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Since gluons in QCD are interacting fundamental constituents just as quarks are, we expect that in addition
to mesons made from a quark and an antiquark, there should also be glueballs and (yhnidsstates of
quarks, antiquarks, and glugné general, these states would mix strongly with the conventiq_maIMesons.
However, they can also have exotic quantum numbers inaccessib_tqe noesons. Confirmation of such states
would give information on the role of “dynamical” color in low energy QCD. In the quenched approximation
we present a lattice calculation of the masses of mesons with exotic quantum numbers. These hybrid mesons
can mix with four quarkmq) states. The quenched approximation partially suppresses this mixing. None-
theless, our hybrid interpolating fields also couple to four quark states. Using a four-quark source operator, we
demonstrate this mixing for the”I meson. Using the conventional Wilson quark action, we calculate both at
reasonably light quark masses, intending to extrapolate to small quark mass, and near the charmed quark mass,
where we calculate the masses of scxr:_mrg hybrid mesons. The hybrid meson masses are large — over 4 GeV
for charmonium and more than twice the vector meson mass at our smallest quark mass, which is near the
strange quark masgS0556-282(197)06123-7

PACS numbds): 12.38.Gc, 12.39.Mk

I. INTRODUCTION turbative formulation of QCD, in principle lattice gauge
theory is the ideal method for calculating their properties.
While there is a long history of glueball mass calculationsOne hopes that lattice methods will eventually provide reli-
in lattice QCD, including attempts to use lattice calculationsable masses and branching ratios, as well as providing a
to identify experimentally observed mesons with glueballsbasis for testing the various approximations to QCD.
[1,2], hybrid mesons have received much less attention. Although in principle the lattice approach is ideal, in prac-
These bound states of quarks and gluons have been treatedtice there are some difficulties. On the lattices used here, the
a variety of approximations to QCD, including the bag hybrid masses are large compared to the lattice spacing, and
model, flux-tube model, and QCD sum rulgd. As with  so lattice spacing errors are a serious problem. Also, the
glueball candidates, a hybrid characterization of an observepropagators are noisy, although perhaps not so much as glue-
state is more convincing if there is not only a match in massball propagators. This means that we do not have long pla-
but also in decay branching ratios. Since the occurrence dkaus in the effective mass, and we must extract mass esti-
hybrid states is obviously a nonperturbative phenomenomates from rather short distances. While we will end by
and since lattice gauge theory providesaiminitio nonper-  making the best mass estimates we can, at this stage we are

0556-2821/97/5@.1)/703913)/$10.00 56 7039 © 1997 The American Physical Society



7040 CLAUDE BERNARD et al. 56

/‘\ netic field to form a color singlet with the desired spin, par-
ity, and charge conjugation. We construct these operators by
V combining representations of the continuum rotation group.

An alternative approach using the symmetry group of the
hypercubic lattice was presented by Mandi@and is also

developed in Ref[6].
\/_ Our hybrid operators have the generic structure
2T yPF3°, wherea and b are triplet color indices] is

some combination of Dirac matrices and derivatives, Bnd
—\ is the color electric or magnetic field, a color octet. Because

we do not include “quark-line-disconnected” diagrams in
_/ our propagator, all our meson propagators are flavor non-

singlets.

FIG. 1. Quark line diagrams showing mixing with sea quarks Thf_m'or electric and magnetic fields haﬂg::l*i
(top), “hairpin” diagrams mixing hybrid andq qqq states in the @nd 1", respectively. The spin, parity, and charge conjuga-
quenched approximatiotcentey, and an off-diagonal propagator tion from the quark and antiquark are those of the available
with a four-quark source and a hybrid sigkottom. The vertical ~ quark bilinears, listed here along with the corresponding me-
line indicates two meson operators at the same Euclidean time bsons. The 0~ bilinear ¢y, does not correspond to @gq
different spatial coordinates. state. Instead, it is the charge corresponding to a conserved
current, the baryon number. Therefore we expect

still exploring methods and the dependence of the results °?d3x%/0¢|0)=0. We may, however, calculate the propaga-

pararrlnetersl'sucr; as the I?tticlte_spacir}ghand. quark mass. c{or for this exotic operator or use this bilinear as part of our
The earliest lattice calculations of hybrid mesons useqoki for constructing hybrid operators:

static quarks, where hybrid states appear as excitations of the
gluonic string[4]. Also in an early study, the UKQCD Col-
laboration studied hybrid states in thesystem, in a simu-

++ 0

lation of nonrelativistic QCD[5]. More recently, the 0" (4¢) (2),
UKQCD group has presented results in the quenched ap- 0+*(%,0,/,) (Jg),
proximation for quark masses about equal to the strange e— L, —
quark masg$6,7] and we have presented preliminary results O™ " (ysh, pysyop) (7)),
using Wilson valence quarks and Kogut-Susskind sea quarks 1++(%57_ ) (a;)
[8]. oA ’

Hybrid mesons can have the same quantum numbers as 15 (ysyovith) (by),
conventionalqq mesons and would be expected to mix 1"(%4 lﬁ:%’i)’ol//) (p).

strongly with them(This mixing was demonstrated in Ref.
[8].) In addition, hybrid mesons can have exotic quantum

numbers. Flavor nonsinglet hybrids with exotic quantumy,,. .
numbers are especially interesting because they cannot m
either with ordinary mesons or with glueballs. They can

however, mix with four-quark §qqq) states. In the
guenched approximation mixing of hybrids and four-quark
states through sea quark looffSig. 1, top is not present.
However, the hybnd mterpolaﬂgg (_)p_er?tor_s may St.'” COUpIetion comes becausg interchanges the quark and antiquark.
to four-quark states through “hairpin” diagram$ig. 1, . .

