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We present a quenched lattice calculation of heavy-light meson decay constants, using nonrelativistic
~NRQCD! heavy quarks in the mass region of theb quark and heavier, and clover-improved light quarks. The
NRQCD Hamiltonian and the heavy-light current include the corrections at first order in the expansion in the
inverse heavy quark mass. We study the dependence of the decay constants on the heavy meson massM , for
light quarks with the tree level (cSW51), as well as the tadpole-improved clover coefficient. We compare
decay constants from NRQCD with results from clover (cSW51) heavy quarks. Having calculated the current
renormalization constantZA in one-loop perturbation theory, we demonstrate how the heavy mass dependence
of the pseudoscalar decay constant changes after renormalization. We quote a result forf B from NRQCD
including the full one-loop matching factors atO(a/M ). @S0556-2821~97!00623-1#

PACS number~s!: 12.38.Gc, 12.39.Hg, 13.20.He, 14.40.Nd

I. INTRODUCTION

A calculation of the decay constant of theB meson,f B , is
of interest for the determination of the unitarity triangle pa-
rametrizingCP violation in the standard model. The element
uVtdu of the Cabibbo-Kobayashi-Maskawa~CKM! matrix
can be determined from an experimental study ofB-B̄ mix-
ing, using f B as one of the input parameters@1#. It can be
defined through the following matrix element~in Minkowski
space!:

ipm f B5^0uAmuB&, ~1!

whereAm is the heavy-light axial vector current. Similarly,
the vector decay constant can be defined through the
relation1

i em f VMV5^0uVmuB* &, ~2!

Vm being the heavy-light vector current. A practical tool for
calculations involving hadrons containing one heavy quark is
heavy quark effective theory~HQET! @2#. It exploits the fact
that in heavy-light systems, in the limit of infinite heavy
quark massmQ , there is a spin-flavor symmetry between
heavy quarks. Corrections due to finiteness of the heavy
quark mass are included in an expansion in 1/mQ . For the
decay constant one expects a heavy mass dependence of the
following kind:

fAM5A0~11A1 /mQ1A2 /mQ
2 1••• !. ~3!

Here, f denotes the pseudoscalar or vector decay constant
and M the mass of the corresponding heavy meson. Using
lattice QCD, these matrix elements can be calculated nonper-
turbatively from first principles. Lattice calculations of
heavy-light decay constants have been performed using the
relativistic ‘‘naive’’ ~see, e.g.,@3#!, or the clover-improved
~e.g.,@4#!, Wilson action for the heavy quarks. A reinterpre-
tation of the naive relativistic action in the regimeamQ*1
has been proposed by@5#. In recent studies~e.g.,@6–9#!, this
suggestion has been implemented to various degrees. These
simulations have either used heavy quarks in the mass region
of the charm, relying on extrapolations to theb quark, or
gone at most up to masses around theb. Lattice calculations
have also been done in the infinite mass~static! limit ~e.g.,
Refs.@10–12#!. For a recent overview of the status of lattice
calculations see Ref.@13#.

Alternatively, heavy quarks can be simulated using non-
relativistic QCD ~NRQCD! @14#, an effective theory where
the operators in the action and heavy-light currents are ex-
panded in a series in the bare inverse heavy quark mass
mQ

(0) . With this approach, one can study quarks in the whole
region between theb quark and the static limit. The first
calculation of heavy-light decay constants with NRQCD
@15#, and a following more extensive simulation@16# used an
NRQCD action atO(1/mQ

(0)) for the heavy quark and a Wil-
son action for the light quark; however theO(1/mQ

(0)) cor-
rections to the current operators were not included. A calcu-
lation using quenched configurations and Wilson light quarks
that includes the current corrections is introduced in Ref.

*Associated wth the UKQCD Collaboration.
1With this definition f V5 f B in the static limit.
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@17#. The first report on a study of decay constants where the
currents are also corrected throughO(1/mQ

(0)), using Wilson
light quarks and dynamical configurations, is published in
@18#. In the study described in this paper, we use an NRQCD
action and currents as in@18# but with quenched configura-
tions and clover light quarks.

