PHYSICAL REVIEW D VOLUME 56, NUMBER 11 1 DECEMBER 1997

New quadratic baryon mass relations
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By assuming the existence @fuasjlinear baryon Regge trajectories, we derive new quadratic Gell-Mann—
Okubo-type baryon mass relations. These relations are used to predict the masses of the charmed baryons
absent from the baryon summary table so far, in good agreement with the predictions of many other ap-
proaches[S0556-282(197)06223-1

PACS numbgs): 12.40.Yx, 11.55.Jy, 12.40.Nn, 14.20.Lq

The investigation of the properties of hadrons containing E*=2644+2 MeV.
heavy quarks is of great interest for understanding the dy-
namics of the quark-gluon interaction. Recently predictions
about the heavy baryon mass spectrum have become a suy observation of thes ;= 2563+ 15 MeV was reported by
ject of increasing intere$tl—11], due to current experimen- the WA89 Collaboratiorf12]. The Q} , as well as double-
tal activity of several groups at CERN2], Fermilab[13],  and triple-charmed baryons, have not yet been observed.
and the Cornell Electron Storage Rif@ESR [14,15 aimed Almost all very recent calculations very consistently pre-
at the discovery of the baryons so far absent from the baryodict the mass of theE. to be around 2580 MeV
summary tabld16]. Recently, for the CERN Large Hadron [2,4,5,7,8,1] (see alsq20,42,44). Similarly, the mass of
Collider (LHC), B factories, and the Fermilab Tevatron with the Q% is very consistently predicted to be around 2770
high luminosity, several experiments have been proposed iMeV [2-5,7,9,1] (see alsd1,21,26,30,4]. Predictions for
which a detailed study of heavy baryons can be performedhe doubly and triply charmed baryon masses are less defi-
In this connection, an accurate theoretical prediction for theijte.
baryon mass spectrum becomes a guide for experimentalists. Here we wish to extend the approach based on the as-
To calculate the heavy baryon mass spectrum, potential modumption of (quaslinearity of the Regge trajectories of
els[1,17-23, nonrelativistic quark model23-23, relativ-  heavy hadrons in the low-energy region, initiated in our pre-
istic quark modelg6], bag modelg26-29, lattice QCD  vious papers for heavy mesop#7,48, to baryons. We shall
[30-32, QCD spectral sum ruld$3], heavy quark effective show that new quadratic Gell-Mann—Okubo-type baryon
theory [11,34-3@, chiral perturbation theory2], chiral mass relations can be obtained and used to predict the miss-
quark mode[9], SU(4) skyrmion mode[37], group theoret- ing charmed baryon masses. As we shall see, the predicted

ical [10,38,39, variational[40], and other approachd8—  masses are in good agreement with the results of many other
5,7,8,41-4%are widely used. approaches, which should add confidence to an experimental
The charm baryon masses measured to dafe[ 46 focus on the predicted ranges.
The Regge poleghe singularities in the scattering ampli-
A.=2285 MeV, tude), first introduced in the 1960s, manifest themselves in
both the direct channel as resonances and the crossed chan-
3.=2453+1 MeV, nel as exchanged particléReggeonk It is known from the
study of the analytic properties of the scattering amplitude
5,=2468+2 MeV, A(E,z) [do/dQ=]|A(E,2)|? here, E is the energy and

z= cos the scattering ang]en the complex angular momen-
tum (/) plane that a physical resonance appears when
Re/(E) passes near a non-negative integer, and if the Regge
. pole moves to ever-increasing values in the complex”’
3{=2521+4 MeV, plane as the energl is increased, it generates a tower of
high-spin states which is said to belong to a given Regge
trajectory, for both mesons and baryo#9]. This fact is
*Electronic address: BURAKOV@PION.LANL.GOV borne out by experiment: In the direct channel, one sees such
"Electronic address: GOLDMAN@T5.LANL.GOV trajectories of mesons going up46=6 and of baryons up to
*Also at Department of Physics, Bar-llan University, Ramat-Gan,” = 15/2 (for the leadingA trajectory [16]. These trajecto-
Israel. Electronic address: HORWITZ@TAUNIVM.TAU.AC.IL ries are remarkably linear and approximately parallel; i.e.,
'Fors* we take the uncertainty weighted average of the results othe angular momentum is a linear function of the square of
Ref.[46], 2530+ 5+5 MeV, and the most recent results by CLEO the particle mass.
[15], 2518.6-2.2 MeV. Keeping in mind experimental evidence, let us assume, as