. X ; ) . . Thus, aP-wave operator witha; quantum numbers 1" is
middle). This coupling can be investigated by using four- " — "o i _
quark source operatof&ig. 1, bottom, and we find that it  €ijk ¥ ¥jdk- This operator may be advantageous because it
can even be a useful tool in computing the mass of the exotiECUPIes the “large” components of the quark spinor to the
mesons. large components of the antiquark spinor.

Because of the partial suppression of mixing with four- __FOrF,, we use a “pointiike” construction, illustrated in
quark states and because we have a supply of quenched I&9- 2. Each open loop represents the product of the links,
tices at several lattice spacings, we have calculated exotf@inus the adjoint of the product. To improve the overlap of
meson propagators in the quenched approximation df'€ operator with the hybrid meson, we can replace each link
6/g2=5.85 and 6.15. We have done this at a set of quarlpy a “smeared” link, as illustrated on the right side of the
masses greater than or about equal to the strange quark magure- The smeared link is the sum of the single link plus the

and at approximately the charmed quark mass. three link paths displaced in the spatial directions, and so
there are four such staples for a link in a spatial direction and

six for a link in the time direction. We have experimented
with including staples displaced in the time direction in the
smearing and found that this distorts the propagators at short
To make an operator which creates a hybrid meson, weistances, and we will be including short distances in our fits.
combine a quark, an antiquark, and the color electric or magh our earlier work on two-flavor lattices we found that iter-

an also give the quark and antiquark a relative orbital
Bﬁgular momentum. This may be useful because in the non-
'relativistic quark model the, (1**), and hence the 0~

and 0 ~ Dybrids constructed below, isR-wave state. The
operatord, = d;— J; inserted in the quark bilinear brings in
guantum numbers 1™, where the negative charge conjuga-

II. HYBRID OPERATORS AND PROPAGATOR
COMPUTATIONS
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point the antiquark propagator was multiplied by the desired
sink operator and dotted with the quark propagator. The re-
sult was summed over each time slice to get the zero mo-
mentum mesons.

The first three operators in Table | are standard operators

forthe 0%, 177, and 1" * qq mesons. We will call these
the “m,” “ p,” and "a,,” respectively. However, our va-
lence quarks are really much heavier than the physicaid

FIG. 2. “Pointlike” constfuction .Oﬂ:f”' Eac_h open loop rep- 4 quarks, and so they might be better thought obasr, in
resents the product of the links, minus the adjoint of the product. —

Each of these links may actually be a “smeared” link, as illustrated®N€ casecc mesons. The fourth operator isRawave op-
on the right side of the figure. erator for thea;. In the nonrelativistic quark model thag is

a P-wave state, and so the operator with the spatial deriva-
ating the smearing twice gave a slightly better signal than d@ive will connect large components of the Dirac spinor to
single smearing, but that four iterations of the smearing watarge components and may give a better signal. This argu-
worse. Therefore we have smeared twice in this work. We denent also applies to the hybrid operators that we will con-
expect that as the physical lattice spacing is decreased moggruct using this quark bilinear as a building block.

iterations of smearing would be advantageous. The next set of operators are hybrid operators with the
Table | shows the various source and sink operators W% p—

have used. To construct a meson propagator, we first fixe gme quantum numbers & operators. In our previous
the gauge to the lattice Coulomb gauge. We then constructe ork we verified, by computing propagators with a hybrid
a wall source on one time slice, with a 1 at each lattice poinPPerator at one end andcgy operator at the other, that these
for one color and spin component. A quark propagator waybrids mix with the correspondingq operators(and do
constructed by computiniyl ! times this source. Then the not mix with other quantum numberis]. The “mnemonic”
wall source was multiplied by the source operator, whichcolumn of the table indicates how the operator is con-
involved multiplication by Dirac matrices and components ofstructed. For example, the first hybrid operator, which has
the field strength. The result of this was used as a source fgion quantum numbers, can be considered as a quark and
an inversion to compute the antiquark propagat®his in-  antiquark in a I~ or p state(but a color octetcombined
volves an extrays at each end of the propagator, from the with a color magnetic field, which ha8’ =17, to make a
standard identityM = ysM* y5.) Finally, at each lattice J=0 color singlet object.

TABLE I. Source and sink operators used for our propagators. The first column lists the name used for the
operator in the text, and the second column lists the angular momentum, parity, and charge conjugation. The
third column is a shorthand indicating how the operator is constructed. In particular, the hybrid operators are
constructed from one of the quark bilinear operators from the top block, combined with either the color
electric or color magnetic field. The last column lists the actual operator. In this comummdb are color
indices, i, j, andk Cartesian indices, and, B, and A are flavor indices included to indicate how the
propagators are connected.

Name JPC (particle Mnemonic Operator

™ 0" (m) qq pion PPysy

p 177 (p) qq rho PPy R

a 177 (ay) qq a Pysyip?

a,(P) 177 (ay) P-wavea, €k U2y, 0

Oy 07" (m) p®B EijkE'yil//bF?kb

In 17 (0 T®B €k VP ysUPFR

1" 17 (ay) p®E €k b2y U For

Og7 O+7 (eXOtIC) al®B _a'ysfyi wbeiijjakb
+- +- ; 5. <

Op 0"~ (exotig a;(P) ®B lﬂbﬁ&klﬂal:jakb

0~ 0"~ (exotio Jg Pyl

0g~ 0™~ (exotig a;QE Ia_)’s%jbe?ob

05~ 0™~ (exotig a,(P) ®E Eijkl/beJ gk,/,apgib
_y . . —

1 1™ (exotio p®B ¥y, waﬁb
-+ -+ ; —a

1, 1" (exotio Jg®E PryoyPFEP

Q* 177 (exotio T®a PAX) 75050 U5 571 02(Y)