In Sec. II we explain the operators that we use in our
NRQCD Hamiltonian and heavy-light currents, the simula-
tion parameters and the interpolating operators for the me-
sons. The fitting procedure and results for energies and am-
plitudes are presented in Sec. III. The analysis of the results
follows in Sec. IV. After a brief discussion of the heavy-light
meson masses using tree-level-improved (cSW51), and
tadpole-improved light fermions, we turn to the decay matrix
elements. We compare the decay constants with tree-level-
improved light quarks and NRQCD heavy quarks with re-
sults using a clover action withcSW51 also for the heavy
quark. This is followed by a study of axial, vector, and spin-
averaged matrix elements with tree-level and tadpole-
improved light clover quarks as a function of the heavy
quark mass. We give results for the physical ratiof Bs

/ f Bd
.

Using a renormalization constantZA from one-loop pertur-
bation theory, we finally present renormalized axial matrix
elements, and quote our estimate off B .

II. SIMULATION DETAILS

We choose to work in a Pauli basis where the two-
component heavy quark spinorQ and the antiquark spinor
Q̃† decouple@18#. Only the spinorQ is used in our simula-
tions. The nonrelativistic Lagrangian which describes theb
quark is expanded throughO(1/mQ

(0)) at the tree level:

L5Q†~Dt1H01dH !Q, ~4!

where

H052
D~2!

2mQ
0 , dH52

cBsW •BW

2mQ
~0! . ~5!

The gauge links are tadpole improved,

Um→Um /u0 , u0
45^1/3 TrUplaq.&, ~6!

so the covariant derivatives act in the following way on a
Green functionG:

DmG~x!5@Um~x!G~x1m̂ !2Um
† ~x2m̂ !G~x2m̂ !#/~2u0!,

~7!

Dm
~2!G~x!5@Um~x!G~x1m̂ !1Um

† ~x2m̂ !G~x2m̂ !#/u0

22G~x!, ~8!

and

D~2!5(
m

Dm
~2! . ~9!

We use the tree level coefficientcB51 in Eq. ~5!. Using
tadpole-improvement, we expect that the perturbative contri-
butions to this coefficient do not become too large. Forq*

values ranging between 1/a andp/a, aV lies between;0.25
and;0.15. The perturbative correction to this operator may
thus be roughly of order 20%. The heavy quark follows the
evolution equation@19#

G15S 12
aH0

2n D n

U4
†S 12

aH0

2n D n

dxW ,0 , t51, ~10!

on the first time slice, and on the following time slices:

Gt115S 12
aH0

2n D n

U4
†S 12

aH0

2n D n

~12adH !Gt , t.1.

~11!

It has been noted@20# that this evolution equation introduces
an error in principle ofO(aLQCD

2 /mQ
(0)) in the amplitude

since the operatordH is not applied on the first time slice.
We estimated the actual size of the error by comparing it
with a different evolution equation and found it to be
;3 – 4% for the bare lattice matrix element@21# ~using clo-
ver light quarks and dynamical configurations!. This devia-
tion is of the order of the statistical error~see Sec. IV!, so it
will be ignored here.

In the calculation of decay constants to the desired order
in the 1/mQ

(0) expansion, one has to also include the correc-
tions to the currents. At tree level, these can be obtained by
relating the heavy quark field in full QCD,h, and the non-
relativistic heavy quark field through an inverse Foldy-
Wouthuysen transformation on the heavy quark spinor. At
O(1/mQ

(0)), one has

h5~12 iS~0!!S Q

Q̂†D , ~12!

where

S~0!52 i
gW •DW

2mQ
~0! . ~13!

