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Two-loop corrections to the electromagnetic vertex for energies close to threshold
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Two-loop contributions to the electromagnetic form factors are calculated in the kinematic regime close to
the fermion-antifermion threshold. The results are presented in an expansion in the vyglotitye fermions
in the c.m. frame up to next-to-next-to-leading orderAn The existence of a new Coulomb singularity
logarithmic in 8, which is closely related to th&(«?Ina) corrections known from positronium decays, is
demonstrated. It is shown that due to this Coulomb singul®@ity?) relativistic corrections to the nonrela-
tivistic cross section of heavy-fermion—antifermion pair productioa‘ie~ annihilation cannot be determined
by means of conventional multiloop perturbation the§0556-282(97)05123-0

PACS numbgs): 13.40.Gp, 13.106:q, 13.25.Gv, 13.40.Hq

I. INTRODUCTION ton into two massive fermions in the kinematic regime where
the squared photon four momentum is close to four times the
In view of future experimentdNext Linear Collider squared fermion mass. The calculation is performed in the
(NLC), B factory, r-charm factory where heavy-quark— framework of QED where only one fermion species with
antiquark pairs will be produced in the kinematic regionmassM and electronic charge exists. The result is pre-
close to the threshold and a large amount of data can b&ented up to next-to-next-to-leading ord&iNLO) in an ex-
expected, it is a very attractive idea that an extraction of thé?ansion in
strong couplingx, at a specific scaléor equivalentlyA ocp)
might be possible which is accurate enough to allow for a M?
serious comparison to complementary determinationaof B=\/1-4
from high-energy experiments, where quark masses are
much smaller than the relevant energy scales. Such an anal
sis would be an extremely important test of QCD. In recen

Ilteratu.re two attempt; can be fourid,2] where such an lyze the structure and form of the results and demonstrate the
analysis has been carried out based on present data on prgiigience of a new logarithmic Coulomb singularity occur-

erties ofb b mesons and on theoretical calculations involvingring at NNLO in the velocity expansion. In particular, we
well-known results in the nonrelativistic limit. The results of will study the impact of this singularity on the massive
these analyses are somewhat controversial indicating thatfarmion-antifermion pair production cross section slightly
better understanding of the structure and size of relativisti@above the threshold. In the framework of QCD our two-loop
corrections to the nonrelativistic limit and of the interplay of results represent all two-loop contributions involving the
these corrections with nonperturbative effects is mandatorycolor factorCﬁ (from exchange of two virtual gluohsand
The framework in which relativistic corrections can be CT (from the exchange of one gluon with the insertion of
determined systematically in a very elegant way is nonrelathe fermion-antifermion vacuum polarizatjoand, therefore,
tivistic quantum chromodynamic€NRQCD) [3] which is  are a gauge-invariant subset of all two-loop QCD contribu-
based on the concept of effective field theories. NRQCDtions in the threshold reginfe.
consists of a nonrelativistic Schiimger field theory with a The two-loop contributions calculated in this work repre-
Coulomb-like QCD potential whereby relativistic effects aresent a first step toward a two-loop renormalization of the
incorporated by introduction of higher dimensional operatord?NRQCD Lagrangian describing single photon annihilation
in accordance to the underlying symmetries. In order to renprocesses involving heavy-quark—antiquark pairs. In particu-
der NRQCD equivalent to QCD the NRQCD Lagrangian hadar, they are a crucial input for the determination of NNLO
to be matched to predictions in the framework of conven-elativistic corrections for the single photon annihilation con-
tional multiloop perturbation theory. This procedure leads tofributions to decay and production of heavy-quark—antiquark
in general, divergent renormalization constants multiplyingbound states and for the production of heavy-quark—
the operators in the NRQCD Lagrangian and is essentiallantiquark pairs ire* e~ collisions slightly above threshold.
equivalent to a separation of short- and long-distance effects.
As far as the decay and production properties of a heavy=——
quark—antiquark pair involving single photon annihilation in Thusg will be called “velocity” for the rest of this paper. From
the threshold regime are concerned the relevant parts of the&w on in this paper we use the notion “leading ordéshd NLO,
NRQCD Lagrangian have only been renormalized at leadingiNLO, NNNLO) exclusively for the expansion in the velocity.
and next-to-leading order iag so far[4]. The two-loop contributions arising from the virtual effects of
In this paper we present the two-loop contributions to themassless fermions have been calculatefbirfor all ratios M?/g?
electromagnetic vertex describing the decay of a virtual phoabove threshold and will not be discussed in this work.