7042 CLAUDE BERNARD et al. 56

The remaining sections of Table | contain the operatorseparations in the hybrid operators is a difference in the way
with exotic guantum numbers. We have experimented withthe field strength is computed. In the UKQCD work this is
three 0"~ operators. The first two are formed from thg  done by summing over different paths from the quark to the
quark bilinear and the color magnetic field, while the third isantiquark with appropriate signs, while we uged, evalu-
the Jg bilinear. Of these, the D~ source and sink gave the ated at a point. However, both groups “fuzzed” or

best signal(The O~ operator in the form needed for the SmMeared” the gauge links in the operators, which also
lattice computation is shown in the Appendix. smears the distinction between the differeff,,. The

There are two 0~ operators, using the “pointlike” and UKQCD did try using hybrid operators with a “pointlike”

the “P-wave” a, bilinear, respectively, and the color elec- F ., similar to those used here; however, they used local

o . sources for the quark propagators, while we used wall
g;tg?lgi'g'gglam’ we found that th&-wave operator gave a sources. The UKQCD group found that these operators pro-

- N o duced masses consistent with those from “path sum” hybrid
Finally, there are three 1" operators. The firstis a quark gperators. In fitting the propagators to extract masses, both
and antiquark in a " state, with the color magnetic field. groups combine information from different operators with
As is well known[10], a 1~ hybrid can be constructed with the same quantum numbers and both include an excited state
the quark and antiquark in a relati@wave state, and this is in the fits. Because there are several differences between the
one of several arguments leading us to expect that it will bewo groups’ methods, it is impossible at this point to deter-
the lightest exotic hybrid. The second 1 operator is the mine the effect of each difference on the statistical or sys-

charge bilinear) vy, combined with the color electric field. tematic errors.
Of these two operators, we find that the first gives a better
signal. The last operator is a four-quark operator. To use this IIl. SIMULATION RESULTS
operator as a source, we begin with the usual wall source,
which is used as the source for a quark propagator computa- We used quenched lattices with the standard plaquette
tion. We then multiply the wall source by the pion operatorgauge action on 2x48 lattices at @°=5.85 and on
(multiply by ys) and use this as the source for a computation32*x 64 lattices at 8j°=6.15. These lattices were generated
of an antiquark propagator. The resulting propagator on th&r quenched spectrum studikl].
source time slice is then multiplied by tlag operator (mul- At 6/g°=6.15 we evaluated propagators at five values of
tiply by vsy;), and the result is used as the source for anthe Wilson hopping parameter, with the largest one chosen at
other antiquark propagator. Obviously this is expensiveapproximately the charm quark mass. We useg, a;, and
since it involves an extra propagator computation. We havéll of the exotic operators in Table | as source operators. For
not used this operator as a “sink” operator, since to do thiseach source, we used all of the sink operators with the same
we would need a separate extra inversion at each time slicguantum numbers, except for tQ¥' operator. For each lat-
instead of just at the source time slice. However, thetice, we used four source time slices. For the lightest quark
“crossed” propagator with the four-quark operator as amass exotic propagators, we used 30 lattices, with fewer lat-
source and the hybrid 1" operator as a sink turns out to be tices for the smallei values. Because we do not need as
useful. many lattices to get good values for theandp masses, and
This work differs from the UKQCD stud6,7] in several because we did not implement t6¢ source until the project
ways. We used two different lattice spacingg)?%+5.85 and  was already started, we do not have all the propagators on all
6.15, with severak values ranging from the strange to the of the lattices.
charmed quark mass, while the UKQCD group used a single At 6/g°=5.85 we evaluated propagators with p, a;(P),
lattice spacing &°=6.0 and a singlex value near the 1~ ", andQ* sources. Since our previous work ot~ 5.6
strange quark mass. The UKQCD lattices had a spatial sizavo-flavor lattices and our concurrent work aig6#6.15
of about 1.6 fm, while we used lattices with a spatial size ofhad found the 1" to be the lightest of the exotics and the
about 2.2 fm. The spatial size of the lattice could be impor-one for which we had the best signals, we did not do the 0
tant if hybrids turn out to be large compared to ordinaryand O~ propagators on the 67=5.85 lattices. We used 23
mesons. We used the conventional Wilson action for thdattices, with four source time slices on each lattice.
quark propagators, while the UKQCD group used the clover Since propagators with different values ofwere com-
action, which reduces discretization effects in the quarkouted on the same quenched lattices, the mass estimates are
propagators. The UKQCD group used 350 lattices with astrongly correlated. Also, there is the possibility of correla-
single source point, while we used up to 30 lattiG@spend- tions among the propagators with different source time slices
ing on 642 and «), but with propagators from four wall on the same lattice, which we have ignored in computing the
sources on each lattice. The UKQCD group used the sameovariance matrix. On the other hand, the different lattices
operators for the source and sink. These operators were coare uncorrelated, unlike the situation in most full QCD cal-
structed from a quark at the source-sink point and an antieulations. To account for these correlations, especially when
quark at fixed distances. In contrast, our sink operators havextrapolating or interpolating masses to differentalues, a
the quark and antiquark at the same point or, forRheave  jackknife analysis is useful. At §#=5.85 all of the propa-
operators, at neighboring lattice points. Our source operatoigators were run on the same set of lattices. There we used a
use a “wall source” in the Coulomb gauge, which amountssingle-elimination jackknife, in which mass fits to the se-
to using a quark source on all points of the source time slicelected distance range and the extrapolationctowere re-
together with a sum over separations between the quark angkated, each time omitting one lattice. For the mass estimates
antiquark. Coupled with the difference in quark-antiquarkat 6>=5.85 in Table Il the first parenthesized error esti-
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TABLE Il. Mass estimates for ordinara] mesons. The,; mass estimates used thg(P) source and
sink. An asterisk indicates a point from a®1Rttice. Where present, a second parenthesized error is a
jackknife estimate. Fits at=0.154 for 6¢>=6.15 are jackknife extrapolations i .