0.=27044 MeV,
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in [47,48, the (quasjlinear form of Regge trajectories for by using measured light quark baryon masses in @y.
baryons with identical® quantum number§.e., belonging Kosenko and TutiK41] used the relatior{3) and obtained

to a common multiplet Then for the states with orbital mo- much higher values for the charmed baryon masses than the
mentum/” one has ],k stand for the corresponding flavor measured one®.g.,{2,=2788 Me\) and those predicted by
contenj most other approachdsee Table )l The reason for this is
that lower values for the Regge slopes, as illustrated by the
example above, lead to higher values for the masses. We
shall justify our choice of Eqi4) in more detail in a separate
publication[59].

/= a{qimﬁji +2a;i(0), Here we make the following change in the notation: the
subscripts which stand for the flavor content of the baryon in
Eqgs.(1)—(4) are replaced by the numbers of the correspond-
ing quarks @ stands for the number of the nonstrange
quarks, eto:

/= apmig; +ayi(0),

2 2

In the following, we restrict ourselves to positive parity
baryons states alorfgiz., 3 and3 ™ multiplets. In terms of
the nonrelativistic quark model, for these statés 3+L, apser @nscl(0);
wherel is orbital angular momentum of one of the quarks
about the remaining pair of quarif®r negative parity states, €.9.,
one has, respectively;=32+1).
Using now the relation among the interce®—-53, annn(0)=az000), ashi(0)=aq0),

aii(0) +ay;;(0) = 2a;i(0), (1) a..(0)=a,140), etc.
one obtains, from the above relations, It is easy to see that the following relations solve Hds.
5 ) ) and (4), respectively:
i Migii T Mg = 2 Migi - 2

In order to eliminate the Regge slopes from this formula, we ~ @nsc(0)=a"(0)=Ais—Afc, a*(0)=ajz,d0), (5)
need a relation among the slopes. Two such relations exist,
1 1

agii- e = (i), ® = =— +7sS+YC, a,=a;300 N+s+c=3,

*:N,S,C *
which follows from the factorization of residues of the (6)

t-channel pole$53-55, and _ _ _
where the sub- and superscrigs allow for possible differ-

ences between multipletsuch ast ™ octet and3 * decuplel.
1 1 2 This particularly simple choice of the solution to E¢f). and
_ = (4) . . T . .
al al al (4) (i.e., linearity in the Regge intercepts and inverse slppes
kii kjj kji . .
corresponds to a minimal number of free paramettosr:
which may be derived by generalizing the corresponding retwo A’s and twoy’s), and is therefore most suitable for our
Ia@n for quarkonia based on topological expansion and th@resent purposes.
qq-string picture[52] to the case of a baryon viewed as a 't then follows from Eqs(6) that
quark-diquark-string objet{59].
For light baryongand small differences in the’ values, /

there is no essential difference between these two relations; a’A=a§=a—’:l (7)
viz., for ay;=ay/(1+x), x<1, Eq. (4 gives a"‘jé 1+ ysay
= ay;i/(1+2x), whereas EQq(3) gives ay;;= ay;/(1+Xx)
~a'l(1+2x), i.e., essentially the same result to oroér ,
ay

However, for heavy baryon@nd expected large differences
from the @’ values for the light baryonghese relations are 1+2ySNa,’\"
incompatible; e.g., foray;i=a;i/2, Eq. (3) will give ay;;

= ay;i/4, whereas from Eq4), ayj;= ay;;/3. One therefore

has to choose between these relations in order to proceed , ,
further. Here, as ifi47,48, we use Eq(4), since it is much AN~ a5~ N/ ©)
more consistent with Eq2) than is Eq.(3), which we tested

