 ik

X @Jff‘Qij‘})H 34

Here|(" denotes thenth time derivative of STF multipole
moment of rank.. All the computations from here onwards
are performed, usingnApLE [53]. Evaluating the relevant
time derivatives of the multipole moments in E§.4), using

the post-Newtonian equations of motion to the appropriate
order we obtain

dée inst ) ) )
(E) =&t Erpnt Eopn, (3.59
far-zone
) 8 G3 ZMZ
_ 2_ 2
Ev=15 5 e 112 1172, (3.5b
8 G*m?

1
" | 4(785— 8527)v*

. Gm
—2(1487-1392y)v°r?>—16017— 7) - v?

U(Tr) =1{"(Tr) +O(&?), (3.2a
(n 3 4 Gm.,
Vi(Tr) =3 (Tr) +0O(e”) (3.2b +3(687—6207)r*+8(367-157) —— 1
for the other ones. The integrals in the above expressions, 2 5

associated with the gravitational wave tails, contain in addi-
tion to the total mass-energy of the souroe a quantityb

+16(1—47)

} , (3.50
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Eopn= 8 Gom” 1692- 54975+ 44309?)v® ! 1719- 102789+ 62927 ! 4446-5237p+ 1393)°
2PN= 15 o4 2 7 07 )v°= 740 & n?)vlr 2—1( 7 37°)
Gm , 4 1 ,Gm .,
X—— v+ —(201& 15207p+ 75727%)vr*+ = (4987~ 85137+ 2165°)—— v’r
1 ’m? 1 :
+ ==5(281473+ 81828+ 4368)72) — 2(2501- 20234+ 84047%)r®
1 ,.Gm ., , G"m? .
- @)(33510— 60971+ 14290y )Tr - 252(106319Jr 97985+ 53767n°) r
2 ,.G°m®
+ 53(—253+10267—5677) (3.50
|
Equations(3.5 are in exact agreement with the results of d.7; | nst G 2 2103) 171 31(4)
Will and Wiseman using the new improved Epstein- TS =5 €ira| 51pi o T 52| 53! pikl aik
Wagoner approacfil8]. Circular and radial infall limits of far-zone
Egs.(3.5 are in agreement with earlier resul&4,16,60,13
and discussed further in Sec. Il C. 32 2 (3) 1/ 1 @ 1 (5)
The tail contribution, on the other hand is given by 45‘]p1 J A 2268' kaII ikl
(de) @ _2G26m + iJ“)kJ“)k} (3.8
— =—s— (TR)f drln( ) 287 pikTal '
dt far-zone s¢c C 2b1
Xli(j5)(TR_ ), (3.6) Computing the required time derivatives of the STF mo-

whereb;=be **2 A detailed discussion of the tail terms
and its implications has been given by Blanchet and fécha
[47], and we do not discuss it any further in this paper.

B. The angular momentum flux

In terms of the STF radiative multipole moments the far-

ments, using the post-Newtonian equations of motion to the
appropriate order, we obtain

&

inst

=InT Tipnt Topns

far-zone

(3.93

zone angular momentum flux to 2PN accuracy is given by 8 G2mu? _ Gm
S—TL 202—3r2+2 —. (399
dJ; G 2 1) 1/1
W :;Eipq 5U U + — 63UkaUqu
far-zone
8 G?mu? - 1 .
32 JipN= TL s (307—548n)v"—6(74
+—v. v e ud 5 c'r
45 " Pivaj 4| 2268~ PikIZ qjkl

1
+28 pjkvqjk” . 3.7

As before, rewriting the radiative moments in terms of the

source moments, allows us to separate the instantaneous and

tail contributions and we discuss them independently. We
have[52]

. Gm .
—277n)v%r?—4(58+ 957) - v?+3(95—3607)r*

GZZ

3

Gm.
+2(372+ 1977;)7 r’—2(745-27)

(3.90
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8 G?mu?

Jeen=5 o3 b

1 .
N 5—04{ (2665— 12355)+ 12894,%)v®— 3(2246- 12653+ 156377)v*r?+(165— 491y

Gm . Gm ..
+4022’72)T v*+3(3575- 16805+ 1568077)vr*+(21853- 21603+ 2551J72)T v?r?—2(10651-1017%

22 ) .. Gm
+34287?) v?—28(195- 8157+ 4855%)r— (22312- 41 3987+ 96 957%)r* ——+2(8436- 25102
G2m? . G3m?®
+45877%) 2|+ ===,(170362+ 70461y + 13867°) , (3.99
r2 2268 r3

whereL y=rxv. The 1PN contribution is in agreement with Substitutingr =0 in Egs.(3.5), and using Eq(3.13 we ob-
the earlier results of Junker and Sfard48]. The 2PN con- tain the 2PN corrections to the far-zone energy flux for com-
tribution is new and together with the energy flux obtained inpact binaries of arbitrary mass ratio, moving in a quasicircu-
the earlier section forms the starting point for the computaiar orbit

tion the 2PN radiation reaction for compact binary

systems—4.5PN terms in the equation of motid@b]— de) st 32¢® - 2927 5
using the refingd balanc_e method proposed by lyer and Will at AR ﬁﬂL 27
[56,57]. The tail terms, in the angular momentum flux are far-zone
given by (293383 380 )] (3.14
) Y a5 7 .
dg\ @ 2G 2Gm 9072 ' 9
at “E5c5 3 Sk IkI (Tr) j drIn 2b. i ) . .
U tarzone 2C C 1 Equation(3.14) is consistent with results ¢64,16,18.
% |,(|4)(TR— . (3.10 The energy and angular momentum fluxes are not inde-

pendent but related in the case of circular orbits. The precise

relatlon may be written following59] as
We will not be discussing the tails terms here, as they a y 459]

extensively studied by Rieth and Sék[58]. de
(d—) =v2J, (3.153

far-zone

C. Limits

All the complicated formulae, discussed in the earlier secy, o
tions take more simpler forms for quasicircular orbits. For
compact binaries like PSR 19%36, quasicircular orbits d
should provide a good description close to the inspiral phase, ( j)
since gravitational radiation reaction would have reduced the t
present eccentricity, to vanishingly small values. In this con-
text “quasi” implies the slow inspiral caused by the radia- wherev? defined in terms ofemr, is given by Eq.(3.13
tion reaction. The quasicircular orbit is characterized by{16].

Ca, (3.15b

d

far-zone

r=r=0(e%9. The 2PN equations of motion become The other limiting case we compare to corresponds to the
case of radial infall of two compact objects of comparable

dv  d?x masses. Equations representing the head-on infall can be ob-
T — wopx+O(e?9) (3.1)  tained from the expressions for the general orbit by imposing

the restrictionsx=zn, v=zn, r=z, andv=r=z. We con-
with w,py, the 2PN accurate orbital frequency, is given by sujer two different cases, f(_)lloyvmg Simone, Poisson, and
Will [60]. In case(A), the radial infall proceeds from rest at
} infinite initial separation, which implies that the conserved
2
')’ Ll

2

Gm 41
W5pN= ?—[ 1-(3—n)y+ ( 6+ T n+ n? energyE(z)=E(«)=0. In case(B), the radial infall pro-

(3.12 ceeds from rest at finite initial separatiag which implies

7.

(3.19

15

wherey=Gm/c?r. Note that Eqs(3.11) imply as usual, that 1+ =y
2

v=|V|=wp\ + O(€?9), so that from Eq(3.12 we get

1 1
V= — 02 _z -
E(z=2p)=—nuc 70[1 CRA

Gm
UZ=T[1—(3—77)7+

41
2 2 .
6t gty )7 } ' where yo=Gm/zoc?. Inverting E(z) for z? and using Eq.