6/g® Particle K Fit range X2/ Npe Mass
6.15 T 0.1350 21-25 1.7/3 1.09645)(56)
0.1450 18-24 1.5/5 0.658B(8)
0.1480 18-24 0.3/5 0.514%(7)
0.1500 18-24 1.4/5 0.4082(5)
0.1520 18-24 6.4/5 0.27680)(3)
6.15 p 0.1350 21-25 2.4/3 1.1068)(8)
0.1450 18-24 4.4/5 0.68810)(15)
0.1480 18-24 2.2/5 0.55113)(17)
0.1500 18-24 2.4/5 0.45017)(14)
0.1520 18-24 2.1/5 0.36434)(48)
0.154 extrap. — 0.2738(42)
6.15 a; 0.1350 16-20 2.6/3 1.278)(10)
0.1450 8-14 9.0/5 0.858)(5)
0.1480 8-14 8.5/5 0.748)(5)
0.1500 8-14 7.4/5 0.6%8)(5)
0.1520 8-14 4.1/5 0.5810)(6)
0.154 extrap. — 0.505)(7)
5.85 T 0.1450 13-18 1.0/4 0.99D(1)
0.1500 13-18 1.6/4 0.78B(1)
0.1525 13-18 1.8/4 0.681)(1)
0.1540 5-8 17.4/24 0.61@)
0.1550 13-18 2.4/4 0.56H(1)
0.1570 5-18 17.9/24 0.458)
0.1590 5-18 15.3/24 0.338)
5.85 p 0.1450 13-18 2.8/4 1.02B(2)
0.1500 13-18 2.2/4 0.841)(2)
0.1525 13-18 2.1/4 0.762)(2)
0.1540 8-19 5.4/10 0.693)
0.1550 13-18 2.3/4 0.668)(3)
0.1570 8-19 5.6/10 0.57®)
0.1590¢ 8-19 3.7/10 0.4947)
5.85 a; 0.1450 6-11 1.7/4 1.319)(8)
0.1500 6-11 3.0/4 1.1%80)(9)
0.1525 6-11 4.5/4 1.0772)(10)
0.1550 6-11 5.5/4 1.0054)(13)

mate is from the covariance matrix, and the second is fronstates. These mass estimates are crude by today’s standards,
the jackknife analysis. These two estimates agree well. Abut we need them only for approximately determining the
6/g°=6.15 we do not have all the propagators or all the lattice spacing. For §#=5.85 we includew and p mass
values on every lattice. Therefore we divided the lattices ustimates at additiona values, done on a $2patial lattice,
into five jackknife blocks, with each block containing about coming from ourfg calculationg12].
the same number of each kind of propagator, and ran the fits At 6/g>=5.85 we estimate k[,.=6.205(3) from extrapo-
for the selected distance ranges, each time omitting one fiftlating the squared pion masses from the largest fowal-
of the lattices. Again, when there is a second parenthesizegks. If we estimate the lattice spacing by extrapolatingethe
error estimate in Table Il it is from the jackknife analysis. mass tox., we finda 1=1.80(6) GeV or 2.0(L1) GeV,
We first need an estimate of the lattice spacing. This camlepending on whethen, or mf) is extrapolated linearly in
be done by extrapolating the mass to the physical quark 1/«. These extrapolations are plotted in Fig. 3.
mass, or essentially to., or from the B-1P mass splitting At 6/g°=6.15 we do not have the luxury of extra pion
for heavy quarks. Table Il contains mass estimates for thghasses neat. . A linear fit of mfr in 1/« does not work well,
pseudoscalar, vector, and-X qq (“ 7,” “ p,” and “a,") and so we fit the pion mass at the four larges to a
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FIG. 3. Particle masses aigf/~5.85 and extrapolations te; * . FIG. 5. Propagators for the™I” exotic meson at §#=6.15 and

The octagons are pion masses, and the line is a fit3dinear in ~ «=0.1350. The octagons are for a 1 source and sink, the dia-
1/k. Squares and crosses ar@nda, masses, respectively. For the monds for a I* source with a £ * sink, and the squares forQ"

p anda; we show two extrapolations of the massig, one with ~ source with a ™ sink.

M, o, linear in 1k and the other withnfm1 linear in 1k. Finally,

the bursts are the 1" exotic meson. We show two fits of the I~ estimate the lattice spacing. At=0.1350, using the 1"
meson for eaclx. The lower one uses the two-source, two-mass fitsmeson as theP-wave mass andm; - +3imy + as the
as illustrated in Fig. 7, while the upper one uses only the

. a4 S-wave mass, with 457 MeV as the experimental value for
1""—1"" propagator.

charmonium, we gea 1=2.85(1) GeV.

Figure 5 shows exotic propagators ag®%#6.15 and
quadratic in 1« to estimate 1#,=6.4895(10). This fithad a «=0.1350. For the 1* exotic we show three propagators.
x? of 0.5 with one degree of freedom. An extrapolation of One has the 1* operator as its source and sink, the second
m, to this «; gives am,(x;)=0.274(4) ora '=2.81(4) the 1 * operator as the source and the "Loperator as the
GeV, where the error is a jackknife estimate. These extraposink, and the third has th@* operator as its source and the
lations are plotted in Fig. 4. Another possibility, following 1~ operator as its sink. Figure 6 is a similar figure for our

the Fermilab group, is to use the splitting between the aversmallest quark massq=0.1520, except that instead of the
ageS-wave charmonium masses and fevave masses to 1-*_,1-" propagator we have a,I —1, " propagator.