@

q2+ie'

|9(/hich is equal to the velocity of the fermions in the c.m.
tframe above threshold,/q? being the c.m. energy. We ana-
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In the framework of QED the result is essential for the de-two-loop results relies on the dispersion relation technique
termination of the single photon annihilation contributions towe will use the form factor§, andF, for the actual calcu-
the O(«®) triplet-singlet hyperfine splitting of the positro- lations.
nium ground state. For physical applications in the threshold region, where
The content of this work is organized as follows. In Sec.q?~4M?2, however, the use of the combinations
Il we explain the notation and introduce the electromagnetic
form factors relevant for our calculations and discussions. In G.=F.+F (4)
. . m 1 2
Sec. Il we reanalyze the well-known one-loop contributions
to the form factors in the threshold region. We discuss the
structure and properties of the individual coefficients of the S
expansion in smalB and derive predictions for the form of Ge=F1+ MF2 ®)
the two-loop corrections based on the factorization of long-
and short-distance contributions. In Sec. IV the two-loop
corrections are explicitly calculated using the dispersion iniS more appropriate. This can be easily seen by considering
tegration technique. It is demonstrated that the predictions ghe contributions of the form factos; andF; to the cross
Sec. Il are realized and the logarithmic Coulomb singularitysection for the production of a fermion-antifermion pair

is discussed. Section V contains a summary. (with fermion massM) in e’ e annihilation above thresh-
old. Taking the colliding electrons and positrons as massless
Il. NOTATION AND DEEINITION one arrives at the following angular distribution for the pro-
OF THE ELECTROMAGNETIC FORM FACTORS duced fermion pairs for the c.m. enerqﬁz above thresh-
old:

It is common to parametrize radiatiyeultiloop) correc-
tions to the electromagnetic vertex, describing the decay ofa . = —
photon with virtualityq? into a fermion-antifermion pair, in do(e’e —ff)
terms of the Dirac ;) and the Pauli E,) form factors. dQ
They are defined through the relation 24

o

T AN2

, (6)

4m?
_ 2 2ai
U(p") A (p) |Gl (1+co§¢9)+—q2 |G| %sir? 6
[ i v
=ieu(p’)| y,Fu(a®»+ v Turd F2(d®)|v(p), (2 whered is the deflection angle. The corresponding expres-
sion for the total cross section reads,(=4ma?/3g%)
where
_o(e+e‘ﬂff_) B

q=p+p’ =B

1
IGm|2+§<1—B2>|GeIZ] W)

O-pt
and

i G,, and G, are called magnetic and electric form factors,
%Fz[m.%]- respectively[6]. They can be easily identified as the total
spin projection(relative to the electron directipn=1 and 0
gmplitudes describing the produced fermion-antifermion pair
in a triplet °°=1"") state. Because the fermion-
antifermion production cross section represents one of the
most important applications of the corrections to the electro-
2 magnetic vertex we will discuss the structure and properties
F(lz)(qz)+ e of the corrections by analyzing the moduli squared of the
magnetic and electric form factors above threshold. Their
expansion in the number of loojgse., in powers of the fine

Expanded in the number of loops, which corresponds to a
expansion in powers of the fine structure constantthe
form factorsF, andF, read