(3.13 (3.16) we obtain
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. 7 9y nematical variables in the harmonic and the ADM coordi-
z=—¢|2(y=7)|1-5y|1-5 +70(1—7 nates.
+ 2| 13— 84& + 57]2) — 7),0( 5— @7443772) A. The second post-Newtonian motion of compact binaries

The generalized quasi-Keplerian description for the gen-

57 SN eral binary orbits to the 2PN order, developed by Damour,
1- TJ’S’? ' (.17 schder, and Wex[34-34 is best suited for the calculation

we propose to do in the following sections and we summa-

where y=Gn/zc2. Using the radial infall restrictions and fize it in what follows. Letr o(ta), ¢a(ta) be the planar rela-

Eq. (3.17 in Egs. (3.5 we obtain for caséB), the far-zone tive motion of the two compact objects in usual polar coor-
radiative energy flux dinates associated with the ADM coordinates. The radial

motionr A(t,) is conveniently parametrized by

2
+ 7%

dS) et 16 1 111
— = —c%p%y¥ 1—x— 5| 43— ——x(116 ra=a;(1—ecoq), (4.19
dt far-zone 15 7 2
) 135y 11127 f, O
—131p)+x°| 71— — |73 9 N(ta—tg) =U—esinu+ p sinv + ?(U_u)’ (4.1b
803 , X[4471 15481y
tp U2t o 9 3 whereu is the “eccentric anomaly” parametrizing the mo-
tion and the constants,,e,,e;,n, andt, are some 2PN
4286472 | — x? 1870 38521 8800p° semimajor axis, radial eccentricity, time eccentricity, mean
7 7 6 3 motion, and initial instant, respectively. The angular motion
da(tp) is given by
S 118% 8727%|] AVA
+x°| 83— ——+ vr, (3.18
4 7
k fy . 9y .
) . dpa— do=| 1+ = |v+— sin2v+ — sin3v, (4.29
where x=y,/v. For case(A), the expressions for and c c* c*
d&/dt are obtained by setting,=0 in Egs. (3.17 and
(3.18. Equation(3.18), along with corresponding one for where
case(A) are in agreement witf60].
IV. THE EVOLUTION OF THE ORBITAL ELEMENTS v=2tan! 1+e¢ vz E (4.2h
IN THE GENERALIZED QUASI-KEPLERIAN l—e¢, 2] '

PARAMETRIZATION OF THE BINARY

In this section, we compute the 2PN corrections to then the aboveg,,k,e, are some constant, periastron preces-
rate of decay of the orbital elements of a compact binary, irsion constant, and angular eccentricity, respectively. All the
quasi-elliptical orbit, i.e., the effect of the 4.5PN radiation parametersn, k, a,, €, €, €4, f, g, fy, and g,
reaction on a 2PN accurate conservative elliptical motionare functions of the 2PN conserved energy and angular mo-
extending the earlier computatiop#—48. The basic ingre- mentum per unit reduced mags To avoid additional nota-
dients we employ for the calculations are the far-zone energgions following[34—36, these are also denoted Gsand|J|.
and angular momentum fluxes in the harmonic coordinate¥heir explicit functional forms, given ifi35] are displayed
computed in previous sections and a 2PN accurate descrijppelow:
tion of the relative motion of the compact binaries available
in a generalized quasi-Keplerian parametrization given in the

ADM coordinateg 34—36. Since the De-Dondénarmonig a=— Gm 1+ i2(7_ 7)E+ i4 1(1+ 107+ 7?)E2
and the ADM coordinates are different at the 2PN order, we 2E 2c cl4

use the coordinate transformations connecting the harmonic 1 E

and the ADM coordinatef61], to rewrite the far-zone fluxes + (17— 119) _2} ] , (4.39
in the ADM coordinates. The far zone fluxes, in the ADM 2 h

coordinates are averaged over an orbital period, extending

the earlier computations at the 1PN and the 1.5PN order 1

[46—48,58. The 2PN corrections to the rate of decay of the e?=1+2Eh?— —{2(6— 5)E+5(3— n)E?h?}
orbital elements are computed using heuristic arguments c
based on the conservation of energy and angular momentum 1
to the 2PN order. Before proceeding to the actual computa- + =
tions, in the next two sections, we summarize the generalized ¢

guasi-Keplerian description of the binary orbits in the ADM

coordinates and the transformations needed, to relate the ki- + (80— 559+ 475%)E3h?}, (4.3

E
(26+ n+ p?)E?2—2(17—1179) Py
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B (_ 2E)3/2

1
o 35(555+307

1
+ E(15_ 77)E+ ?

) 3 (_2 )3/2
+11n)E —E(S—Zn)T , (4.30
e’=1+2Eh’+ 2{4 (1— p)E+(17- 777)E2h2}+ ! 2(2
E
+ p+57?)E2— (17— 11p) 2t (112-47y
(_2 )3/2
+16772)E3h2—3(5—277)(1+2Eh2)T],
(4.30
ft=—%n(4+77)(1+2Eh2)1’2(—2E)3’2, (4.39
( 2E )3/2
=—(5 29— (4.3f)
1 5
k=131 1+ 52 (5= 277)E+2h2(7—277)H, (4.39

19 )
f¢=§F(1—37])(1+2Eh ), (4.3h

2

3
g¢=—3—2%(1+2Eh2)3’2, 4.3)

P2

-3+99+

1
={ — + 20
A [ 1+(1—ercosu) (1—ercosu)2Eh ]( 2B)+ =
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2 2 1 2|12
eh=1+2EN~ 5{12E+(15- n)E*h} - g4

X { 4(16—88n—97?)E?—4(160— 307+ 37?)E>3h?

E
+(408-2327— 15772)?- , (4.3)

where h=|J|/(Gm). Note thatn=2/P, where P is the

period of the binary. Using these parametric equations of the

motion, we computa3,vi to the 2PN order in terms of
E,h?,(1—e,cosl) using

th atA &tA dl)

du_ au u 't dv du’ (4.43
. dr dt,)?
fi:(d—f/ d_:) ’ (4.4
. d¢A dl) th 2
2 JE—
Pa= (dv du/ du) ; (4.49
vi=r2+rig3. (4.49

The subscrip®A present in Eqs(4.4) is a reminder that the
expressions refer to the ADM gauge. We have

1
(1— rcosu)[38 3071~ (1—-ecC 031)7[ 0=207

1
_ _ 1 - _ 2 2_ _ 2
(36-287)EN’] — 7ol (64— 247)EN ]]E <l 4197+ 167
- 168 3267+ 987°— ! 34—227n) |+ ! 496— 7129+ 164n>— (213— 298
(1—e,cox)) 6+ 987"~ =2 7) (1_erco$)z[ 7 7°—( 7
2 27_ _ 2 2 27 _ _
+857 ) ENY) — (3o g3 212 3320+ 807~ (800~ 9327+ 1887 EN] — (7= (528~ 528y
2 2 2 2WaAl 3
+HIBPIER+ o s[32+ 8771 7E%h ]( E), (4.53
2= 1+—2 2E = 513—9 _ 38-307]+ ——————[40-20
VA~ (1—e,cost) (—28)- K ecosu)[ 7] (1—ercosu)2[ 7]

1 1
Jrsﬁg nEhz] E2— —[4 199+ 169°—

1
168— 3265+ 98172—52(34— 227)

1-eccou (1—e,coqu)
1 428— 6687+ 164 ! 212— 3329+ 807%— (76— 84 Eh? 80
m[ 7 7°]— m[ n+807°—( 7) nEh7] (l—erTaJ)“[
_ 2 y . 2FE2l14 _ 3
1287] pEN+ 72— o5 mPE }( E)3. (4.5b
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These expressions fof andv? are consistent with Eq¢6) ~ coordinates given by Eqg4.6). Finally using the above
and(7) of [62]. equations we have verified that the expressions given by Egs.