Compared to the propagators for conventional mesons, these

- exotic propagators are quite noisy, and we must use fairly
- E T T T T l T T T T | T IE
- zc_ 3
1.0 — 10 -
L i E
= & 10° 4
[o] E 3
- - r pu
go - J
05 _ o E— —=
o E 3
s 2 E ]
L S 107 -5
0.0 L 1074 ;_ ;
6.4 E 3
l/lC i 1 1 1 Il I 1 1 1 1 1 I-

0 5 10

FIG. 4. Particle masses af~ 6.15 and extrapolations tec_l .
The symbols are the same as in Fig. 3, and the fancy pluses are a
0*~ exotic. Here the pion mass is fit to a quadratic ir.1Again FIG. 6. Propagators for theI" exotic meson at §°=6.15 and
we show two fits of the I+ meson for eaclz, the lower one fitting  «=0.1520. The octagons are for & 1 source and sink, the dia-
both source operators simultaneously and the upper one fitting onlgionds for a § * source and sink, and the squares fa@asource
the 1" "—1~* propagator. The&c=0.1350 or 14=7.407 charmo- with a 1~ " sink. Pluses indicate the absolute value of a propagator
nium point is not in the range shown here. that changes sign with increasing distance.

distance
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T 6/g2=6.15, £=0.1520, 30 lattices
2 2 —
[} [}
g | g |
g | g |
[0} [} ®
2 b 2 F
- -
Q Q
g1 S 1=
Ll Ll
(] | (] |
o Il 1 Il 1 | 1 1 1 1 | o Il 1
0 5 10 0
distance distance
FIG. 7. Effective masses for theand 1" " exotic at 6¢%=6.15 FIG. 8. Effective masses for the'T meson at &?=6.15 and

and k= 0.1350, approximately the charm quark mass. The octagong=0.1520, approximately the strange quark mass. The symbols and
are the effective mass from propagators with the" loperator as  lines have the same meaning as in Fig. 7. These effective masses
both source and sink, and the squares are the effective mass witlorrespond to the propagators in Fig. 6.

the Q* source and 1% sink. These propagators were fit with two

source amplitudes and two masses as described in the text, over th . . 4 .
distance range 2—-11. The solid lines near the plot symbols are th%ROUId be as different as possible. For the propagators it

effective masses reconstructed from the fit. The upper pair of horiturns out that the 1" and L " operators have essentially
zontal lines indicates the: 1 range for the ground state mass in the same effective masses. Since the propagators with 1
this fit. The diamonds are the (more accurately, the) effective  operators are noisier than those with "1 source and sink,
mass. The horizontal bars near the diamonds are-the limits on  including these propagators in the fitting did not hémy

the ground state mass from fits to thepropagator. The lines run- gain in statistics was not worth the extra degrees of freedom
ning fromd=2 to 6 are a two-mass fit to the propagator over thisin the fitting). However, the correlator generated from @&
range, while the closely spaced lines fir-6 are from a single-  source, which we introduced to investigate coupling to four
exponential fit over distance range 21 to 25. quark states, does have an effective mass at short distance

significantly different from that generated from the hybrid
short distances for the mass fits. As seen in Figs. 5 and 6, this"* source. This can be seen in Fig. 7, which shows the

problem becomes worse as the quark mass is made lighter. Bffective masses corresponding to the "1-1~" and
fact, these exotic propagators fall below their statistical erroy*—1-* propagators at our heaviest quark mass,
at a distance smaller than the minimum distance we use for =0.1350, and in Fig. 8 which shows the effective masses at
single mass fit for ther or p. This means that contamination our lightest quark mass¢=0.1520, corresponding to the
by excited states mlght be a serious prObIem. We have ther%-ropagators in F|g 6. As m|ght be expected from thiS, simul-
fore done fits to two exponentials for the exotic states. Weaneously fitting the I* and Q* source propagators, each
can do this only over a small range of minimum distance. Inyith the 1-* sink operator, to two masses gave the best
particular, if we take the minimum distance to be too large,mass estimates. The ground state mass from this fit and the
we get fits with a very large excited state mass, which isffective masses from the fit are also shown in Figs. 7 and 8.
essentially just & function removing the shortest distance Of course, this two-source fit makes the assumption that the
point from the fit and giving the same result as a one mass figxcited state(or combined effect of many excited states
with a minimum distance one unit larger. Of course, we re+reated as a single state in the fitting progyasnthe same in
ject such fits since they are basically one mass fits. both propagators. Therefore we tabulate results both from the
In these fits, we would like to use information from the simultaneous fits to two source operators and from fits using
different source and sink operators, by simultaneously fittingynly the 1-* source operator. In the cases of theé 0and
to two or more combinations of operators with different am-g-- propagators, we have not investigated four-quark

plitudes for each source and sink but the same masses for @hyrce operators. For the 0 and 0"~ hybrid operators, the

of them: P-wave source and sink operators generally gave the best
OOt . ALAL et statistical errors, and so were the only ones we fit.
(Gi(0)0(1))=A7Aje MO+ ATATe M+ (1) One might still worry that we are not extracting the cor-

rect ground state masses from such short distances. As a
wherei andj label the source and sink operators, respecpartial check, we take thp propagator, for which a quite
tively, andmy andm;, are the ground state and excited stateconvincing plateau in the effective mass is seen at larger
masses. For this to be useful, the relative overlaps of thdistances, and make a two-mass fit to this propagator at the
different operators with the ground state and excited statsame distances we use for the hybrid fiSince the hybrid
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FIG. 9. Effective masses for the™T meson and the at FIG. 10. Effective masses for the”1I meson and the at
6/g°=5.85 and«x=0.1450. The symbols and lines have the same6/g?=5.85 andx=0.1550. The symbols and lines have the same
meaning as in Fig. 7. meaning as in Fig. 7.

fits are dominated by the more accurate points at the smallesf excited states and the mass gap between the ground and
distances in the fitting range, we fit themass to the smaller excited states might be very different for theneson and the
distances in the rangeln this case, at §°=6.15 and exotic mesons.