We write the heavy-light currents in full QCD as

Am5q̄g5gmh, and Vm5q̄gmh, ~14!

q being the light quark field. In the following we consider
only the time component of the axial vector current and the
spatial components of the vector current. In our simulations
the conventions for theg matrices are

g05S 1 0

0 21D , gW 5S 0 isW

2 isW 0 D , g55S 0 1

1 0D .

~15!

The current, corrected thoughO(1/mQ
(0)), takes the form

Jm5Jm
~0!1Jm

~1! , ~16!

where the contributions to the currents are given by

J5
~0!5q34

† Q, J5
~1!52 i

1

2mQ
~0! q12

† sW •DW Q ~17!

for the axial vector current and
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Jk
~0!52 iq34

† skQ, Jk
~1!52

1

2mQ
~0! q12

† sksW •DW Q ~18!

for the vector current, where we use the notationsq12 for the
upper andq34 for the lower two components of the light
quark spinor. Other operators of the same mass dimension
and lattice symmetry mix under renormalization with the
Foldy-Wouthuysen operators. For the axial current, we dis-
cuss this further in Sec. IV C. A more general list of these
operators can be found, e.g., in Refs.@22# and @18#.

We also implement the heavy quark in the static approxi-
mation, which corresponds to the Lagrangian

L5Q†DtQ. ~19!

The static heavy quark propagator follows the evolution
equation:

Gt112U4
†Gt5dx,0 . ~20!

Our light quark propagators were generated by the UKQCD
Collaboration. These use a clover-improved Wilson formu-
lation @23#. In the following we will denote our simulation
with the tree level clover coefficientcSW51 as run A and the
simulation with tadpole-improved clover fermions,
cSW51/u0

3, with run B. Fork values and other details of the
light quarks see Table I. The light quarks in run A are rotated
@24#:

q~x!→S 12
a

2
g•D Dq~x!,

q̄~x!→q̄~x!S 11
a

2
g•DQ D . ~21!

For the light quarks in run B we use the normalization
A126k̃.

The clover improvement removes lattice spacing errors at
O(a), and we expect the remaining leading errors for light
quarks at zero momentum to beO(asaLQCD) and
O(a2LQCD

2 ). If we use forLQCD a value around 300 MeV

~aLV50.169 for our configurations!, and aV(1/a)50.247,
we estimate these errors to be;4% and;3%, respectively.

We use quenched gauge configurations atb56.0 on
163348 lattices, generated by the UKQCD Collaboration.
The configurations were fixed to Coulomb gauge. In Table I
we list the ensemble sizes and the lattice spacings from light
spectroscopy. Degenerate pion and rho masses, lattice spac-
ings, and results forkcrit andks are taken for run A from Ref.
@4#, and for run B from Ref.@25#. The heavy quark param-
eters for both runs are given in the same table. The variation
of the ensemble sizes in run B for differentk andmQ

(0) values
between 45 and 67 is due to limited computer time. One has
to note that for quenched configurations ratios of physical
quantities generally differ from the corresponding ratios in
the real world. Thus the values one obtains for the lattice
spacing from different physical quantities are in general dif-
ferent. Averaging results from the 1P21S and 2S21S
splitting of theY, one obtainsa2152.4(1) GeV atb56.0
@19#. Probably for heavy-light systems the appropriate lattice
spacing is closer to the one determined from light hadron
spectroscopy, and in the following we will use
a2152.0(2) GeV to convert lattice results into physical
units. This encompassesa21 from mr for both runs~see
Table I! and also lattice spacings fromf p ~see, e.g.,@26,27#!
as well as from gluonic quantities@28# at b56.0. The heavy
quark massesamQ

(0)51.71, 2.0, 2.5 are in the region of theb
quark. In our later simulation~run B! we choose one heavy
mass as high asamQ

(0)58.0, because in run A with the heavi-
est mass being 4.0 we find it difficult to extrapolate to the
static limit. The valueamQ

(0)51.71 corresponds to theb
quark mass as determined fromY spectroscopy with
a2152.4(1) GeV@19,29#. If one chooses the lattice spacing
from light spectroscopy,a21.2 GeV, amQ

(0)52.0 gives ap-
proximately the same dimensionfulb quark mass as the
value amQ

(0)51.71 used in the Y simulations at
a2152.4 GeV. This ambiguity in fixing lattice bare quark
masses is typical of problems with the quenched approxima-
tion.