(2.8), relating the individual locations of the two bodies to
the center of mass coordinate are consistent with the corre-
sponding choice in ADM coordinates, given by E@¢&5)—
(A8) of [36].
As pointed out earlier, the far-zone fluxes obtained in pre-
vious sections are in the harmonic_coordinates, whereas, the C. 2PN corrections to(d&/dty and (d.77dt)
2PN accurate orbital description given by E@.1), (4.2), )
and (4.3 are in the ADM coordinates. For the purpose of ~Starting from Egs(3.5) and(3.9) for the far-zone fluxes
averaging the far zone fluxes using the the 2PN accurat® the harmonic coordinates we use E¢4.6), to obtain
orbital representation, we need to go from the De-Dondef</dt anddJ/dt in the ADM coordinates. For economy of
(harmonig to the ADM gauge, and rewrite the expressionsPresentation, we write the results as (flux)(flux)o+
for the far-zone fluxes in the ADM coordinates. These follow “corrections,” where (flux) represent the far-zone flux in
straightforwardly from the transformation equations[@i] the ADM coordinates. (Fluxy) is a short hand notation for
and we list below the transformation equations, relating thexpressions on the right-hand siRHS) of Egs. (3.5 and
harmoni¢De-Dondey variables to the corresponding ADM (3.9), wherev?,r,r are the ADM variables;i,rA,rA, re-
variables: spectively. For example, the Newtonian part af&(dt)q
om will be £G3®m?u?/cSraf{12v3—11r2}. The “corrections”
(502_'r2),7+ 2(1+12%) —}r represent the differences at the 2PN order, that arise due to
r the change of the coordinate system, given by E4$6). As
the two coordinates are different at the 2PN order, the “cor-
—18nrfv], (4.69 rections” come only from the leading Newtonian terms in
Egs.(3.5 and(3.9):

B. The transformation between De-Donder(harmonic)
and ADM gauges

Gm
rp=ra+ —5
D A 804r

Gm . de\  [dE|  G*m3u?
to=ta— —7 7, (4.6b b :<_ _>2e 2
p=la™ "2 at) ~ldt) " e [(48+336n)va
Gmr Gm . Gm. ,.Gm . .
Vo=Va~ = 7v2+38r——3r2 ntA——r 1 —(36+232y)r,]— +[360,— 184W,r,
r A
Gm . Gm Gm :
— = [ 5v2—9r2—34—}77—2—]v, (4.60 +14244A]77] (4.7a
8cr r r
Gm Gm . dj) (dj) G3m2u?(Ly)a
= — ——+4nr? —| == +——5—1| (4+68p)vi
(Ln)o=(Ln)a) 1+ 77| (2+299) ——+4nr H, (dt L dt) 5t ( AU
(4.60
8+76 AP 82 2|
Gm , Gm , —(8+ 77)?4'( + ﬂ)rAK
rDIrA-i-W S5nu +2(1+1277)T—197;r ,
(4.69 +(362r2—5004—363%) 7;} . (4.79
2 2 Gm 4 2.2 -4 2 . .
UDTVAT 1A [Gv*—2vT°—=3r*]n—[2(1+17n)v Note that all the variables on the RHS of E¢&.7) are in the

ADM coordinates. In the circular limit energy and angular

.,.Gm momentum fluxes are again related as in Egsl5), via the
—(4+38y)r ]T : (4.69)  corresponding? in the ADM coordinates given by
Gm Gm 1 G%m?
. . m. . Gm 22V a4 iAo 2
=12~ 204rr2[ 15(v2—r2)77+(1+277)T]- VAT, [1 ST R A ]
(4.69 (4.9
The subscripD denotes quantities in the De-Dondbar- From this point onwards, in this section, we work exclu-

monic) coordinates. Note that in all the above equations thesively in the ADM gauge and hence we drop the subsekipt
differences between the two gauges are of the 2PN order. Alor the ease of presentation. We now have all the ingredients
there is no difference between the harmonic and the ADMheeded to calculate the 2PN corrections (ah¢/dt) and
coordinates to 1PN accuracy, in E¢$.6), for the 2PN terms  (dJ/dt). We explain in detail, the procedure to compute
no suffix is used. The 2PN extension of the evolution of the{d&/dt) and only display the final expression fat.7/dt), as
orbital elements thus requires more technical care than thiae procedure is the same in both the cases. Starting from
1PN case due to the differences in the ADM and harmoni&gs.(4.7), (3.5, and(3.9) which give the far zone fluxes as
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functions ofv?, r2

orbital representation, to rewritg&/dt as a polynomial in

(1—e,coau) L. This polynomial is of the form

e du an(E,h)
dt ndtN 2 (1 e COSJ)(N+1)

4.9

where for the convenience we have factored dutndt
given by

du 1

ndt_ (1—e,cos)

E 1
:1_ 52(8_37])( 1= (1—e,cosu))

+ = EZ((56—637;+67;2) Eh2(17 117)

2c
«[1 1 1
(1—ecox1)/ (1—e,cou)
_ Ny =
X (184~ 159+ 247n°) + (1—e.com)?
h2

X (68— 767+ 177]2) — m n(4+7)
r

+§(—2E)3’2(5—277)H. (4.10

It is a straightforward algebra to show that the coefficients

an(E,h) in Eq. (4.9 take the form

2

7
an(E.h) = 55 (—E)°Bu(Eh), (4.13
where 8y (E,h) for N=1,2,...,8 aregiven by
256
+ 1 ——(791 168- 874 624+ 179456;?)E?
c?l 315

128 E ( )3/2]
+ 5 (17-11n) o+ g (640—256 )— ,

(4.123

512
Ps=715 ~ 352

13040896
945 717"

2716928
315

538496 ,|_, 896 E
7> —
135

(263 68-19968y)E+ é”

1 (— )3/2
- g ( 1280- 5127])T y

, andGm/r, we use the 2PN accurate
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= —5632Eh2+ 111 1024- 307 E+5 1729
Bsa=~5 2|7 —30727)E+ 705
030, E2 h2| + 1 (/46840064 3537664
On) c?l | 2835 045 7
2315648 , E? 128 86403- 8996
315 7’ 105 &
+209237%) E3h?— >0 17-11 ! 7040
37°) 15( 7) iz 5(
—281679)(— 2E)5’2h} , (4.129
512 2232 13057) E2h24 1 14200576
~ 1052 (323271395)) c*l | 2835
38656 219904 , 2, 148 648 8
189 77 " 63 7 945[

