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We present the results of fitting elasticpp differential cross section data at 23.5<As<62.5 GeV with a
novel analytic parametrization for the scattering amplitude. Making use of a fitting method, the errors from the
free parameters are propagated to the imaginary part of the eikonal in the momentum transfer space. A novel
systematic study of the effects coming from data at large momentum transfer is also performed. We find
statistical evidence for the existence of eikonal zeros in the interval of momentum transfer 5–9 GeV2.
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PACS number~s!: 13.85.Dz, 11.80.Fv, 29.85.1c

Several authors have investigated elasticpp scattering at
high energies in the context of the impact parameter formal-
ism and/or eikonal approximation. Model-independent
analyses, performed through fits to differential cross section
data, play an important role as a source of empirical infor-
mation for theoretical developments.

Inspired by some of these model-independent approaches
@1–6# and based on experimental information presently
available@7,8# we retake two crucial aspects of the empirical
analyses:~a! a systematic study of the effect of experimental
information at large momentum transfer;~b! development of
a statistical procedure in order to estimate the eikonal uncer-
tainties in the momentum transfer space. In this work we
briefly report some results that can contribute with a better
understanding of the above aspects, and bring important in-
sights for the development of theoretical approaches.

We shall analyze experimental data on elasticpp differ-
ential cross section and ther parameter~ratio of the forward
real to imaginary part of the scattering amplitude! between
As523.5 GeV andAs562.5 GeV. Our basic set corresponds
to the data compiled and normalized by Amaldi and Schubert
at the energiesAs523.5, 30.7, 44.7, 52.8, and 62.5 GeV and
momentum transfer in the interval 0.01
GeV2<q2<9.8 GeV2 @7,8#. However, based on the evi-
dence that these differential cross section data do not depend
on the energy for momentum transfer aboveq2;3.0 GeV2

@9,10# we shall also take account of the data available at
As527.5 GeV, in the interval 5.5<q2<14.2 GeV2 @7#.

Our strategy in performing a systematic study of this ex-
perimental information is to consider two different en-
sembles of data, characterized and denoted by the following.

EnsembleA. Five original sets of experimental data as
compiled by Amaldi and Schubert atAs523.5, 30.7, 44.7,
52.8, and 62.5 GeV@7,8#.

EnsembleB. Five sets of ensembleA including at each
energy the data atAs527.5 GeV@7#.

We want to investigate the effects in the eikonal~transfer
momentum space! coming from the fits to both ensembles.

We make use of the following analytical parametrization
for the scattering amplitude@11#:
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where a j ,b j , j 51,2, . . . ,n are real free parameters and
r(s) is the experimentalr value at each energy@8#. With
this amplitude, we analyze the differential cross section

ds
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5puF~q,s!u2, 2t5q2. ~2!

Fits to experimental data from ensemblesA and B were
performed through the CERN-MINUIT routine, which gives
also the errorsDa j , Db j in the free parameters@12#. In this
procedure all the parameters were completely free, taking
different values at each energy. With this, no assumption at
all was made on the dependences of the free parameters with
energy or momentum transfer, allowing a good statistical
result: 1.0<x2/NDF<2.1 for a number ofNDF between 116
and 226, in all cases@14#. Propagation of the errors to the
differential cross section@13# takes account of extrapolated
curves, which, as stressed by Lombard@4#, cannot be ex-
cluded on statistical grounds. The complete fit results for
ensemblesA and B are displayed in Fig. 1@14# ~numerical
values of the free parameters are available from the authors!.

The complex eikonal in the momentum transfer space,
x(q,s), is connected with the scattering amplitude, Eq.~1!,
through the well-known formulas

F~q,s!5 i E b db J0~q,b!G~b,s![ i ^G~b,s!&, ~3!

G~b,s!512eix~b,s!, ~4!

x~q,s!5^x~b,s!&, ~5!

where J0 is the Bessel function~azimuthal symmetry as-
sumed!, G(b,s) is the profile function and the angular brack-
ets denote a symmetrical two-dimensional Fourier transform.

