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New mass relations for heavy quarkonia
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By assuming the existence @fuasjlinear Regge trajectories for heavy quarkonia in the low energy region,
we derive a new meson mass relation which shows good agreement with experiment for both charmed and
b-flavored mesons. We show that for this relation to avoid depending on the values of the Regge slopes of
these(quas)linear trajectories, it must be of sixth power in meson masses. It may be reduced to a quadratic
Gell-Mann—Okubo-type formula by fitting the values of the slopes. For charmed mesons, such a formula holds
with an accuracy of~ 1%, and is in qualitative agreement with the relation obtained previously by the
application of the linear mass spectrum to an(§Uneson multiplet{ S0556-282(97)05723-9

PACS numbss): 12.40.Yx, 12.40.Nn, 14.40.Lb, 14.40.Nd

The generalization of the standard @Y Gell-Mann— It b st My et 7
Okubo mass formuld] to higher symmetry groups, e.g., Bi=—%— Bs=——%—, B> v
SU(4) and SU5), became a natural subject of investigation

after the discovery of the fourth and fifth quark flavors in the¢, ;4 in [5,8], although perhaps justified for vector mesons,

mid 1970s[2]. Attempts have been made in the literature togjnce a vector meson mass is given approximately by a sum
derive such a formula, either quadratic or linear in mass, by the corresponding constituent quark masses,

(@) using group theoretical methodi3—5], (b) generalizing
the perturbative treatment of U(3)U(3) chiral symmetry TN ;
breaking and the corresponding Gell-Mann—Oakes—Renner MG j)=m(i)+m(j)
relation [6] to U(4)xU(4) [7,8], (c) assuming the
asymptotic realization of S(4) symmetry in the algebra
[A. Agl=if .5,V, (WhereV, andAg are vector and axial-
vector charges, respectiveh®], (d) extending the Weinberg
spectral function sum rulgd.0] to accommodate the higher
symmetry-breaking effec{d 1], and(e) applying alternative
methods, such as the linear mass spectrum for meson
multiplets [12,13. In the following, 7n, 7s: %c: Wb,

K, D,, Ds, B,, Bs, andB_ stand for the masses of tinen
(n=uord), ss,cc, bb,sn, cn,cs, bn, bs, andbc
mesons, respectivefyunless otherwise specified. The linear

[in fact, for vector mesons, the relatio(i§ and(2) hold with

an accuracy of up te-4%], are expected to fail for other
meson multiplets, as confirmed by direct comparison with
experiment. Similarly, the quadratic mass relation

DZ-Di=K?=n; )
obtained in Ref[7] by generalizing the S(3) Gell-Mann-

Oakes—Renner relatiori§] to include theD, and D4 me-
sons,

mass relations Uﬁ K2 Dﬁ D§
2n n+s n+c s+c @)
It 7 nst 7 .
n= n2 S, De= 52 = (1) [and thereforeD2—D2=K?— p2x(s—n), also found in

Refs.[4,9,11], does not agree with experiment. For pseudo-

scalar mesons, for example, wit}y= 7, one hagin GeV?)

0.388 for the left-hand sidé-HS) of Eq. (3) vs 0.226 for the

RHS. For vector mesons, the corresponding quantities are
: e 0.424 vs 0.199, with about 100% discrepancy. The reason

1 . .

Also at Department of Physics, Bar-llan University, Ramat Gan,that the relation) does not hold is apparently due to the
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'Here, we speak of the linear spectrum over the additive quanturhmpOSSIbIIIty of perturbative treatment of U(#)U(4) sym-

numbersl; andY of a multiplet taking proper account of degen- metry breaking, as a generalization of that of U3)(3),
. . . . due to very large bare mass of thequark as compared to
eracy, not(directly) make use of linear Regge trajectories. -
24 tands for th f both i ‘ d isosodia those of theu, d, ands quarks. In Ref[13] by the applica-
erey, stands for the masses ot both ISovector and ISosealar — +jnn of the linear spectrum to the $4) meson multiplet, the
states which coincide on a naive quark model level.