— 1545569+ 343813)°] E3h2] , (4.129

512 1
Be=— 5C2(687—620;7)E3h4— —[ 5[1221526

— 13336247+ 319739°] E3h?— [51396

105

— 91541+ 275087°] E*h*},

(4.12¢

{748 032- 1385005+ 387911;%} E*h?,
(4.12

B7= 94&4

4096
Bs=— {2501— 202 345+ 84047%} E°h® .

315
(4.129
To 1PN order Eqsi4.12) agree with Eqs(4.15 of [46]. The
far-zone energy fluxd&/dt) is a periodic function of time

with period P=2x/n. Averaging @&/dt), given by Egs.
(4.9, (4.1, and(4.12 over one time period P, we obtain

dé\ 1 (PdéE 1 ndt)dg
at)~p), ar®dt sz du ) gr Wdu.
(4.13

The integrals in Eq(4.13 are the Laplace second integrals
for the Legendre polynomial$3] which yield

1 (2= du
2m)o {1—ecoaN*tt

_ 1 - 1
S @-e™E 1-ed) )’ @14

where Py, is the Legendre polynomial. Using E(t.14) in
Eq. (4.13, we obtain{d&/dt) in terms ofE ande; :
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27405, 5377,
P T

de\ 1024 uy (-E)° [ 73, 37,, 1 (=B
— )= 1+ —e?+ — ¢ 2
dt 5 Gmé(1_62)7/21 2477 96" 1680(1 e?)
(-B)7

4

c* | 16(1-e?)%?
2255-9027)e*+ (1090- 4367)eb+ (185— 747)e’ 1 (258937 18065 + 1072

( n)er ( 77)er ( ﬂ)er] (1_93)2\ 4536 504 n n
513337 531871 1139 ,| , (2494795 4823 383 | .
6048 672 7T 1927 8064 1287 967

{13 64147 —

[ (480—1927) + (500 2007)e?

84 O+—e +—e ——e

2 8 8

( 6419 5103 259
7

879749 30137 1877 ,| ,
_( 4536 72 7 48 ”)ef_
283685 13147 37
16128 2688 7' 192

772) e’

] . (4.195

Following exactly a similar procedure, we obtain the 2PN correctiofdt@dt). The final result we obtain is

d 4/“7( 2E)™2 2 4 (ZE) 2 4
- 1 8—e?—T7e '~ 5[ (2920+ 70567) + (197 38+ 144 34 )%+ (127+ 1330p)e’]
dt (1 e?)8 168

-84 1 A0 96 (30 1277 (210 841t 1 (209623 22025 351 ,
c? [(1_83)1/2( 7 ( e~ M) 1)\ 1134 252 T A 7

1316273 815597 29207 | , (2901133 124403 7187 | ,
864 336 7 96 " 6048 96 7 a8 "

7526 2869 N 1435 | 41
63 224" 96 7 )%]|[" (4.19

To 1PN order, Eqs(4.15 and (4.16) agree with[46,48 as required. For the special case of circular orlgfss 0 and we

observe that{dé/dt)=w (dJ/dt) to 2PN order, wherev, the mean angular frequency of the relative motion, defined by

w=n(1+K) is given by
(2811-1170p+ 115%)E?}. (4.17

w=

(_ 2 E)3/2[

om |1 a2 9t MEY

32¢?

It is not very difficult to trace the origin of the two types of terms in E@s15 and(4.16 at the 2PN order. It is related
to the fact that the “corrections” in Eqg4.7), arising from the transformation equations connecting the harmonic and the
ADM coordinates have a different functional form than the 2PN contributions to the corresponding far-zone fluxes in the
harmonic coordinates. For example, in the far-zone energy flux, corrections contain a commonGaotdirf), unlike the
2PN contributions in harmonic coordinates which have o@yrt?/r#) as the common factdcf. Egs.(3.5) and(4.7)]. These
different functional forms, after the averaging procedure give rise to the two different types of terms {4.Efsand(4.16).

We display below(d&/dt) and(d7/dt) in terms ofGm/a, ande,, which can easily be obtained from Edd4.15 and
(4.16), usingE written in terms ofGm/a, ande, to the 2PN order. The required equation fiis obtained from Eqs4.3)
for a, ande, by inverting them folE andh?, respectively, order by order. Eliminatitig from the expression fdE we finally

get
2

c 1 17-11
E=——§P——n N+ el

(1-e)

(25—-2p+7%)—2 gz}, (4.18

where{=G m/c?a, . Using the above expression fB; Eq. (4.15 becomes
d¢ 1 C 2 §5 2 4 2\3 1 2\2 2
a4/ " 156 (1T2)13’2 [(96+292%+37e/)(1—ef)°]— —g(l—er) [(468 32+ 6720n) + (198 664+ 376 329)e;
r

— (153 30- 280 567)€’ — (127 53- 20727)e%] + 2 50 48(1 e2)[(224 053 12 122 492 167) + (912 416 00

+973 409 76+ 290 304;%)e?— (977 677 44- 731 619 06)— 239 500 87%)e’ — (757 105 2+ 606 592 &

—280 627 27%) e+ (680 528 7148 921 2+ 223 776;%)e’]— (1 €)% (96+ 2922+ 37e’) (5— 27;)]}
(4.19



7722 A. GOPAKUMAR AND BALA R. IYER 56

while Eq. (4.16 gets transformed to

d 4 712
V= _ 2_ > 2 _a2\2 2 .
<d“t7> = e (1_92)4|(8+7er)(1 e?)2— 3365(1 €2)[ (193 84+ 47047) + (176 80+ 147 287)e?— (142 79

r

—3388y)el]+ {2

181 44{(381 349 6+ 314 114 4+ 725 76;°) — (346 264 8- 137 197 26)— 815 724)°)e?

— (112 754 91 786 483)— 139 784 4)%)e’ + (357 872 4- 121 329 %+ 238 896,2)e’)

3
- 5(1-e})¥(5-27) (8+7¢])

} . (4.20

We observe that in the test particle limiz{-0) and for As stressed by Tagoshi, the fluxes reveal the more familiar
small radial eccentricities, Eq§.19 and (4.20 become coefficients in terms of a parametet, related to the angular

- frequency in the¢ coordinates rather tham, which is
<d5> 32¢” u 5[ 2927 282043 adapted to the radial coordinate For slightly eccentric or-

dt WZOZFEW 336 ¢ 9072 ¢ bits, v andv’ are related by
157 6397 N 273523 2l 2 U’Z v'4

4.21 L
( 3 In terms of v’ the far-zone fluxes for a test particle in

<d~7> 32 M . 7[1 2423§+ 340 60752 [23 Schwarzschild geometry, Eqgt.22 may be written as

dt/,.o 5 m 33~ 18144" |8 de\ 32 w2 [ 1247v'? 447110'"
2} dt/” 5 Gmc® Y 336 ¢Z 9072 c*

e . (4.21b

' ,[157 6781v'% 15118v'*

24 168 c¢2 189 c*

9479 1014647
336 ‘" 18144

] . (4.253

Such expressions for average energy and angular momentum
fluxes for a test particle moving in a slightly eccentric orbit 2 '
around a Schwarzschild black hole have been obtained by [dJ\ 32 u? . 1- 1247v'" 44711v""
Tagoshi[24], using black hole perturbation methods: Egs. t/ 5me’ 336 c? 9072 c*
4.9 and(4.12 of [24] (with q=0). They are given b

(4.9 and(4.12) of [24] (with 4=0) yared Y ,[23 3259y'? 10594930'4]