At the source we use the following interpolating fields for
the mesons:

TABLE I. Simulation details.

Run A Run B

Light quarks
cSW 1.0 1/u0

3

rotated yes no
k values 0.1432 0.1440 0.1370 0.1381
amp 0.386(24

14) 0.311(25
16) 0.4137(29

111) 0.2940(212
113)

amr 0.51(21
12) 0.47(22

13) 0.538(22
13) 0.463(24

16)
kcrit 0.14556~6! 0.13926~1!

ks 0.1437(25
14)(mK) 0.13758(5)(mK), 0.13726(9)(mf)

a21(mr) 2.0~2! GeV @4# 1.99~4! GeV @25#

Heavy quarks
amQ

(0) 1.71 2.0 2.5 4.0 1.71 2.0 4.0 8.0
n 2 2 2 2 2 2 1 1

Configurations
Number 351time reversed 45–67
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(
xW1 ,xW2

Q†~xW1!G†~xW12xW2!q~xW2!, ~22!

where G(xW12xW2) factorizes into a smearing function
f(r 5uxW12xW2u) and one of the 234 matrices in spinor space
shown in Table II. We calculate heavy-light current matrix
elements with the smearing functionf being either a delta
function or a ground or excited state hydrogenlike wave
function @30# at the source and a delta function at the sink,
and meson correlators with all combinations of smearing
functions at source and sink. For the ground state, we use

f~r !5exp~2r /r 0!, ~23!

and for the radially excited state,

f~r !5S 1

2D 3/2S 12
r

2r 0
Dexp„2r /~2r 0!…, ~24!

choosing ar053. The smearing is applied on the heavy
quark.

III. FITTING PROCEDURE

In this section, the lattice spacinga is set to 1. On the
lattice, the decay constant can be extracted from the matrix
element of the local currentJk :

f M5^0uJkuB&, ~25!

with k55 for pseudoscalar andk51,2,3 for vector decay
constants.M denotes the meson mass. The correlation func-
tion of this current decays for sufficiently large times expo-
nentially:

CLL~ t !→ZL
2e2Esimt. ~26!

We are using the notationCrs for the correlation functions,
where the indexr denotes the smearing function at the
source, and the indexs the smearing function at the sink.L
stands for a delta function, 1 for the ground state, and 2 for

the excited state smearing function.Esim is the bare ground
state binding energy andZL is related to the matrix element
as follows:

ZL5
1

A2M
^0uJkuB&, ~27!

so that

fAM5&ZL . ~28!

To distinguish between the uncorrected current and the cur-
rent containing the first order correction in the 1/mQ

(0) expan-
sion, we will use the definitions

~ fAM !uncorr[
1

AM
^0uJk

~0!uB&, ~29!

and

fAM[
1

AM
^0u~Jk

~0!1Jk
~1!!uB&. ~30!

The current corrections we denote as

d~ fAM ![
1

AM
^0u~Jk

~1!uB&. ~31!

Local meson operators, however, overlap considerably with
excited states with the same quantum numbers. We therefore
smear the heavy quark field at the source. The amplitude of
the corresponding correlation function then contains also the
densityZS , which we determine separately from smeared-
smeared correlators. For sufficiently large times one has

C11→A11e
2Esimt, A115ZS

2 , ~32!

C1L→A1Le2Esimt, A1L5ZSZL . ~33!

We extract the matrix elementZL by fitting C1L and C11
simultaneously to a single exponential, using a bootstrap pro-
cedure as described in@31#. ZL is calculated as the correlated
ratio A1L /AA11.