®

2This structure is known to be responsible for the slopes of baryon a’E =0 = N N (10
trajectories being equal to those of meson trajectdB€s-58. ¢ 1+(yst+vyc)ay
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TABLE I. Simultaneous fit to the vector meson, octet baryon, and decuplet baryon spectra, through the
relations p2=K*2/(1+x)—\2=@?/(1+2x)—2\%, N2=3'%/(1+x)—A\Y=E2%(1+2x)-2\Y, and
A2=3*2[(1+x)—\S=E*2/(1+2x)—2\2=Q?/(1+3x)—3\5, as compared to the measured value
K*°=896 MeV, $=1019 MeV, 3'%=1.290+0.003 GeV?, £=1318+3 MeV, 3*=1385-2 MeV,
BE*=1533.5-1.5 MeV, and}=1672.5 MeV. The input parameters gre- 769 MeV, N=939 MeV, and
A=1232 MeV.\’s are measured in GEV

X A2 A AS K* é 32 =] 3* * Q

S

i1

0 0.219 0.422 0.420 900 1015 1.304 1314 1392 1536 1667

0.010 0.209 0.407 0.395 899 1015 1.302 1315 1390 1534 1669

0.020 0.201 0.392 0.371 899 1016 1.299 1316 1388 1533 1670

0.030 0.192 0.377 0.348 898 1017 1.296 1317 1386 1532 1671

0.040 0.183 0.363 0.326 897 1017 1.295 1318 1385 1531 1672

0.050 0.175 0.350 0.305 897 1018 1.293 1319 1383 1530 1673

0.060 0.167 0.336 0.285 897 1018 1.291 1319 1382 1529 1673

0.070 0.159 0.323 0.266 896 1018 1.289 1320 1382 1529 1674

0.080 0.152 0.310 0.249 896 1019 1.287 1320 1381 1529 1675

0.100 0.137 0.286 0.215 895 1019 1.284 1321 1381 1529 1677

0.150 0.104 0.232 0.140 894 1019 1.281 1323 1381 1529 1676

0.200 0.075 0.185 0.077 894 1019 1.280 1324 1383 1530 1673

0.277 0.038 0.122 0 896 1018 1.282 1323 1392 1535 1667
ay a)
’ N ’ A
al = , (1D Aoy = 14
Yo 142+ ey ¥ ltysa)
a/
’ ' A
o Q= ———, (15
al =, (12 = 1+2y5a)
a!
, A
ag=———< > (16)
ay o 1+3"y§a/’A
aQCC: N N ) (13)
1+ (yst2vc)ay
a!
where we usex=N to represent thg ™ multiplet and with aé* = +- 17

*x=A to represent thé * multiplet, ¢ lt+ycay
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TABLE II. Comparison of predictions for the charmed baryon masses not measured (&o KéeV):
Potential model$1,17—23, chiral perturbation theorj2], relativistic quark mode|6], chiral quark model
[9], heavy quark effective theor}l1,35,36, nonrelativistic quark modelg23,25, bag modelg26-29,
lattice QCD[30,32, QCD spectral sum rule83], SU4) Skyrmion model37], group theoretical models
[38,39, variational approach40], and other modelf3-5,7,8,41-4b

Reference B Bee Qe Q*

c

1

* *
glcc ()CCC

Present work 25696 36103 3804+8 27677  3735-17 3850:25 493045

[1] 3737 2760 3797 4787
[2] 2579 2768

[3] 2771

[4] 2580+20 366G-70 3740-80 277G:30 374G-70 3820+80

(5] 2582 3676 3787 2775 3746 3851

(6] 3660 3760 3810 3890

[7] 2580+ 10 2770+ 10

[8] 2583+ 3

[9] 2593 2765

[11] 2581+ 2 2761+ 5

[17] 2510 3550 3730 2720 3610 3770 4810
[18] 2532 2780 5026
[19] 2566 3605 3732 2836 3680 3801 4793
[20] 2579 3645 3824 3733 4837
[21] 2558 3613 3703 2775 3741 3835 4797
[22] 3710 3750 4923
[23] 2590 2805

[25] 2608 2822

[26] 2530 3511 3664 2764 3630 3764 4747
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TABLE Il. (Continued.