<d8> 32 u? 10( 1247v% 447 11v* £l
(4.250

+

e

dey _29e +» _ vt v 8 168 ¢ 18144 c*
dt/” 5 Gmc® 336 c2 9072 ¢*

37 6502 474 409v*

227212 9072 &

eZJ, (4.223 In this form at the Newtonian order, one recovers the results
of Peters and Mathew2]. The quantitiesa, ande, in the

d 32 2 124702 447 11y 5 ADM coordinates are related @' ande by the relations
B % . [P ) [
<d;7> 5m050+ 336 ¢ 9072 c¢* | 8 Gm 1
—=v'% 1+ 5(1-2e*) v'?
N 74902 238 229v* 402 ar c
% o7 6048 c*)° | $29 1/  16655,)
E - We v’ (4.263
wherev ande refer to the radial velocity and the eccentricity
in Schwarzschild coordinates. Equatio@21) and (4.22 1o 4
are consistent, if the ADM variables ande, are related to e2— g2 1+2”_+17O8U_ (4.26h
the Schwarzschild variablesande by " c® 409 c* '
Gm 02+ 50 N f_ 33290_4 ) The above relations may be rewritten, in terms of the con-
a, -v 2 4c* c2 818 ¢t ' served energy using[43]
(4.233
2 2 E 2 E2 2
2 v2 170802 ve=—2Ei1l+e —?(3—9)'}‘?(184‘49) ,
e =e 1+2?+mg (4.23h (4.273
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) E? decrease of the orbital perioﬁ, of the two compact objects
=-2E (3+8e )+ A (18+52%) . moving, in quasielliptical orbits is computed. The 2PN accu-
(4.27H rate orbital periodP=27/n given in[34-3€ reads as
We obtain 27Gm 1 )
P=——=1— —=(15—n)E— 55=| (35+ 307
Gm_ o, Eo g E g 15837, (—2B)%2 " 4c?
ar Y ( € ) 409 (_ )3/2
(4.283 +37?)E?-16(5—27) TH (4.29

E 9286E?
[1—4— 709 c4]’ (4.28n  Differentiating Eq.(4.29 with respect tot and equating
dE/dt to (—(d&/dt)/w) and dh/dt to (—(dJ7dt)/Gmu)
which are the generalizations of similar 1PN relations inWwe find
[48].
6mrGm J 1

1
D. The evolution of the orbital elements - (—2E)52| 202 (15— n)E+ _3204(35+ 307

In this section, we compute the 2PN corrections to the de 3 q
evolution of orbital elements due to the emission of gravita- 2yg2b ( 27 — -~
tional radiation. We describe the procedure to compute the +37)E ]< dt> hz® 27’)< df>' (430
rate of decrease of the orbital period of the binary in some
detail and display the final expressions for the rate of decajNote that, in the above equation we ne@ii7/dt) to the
of other elements; namelyda, /dt) and(de, /dt). Employ-  Newtonian accuracy only. Using in Ed4.30, (d&/dt)
ing the Heuristic argument, based on the energy and the agiven by Eqg.(4.15 and the Newtonian part of E¢.16) for
gular momentum conservation to the 2PN order, the rate ofd J/dt), we get

192 5?2 73

. 37 1 1
-y —— T2, AA T
P=-= ™ L+ 528 56% ~ To1 28 (1 e)[(59856+30912r])+(431352+1348487) 24 (168 210

1 [ 1
a_ 6 2 2
+556 08y)e” — (7179- 207 279)e®]+ ¢ -7 580 5o (763 955 2+607 737 677+ 483 84077) + (263 832 80
+814 273 20)+ 251 596 &?)e?— (190 546 44-825 636 06— 170 553 &2)e’ — (145 177 2-532 202 4

1
—935 424)%)e’+ (159 698 7- 193 374+ 745 927%) e — 54 (5—2m) (1= e?)%/2(64+ 29622 + 65e§‘)” . (4.3)
Finally inserting the expressions fef andG mv/a, in terms of E anch? in Eq. (4.31) we obtain

b Ty 1 [ 1 {40341 38135 722 37 4983

- - 2 2K4 - 2, T E2RK4 316
55 (Ey| 425 32BN+ 148N o + Eh2+ E*h*+ ——E°h

8 4 14
5635 48125_ L, 1406
—| =+ —5 EM+5354E%h"+ —— E°h°| |+

> 3 291 982 55- 309 096 90,+ 690 606 Oy° )

1
672(

1 3/2
+ 755(293 418 53-505 570 59+ 187 777 8072)h2+ (6375~ 255077);

1
+ 555(864 965 0-219 467 707+ 137 502 757%) E?—(3195-1278p)(—2E)>%h+ 4(166 451 5- 206 289 3

1 1
+171 217 27%) E3h%+ 5(975-3907) (- 2E)"h3+ 75(163 085-693 68+ 445 487%) E*h*|}. (4.32

In the expression abov®, is given as a function of the masses and of the 2PN-conserved energy and angular momentum. This
expression folP is independent of the coordinate system used to derive it. $risea measurable quantity, one would have
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liked to expressP in terms of other directly observable parameters such as the orbital period and some convenient eccentricity
as in the 1PN cas!6]. However, at present, to 2PN accuracy we do not have any such suitable and convenient choice and
therefore we leave the expression fin terms of the 2PN accurafe and h?.

Similarly, using the definition o, ande, in terms of E andh? and following the method described above, we obtain after
a rather long but straightforward calculation

dar 2 53 2\2 2 4 1 2 2
a5t =—1—577<:(sz)11/2 (1-€f)?(96+ 2928 + 37ef) — = ¢(1— €])[ (280 16+ 9408y) + (160 248+ 431 209)e}
r

+(346 50+ 209 167)e’ — (5501~ 10367)e’] + {2 [(137 748 16-585 129 &+ 290 304;2)

(1— ef)lllz{ 6048

+(428 878 40- 874 684 80)+ 188 395 27%)e?— (396 797 28- 824 068 08— 221 886 0;%)e’ — (449 753 4

3
—103 0867— 123 832 8,%)e’+ (262 800 9- 632 718+ 839 16;%)ed]— 5(1- e?)%q (5—27)(96+ 2927
+ 37ef)]) , (4.33

3 4
de) __1com e (304+121e2)(1—e2)2—ig(l—ez)[(133 640+ 374 08y) + (108 984+ 336 84y)e?
15G m (1—¢?)9”2 ' 56 " "

1
——((174 096 16- 170 583 84+ 491 904;%) — (120 536 4-397 143 7%

_ o 4 2
(252 11-338 8y)ef ]+ 7 55

— 760 7887%)e?— (150 068 86- 224 584 27— 560 952)°)e’ + (384 043 5- 619 614+ 914 76,°)e’)

3 2\ 6 2
— 5(1-e?)° (304+12167) (5—27;)”. (4.34)

To 1PN accuracy we recover the results[d8]. For the -
special case of circular orbifgla, /dt) takes the simple form  (Ngm)inst™ C4—R7’ijkm

1 4
ZNaI )+ —sab(iJ”)Nb}

1
@,
i +d3 3 ia

+

Nl

11 1
2| 5 Nan! i(jélazb—’—isab(iJJ(?;chc}

da| 64, [ [1751 7 | [204383
at) T 5 336t 27| T 18144
26365 1 ,
T 2016 T2 |[

J’_

1 2
23 5o Nabd! (abe T 1_58ab(i31(;2cd'\|bcd}

(4.39 1 1
7

e N d Ot g I N
c? 360 abcd'ijabcd 36 ab(ivj)acde “bcde| [ »