F1(0%) =1+

Rl e e N
ﬂ_)Fl (g°)+ -

2
2y _ [ L p@ (g2 Y E@ig2y ... structure constahtreads
Fa(o?) (ﬂ_)Fz @)+ | FP@)+-. @
The use ofF; andF, is particularly convenient for the ki- G,[2=1+ @ g+ a 29(2)+ o
nematic pointq?=0 because,(0)=(g;—2)/2 is directly m )M ) M '
related to the gyromagnetic ratio of the fermion and because
F.(0)=1T[i.e., F{"(0)=0 forn=1,2, ... ] due to gauge 2
. . 1 . T . . a a
invariance. These properties are useful if dispersion relation |Ge|2=1+ _)gg1>+(_ g§>+ . (8)
techniques are used to calculate higher loop contributions ™ ™

because overall UV divergencesf§” (n=1,2, ... ) can

be automatically renormalized by using once-subtracted diswe finally would like to emphasize that throughout this pa-
persion relations. FoF,, on the other hand, no overall UV per the fermions are understood as stable particles and that
divergences exist which makes the use of unsubtracted dighe on-shell renormalization scheme is employed, wheise
persion relations convenient. Since the determination of outhe fine-structure constant amdl the fermion pole mass.
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ll. ONE-LOOP RESULTS for the photon and a factgs? from the square of the dipole

Analytic expressions for the one-loop contributions to the.matr'x element. Because the soft photon M()) divergence

. . . 1ndicates the inadequacy of a pure fermion-antifermion final
electromagnetic vertex valid for all energies have been wel

K ) . . state and the need for the introduction of a higher Fock
nown for a long tim¢g7,8]. In this section we reanalyze the fermion-antifermion-phot tate, @ : f
one-loop contributions in the threshold region in the velocity ermion-antirermion-photon state, Suppression alows
expansion as a preparation for the examination of the twos> o poncluo!e that_the notion of apure ferm_lon-antlfermmn
loop contributions in Sec. IV. state.|s con5|stent.|f we are only interested in NNLO accu-
Regularizing the soft photon infrared divergences with arac¥h|2 |t2§ d?:gigfrlr?r;r:ﬂfhe velocity expansion in E¢&1)
fictitious small photon mas, where the hierarchy\/M and (12) is the well-known Coulomb singularity which di-

<|B|<1 is understood, the one-loop contributions to the . : )
: verges for8—0. Similar to the soft photon divergence dis-
electromagnetic form factos,; andF, assume the form . : .
cussed above the Coulomb singularity arises from the fact

N B—0 11 2ipM\ 1] 3 that the photon is massless and represents a long-distance
FiP(g?) = I3 In( - T) —5|l > effect. The Coulomb singularity, however, is of completely
' different nature. Whereas the soft photon singularity indi-
7B 2ipM\ 1 cates the inadequacy of a pure fermion-antifermion state be-
+1 T[M( TN —E} yond NNLO in the velocity expansion the Coulomb singu-
larity reveals that in the nonrelativistic limftorresponding
4 ) 5 to the leading order in the velocity expansiaghe photon-
—3/In{ | T 52/ + OB, (9 mediated interaction between the fermion-antifermion pair

cannot be described in an expansion in Feynman diagrams,
B0 7 1 wB 1 where a diagram with a larger number of logpsrrespond-
Fs'(g?) = i@— 5—i— +3B8°+0(B% (100 ing to a larger number of exchanged photowsuld repre-
sent a higher order correction. Rather, a resummation of dia-
in the velocity expansion up to NNNLO. Expressig8sand  grams with any number of exchanged photons is needed to
(10) are valid above as well as below the threshold pointarrive at a sensible description of the interaction between the
g?=4M?, and lead to the following one-loop contributions fermion-antifermion pair. The leading contribution in the ve-
to the moduli squared of the magnetic and electric form faclocity expansion is obtained by resummation of diagrams

tors above the threshold: with instantaneous Coulomb exchanges of longitudinal pho-
tons(in the Coulomb gauge This procedure can be explic-