Here we are only interested in the imaginary part of the
eikonal, x I , which from Eq.~4! ~impact parameter space!
reads

x I~b,s!5 ln
1

AG I
2~b,s!1@12GR~b,s!#2

. ~6!
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The complex profileGR(b,s)1 iG I(b,s) is analytically de-
termined through Eqs.~1! and ~3!, together with the corre-
sponding errors by propagation. Since we found that, even
taking account of the errors,

G I
2~b,s!

@12GR~b,s!#2
!1, ~7!

the eikonal may be expressed by

x I~b,s!' ln
1

12GR~b,s!
. ~8!

FIG. 2. Extracted imaginary part of the eikonal multiplied byt4

from ensembleA: ~a! As530.7 GeV;~b! As552.8 GeV.
FIG. 1. Fits topp differential cross section data through Eqs.~1!

and ~2! between 23.5 GeV~upper! and 62.5 GeV~down!: ~a! en-
sembleA; ~b! ensembleB. Curves and data were multiplied by
factors of 1064 @14#.
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From Eqs.~1! and ~3!, this quantity may be evaluated in
terms of the fit parameters and also the corresponding errors,
Dx I , by propagation.

At last we should evaluate the eikonal in the momentum
transfer space, Eq.~5!, and the errorsDx I(q,s). However,
due to the structure of our parametrization~1!, the transform
~5! cannot be analytically performed and so the errors cannot
be estimated as done in the previous steps. We recall that this
is a typical problem in current empirical analysis.

In order to evaluate the errorsDx I(q,s) we introduce the
following method. Generically we can expand Eq.~8! in the
form

x I~b,s!5GR~b,s!1D~b,s!, ~9!

FIG. 3. Same as Fig. 2 from ensembleB.

FIG. 4. Position of the zeros in the eikonal as function of the
energy from ensembleA ~a! and ensembleB ~b!.
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where D(b,s) corresponds to the remainder of the series.
Performing the Fourier transform we obtain

x I~q,s!5FI~q,s!1D~q,s!. ~10!

Since the amplitudeFI(q,s) and errorsDFI(q,s) are di-
rectly given by the fits, our task concerns the evaluation of

D~q,s!5^D~b,s!&, ~11!

with the corresponding errors,DD(q,s), and this is the cen-
tral point of the method.

First, from Eqs.~8! and ~9!, the quantityD(b,s) may be
evaluated

D~b,s!5 lnS 1

12GR~b,s! D2GR~b,s!, ~12!

and also the errors,DD(b,s), through error propagation
from GR(b,s). Next, making use of the CERN-MINUIT rou-
tine this set of points with errors,D(b,s)6DD(b,s), was
fitted by a sum of Gaussians:
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With this parametrization,D(q,s) in Eq. ~11! may be ana-
lytically evaluated and also the errors,DD(q,s), may be
estimated through the propagation of the errors inAj , Bj , as
given by the routine. At last, Eq.~10! leads tox I(q,s) and
the error propagation furnishesDx I(q,s).

This method was used by Furget in order to determine the
eikonal x I(q,s) @15#. A novel aspect of our approach is its
use in the estimation of errors.

Two typical results, atAs530.7 andAs552.8 GeV, are
displayed in Figs. 2 and 3 for ensemblesA and B, respec-
tively. We plotted the quantityx I(q,s) multiplied by q8,
q252t @5#. In the case of ensembleA, experimental data at
As530.7 GeV are available up totmax55.75 GeV2 and from
Fig. 2 we see that no zero can be inferred. However, from

Fig. 3, the data at largeq2 ~ensemble B, with
tmax514.2 GeV!, lead to statistical evidence~with the uncer-
tainties! for the existence of zero. This effect of the data at
large momentum transfer is also evident atAs552.8 GeV
~Figs. 2 and 3! since in ensembleA experimental data at this
energy are available up totmax59.75 GeV2.