(5.9

Equation(4.35 is consistent with the expression fogiven ~ WhereR is the Cartesian observer-source distance Migid
in [55], after taking due account of the coordinate transfor-2'€ the components &f=X/R, the unit normal in the direc-

mations required to relate the ADM and the harmonic gaugelion Of the vectorX, pointing from the source to the ob-
for the circular orbits. server. The transverse traceless projection operator project-

ing orthogonal taX, is given by
Pijkm(N) = (i = NiNy) (8jm—N;jNp)
V. THE 2PN CONTRIBUTION TO THE WAVEFORM 1
—§(5ij_NiNj)(5km_NkNm)- (5.2
In this section, we compute the instantaneous part of the
2PN accurate gravitational waveform, i.e., the transversegvaluating the appropriate time derivatives of the multipole
tracelesgTT) part of the 2PN accurate far-zone field for two moments and performing the relevant contractions Withs

compact objects of arbitrary mass ratio, moving in a generatequired by Eq. (5.1), some details of which are given in
orbit. It is given by[16] Appendix A, we obtain
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2Gu 16m 1
—_ (0) 1 (0.5 (2)
(hkm inst— C4R Pljkm{ f cm f + = c 4 ‘f ], (5-3)
where the varioug;;’s are given by
Gm
fi(jO)Zz(vij_Tnij): (5.49
(05 _ Gm
ij (N n) [2”(, N~ rnij]+(N'V) _n”_ZUij , (54b)

Gm
g<1>— (1- 37,){(N n)2 ((31) - 5r2+7— ni; +30rngv;)— 14U,J)+(N n)(N- v)—[12rn|] 3nvj)]
) Gm ) Gm Gm. Gm
+(N-v)?| 6o —2——nj; | | +| 3(1=37)v?~2(2—37) ——|vij+4—T(5+3n)ngvj)+ —— 3(1=37)r’~(10
Gm
+37)0?+29—— nij], (5.49

(1.5 _ G 2_ 2 2 -2 Gm
9= (1 27)1 (N-n)3— | 4502105 +9o— ;= 96rv;; — | 4202~ 2102+88——|n v,

Gm
—(N-n)*(N-v) ——

27u2—135|"2+84G—m ni+336nvy—172:: | — (N-n)(N- 2 Om 48rn; —184nv;
r ij iV ij (N-n)(N-v) r [ Njj (|UJ)]

Gm 1 Gm . Gm|.
+(N-v)3 A== 24vj | = 5 (N-n) —— (69—667])02—(15—907])r2—(242—2477)Trnij— (66— 367)v?
1 .
+(138+84n)r2 —(25&727;) n(, i+ (192+127)rv;; | + 1—2(N~v){ (23— 107)v2—(9—187)r>— (104
Gm Gm Gm. ) Gm
- 1277)7 —n;; —(88+407n) — rngviy— (12— 60n)v-— (20— 5277)7 Vijy [ » (5.49

2 2
§<2>— (1— 577+57;2)[240(N V)% —(N-n)* Acll [(900 +(318G— 12602) 243440 4 180G+
120 1 r2

: Gm
—231()—r )n +(1620;2+3OOG— 3780 )rn(iv”—(33&;2—16802+688r—)v”

Gm . Gm .
—(N-n)¥(N- v)—[(1440;2 33602+3600—)rn (1608}2—804(}2+3864r—)n(ivj)—39600”-

n;j+ 6480 n.vj)

Gm
+120N-v)3(N- n)T(srn,J 20nvj)) + (N-n)?(N- v)2 [(39&2 19802+1668—

Gm

. Gm
(87— 3157+ 14572)v2— (135— 4655+ 755%)r%— (289— 905, + 1151;2)T

1 2
~3600) ;)| ~ 55 (N-V)

(270

. Gm 1 Gm
—(240- 6607]—240r]z)rn(ivj)—{(30— 2705+ 6307%)v?—60(1— 679+ 10772)7 + 3—0(N-n)(N.v) T[

U(ij)

rn;;—| (186—810p+ 14509%)v 2+ (990

. Gm|.
— 11409+ 11709%)v?— (60— 4507+ 9007?)r?— (1270- 39205+ 3601;2)7

: Gm .
—2910p—9307°)r?— (1242 41705+ 1930772)7 nivj+[1230-3810,— 90772]rviJ

(N n)2G H(ll?

. Gm .
— 48075+ 5407%)v*— (630 28505+ 40507%) v 2r2— (125— 7407+ 900772)T v+ (105— 10505+ 31507%)r*
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2m2

Gm.
+(2715- 85807+ 12607,2)T r2—(1048-3120p+ 240’72)72_ ni; +| (216— 1380yp+ 43205%)v 2+ (1260- 3300y

: Gm )
—3600772)r2—(3952—12860;,+36607;2)T r ngvj)—| (12— 1807+ 11607%)v?+ (1260~ 3840y — 7805°)r>— (664

2 Gm 1 2y, 4 2\, 2.2 2 Gm 2
— 23607+ 17007%)—— v;j | ~ 55| | (66— 157~ 1257?)v"+ (90— 180y~ 4807)v?r?~ (389+ 1030p— 1107°)—— v

: Gm. G?m?
+(45—22507+225;72)r4+(915—144077+720772)Tr2+(1284+109077) e

n;; —| (132+ 5407 —5809?)v?

. Gm| Gm.
+(300— 114077+3oon2)r2+(856+4oo77+7oo772)7 — T nj— (45— 3157+ 58572)v*+(354— 2107y

,. Gm ,,Gm ., ,. GZm?
—5507°) el —(270- 307+ 270y )T r“—(638+1400p—130%°) —5—|vij| - (5.4
|
The “tail” contribution reads way of verifying this is to show that the “plus” and “cross”
polarizations of the difference in the two expressions vanish
2G 2Gm +oo at 1.5PN and 2PN ordef$4]. In Appendix B, we present
(hem)ail=cag 3 Pigkm | - d7)In| 5~ ((Tr—7) the difference—at 1.5PN and 2PN orders—between our

wave form expression computed directly using the STF mul-

pe tipoles and the Will-Wiseman one computed using the EW

+ —In(2b ) I|,5a>(TR 7) multipoles and verify their equivalence. Finally we note that
the statement in Appendix E ¢1.8] should more precisely

read that, STF multipole moments presented there yield an
In(2b )a‘ab(, ])a(TR 7-)] , (5.5 expression for the waveforraquivalentto Egs.(6.10 and
(6.11) of [18], and notidentical to it [64].
where we have used for simplicity the notation VI. CONCLUSION
b;=b e 2 b,=b e 90 p,=be "5 (5.6 In this paper using the BDI approach, we have computed

the 2PN contributions to the mass quadrupole moment for

We do not discuss the “tail” terms in this paper. Some de-two compat objects of arbitrary mass ratio moving in general
tails of these tail terms may be found[ib6,18§]. orbits. Using this moment we have computed the 2PN con-
The first check on the above waveform is its circulartributions to the gravitational waveform and the associated
limit, which matches with the waveform computed earlier inenergy and angular momentum fluxes. These expressions
[16]. The next check of the waveform in the general case i§1ave already proved useful in the computation of the 2PN

performed by computing the far-zone energy flux using ~ radiation reaction, i.e., the 4.5PN terms in the equations of
motion [55], using the refined balance method proposed by

lyer and Will[56,57]. Work is in progres$65] to obtain the
f (hirhiHdQ(N). (5.7 higher order corrections to the far-zone linear momentum
flux from the gravitational waveform presented here, extend-

ing the treatment of Wisemdi®6]. It should be noted that
2PN corrections to the linear momentum flux can be com-
puted only if one knows],” to 2.5PN accuracy. Using the
2PN accurate generalized quasi-Keplerian representation for
CElllptlc orbits, we have computed here the instantaneous 2PN
Bntributions to(dé&/dt) and(dj/dt) the fluxes averaged
over one orbital time scale. This is used to compute the evo-

ﬁjtlon of the orbital elements, in particul®, e, anda,. The
method employed to comput@é/dty and (dJ/dt) could
also be adapted to the case of hyperbolic orbits to generalize
ﬁEe VEIOH]( of Simone, Poisson and Will on the head-on colli-
60

c® R?
dt 327G

The expression fod&/dt thus obtained is identical to the

far-zone energy flux directly obtained from multipole mo-
ments Eq(3.5). Of course, these checks do not uniquely fix
the expressions in Eq5.4) and equivalent expressions are
possible leading to the same transverse traceless parts as
cussed below.