(0‘\ 1) g2) 200 _ ampf itly carried out by calculating the normalized wave function

—)gm @) = gg~4z+—2- at the origin, W (0), to theSchralinger equation describing

a nonrelativistic fermion-antifermion pair with a Coulomb

a My 1] , 3 interaction potential for positive energi&=M 2. The re-
T3 8in N 3 B=+0O(B%), (D suit of this calculation readsee, €.9.[8,12,13)
a B—0 T a amf

aW®(g?) = _4— z

(Tf)ge @) = zp =47+ |Gm|EO:|Ge|EO:|\PM,82(O)|2:TF(_Z)v (13
e 1 ) 3

For the rest of this section we will discuss the individual am

terms in the velocity expansion displayed in E¢k1) and ZEF, (14

(12). We would like to emphasize that most of the issues

which are mentioned are well known and have been noted
before at various places throughout the literature. Howevernd is often called “Sommerfeld factor” in the literature.
we think that a review of these topics is necessary for a betteFhe 1/3 Coulomb singularity in Egs(11) and (12) can be
understanding of the structure of the two-loop results prerecovered as th®(«) contribution in the expansion of the
sented in Sec. IV and the new information contained in themSommerfeld factor fow< 3:

Expressions(11) and (12) exhibit the well-known soft
photon divergenceIn(M/\) which arises from the massless-
ness of the photon. This divergence occurs at ogfeand 31t should be noted that this statement is equivalent to the fact that
would cancel with the corresponding soft photon divergenceontributions from the noninstantanedie., transverseexchange
coming from the process of real radiation of one photon offof photons among the fermion-antifermion pair are suppressed by
one of the fermions according to the Kinoshita-Lee- g3 with respect to the leading contributions in the velocity expan-
Nauenberg theorerf®,10]. The fact that the divergent term sion. As an example, this feature is apparent i#Sg, J°C=1""
In(M/\) is suppressed bg? relative to the leading contribu- fermion-antifermion bound state, where the velogityof the fer-
tion in the expansion inB is expected at any loop level mions is of ordera. There, the exchange of noninstantaneous pho-
because close to threshold the real radiation of one photons leads to the Lamb shift which representsCH®) correction
results in an additional factg from the phase space needed relative to the Coulomb energy levelSee alsd11].)



56 TWO-LOOP CORRECTIONS TO THE ELECTROMAGNETIC ... 7279

z a<p z 72 5 for the NLO expressions in the velocity expansion of the
T-exp—2z ~ T2t 12t 0(@). (19  moduli squared of the magnetic and electric form factors in
the threshold region. It should be noted that the factorized

This, on the other hand, also shows that the velocity exparf€Sult (18) resums all contributions af8)"x[1,a], n
sion of the perturbativéin the number of loopsseries can =0.1.2.... . Because no ¢/8)" contributions exist,
only be applied in the limitv< <1, where an expansion in €xpression(18) unambiguously predicts the leading and
the number of loopsi.e., in a) is justified? It is worth to next-to-leading-order contributions in the velocity expansion

study the effect of this resummation: inserting the Sommerfor all g, n=2,3, .. . s.

feld factor into the formula for the cross section, Ef), we The NNLO term in the velocity expansion in Eqd.1)
get at threshold and (12), awpB/2, has not received much attention in the
literature so far. Its structure, which involves the same power
3 z B—0 3 of = and the same coefficient 1/2 as the LO term in the
RN?lgl—exp(—z) 2am (16) velocity expansion, strongly implies that it is of long-

distance origin and therefore belongs to the Sommerfeld fac-
which is the correct result according to nonrelativistic quan-or. This is in accordance to the observation that the BLM
tum mechanics. On the other hand, if we naively use thescale in the coupling of the termvwg/2 is of orderMpg
one-loop resulfi.e., expansion in smaktk), we obtain rather tharM [5]. The relativistic extension of the Sommer-
feld factor[including O(8%) correction$ should then read