«=0.1350, which is the charm quark mass, we find that the Another important test is to verify that the mass estimates
p (more accurately, thé/) mass from a single-exponential are independent of the fitting range used. Here we are not in
fit to distance range 21-25 is 1.1GBY (xy?/d=2.4/3), as good a position, since we generally have only two or three
while a two-mass fit over distance range 2—6 gives a groundhinimum distances where we can get a two mass fit with
state mass 1.108) with an excited state mass of 1.284) reasonable 2. However, within the fairly poor statistical er-
(x?/d=1.5/1), in excellent agreement with the single-rors, the exotic mass estimates are generally consistent
exponential fit from long distances. The (J/¢) effective  among these fits.

mass and these fits are also shown in Fig. 7. While this result The 64%=5.85 fits to the T+ are done in similar fash-

is encouraging, we should caution the reader that the numbéon. In Figs. 9 and 10 we show the effective masses and the

TABLE lll. Mass estimates for the exotic™I” meson for 64°=5.85. Where two-source operators are
listed, a simultaneous fit was done to propagators from both sources, with the masses forced to be the same
for each source. Where two masses were used in the fit, the last column shows the excited state mass
produced by the fit. Where present, a second parenthesized error is a jackknife estimate.

K Sourcés)— sink Masses Fitrange  x%/Npg Mass M*
0.1450 Irto1t 1 3-9 3.9/5 1.8B)
17 t—177 1 4-10 3.5/5 1.88)
Q4—1 1 3-7 0.7/3 1.65)
1~ 177 2 1-9 7.3/5 1.7®) 2.4519)
Q41 -1t 2 1-8 9.1/10 1.7®) 2.426)
Q41 -1t 2 2-8 6.6/8 1.78H)(5) 2.8644)
0.1500 I*t—1-" 2 1-9 5.8/5 1.5¢8) 2.3319)
Q1 =1 " 2 1-8 7.4/10 1.4@) 2.204)
Q41 To1t 2 2-8 6.2/8 1.5(6)(6) 2.31(21)
0.1525 Ito1* 2 1-9 5.2/5 1.48B) 2.28198)
Q41 t—17 2 1-8 7.4/10 1.3®) 2.104)
Q41 *t—1" 2 2-8 6.0/8 1.38)(7) 2.0915)
0.1550 It—1"7 2 1-9 5.0/5 1.3®) 2.2217)
Q41 T—1" 2 1-8 9.3/10 1.19) 2.0013)
Q41 -1t 2 2-8 6.0/8 1.2(¥)(8) 1.8910)
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TABLE IV. Mass estimates for the exotic' T meson for 642=6.15. The format is the same as Table Ill.
The final line is an extrapolation te_ *, using the distance range 3—11 for the four largestlues.

K Sourcés)— sink Masses Fitrange  x%/Npg Mass M*
0.1350 o1+ 2 1-11 2.3/7 1.6(2) 2.524)
1-+t—>a1t 2 2-11 1.3/6 1.58) 2.4211)
1~ *t—>1-t 2 3-11 1.2/5 1.5@1) 2.5442)
Q%1 t—>1" 2 1-11 18.1/16 1.63) 2.573)
Q41 t—1" 2 2-11 6.8/14 1.59) 2.399)
Q41 t—1" 2 3-11 6.5/12 1.53) 2.2823)
0.1450 rrt-17+ 2 1-11 11.5/7 1.1896) 2.194)
17 t>1+ 2 2-11 4.5/6 1.1424) 2.247)
Q41 t—1" 2 2-11 15.2/14 1.1096) 1.904)
Q41 t—1" 2 3-11 8.8/12 1.1349)(34) 2.0418
Q41 t—1" 2 4-11 4.2/10 1.1689) 1.6247)
0.1480 rt-1-+ 2 2-11 4.8/6 1.0122) 2.166)
1~ *t—>1-t 2 3-11 3.0/5 1.03@5) 2.3043
Q41 t—1" 2 2-11 30.4/14 0.9535) 1.764)
Q41 t—1" 2 3-11 15.1/12 0.9801)(36) 1.7412)
Q41 t—1" 2 4-11 6.3/10 1.0129) 1.6733)
0.1500 rr-17+ 2 2-11 8.8/6 0.9324) 2.166)
17 t>1t 2 3-11 8.7/5 0.9429) 1.91(24)
Q41 1" 2 2-11 48.9/14 0.8687) 1.7003
Q41 f—1" 2 3-11 22.7/12 0.8922)(19) 1.6310)
Q41 t—1t 2 4-11 15.5/10 0.9426) 1.8942)
0.1520 r—1-* 2 2-11 6.9/6 0.8326) 2.136)
1~ *t—>1-* 2 3-11 6.4/5 0.8237) 1.6316)
Q41 *—1" 2 2-11 38.7/14 0.7893 1.664)
Q41 t—1" 2 3-11 16.0/12 0.7983)(47) 1.5411)
Q41 t—1" 2 4-11 14.3/10 0.8220) 1.7650)
0.154 Q41 -1t 2 extrap. — 0.70613)(32)

fits to the propagators for our largest and smallestalues, estimate systematic errors, and describe briefly the observa-
«k=0.1450 and 0.1550, at@/=5.85. tional status of I+ exotic hadrons.

Tables 11l and IV contain selected mass fits for the™1 Figures 3 and 4 collect and display our results for nonex-
mesons at §°=5.85 and 6.15, respectively. When two otic mesons and for the T" and the 0 ~ exotic mesons. We
masses were used in the fit, both the ground state and thg@so show extrapolations ., where the error on the ex-
excited state mass are tabulated. HOWeVer, this excited St%po'aﬂons comes from the jackknife ana'ysis_ For tﬁé 1
mass is almost certainly some sort of weighted average Qdyprid we plot fits to both the one-source operator and two-
many states and should not be taken seriously as a maggrce operator mass estimates. The difference between
estimate. _ _ . these fits is an indication of the possible systematic error

F'nf”y' Table V contains selected fits for thé 0 exotic o1 excited states in the propagators. While this difference
at 64 26'1.5' This par'qcle is clearly heavier thar_1 the is small for the charmonium point, at the strange quark mass
and our estimates for its mass are worse. This is partly befor 6/g2=6.15 it amounts to 117 MeV and when extrapo-
cause we have only the one-source operator for this mesqn i

and partly becauséonrelativistically the quark and anti- ated tox; becomes 165 MeV. . . .
quark are in a relativ®-wave state, and we were led to use . One of the known problems with the Wilson quark action

a more complicated source operator. is that it coqastently underestimates spin splittings of had-
We were unable to get credible mass estimates from thE?NS[13]. This suggests that the average mass ofSheave