The above expressions for the waveform, computed usin
STF multipole moments differ from the corresponding ex-
pressions obtained by Will and WisematEgs. (6.10),
(6.11) of [18]), using the Epstein-Wagoner multipole mo-
ments at 1.5PN and 2PN orders. Though the two expressio
are totally different looking at these orders, even in the cir-S
cular limit, it is possible to show that they are equivalent.
The equivalence is established by showing that the differ-
ence between the two expressions, at 1.5PN and 2PN orders It is a pleasure to thank Luc Blanchet and Thibault
has a vanishing transverse-tracel¢§3) part. The easiest Damour for discussions on the ADM-harmonic transforma-
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tions. We also thank Clifford Will and Alan Wiseman for izedminimum number of terms, required to make the expres-

discussions on the waveform equivalence. sion symmetric in all the indicated indices. The second step
involvespeeling where by observation and counting, we re-

APPENDIX A: STE TENSORS AND FORMULAS write the expression obtained in step 1, as STF on the free
FOR THE WAVEFORM COMPUTATIONS indices— andj in our case. In step 3, we contract, the final

expression of step 2 with appropriate numbeMé as re-

We present details of the scheme, employed to computguired by Eq.(5.1). The actual evaluation of the result of
the contributions td;, from various multipole moments, as step 3 is performed on Maplé3]. In all the formulas,S.
required by Egs(5.1), (5.3), and(5.4). Our scheme proceeds denotes the symmetric version of the object under consider-
in steps. In the first step, we write down schematically, theation; e.g.,S =1{[} if the object isI{" and s =J{" if the
form of the desired time derivative of the STF multipole object isJ{™—the object in the formula is obvious from the
moment, using the compact notatidr}, introduced by context.

Blanchet and Damour12]. Here{} denotes arunnormal- The unnormalized symmetric blocks
|
8iSa)= 8 Sat 80 S+ 5ja S, (Ala)
i Saby= 0ijSap™T 9iaSjb T SipSaj T 6jaSib T SjbSai T SanSij (Alb)
O4ij Oaby = 0ij Sapt GiaOjp T+ Sip Gaj » (Alc)
0iiSabe = 6ij Sabct SiaSjbct SibSajc T SicSabj T GjaSibe T SjpSaict SjcSabit FabSijc T SacSibj T SbcSaij » (Ald)

34ij %abSey =1 8jadbct Sjp Oact 9jc ablSi+[ Jiadpct dip Fact Sic SanlSj+[ 8ij dpct ipSjc + Sic Opj1Sat [ i Fact Siadjc
+ 8ic8jalSp+ [ 6ij SabT Siadjp+ SinSjal St (Ale)

S4ij Sabed =1 i} Sabcat FiaSjpcdt SibSajcat FicSabjat SiaSancit FjaSivcdt SjbSaicat SjcSabiat djaSancit SabSijcd T FacSoaij
+ 8adSvcij T ObcSadij T SbaSacijt ScaSavij) (A1f)

34ij OabScay =1[ 8ij Sabt GiaSjp T SibOajlScat [ 6ij Sact diadict dic FajlSpat [ 8ij Spct ic Sjp+ Sib Sjc]Saat [ Sic Sant diaden
+ 8ibOaclSjat [ O¢jPapt Scadjp+ Ocn0ajlSiat [ 6ij Sadt Siadjat SidSajlScnt[ 8ij Subt Sia i+ Sip Oaj1Sca
+[6igSabt diabdbTt SibFadlScj+ [ O4jSabt dgadjp T OapajlSci+ [ 6ij Scat SicOjat SiddcjlSanT [ Saidcat SicOad
+ 614 0aclSip T [ 8ajcat Icadjat addcjlSib [ OibOcat dic St Gid Ol Saj+ [ ObjOcat Sbddic+ 9jdadbc)Sai
+[8cdGant Ocababt OcvSadlSjit (Alg)

84ij Oabdcdy =11 8ij Sabt GiaSjp T SibSjal Scat [ 6ij SacT Giadict ic 8jal SpaT [ 8ij Ocht Sic Sjp+ Sib Sjc] Faat [ Sic OanT diadep
+ GibOcal 8ja [ O¢jSabt Scadip + Scvdjal Sig) - (Alh)

The STF tensors

1
STFlja(hja):Sﬁja_35{i15a}u, (A2a)
1 1

STRjab(lijan) = Sijab— 7 i Sabjte + 3¢ 9fij Oab} Ssstts (A2b)

1 1
STRjabc(lijabe) = Sijabe— 9 i Sapbgtt @5{ij SabSc)sstts (A2¢)

1 1 1

STFRjabcd(lijabed) = Sijabed— ﬁ5{ij Sabedpp™T 9—95{ij SabScdjttqq™ @5{”' SabOcdySppyqtt- (A2d)

The peeling
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2
STRja(lija)=STRj{ Sija— §5iasjtt , (A3a)
1 2
STFRjab(lijan) =STF; Sijab_7[25iasjbtt+25ibsjatt+ 5ba5jitt]+3—5[5ia5jbsnss] : (A3b)

1
STFljabc(I ijabc) = STFlj ( Sijabc_ 5[2(5iasjbcpp+ 5iijacpp+ 5icSabjpp) +(5absijcpp+ 5acSijbpp+ 5chijapp)]

2
+ @[(5ja5bc+ 5jb5ac+ 5jc5ab)sippqq+ ( 5ib5]‘csappqq+ 5ia5jcsbppqq+ 5 5 bScppqq)]} (A3C)

1
Sijabed™ E[Z( SiaSibcdppT SibSjacdppt SicSabjdppT SidSabcjpp T (FadSocijppT SabSdcijpp

STFRjabcd(lijabca) = STH;

1
+ é\achdijpp"' é\chadijpp"— 5bdsacijpp+ 5cdSbaijpp)] + 9_9[2(5ia5jbscdppqq+ é\iaéjcsbdppqq

+5ic5jbsadppqq 5|a5]dscbppqq 5|d5bsacppqq+5|c5]dsbappqq)+2(5lc5ab+5|35cb+5|b5ca) idppaq

+2(3igGap™ SiaddbT GinSda) Sicppaqt 2(SiadcdT SicFdaT SidOca) Sibppagt 2( Sib Seat SicSdb
2
+ 814 0bc) Sjappaqt (9caPabT Scadabt dgaden) Sjippgal — @[(5ia5jb Ocat 6iadjcOpaT SicOjbFaq)
+ ( 5ic5ab+ 5ia5cb+ 5ib5ac) 5jd]sppqqtt] . (A3d)