3 z\ B—-0 3
R’Vzﬁ(l+z) — zam. a7 _
Z -~ aT
) o — 7=—(1+p?. (19
Clearly, the perturbative calculation in the number of loops, l-exp—2) B

which is based on the assumption thais a valid expansion

parameter close to threshold, gives a prediction Roat  Ajthough the arguments given above in favor of expression
threshold which deviates from the correct one by a factor 0{19) are far from being a strict proof, the form afis very
one-half. _ o _ _ convincing because it indicates that the relativistic relative
. The next-to leading contribution in the velocity expansionyelocity v, of the fermion-antifermion pair in the c.m.
in Egs. (11) and (12), —4a/, represents a short-distance frame is involved in the argument of the Sommerfeld factor

correction and can be understood as a fili{er) renormal- i O(8?) relativistic corrections are taken into account:
ization of the electromagnetic current which produces the

fermion-antifermion pair in the threshold region. The short-

distance character of thiS(«) correction has been demon- 2am o= 2B (20)
strated explicitly by the calculation of the Brodsky-Lepage- v 1y ,32'

Mackenzie(BLM) [14] scale in the coupling governing the

—Aalm _contrlbutlon [5’1.5’1.]' This BLM scale is of c_)rder Combining expressionf19) with the short-distance factor
the fermion mas$1 and indicates that the 4a/# contribu- (1—4al ) and taking into account that no soft photon di-

tion represents a correction to the fermion-antifermion pro'vergencexln(M/)\) arises up to NNLO in the velocity expan-

duction process which occurs at short distances of ordefi "\ can now predict that the two-loop contributions to
1/M. In contrast, the BLM scale of the coupling in the lead- |G,ye|2 Must have the form
m/e

ing term in the velocity expansiom,7/283, is of order of the
relative momentum of the fermion-antifermion pal g8

4 2 4

[5,15], indicating that the latter contribution belongs to the 2 2P0 KO
fermion-antifermion wave function. As a consequence the Imve(d°) = 12’32_2F+T

leading order(long-distancg contributions contained in the

Sommerfeld factor and the short-distance corrections are ex- o )

pected to factorize, which leads to + [finite terms without 7*]+ O(8).

(21)

z a
|GulRiLo= |Ge|§‘L°=—1—exp(—z)( 1_4;) (18  we want to emphasize the th®(1/8%), O(1/8), and
O(B°7*) contributions on the right-hand side of Hg1) are
an unambiguous prediction and have to be recovered in the

4t should be noted that the region of convergence of the TayIOIexplicit two-lopp re.sult if.the concept of factorization in the
threshold regime is valid. It should be noted that up to

expansion . ; . 0 .
" . NNLO in the velocity expansion only th@&(B") contribu-
z =1+E+E (_1)n+1£ tions symbolized byffinite terms without 7#] contain new
1-exp—2) 2 = 2mt’ two-loop information.

where B, are the Bernoulli humbersBg=1/6, B,=1/30, B;