0~ propagators, suggesting that this state, if it exists at all€SONS might be a better mass standard tharptieass
is even heavier than the T and 0" . alone.(We have already used this logic in Sec. lll when we

used the splitting between thB-wave and the average
S-wave charmonium mass as a length sgdle.Fig. 11 we
IV. DISCUSSION AND CONCLUSIONS plot the ratio of the 1* P-wave meson4;) to the average

In this concluding section we discuss the conversion ofS-wave meson mass;m;--+ ;mgy-+. For the horizontal
our mass estimates from lattice units to physical mass unitscale we use the averagewave mass divided by the aver-
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TABLE V. Mass estimates for the exotic'O meson for 642=6.15. The format is the same as Table III.

K Sourcés)— sink Masses Fit range  x?/Npg Mass M*
0.1350 05 =05~ 1 5-9 3.6/3 1.7@)

0p ~—05~ 1 6-10 2.7/3 1.6@)

0p~—05~ 1 7-11 1.2/3 1.6%)

05 —05" 2 2-11 4.5/6 1.6@)(5) 2.526)
0.1450 05~ =05~ 1 5-9 2.9/3 1.3®)

0p —05" 1 6-10 3.6/3 1.3@)

0p  —05~ 1 7-11 2.7/3 1.2@)

04 —04" 2 2-11 3.9/6 1.2@)(5) 2.247)
0.1480 0p =05~ 1 5-9 1.9/3 1.2@)

0, —04" 1 6-10 2.2/3 1.18)

0p  —05" 1 7-11 1.9/3 1.1B)

0p ™ —05~ 2 2-11 3.5/6 1.1®)(3) 2.166)
0.1500 0p —05" 1 5-9 0.7/3 1.1@)

OS‘HO,;" 1 6-10 5.4/3 1.08H

05 —05" 1 7-11 4.9/3 1.0)

0p " —05~ 2 2-11 7.5/6 1.1()(2) 2.166)
0.1520 05 —04" 1 5-9 2.713 1.08)

0p  —05~ 1 6-10 1.9/3 0.9%)

05 —04" 1 7-11 1.7/3 0.94.3

0p —05~ 2 2-11 4.2/6 1.08)(3) 2.137)

ageS-wave mass at the physical point, wheng/m,=0.18.  “unmixed” 7gyangemass of 680 Me\[7]. By definition, the

In other words, the units of the horizontal axis arelight quark point is the left-hand side of the graph. Where
%mp+ im_=610 MeV. The vertical scale is the ratio of the they intersect the left side of the graph and the two vertical
P-wave 1" meson mass or the 1" exotic meson mass to lines, the three bold horizontal lines indicate the experimen-
the S'wave mass. The vertical lines indicate the strangdal values of the I™ meson mass divided by the-wave
guark and charmonium points. In locating the strange quarknass for light quarks, strange quarks, and charm quarks, re-
line, we have followed the UKQCD procedure of using anspectively.
A nice feature of this graph is the good agreement of the

RS T T P-wave masses between they®#5.85 and 6.15 lattices.
FT 1 For heavy quarks the agreement of the*lexotic is equally
- ] good, but there is some difference for the light quarks. We
-] § suspect that the §#=15.85 points are incorrect here. In Fig.
w L 1 10 we see that the 1" fit at 6/g2=5.85 andx=0.1550 is
E 2.0 — — guestionable at best, and Fig. 3 or Table Il shows that had
Ior ] we used the one-source fits for this point we would have
g r 1 obtained a 13% larger mass. The exact agreement between
£
=
=

our predicted and the observed charmonium mass is un-
doubtedly fortuitous, but this agreement and the trend toward
agreement between the 5.85 and 6.15 estimates at larger
quark mass encourages us to quote a charmed hybrid meson
mass with suitable caveats.
Using this averagé&-wave mass as the length scale for
| | | the charmonium exotics gives auncorrected mass of
1.0 = e 439080) MeV for the 1+ and 4610110 MeV for the
1 2 3 4 5 0" ~. We emphasize that these quoted errors are statistical
mg/(0.75%m,+0.25%m,) . o
only and do not take into account contamination from ex-
FIG. 11. Ratios of the 1* (P-wave meson mass and the't  Cited states in the chosen fitting ranges, or discretization er-
exotic mass to the averaggéwave meson mass. Diamonds and 'Ors in the gauge and quark action, or effects of the quenched
bursts are the 1™ at 6@2:585 and 6.15, respective|y’ and Squaresapproximation. As mentioned above, the errors from excited
and octagons are the T at 5.85 and 6.15, respectively. The hori- state contamination, which can be Crudely estimated by look-
zontal and vertical scales and the vertical and horizontal lines arthg at how the estimated mass varies as a function of mini-
described in the text. mum distance in the fit or whether the second source opera-
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TABLE VI. Predictions for the mass of the light and charmonium®1states from various approaches to
QCD, obtained from3].