The contractions with N

2
STRja(lf2) Na=STF.[Sf.;°; a~ gNiS}f?], (A4a)
1 2
STRjan(l{jan)Nap=STF; | SiiabNab— S [4NiaSigi+ S+ 35N.,S§t55] , (Adb)
6 gs 6 5) 6 5)
STFI]abc(Iljabc)Nabc STFU S|Jabc abc™ 9N|bc bcpp |]cpp 6_3Sppqq 63Nljasappqq (A4C)

8 6 2 24
STFuabcd( |]abcd)Nabcd STFIJ[SJade Nabcd 11 |bcdSbcdpp 11$chpp ch+ 99 |ch Scdppqq 99N|d dppqq

6) 6)
Sflppqq 693 S(quqtt] (Add)
The current multipole moments, q;J J)pL—STF {epqI ipLt s
epq(,J])p Ny=STF; {epq, Nq}, (Aba)
3(3) (3) —Z-g®
€pqidfna Nga STF](epq, Si>h Nga 5sptt N “ (ASb)
qu(ij}%ab Nqab:STFlj{epqi SJ(;;b Ngap— (zspbtt qub+3g}tt Q)H' (ASC)
e 35 N —STEle 155 N (s Najbet Sinkit Nao) + 57 (S Nqgj) (A5d)
pq(ivj)pabc 'Ngabc 1 pqi| Sjpabc 'Ngabc™ pbctt 'Ngjbc pctt 'Ngc 21 pttov' V4] '

The explicit computations of the above equations require the following identities, which are easily derived, using the rules
governing the product of's. The identities are
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STRi{€pai No¥; Lot =STRi{—(N-V)y;;+ (N-n)r yu }, (A6a)
STRi{€pqi Ngv L pt = STRj{— (N-v)y;u;+(N-n) r v;;}, (ABb)
STR;{€pqgi NgjLp}=STFR;{(N-n) r N;v;—(N-v) yiN;}, (A60)
STR;{€pqi NgYpLj}=STR;{—(N-v) y;;+(N-n) r yjo;+(rr)Niy;—r’Njv }, (A6d)
STF{€pqi NqvpLj}=STR;{(N-n) r v;;— (N-v)y;;— 1 Njv;j+0? Niy;}, (A6e)

STR;{€pqi Ngjvp(L-N)}=STF;{[v?— (N-V)?IN;y;+[(N-n)(N-v) =1 IrN;o; + [r (N-v) —v3(N-n)]rN;;},  (A6f)
STRj{€pqi Najyp(L-N)}=STR{[r = (N-n)(N-v) IrN;y; +[(N-n)2=1]r*Njv; + [(N-v) =1 (N-m)]r*N;;},  (A6Q)
STRj{€pqi NoYjp(L-N)}=STR{[r = (N-n)(N-v)]ry;;+[(N-n)2=1]r?y;0;+ [(N-v) =1 (N-n)Jr2N;y;},  (A6h)
STFRi{€pqi NgYjup(L-N)}=STR{[v?— (N-v)?ly;; + [(N-n)(N-V) = r]ryu;+[1(N-v)—0v? (N-)JrNiy;},  (A6)
STFi{€pqi NgYpo;(L-N)}=STR{[r —(N-n)(N-V)] 1 yjo;+[(N-n)>=1] r? v;;+[(N-v)—r (N-m]r? Njv}}, (A6))
STRi{€pqi Ngvjp(L-N)}=STFRj{[v2— (N-V)2ly;0;+[(N-n)(N-v) = rIrog; +[r(N-v) —vZ(N-n)]rNjv;},  (A6K)
whereL ,= €y Vi v; -

APPENDIX B: THE EQUIVALENCE TO WILL-WISEMAN WAVEFORM

The expression for the gravitational waveform, obtained by Will and Wisdr@ndiffers from our waveform expression
at the 1.5PN and the 2PN orders. We give below the difference in the waveform expressions at these orders and show that the
two polarization stateb, andh, of the difference are zero at 1.5PN and 2PN orders.

1 om G
{(hlr:lr-] fBlD?) (hkm WW} ﬁpukm m

(1-27){3(N-n)%rv;; — (N-v)(N-n)?[v;; + 6rnv;)]
+(N-n)(N'V)2 [2n(ivj)+3 r nij]_(N'V)snij+3(N'n)i‘[l}2nij+Uij_2fn(il)j):|

+(N'V)[02nij+l)ij_2|:n(ivj)]}, (Bla)

Gm
{(hm) 581~ (k) Vot = 7557 Plikm —— - 5n+5n2>[12<N v)*n;;=3 (N-n) (30 —15%+ —)v.,+6<N m*(N-v)

X

2 1524 2™ o 0o | — 6NNV N+ 4npw ) — 3(N-M2N-I2| | 302
3ve—15r +r Nivjy—9rvjj | —6(N-n)(N-v)*(9rn;; +4nvj)) —3(N-n)*(N-v)| | 3v

152 G_m _ 2 _ 2y 2 = _ 212
15+ ; (N-v)4| | (51— 185p+55%°)v°— (117— 375 — 15%)r

nij —36fn(ivj)—4vij)

m
—(39—125p—57%) —)n” 24(1-57+57%)rnvj)+12A1—57+57)v;; | +2(N-v)(N-n)

. Gm .
X|27(1-57+57%°) r v? n;+| (39-125p—5 772)<v2— T)—(171—64577+255772)r2)n<ivj)

+27(1-57+572)rv;; |—(N-n)? (30

. Gm .
(1—577+5772)( —90v4+452%%2—3p? T)(nij—Zm(iv;)H

) Gm
—80%—50 7?)v?— (72— 150p— 240 ?)r?— (42— 1409+ 10 772)7) vij

Gm . .
—{((39—12577—5772)(7— vz)+(ll7—3757;—15772)r2)(vznij—Zrn(ivj)-l—vij) ] . (Blb)
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The two independent polarization states of the gravitational 1

wave h, and h, are given byh, =} (p; p;—q; q;) h’ hx =2 (Pig;+ P;a) (avij + LaMij + Eangiv )
andh, =3 (p; 9;+p; q) h{j’, wherep andq are the two
polarization vectors, forming along withl an orthogonal
triad [16,67,18. Note that there is no need to apply the TT I
projection before contracting qm andq. Consequently, we +5[p-n(q-v)+(p-v) (Q-N)]. (B3b)
write the difference in the waveform at the 1.5PN and the

2PN orders as

=01(p-v)(q-v)+ £, (p-n)(g-n)

For the explicit computation of Eqs(B3), we use the
{(hET)WW_(hET)BDI}:glviJ‘+§2nij +&anvj). (B2 standard  convention adopted iM16,67,18, which
The polarization states, andh,, for Egs.(B2) are given 9'V€S p=(0,1,0), 9= (~cos,0,siri), N=(sini,0,cos),
by n= (cosp,sing,0), and v=(r cosp—r w sing, r sing
+r o cosp, 0), wheren andv are the unit separation vector,
1 and the velocity vector respectively is the orbital phase
h.=5(pi Pj=0i G)) (£1vij+ Eanij+ Laniv;) angle, such that the orbital angular veloaify- d ¢/dt, andi
is the inclination angle of the source.

{1 2 A straightforward but lengthy computation shows that
=7[(D'V)2—(Q'V)Z]+ ?[(p.n)z—(q-n)z] andh, , given by Eqs(B3) vanish, both at the 1.5PN and
the 2PN orders. This establishes the equivalence of our

(B3a) waveform expression, Eq&b.3) and(5.4) with the WW one

{3
+5 Lp-m(p-v)=(a-m(a-v)], given by Eqs(6.10 and(6.11) of [18].
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