Reference B¢ Hec Q. Qf =] Qf, Qe
[27] 5040
[28] 2500 2710
[29] 2467 2659
[30] 2767+35
[32] 2570°5*8 2660°3"5
[33] 363050  3720£50 373550  3840:50
[35] 3742 3811
[36] 2570 3610 3710 2740 3680 3760 4730
[37] 2596 3752 3934 2811 3793 3964 5127
[38] 2600 3725 3915 2811 3783 3953 5106
[39] 2690 3700 3960 2810 3768 3931 5019
[40] 2578 3614 3731
[41] 2616 3837 4036
[42] 2583 2772
[43)] 2542 3710 3852 2798 3781 3923 5048
[44] 2578 3661 3785 2782 3732 3856 4895
[45] 2584 3758 3861
ay , ay
T <18> e
, a) ag = a—,AA . (22
g (19 ccc 143y ay

¢ 1+(2y5+yday’

Consider first thel”= 2" baryons. Introduce, for simplic-

ity,
(20)

X= 'ygag, y= yéag. (23
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It then follows from Eqs(5), (6), and(14)—(22) that

2*2 =x2 Qz *2 =*2 *2 =*2
2_ _yA_ _~ _oyA_ _ayA_Fc _\A__Tc ZA_ A c _onA_yA_ _Tcc 5y A
A 1+x Ns 1+2x 2Xs 1+3x 3)s 1+y ¢ 1+x+y A he 1+2x+y 2hs ~he 1+2y 2\
0z 02
_ _NA_oyA_ tTcce A A
TTaxtzy NPT 1igy e (24)

Note that there are four unknown parameters for each mulkt then follows from the corresponding relations based on
tiplet. By eliminating them, i.ex, y, A5, and\5, fromthe  Egs.(1) and(2) that, respectively,

above nine equalities, we can obtain five relations for baryon 3 1
masses. .9., ayN?+ aLB?=2a, ZA2+ Zz?) . ay =aj=al,

02— A?=3(E*?-3*?), (25 (37

0%~ A?=3(E}7-3¢2), (26) 31 ,
:CC 2 CCZ C 2 aNN2+aEcc:§C:2a2é(ZAg+ 22(22)’ aEéEaAczagc,
e V) 23(92—0_9: ), (27) 39

(S*2-A%)+(QF2-E*)=2(E*?-3*?), (28 and, therefore,
(QFZ-ED+(3*2-AY)=2(E:2-3%%. (29 2,2:§A2+%22, 39

However, just four of them are linearly independent, because

of an invariance of the nine equalities under simultaneous ' , 1,

permutation K—y, Ag—\.). 2= et ch ; (40)
Here only Eq.(25) can be tested, since EgR6)—(29)

contain the baryon masses not measured so far. Fo2Byg. i.e., in the relationg32) and (33), a=b=2. It is also seen

. . 2 .
one obtaingin GeV?) 1.280+0.005 vs 1.30& 0.030, taking that the only parameter which is responsible for different

the e_Iectro_magnetlc mass spI_|tt|ngs as a measure 9f the u jeighting of the states having the same flavor content¥nd
certainty(since electromagnetic corrections are not include

in our analysis, with an accuracy of- 1.5% uantum numbers is the isospin of the state. Thus, since both
. 0.

The analysis may be easily repeated fordfe=1" bary- H,; and = have equal isospini & 2), they should enter a

. ; ; .___mass relation with equal weights; i.e., in E84), c=1/2 and
ons, leading to the following two independent mass relations: 9 9 fa4)

=2 =12
‘:c+':c

5 (4

(EE-NY)+(QF-EH=2(E¢-3'%), (0 Be=
(Q2—E2)+(22-N?)=2(E2-3.?), (31) Equations(25)—(31), with Egs. (39)—(41), are new qua-
dratic baryon mass relations. In the following, we shall make
predictions for the baryon masses not measured so far using
these relations.