We conclude that data at large momentum transfer allow
the identification of eikonal zeros~change of sign!. Quanti-
tatively the position of the zero and its uncertainties may be
extracted from the plots as shown in Figs. 2 and 3. The
results from ensemblesA andB are displayed in Fig. 4. Due
to the uncertainties and, meanly, its asymmetry around some
points, the dependence of the position of the zero with the
energy is difficult to be inferred on statistical grounds.

However, if we disregard the asymmetries and take the
uncertainty at larger momentum transfer symmetrically
around each point, we are lead to the following quantitative
estimates. Parametrizing the results from ensembleB @Fig.
4~b!# by

q0
25A1Blns ~14!

gives A510.6663.75 GeV2, B520.991760.993 GeV2

with x2/NDF51.27. Although this indicates some decreasing
with the energy, the slope is nearly compatible with zero.
Assuming zero slope we obtainq0

256.960.7 GeV2 with
x2/NDF52.07.

By the other hand, taking account of all the uncertainties
displayed in Fig. 4~b!, we could roughly estimate the posi-
tion of the zero at 7.062.0 GeV2 in the interval 23.5 GeV
<As<62.5 GeV.

Extensions of our analysis atAs513.8 and 19.4 GeV are
in course and this will be crucial for extracting the depen-
dence of the zero with the energy. Also, detailed discussions
on physical interpretations, connections with nonperturbative
QCD, phenomenological approaches and comparisons with
other analyses are being concluded.

We thank the Fundac¸ão de Amparo a` Pesquisa do Estado
de São Paulo - FAPESP for financial support.

@1# V. Franco, Phys. Rev. D11, 1837~1975!.
@2# H. M. França and Y. Hama, Phys. Rev. D19, 3261~1979!.
@3# S. Sanielevici and P. Valin, Phys. Rev. D29, 52 ~1984!.
@4# R. Lombard, inProceedings of the First International Work-

shop on Elastic and Diffractive Scattering, edited by B.
Nicolescu and J. Tran Thanh Van~Editions Frontieres, Gif-
Sur-Yvette, 1986!, p. 231.

@5# C. Furget, M. Buenerd, and P. Valin, Z. Phys. C47, 377
~1990!.

@6# H. M. França, Phys. Lett. B392, 475 ~1997!.
@7# K. R. Schubert,Landolt-Börnstein, Numerical Data and Func-

tional Relationships in Science and Technology, New Series,
Vol. I/9a ~Springer-Verlag, Berlin, 1979!.

@8# U. Amaldi and K. R. Schubert, Nucl. Phys.B166, 301 ~1980!.
@9# A. Donnachie and P. V. Landshoff, Z. Phys. C2, 55 ~1979!;

Phys. Lett. B387, 637 ~1996!.

@10# W. Faissleret al., Phys. Rev. D23, 33 ~1981!; E. Nagyet al.,
Nucl. Phys.B150, 221 ~1982!.

@11# P. A. S. Carvalho and M. J. Menon,1995 XVI Brazilian Na-
tional Meeting on Particle and Fields~Sociedade Brasileira de
Fı́sica, São Paulo, 1996!, p. 301.

@12# F. James and M. Roos,MINUIT -Function Minimization and Er-
ror Analysis, CERN D506 ~CERN, Geneva, 1992!.

@13# P. R. Bevington and D. K. Robinson,Data Reduction and
Error Analysis for the Physical Sciences~McGraw-Hill, New
York, 1992!.

@14# P. A. S. Carvalho and M. J. Menon, inVIII Workshop on
Hadronic Interactions, edited by Y. Hama, F. S. Navarra, and
M. Nielsen~Instituto de Fı´sica - USP, Sa˜o Paulo, 1997!, p. 12.

@15# C. Furget, Ph.D. thesis, Universite` Joseph Fourier, Grenoble,
1989.

7324 56P. A. S. CARVALHO AND M. J. MENON