=1/42,...), is|z|<2m<|B|> al2. This shows that for phenom-

enological applications a resummation of the leading order contri- °Pure g-dependent corrections to the Sommerfeld factor are of
butions in the velocity expansion to any number of loops is mankinematic origin and therefore expected to be of NNLO in the ve-
datory in the kinematic regimgg| < «. locity expansion, i.e.x(a/B8)"8%,n=0,1,2,... .
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IV. TWO-LOOP RESULTS w2 [ 2 1 -
2 - _ 2 |° R2_ 4 = i r_a/
To determine the two-loop contributions to the electro- F1v27ﬁﬂo 8p% 6 +(/ & 3) i 4,8[ 3/+1]
magnetic form factors, andF, in the velocity expansion
we use the dispersion integration technique. For that we have i — 23 7 73
to integrate over the absorptive partsAEY which have 22t a /2—/4-1—5|n(—i,8)+ 1—o|n2+5—0
been determined a long time ago by Barbieri, Mignaco, and
Remiddi[16]: 9 ° 421 o -
+30/ 9457 57| OB, (26)
4M?g? 1 q ® 2
F2 2=——F’(2)0+——f > 1877 37
T ()= e O T e e P = s T2t O, (27
dq/z q/2_ 2
X ImF{?(q’?) w2 1 o w?
12 (N12 _ N2 12 1 ' 2 - _ " i Ly e s
qa'?(q'?—qg’—ie) q FZ'ZVBHO 8,32[/ 3} |4,3[/+1]+ 50! IN(=iB)
(22)
+101| ) 559+ 1 4 +269 L0
i ) 6 N2775) " go| st 3| | OB
4 1 q
FP(gd)=— ——FP0)+ = —— (28
A Y E TV
2
T 23
@ dg'? q'?-4Mm? , F2 = —— —=+0(8?), (29)
Lqu’z—qz—ie q'? ImF57(q"%). "pol> 36
(23)  where
, 2igM
We would like to mention that relation®2) and (23) are /=In| — — (30

equivalent to the common once-subtracted and unsubtracted

dispersion relations. We use E¢82) and(23) because they and, as in the one-loop case, the hieraratiyl <| 8| <1 is

do not run into nonanalyticity problems in the integration ynderstood. In Eqs(26)—(29) the contributions from dia-
region whereq'?—4M? is of order\? if the limit \—0 is  grams with two photongsubscript 2) and from the dia-
already taken before the integration. Since the absorptivgrams with one photon and the insertion of the fermion-
parts in[16] are given in exactly this limit Eq$22) and(23)  antifermion vacuum polarizatiérisubscriptf) are displayed
are more conzyt_ement because in them the integration regimgsparately. This will facilitate the application in the frame-
q'“—4M*~\* is strongly suppressed. Thw) price one  work of QCD where both types of contributions are multi-
has to pay is that th®(«?) fermion charge radiufl7,1§ plied by the different color factor62 andCT, respectively,
and represent gauge-invariant subsets of the full QCD two-
loop contributions.

2
F,(Z)(O):i[”_( 3In2— f) _§ _ 481j (24) The result426)—(29) lead to the following two-loop con-

! M2 6 72/ 4°3% 5184° tributions to the moduli squared of the magnetic and electric
form factors above threshold up to NNLO in the velocity
expansion:

and theO(«?) anomalous magnetic momeit9,20,
(2)( Z)BHO 't 27TZ+7T4+ of 2I ﬁ+4| ) 29)
0, (q°) = ———w(——n 7IN2—=5
ED0)= (—6inz+ 1)+ g+ T 25 ’ 12t P00 T
2 (0)=75(=6In2+ 1)+ 75+ 7, (29
527
— {3t 35 TO(B), (32)
have to be taken as an inguDetails for the quite lengthy
but straightforward calculation of the integr42) and(23), ) 5 B0 o - - 4 7
which requires strong support of algebraic manipulation pro- g.”’(q°) = >~ 2? tg T ( - gln,B+ glnz—g)
grams, shall be presented elsewhere. 128
The final results for the two-loop contributions kg and 507
F, up to NNLO in the velocity expansion read — ot %4‘0(3). (32

5This fact has already been pointed ouf16]. We also refer the
reader to this reference for a more thorough discussion of the prob-"The two-loop correctionE(ff) and F(Zﬁ) have already been calcu-
lems which occur in the integration regiari?— 4M2=\2. lated before ir{5] for all energies above threshold.
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It is evident that the prediction made in the previous sectiorsuch a resummation has to be carried out for thg)lérm

based on the one-loop corrections and on the factorization gh the vacuum polarization function has been demonstrated
long- and short-distance contributiofgee Eq.(21)] are in-  jn [21].