3 L ) following relation was obtained:
Since these designations apply to all spin states, vector mesons
will be confusingly labeled ag’s. We ask the reader to bear with — 2 2
us in this in the interest of minimizing notation. 12D°=T7n5+57¢, )
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whereD is the average mass of tig, andD4 stategwhich /= a,j,i_mjzi_+ a;i(0),
are mass degenerate when(8)flavor symmetry is broken
down to SU3) by m(c)#m(s)=m(n)], and 7, is the mass /= o' —prlt a,7(0).

average of the corresponding &Y multiplet (which is also
mass degenerate in this casés shown in Ref[13], this  \ye now use the following relation among the intercepts:
relation holds with an accuracy of up te 5% for all well-
estab_hshed S4) meson multiplets. _ a7(0)+a;7(0)=2a,7(0). (7)

It is well known that the hadrons composed of light
(u,d,s) quarks populate linear Regge trajectories; i.e., theThis relation was first derived fan(d) ands quarks in the
square of the mass of a state with orbital momenttine  dual-resonance modgl9]. It is satisfied in two-dimensional
proportional to/: M?(/)=//a’'+ const, where the slope QCD [20], the dual-analytic mode[21], and the quark
o’ depends weakly on the flavor content of the states lyindoremsstrahlung modg22]. Also, it saturates inequalities for

on the corresponding trajectory: Regge trajectorief23] which follow from thes-channel uni-
tarity condition.
r___ 2 __ 2 With Eg. (7), one obtains, from the above three relations,
a/-=0.88 GeV? al-=084 GeV? a.(7)
a—m—+a—m”—'—2a —mJI—. (8)
a;=0.80 GeV?. (6)

In order to eliminate the Regge slopes from this formula, we
gged a relation among the slopes. Two such relations have

In contrast, the data on the properties of Regge trajectories . .
en proposed in the literature,

hadrons containing heavy quarks are almost nonexistent

the present time, although it is establisti&d] that the slope , ' \2

of the trajectories decreases with increasing quark rfess o aj= ()%, ©)

seen in Eqs(6)] in the mass region of the lowest excitations. L i

This is due to an increasingvith mass contribution of the which follows from the factorization of residues of the

color Coulomb interaction, leading to a curvature of the tra-t-channel pole$25,26, and

jectory near the ground state. However, as the analyses show

[14-16, in the asymptotic regime of the highest excitations, 1. 1 2 (10

the trajectories of both light and heavy quarkonia are linear a— o— o—

and have the same slopé=0.9 GeV 2, in agreement with

natural expectations from the string model. - : I -
Knowledge of Regge trajectories in the scattering regionEzzegng[nz‘t‘r(])pologlcal expansion and the-string picture of

i.e., att<0, and of the intercepts(0) and slopes’ is also .

useful f_or many nonspectral purposes, for example, in th%es), there is no essential difference between these two rela-

recombination[17] and fragmentatiori18] models. There- . 7" "

fore, as pointed out in Ref14], the slopes and intercepts of tions; viz., for a “4(1+X) x<1, Eq. (10) gives

the Regge trajectories are the fundamental constants of had’~ = j‘(1+2X) whereas Eq.(9) gives a“)a (1

ron dynamics, perhaps generally more important than thekx)2~a /(1+2x), i.e., essentially the same result to order

mass of any particular state. Thus, not only the derivation ok?. However, for heavy quarkoniéand expected large dif-

a mass relation but also the determination of the parameteferences from thex’ values for the light quarkonjathese

a(0) anda’ of heavy quarkonia is of great importance, Slncerelanons are incompatible; e.g., f@r—-— a —/2 Eq (9) will

they afford opportunities for better understanding of the dy- ive a —a _/4 whereas Eq(10) WI|| give al-= a _/3
namics of the strong interactions in the processes of produc,g 1] ]

tion of charmed and beauty hadrons at high energies. One has therefore to discriminate between these reIatlons in
Here we apply Regge phenomenology for the der|vat|o order to proceed further. Here we use Efj0), since it is

of a mass formula for the S¥) meson multiplet, by assum- N ;:hdngore consistent W'tg E®) lihan is Eq/(9), whlch\lee
ing the (quasjlinear form of Regge trajectories for heavy ested by using measured quarkonia masses in@gWe

quarkonia with slopes which are generally different fromshaII justify this choice in more detail in a separate publica-

(less thamthe standard oney’=0.9 GeV 2. We show that tion .[27]' . . . . .

for the formula to avoid depending on the values of the Since we are interested in $4) breaking, and since it
slopes, it must be of sixth power in meson masses. It may bglmpllfles the discussion, we take average slope in the light
reduced to a quadratic Gell-Mann—Okubo-type relation, b uark sector:

fitting the values of the slopes, which is in qualitative agree-
ment with Eq.(5).