For the3™ baryons, in the approximation of equality of

3/2=pA2+(1—b)32, 33 the slopes in the light quark sectagy=a's'=az [i.e.,

¢ et )26 33 yya <1 in Egs.(7) and(8)], it follows from Eq.(37) that

where

3 2=aA?+(1-a)3? (32)

Ei=cEi+(1-0E (34 2(N?+E2)=3A%+3?, (42)

are introduced to distinguish between the states having thghich is a relation obtained by Oneda and Terasaki in the
same flavor content antf’ quantum numbers, araj b, and  algebraic approach to hadronic physi&l] which holds
¢ are not knowna priori. In order to establish the values of with an accuracy of~1.5%: (in GeV) 5.235:0.015 vs

a, b, andc, we use the following relation for the intercepts 5.160+0.010. A similar approximation for thé* baryons
of the 3 * baryon trajectories in the noncharmed se¢6fl],  |eads, through Eq(2), to the relations

2[an(0) +az(0)]=3a,(0) +ax(0), (35 Q2 E*2=E*2-3*2=3*2- A2 (43)

which has bgen subsequently generalized to the charmed s&ghich have long been discussed in the literafi®61—63
tor by replacing thes quark by thec quark, as followg41]:  and hold with a high accuracy, as well as E4p).

_ Note that the linear counterpart of E@2), the standard
2lan(0)+az (0)]=3a, (0)+as (0). (36 Gell-Mann—Okubo mass formula for the octet baryons,
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2(N+E)=3A+3, slopes and intercept®r, equivalently, the free parametgrs
and establish mass relations among the light and heavy bary-
holds with better accuracy than E@2): One has(in GeV)  ons and use them for predicting the heavy baryon masses.
4.514+0.006 vs 4.54¢ 0.004, with~0.6% accuracy. This In order to obtain two additional relatiorifor each of the
is because E(q42) is not exact but given in the approxima- two multiplets, we shall use the approximation of equality
tion of the equality of the slopes in the light quark sectorof the slopes in the light quark sector referred to above.
which is the reason for its worse accuracy. As follows fromindeed, as we have tested, the best simultangd to the
our analysis given above, the only exact relation in the lighthree spectra in Table | corresponds xe0.051<1, and
quark sector is Eq25), whose accuracyl.5% is very simi-  therefore the approximation of equality of the slopes in the
lar to that of its linear counterpart light quark sector is completely justified. We note, however,
s that they? function is very shallow in th& and\ directions,
Q-A=3(E*-%7%), which reflects the fact that many different choices of the free

which is the only relation for the decuplet baryons to theParameters will give good fits to the three spectra, as seen in

second order in flavor symmetry breakif@s], which gives Table I. .

(in GeV) 0.440+0.002 v 0.44ﬂ¥o.01o, Ev%% 1 359 Avou- For the ;™ baryons, it then follows from Eqs7)-(10)

racy. We arrive therefore at the conclusion that both qua{With ¥san<1) that

dratic and linear mass relations are quite successful in the

light quark sector. This situation is very similar to earlier

symmetry-breaking models, often quite accurate in restricted

domains, which cannot discriminate between quadratic an¥Ve now apply the procedure developed for mesorjgfito

linear mass relations and, in fact, employ both. baryons, using the following relations based on Eg@sand
The mass of th& can now be obtained from Eqg0)  (46),

and (39)—(41). Using the measured masses of the states en- P2t 2 Vw2

tering these relations, one finds anN“+ aicc:cczzazézc :

=ay, aééza (46)

o

=
m =

Cc

H.=2569*6 MeV. (44
The mass of thé)? is obtained from Eq(28):

QO =2767+7 MeV. (45) Sy -t

One sees that the value for tB mass, Eq(44), lies within
the interval provided by experimefit2]. Both Egs.(44) and  and obtain a sixth power relation for th& baryon masses:
(45) are consistent with the values 2580 and 2770 MeV,

respectively, predicted by almost all very recent calculations (EZEéZ— N2§§)(52_ N2)+ Egc gg_zéZ)(Ez_ N2)
[2,4,5,7,11