deed realized by our explicit two-loop result confirming the  Finally, we want to discuss the impact of thesingu-

statements given in Sec. Ill. As a consequence only thearity on the cross section of fermion-antifermion production
_O(,BO) terms in Eqs(31) and (32) essentially contain new very close to threshold, see Eq$) and (7). Because the
information. moduli squared of the magnetic and electric form factors are

The most conspicuous feature of 9¢4°) contributions  multiplied by the phase space factSrone might naively
in Egs. (31) and (32 is the term InB). Similar to the 18°  think that the Ing) singularity is suppressed by and does
Coulomb singularity exhibited in the leading term in the ve-not affect the cross section f@— 0. At this point we have
locity expansion, it indicates the breakdown of the convento emphasize that the same would then be true for the short-
tional perturbation series in the number of loops in the limitdistance correction; 4 a/r, in the one-loop contribution to
B—0. The existence of this logarithm can be understoodG .| because the latter also represen®(#°) term in the
from the fact that two scales are involved in the kinematine|ocity expansior[see Eqs(l]_) and (12)] However, the
regime near threshold, the fermion madsand the three one-loop short-distance correction survives &0, see
momentum of the fermion and antifermion in the c.m. framegqs.(16) and(18). The resolution of this apparent contradic-
p=M g. The logarithm of the velocity is therefore actually tion comes from the fact that due to factorizatisee Eq.
the logarithm of the ratio of these two scalespli{). Be-  (18)] the one-loop short-distance correction is also contained
cause the soft scalg is characteristic for the fermion- in the O(1/8) term of the two-loop contribution t4Ge|?
antifermion wave function and not relevant for the produc-where it multiplies theD(«) contribution of the expansion
tion mechanism of the fermion-antifermion pafwhich  of the Sommerfeld factor for smadl. This contribution does
involves only the hard scal), the &’In(p/M) term in Egs.  not vanish in the cross section f@—0 and illustrates the
(31) and (32) should occur with the same coefficient in the mechanism why the one-loop short-distance correction sur-
O(a?) corrections to the positronium decay rates. For a Vivives in this limit. In order to see that something similar
able Comparison, however, we also have to include th%appens to the IM Singu|arity in the tWO—lOOp resu|té}1)
fermion-antifermion vacuum polarization effects comingand(32) let us have a closer look on the structure of the one-
from the fact that the fermion-antifermion pair, which is in a and two-loop contributions to the form factdfs andF,. It
JPC:177 state, can virtually annihilate into one photon. has been shown by Yennie, Frautschi, and Slﬁgga that
This can be easily achieved by multiplyinG /> by the  the infrared soft photon divergences exponentiate com-
factor |1+1I|72, where Il is the one-particle-irreducible pletely. Because real soft photon divergencefGpy.|2 oc-
vacuum polarization function. Th@(«?) contribution toIl cur only beyond NNLO in the velocity expansigsee Sec.
also contains a logarithm g¢f in the velocity expansiof21]. III') all soft photon divergences which arise up to NNLO in
This leads to the additional contributiar?In(8) which has the velocity expansion in Eq$26)—(29) can be factorized
to be added te- 2a2In(B)/3 from|Gye/. [Actually the spin  into a divergent phase factor which is known as@wilomb
average of the logarithmic terms in expressit@® and(32)  phase In the moduli squared of the form factors this phase
has to be taken. This trivially results ir 2a?In(B)/3 be-  drops out. Since the Coulomb phase has to be considered as
cause the logarithmic term is universal in both spin ampli-an intrinsic property of the fermion-antifermion wave func-

tudes] Because the relative momentum of the electron{ion, where the relative momentunMpg is a relevant scale,
positron pair in the positronium is of ordéM«, we can W€ can expect that the divergent phase factor should involve

expect that thed(a?) corrections to the3S,, JPC=1"" the logarithm of the ratio B B8/\. This feature is indeed
orthopositronium decay rate should contain the contributior{e""l'z_ed _because the sum of Bon, one-loop and tw_o—Ioop
o2In(a)/3. This logarithmicO(a?) correction has indeed contributions toF, andF, above threshold can be rewritten
been found by explicit calculations of higher order correc-
tions to the orthopositronium decay rd22]. We therefore
have to conclude that the |6) term in Egs.(31) and (32)
represents a new type of Coulomb singularity which, similar