Let us assume th@uasjlinear form of Regge trajectories
for hadrons with identical®© quantum numbersi.e., be-
longing to a common multiplet Then for the states with J
orbital momentuny” one has

For light quarkonialand small differences in the'’ val-

a=al=a =a'=0.85 GeVZ (19

Equation(11) leads, through Eq(10) with i=u(d),s and
j=c, to

!
o —a*

) 2
/= ami—+ai(0), It then follows from the relations based on H8§),
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a’nﬁ-l— ozé?yg:ZaéﬁDﬁ, (12
a' n2+ aé?rﬁ: Zaéng , (13
that

e (ms— ) 14

cn cs Z(Dg—Dﬁ)’

, | (gh=nh) DI %}
A= | e o 2 | (15)

(Ds_Dn) e e

Using these values of the slopes in EXQ) withi=n, j=c,
we obtain

(92D5— n3D2) (95— nh)+ n5(DE—DA) (75— nd)
=4(73D}— 7;D3)(DZ-DY), (16)

which is a new mass relation for the 81y meson multiplet.

To test Eq(16), we use the four well-established multipfets

[28: (1) 1!'s, JP°=0"*", m(m)=0.138 GeV,
m(7s)=0.686 GeV, m(D)=1.868 GeV, m(D)=1.969
GeV, m(75.)=2.980 GeV, (2) 135, J°¢=1"",
m(p)=0.769 GeV, m(4)=1.019 GeV, m(D*)=2.009
GeV, m(D¥)=2.112 GeV,m(J/)=3.097 GeV;(3) 1 P,

JPC=1*", m(b;)=1.231 GeV, m(h;)=1.380 GeV,
m(D_1)=2.422 GeV, m(Dg;) =2.535 GeV,
m(hs(1P))=3.526 GeV; (4 13%pP, JPC=2*+,

m(a,)=1.318 GeV, m(f;)=1.525 GeV, m(D3)=2.459
GeV, m(D%,)=2.573 GeV,m(x.(1P))=3.556 GeV.
We rewrite Eq.(16) in the form

, (73Di—niDH[4(DZ-DY) ~ (73— nd)]

* (72— 7})(D?-D) 4

We shall test the relation by comparing the valueszgf

7121

(4) 1 3P, JP¢=2""_ In this case one has 3.598 GeV vs
3.556 GeV, as the value ah(x.(1P)); the accuracy is
~ 1.2%.

One sees that the formu{&6) holds with a high accuracy
for all four well-established meson multiplets. The major
contribution to the discrepancy between our formula result
and experiment is the approximati@hl). For higher excited
states the trajectories become more accurately parallel, and
the approximation(11) and subsequent relation—= o
[Eq. (13)] become more exact. As shown above, the formula
(16) does hold with improving accuracy as one proceeds to
higher spin multiplets.

A possible additional reason for the discrepancy is the
curvature of then, trajectory near”’=0 since the mass of
the 7, is lower than expected from a linear extrapolation.
Similarly, if one tries, apart from its Goldstone nature, to fit
the pion to the trajectory on which thb;(1231) and
m,(1670) lie [/=0.85M?(/)—0.30], extrapolation down
to /=0 givesm(w)=0.6 GeV, much higher than the physi-
cal valuem(7)=0.138 GeV.

We note that a relation based on H§) for the slopes
which is also of sixth power in meson masses,

4DX(DZ- D) (95— nh) = ni(ni— nh)*+4n5(Di-D2)?,

holds for the four multiplets with an accuracy of 15—-20 %.
The reason for such a large discrepancy with experiment is a
lower value for the slope of the charmonia trajectory given
by Eq.(9), as compared to that given by E40), leading to
higher values for the charmonia masses.

We emphasize that the formu(é6) does not depend on
the values of the Regge slopes, but only on the relation
between them, Eq10), which justifies its use in both the
low energy region where the slopes are different and the high
energy region where all the slopes coincide. In the latter

case, as follows from Egs. (12 and (13),
72— n2=2(D2-D?), and Eq.(17) reduces to
nat ne=2D], (18)

given by Eq.(17) with those established by experiment, us- consistent with Eq(12) in this limit. One may also find from
Ing the known masses of the remaining StateS, for the fOUEqs(lz) and(lS) with equal slopeS, and the Standard(S)J

multiplets. _ Gell-Mann—Okubo relation
(1) 11sy JP€=0"". One obtains 3.137 GeV for the

value of m(7.) vs experimentally established value 2.980 ,7§+ 77§=2K2, (19)

GeV; in this case the accuracy of H36) is ~ 5%.

(2) 1%s; JP¢=17"" In this case one obtains 3.200 GeV that Eq.(3) also holds in this limit.

vs 3.097 GeV, as the value of(J/¢); the accuracy is
~ 3.3%.