Now, we have two(independent relations for the3* =4(E232-N2E?(E_c?-3/%. 47)
baryons, Eqs(26) or (27) and(29), to make predictions for
the three unknown masses of tB&., Q¥., andQ... Simi-  The same procedure applied for thé baryons leads to a

larly, we have one relation for th™ baryons, Eq(31), to  Similar sixth power relation for thé* baryon masses:

make predictions for the two unknown masses of Hg _ o o
(:*ZEZZ—AZEZZ)(:*Z—AZ)'F =% 2 “*2—232)

and() ... We need therefore two additional relations for each ~ccl~e

of the two multiplets. It should be noted that in our predic- X (E*2— A2)=4(E*25*2— A2E*2)(E*2-3*2)

tions we cannot rely upon a specific choice of the free pa- - - e Te ATe ¢
rameters. Indeed, we have fitted the three, vector meson, oc- (48

tet baryon, and decuplet baryon mass spectra . ) .

simultaneously, by using a common valuexofn Eq. (24) I':'quatlons(47)ﬁand (48)Hy|eld the following values for the
and similar relations for vector mesons and octet baryons foasses of th& . and =t :

all three multiplets. Our results are shown in TabléHe _—

calculation is completed whex becomes zero first of the Hec=361053 MeV, (49)
three\’s). It is clear that the three spectra in the light quark
sector are reproduced very accurately for a rather wide range
of the free parameters. Therefore, predictions for thel’he values for the masses of the.. and Q*_ can now be
charmed sector based on the numerical values of the fre ¢ 7

parameters in the light quark sector cannot be reliable, Sinc(é’otamed from Eqs(29) and (31), respectively:

E* =3735:17 MeV. (50)

different choices of these parameters would lead to different 0..=3804+8 MeV, (51)
results for the charmed baryon mas$eg., as clear from
Eq. (24), the values of2} , QF , E%., andQ}, depend on O*.=3850£25 MeV. (52

both x and A5 and are very sensitive to their variatidns
Thus, the only way to reliable predictions for the charmedThe remaining value for th€)... mass is obtained either
sector is to avoid depending on the numerical values of thérom Eq. (26) or (27):
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4930+45 MeV from Eq.(26), ity of the slopes in the light quark sector, we expect our
Qo= (53 results to be insensitive to any further adjustment of the val-
4928+70 MeV from Eq.(27). ues of these slopes.
Extension of the present framework to the bottom sector
and predictions for the masses of the beauty baryons will be
the subject of a separate publication.

Both results are consistent, as they should be.

The effect on the;* and 3* baryon spectra of setting
x=0 in Eq.(24) and corresponding relations ff baryons A
is negligible ( few MeV), except for the splitting between We note(from Taple 1) W|.th interest thqt our results are
nonstrange and singly strange barydsse Eqs.(42) and closest to those derived using a quark-diquark mddd].

(43)]. Even in this case the absolute size of this splitting is"9reément between such a model and linear Regge trajecto-
small, and so the included error is not more than 2%. Mor({'eS is expected from both the QCD area law of the Wilson

significantly, this does not affect the multiply strange and!®9P [57] and string approacfb6]. We plan to investigate

charm states by more than 1%. this further in the future. , _
Our results are shown in Table I, together with the pre-  Note addedAfter the paper was submitted for publica-

dictions of many other approaches. One sees that our predili®": the authors became aware of the preliminary CLEO
tions for the charmed baryon masses done in the Reggesults on theS—E. mass difference fronE; —E v,
framework are in good agreement with those of differentgg’_ﬁcy decay[65]:
approaches. In particular, the predicted value for#{elies
in the range provided by experimefit2] and is in close
proximity to 2580 MeV, consistent with the very recent pre-
dictions[2,4,5,7,8,11 The predicted value for thy mass —o —0
is in close proximity to 2770 MeV, consistent with almost all ¢ —Ec=107.0:1.4+2.5 MeV.
very recent calculationgl-5,7,9,11

As remarked by Kaidaloy52], the relationg2) and (4), ~ With E.=2468-2 MeV, these results lead to
on which our mass predictions are based, have such a struc-
ture such that a variation afy;; by 10-15 % leads only to E;=2575-5 MeV,
about 1% change in the values of massgg;. Thus, al-
though our calculation of the baryon masses in the doublewhich is in good agreement with our prediction
and triple-charm sectors is based on the assumption of equa&,=2569%6 MeV.

I

FEr=107.81.7+25 MeV,
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