2
to the powerlike 18" singularities, requires a resummation 1 + E)F<11>+ E) [|:<12%y+ |:<12f>]
of contributions to all orders in the number of lodbklow 7" 77 ' ’

1 1 3

o —expis| s +B|/ 1= =]||li+|5+8|+5

8At this point we would like to mention that the logarithmic Cou- p[ 2( B ﬁ) } | ( 77)[ 4\B p 2
lomb singularity has also been disussedl28] in the framework of ) ) ) 4 )
quarkonia decays. However, it is argued[#8] (and also in[4]) +(E) 7 (77_+ 1) v T T
that this singularity(called “logarithmic infrared divergence” in T 2452 2 48 24 20

[4]) would indicate that perturbative QCD could not be applied in
the kinematic regime close to the threshold. We disagree with this

conclusion, because we think that this singularity can be treated by J
a proper resummation of contributions to all orders in the number of

loops. (33

X

23 7 1T 9
3 IN(=1B)+ 5In2+—55- | —55(943 =43
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al g, [« 2 @ @ loop calculation is not capable to determine all NNLO rela-
—|F2 +(; [F32,+F57] tivistic contributions [corresponding toO(a?) relativistic
correctiong to the nonrelativistic cross section. In order to
al 1 a\l 71 1 determine the correct form of the NNLO relativistic contri-
eexpr i > E+ﬁ /] (—)[i Z(E_B> - 5} butions to the nonrelativistic cross secti@r the Sommer-
. feld facton, resummations of the type mentioned before have
to be performed. Such a program is beyond the scope of this
2 2 2
T I G S v 101 499 \ork and will be carried out elsewhere.
w) | 2482 4B 20 6 45
1 34
_ _ V. SUMMARY
+80( 415+ 97) ] (39

In this work we have determined the two-loop contribu-
) ) ) tions to the electromagnetic form factors in the kinematic
The factorized expressior83) and (34) predict that at the  (oime close to the fermion-antifermion threshold up to
three-loop level the real parts of the form factérsandF,  \NLO in an expansion in the velocity of the fermions in the
contain the |309al‘l'[hmIC and-lndgpendenO(ll,B) contribu- ¢ 1y frame. In the framework of NRQCD and NRQED the
tions —23 «”7In(B)/2408 and a°wIn(B)/80B, respectively, regyits are an important input for the two-loop renormaliza-
in the velocgy expansion above the threshold. As a consegon, of the effective Lagrangian. As the main outcome of this
quesnce,le| and |Gel both contain the three-loop term 4k we have demonstrated the existence of a new logarith-
—a”min(B)/3B in the velocity expansion. We would like t0 mic (in the velocity Coulomb singularity at NNLO in the
emphasize that the argument just given cannot be used {Ryocity expansion. This logarithmic contribution belongs to
determine all three-loop contributions, but it clearly showsihe fermion-antifermion wave function and exists for the
thft a logarithmic Coulomb singularity also exists at ordery oqyction of free fermion-antifermion pairs above threshold
a°/ B which does not vanish in the limj—0 in the cross 55 well as for fermion-antifermion pairs in a bound state. For
_sect!on. The coefficient _of thIS s_mgularlty further strongly the case of fermion-antifermion pair productiondhe™ an-
implies that the Ing) contributions |_riGm|2 and|(_Se|2 toany pjhjlation the logarithm indicates that a resummation of con-
number of loops and at NNLO in the velocity expansionripytions to any number of loops is mandatory in order to
above threshold can be cast into the factorized form arrive at a viabldi.e., finite) prediction for the cross section
with NNLO accuracy very close to the threshold point.

z
[|Grvel?InnLo g contribution?TH( - §a2|n,8).
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