Mass(GeV) Method

Light quark 1" * mass

1.3-1.8 Bag model

1.8-2.0 Flux-tube model
1.8-1.9 Flux-tube model of Barnest al.[3]
2.1-25 QCD sum rulegmostly after 1983
1-97(95tat)(3Qatticg(??quencf) This work
Charmonium I " mass

~3.9 Adiabatic bag model
4245 Flux-tube model
4.1-4.2 Flux-tube model of Barnest al.[3]
4,19+ syst. Heavy quark lattice gauge theda}
4.1-5.3 QCD sum rulegmostly after 1983
4.39(8ta) (20 attice ( ? Zquench This work

tor is included, are probably about the same size as theffects of extrapolating i, we use 300 MeV as an estimate
statistical errors. The close agreement of tié Inasses and of the error on this number from lattice artifacts.

the 1 masses for heavier quarks in Fig. 11 suggests that We briefly review the observational evidence relevant to
errors from the nonzero lattice spacing might be small. Howour results. The particle data tabj&6] does not list any
ever, we also note that in our studies of charmed pseudconfirmed I hybrid meson states. However, a number of
scalar meson decay constants we find a discretization error iotential candidates are mentioned. There is some evidence
the decay constants of 10%-15% ag®#6.15 [14]. It for 4 1-* hybrid state with a mass of around 1.4 GeV and
might be that decay constants are more sensitive 10 latticgnother with a mass around 1.9 GeV. The original evidence
spacing errors than mass, since the decay constants are b ir'a 1+ state at 1.4 GeV found by the GAMES Collabo-
cally wave functions at the qrigin and are strongly alffecuadration [17] was criticized in[18]. However, recent work by
by the coarseness of the lattice at short distance. Although he E852 Collaboratiofild] reports evidence for a " hy-

is little better than a guess, we propose using 15% of th%rid state with a mass of 13%016+§8 MeV. This papef19]
splitting betweef‘ the hybrid state and_the states, or 200 also lists other experiments that have reported a low mass for
MeV, as an estimate of the systematic error from both exi[he 1+ state. Our result favors a hybrid assignment for

cited state contamination and lattice artifacts. The larges
systematic error probably comes from using the quencheatates around 1.9 Ge[20,21]. However, we stress that more

approximation, and this is the hardest error to estimate. [pimulations are required to quantify and reduce the system-

will surely be large, since, as discussed in the Introductionatic errors in our results before definitive results for the mass

these hybrid states can mix with four-quark states. In thi®f the 1"" state can be obtained from quenched lattice QCD.
work we looked at mixing with states containing four heavy In Table VI (obtained from{3]) we collect results for the
quarks, but in the real world the important four-quark stategnass of the light 1™ hybrid obtained from a variety of
would contain the charmed quark and antiquark and a lightnodels. We note that our prediction for the mass of the 1
sea quark and antiquark. This charmonium®lis quite far  state is consistent with the flux-tube estimate. Only the bag

above theDD threshold. Because of the remaining system-mOde| calculation obtains a mass close to the E852 experi-

atic uncertainties, it is not clear whether it is above themental result.

S-wave+ P-waveDD threshold. which in many model cal- Unfortunately, no good candidates for the theoretically

culations determines whether its decay width is ldr& 3. expected I " hybrid charmonium state have been observed
At the strange quark mageur largestc at 642=6.15) [16]. Such a state is also expected in flux-tube models, which

we estimate the mass of the ~1 hybrid to. bé are most plausible for heavy quark systems and furthermore

2170+ 80+ systematic MeV. As noted at the beginning of provide information about branching ratios. Table VI also

this section, the systematic error from excited state contamiZontains some predictiorsaken from[3]) for the mass of

nation is on the order of 100 MeV, and the error from non—the 1" state in the charmonium system. . S
zero lattice spacing is probably as large or larger. Consider- Although we have concentrated on exotic hybrlds in this
ing the large errors, this estimate is consistent with the maﬁ\g/ork, _Iattlce methods, particularly .W'th dynar_nlcal quark
quoted by the UKQCD Collaboration, 20@D0) MeV [7]. loops mclud_ed, could also address interesting issues regard-
If we take seriously the extrapolation of the L mass to ing nonexotic states. For example, Close and Pa% character-
light quarks in Fig. 4, we get a mass of 1990) MeV for  ize the(4040) andy(4160) states as mixtures afc and
the light quark exotic hybrid, again with large systematic ccg [22]. Close proposes that hybrid states could help ex-
errors. Considering the lack of agreement in the"Imass  plain the “anomalous” production of charmonium observed
estimates at ?=5.85 and 6.15 at light quark mass and theby the Collider Detector at FermilalCDF) group[23]. In
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both cases the occurrence of a nonexotic hybrid state in th&olterman, Jeff Mandula, and Phillip Page for valuable con-

range 4—4.3 GeV is essential. versations. One of u.T.) is grateful for the hospitality of
Future efforts in lattice calculations of exotic hybrids the University of Tsukuba, where this work was completed.

should be directed at reducing the variety of systematic erTwo of us(C.D. and (C.M.) are, likewise, grateful for the

rors, including finite lattice spacing, excited state contaminahospitality of the Zentrum fulnterdisziplinae Forschung at

tion, and the effects of quenching. Particularly important isthe University of Bielefeld.

to understand the extent of mixing with four-quark states.
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op‘=§ % PPy( akwaF,k—Z % PPX) R (X + K FRR(X) = 4P(X) v (X = k) F ()
— P+ K) y RO FR0 + gP(x=K) v () FR(X)
=§ %ﬁ(i)ijﬂw °(X) = ¥R (X) ¥ pA(X= K F5(X)
— gP(X) A= R F X K) + gP(x) v g2 (x+ K F R+ K)
=§§?(i>yj<¢a(i+k>[F?kb<> OO D —{pA(x =R [F0) +Fi(x—k) 1} (A1)
Similarly, for the 0"~ P-wave source,
:§ % €k YUY (d— ) YFE 2 2 i WP(X) A (x+ K FEP00 — 4P (X) ;92X = K FP(X)
— PP+ K) 7 PO FEPO0 + 9P(x—K) 7RO FEP(X) ]
=§ % €[ 9P (%) v A (X+ K)FEP(X) — ¢P(X) vy (X = K)FP(X)
— PP(X) 7 A (X~ K FEP(X— k) + 9P(x) 7 92 (x+ k) FEP(x+ )]

—Z E €[ P (X) v, (PRA(x+ K[ FEP(X) + FaP(x+ k) 1) — {2 (x— K)[FaP(x) + F3P(x— k) 1}1. (A2)
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