The entire analysis may, of course, be repeated ®ijth
B, and 7, in place ofD,, D¢, 7., respectively, and will

(3) 1'P; JP°=1"". Now one obtains 3.490 GeV Vs |ead[assuming Eq(10)] to a relation similar tq(16):

3.526 GeV, as the value ah(h.(1P)); the accuracy is
~ 1.0%.

“We use the valuesy,=7=0.138 GeV andy,=0.686 GeV for

(73B3— 93B3 (72— 12) + ni(BZ—B2) (95— n?)

= 4(75B2— 73B2)(B:—B3), (20)

pseudoscalar mesons, the latter following from the standai@sSu Which is a new mass relation for the 8) meson multiplet.

Gell-Mann—Okubo formula which we arrive at beldq. (19)]
applied to pseudoscalar multipley§:2K2— 2. We also use the

We can test this relation for vector mesons since the masses
of all of the beauty states involved are established experi-

masses of the isovector and isoscalar mostly octet states as theentally only for vector meson28]: m(B*)=5.325 GeV,

values of 5, and s, respectively, in Eqs(16) and (17) for the
remaining three multiplets.

m(B%)=5.416 GeV, andn(Y (1S))=9.460 GeV. The for-
mula (20) yields m(Y (1S5))=9.791 GeV, within~ 3.5% of
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the physical value, and an accuracy which is very similar to (1) 1 1S, J°°=0"", 44.17 vs 44.20;
that for charmed vector mesons. (2)13s,JP¢=1"", 52.03 vs 50.98;
Let us now discuss the question of the generalization of (3) 1P, JP¢=1"", 73.63 vs 73.75;
the standard S@) Gell-Mann—Okubo mass formula which  (4) 1 3P, JP¢=2"" 76.67 vs 76.00.
is quadratic in mass to the case of heavier quarkonia. We One sees that the formu(@5) holds at a 1% level for all
shall continue to assume the validity of EG1) and intro-  four well-established meson multiplets, thus confirming the
ducex>0 through the relation , assumption on théquasjlinearity of the Regge trajectories
a,)_a,)_a_ 1) of heavy quarkonia in the low energy region. The formula
cn Tes 14x° (25) is in qualitative agreement with the relati@s) obtained
by two of the present authors in R¢L3] by the application

It then follows from Eq.(10) that of the linear mass spectrum to an @Jmeson multiplet.
) a In our subsequent papé¢Bl], we derive the new sixth
e 13 ox’ (22 power mass relations obtained in this paper, for pseudoscalar
mesons, using current algebra. The newly derived formulas
and one obtains, from Eqél2) and(13), containy.=fy/fn, andn,=fy/f 5,, in place ofn, and
(1 in Egs. (16) and (20), respectively, where
(1+x)(77ﬁ+ 77§)+ (1+x) n§=2(Dﬁ+D§). 23) f=f;, i=1,2,...,15, is the multiplet decay constant in the

1+2x assumption of exact S¥) [(u,d,s,c) and (u,d,s,b), re-

) spectively flavor symmetry, and is the isoscalar singlet
Results of the calculations of the Regge slopes of heavjecay constant which is, in general, different frémsince

quarkonia in  Refs. [26], a_fa'=a_ta'=0.73, SU4) symmetry alone does not imply=f, in addition to

a/4a'=0.58, and[24,29 a.=0.5 GeV 2, support the fi=fo=---=fis=f [32]. With f,/f=1.06+0.04 obtained
value in [33] from the ratios of the experimentally measured
x=0.355. (24)  widths, ' (7—y)/T (7%= yy), T (7' = yNIT (7= y),

the newly derived relation in theu(d,s,c) sector givegwith

With this x, it follows from Eq.(23) and the standard SB) 7.=3.137 GeV, as follows from Eq17)]
Gell-Mann—Okubo formuld19) that

8.1K?+4.7572=6(D2+D?2). (25) 7.=2.964-0.112 GeV,

Thus, the new sixth order mass relations may be accuratelynich is within the physicaly, mass of 2.98 GeV with an
reduced to quadratic ones by use of specific values for thgccuracy of better than 1%. It is obvious that the rdtjof
Regge slopes. #1, not taken into account in the framework discussed in
For the four well-established meson multiplets, the for-this paper, is the only source of the 5% discrepancy between
mulaz (_23) gives in its LHS and RHS, respectivélyin the value for the mass of the pseudoscala_rstate provided
GeV): by Eg. (16) and the physicalk. mass.
Finally, we note that the derived Regge slopes in the

5 charm sector are
For the pseudovector nonet, we use the vddyg=1.339 GeV

which follows from the assumption on a 45° mixing between axial- , , 2 , 2
= = 0.63 GeV~, aCF':O.SO GeV “.

vector and pseudovector nonets in the isodoublet chd86¢l cn
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