A. Run A

For tmin,5, no single exponential fit to bothC1L andC11
is possible. Aftertmin55 the amplitudesA11 andA1L and the

TABLE II. Spin operators for mesonic states.

1S0
3S1

S01D S 0
s D

TABLE III. Dependence of fit results from run A atmQ
(0)54.0 on the fit interval. All quantities are in

lattice units.

k50.1432 k50.1440

tmin /tmax Esim A11 A1L Esim A11 A1L

5/25 0.516~6! 211~12! 2.37~10! 0.497~6! 202~11! 2.15~11!

6/25 0.515~5! 210~11! 2.37~9! 0.495~7! 197~13! 2.11~13!

7/25 0.514~6! 210~13! 2.34~14! 0.493~8! 194~12! 2.05~14!

8/25 0.514~7! 209~15! 2.30~17! 0.491~7! 191~13! 2.00~15!

9/25 0.513~7! 210~15! 2.28~19! 0.491~8! 189~13! 1.97~16!

10/25 0.511~5! 209~14! 2.26~18! 0.489~7! 185~14! 1.91~17!
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ground-state energy still decrease slightly, untiltmin is moved
out to 9. The dependence of results on the fit interval is
shown for mQ

(0)54.0 in Table III. For k50.1440 the de-
crease may be by more than 1s. We use a fit interval
tmin /tmax59/25 for all k and heavy mass values. Given that
the statistics are poor, we have to discard the smallest eigen-
values of the covariance matrix in the singular value decom-
position ~SVD! algorithm. The fit results for the amplitudes
from run A are shown in Table IV. With our limited statis-
tics, our bootstrap procedure generates certain ensembles on
which multiexponential fits to two correlators fail, but with
the original ensemble of correlation functions we can do a
simultaneous fit ofC1L and C2L to two exponentials. This
gives a value for the ground-state energy which tends to be a
little higher, but in general still compatible within one stan-

dard deviation with the results fitted with just one exponen-
tial @31#. The plateau of the static correlation functions sets
in aroundtmin53 and persists for about 10 time slices, which
indicates that our ground-state smearing functions work well
for the static case. NRQCD and static effective amplitudes
are compared in Fig. 1!.

We determine the ratio of the axial current correction to
the uncorrected axial current from a fit of the bootstrap ratio
of the correlators of̂0uJ5

(0)uB& and^0uJ5
(1)uB& to a constant.

As fitting interval we choosetmin /tmax59/25. Results are
given in Table V.

B. Run B

The correlators from run B are slightly noisier, as shown
in the examples in Fig. 2. Also here we discard the lowest

FIG. 1. Effective amplitudes for smeared-
local ~left! and smeared-smeared correlators
~right! from run A; k50.1432. The upper row
shows the1S0 case atmQ

(0)52.0 with the 1/mQ
(0)

correction to the current included, and the lower
row, the static case. We choose the same scale of
the x axis for the static correlators, to demon-
strate the difference in the length of the plateau
between NRQCD and static heavy quarks.

TABLE IV. Fit results for A11 and A1L from run A. The columns on the left indicate the operators
included in the currents.

k50.1432 k50.1440

C1L mQ
(0) A11 A1L A11 A1L

J5
(0) 1.71 207~8! 2.13~11! 197~8! 1.91~11!

2.0 206~8! 2.17~10! 195~14! 1.96~15!
2.5 212~7! 2.33~10! 193~15! 2.03~17!
4.0 216~12! 2.59~17! 199~14! 2.27~19!

static 222~6! 3.49~11! 219~10! 3.29~14!
J5

(0)1J5
(1) 1.71 202~16! 1.66~9! 188~18! 1.48~19!

2.0 208~13! 1.81~10! 189~15! 1.58~11!
2.5 210~11! 1.99~12! 188~15! 1.71~13!
4.0 210~15! 2.28~19! 189~13! 1.97~16!

Jk
(0) 1.71 215~20! 2.02~18! 208~16! 1.83~15!

2.0 216~7! 2.10~9! 201~9! 1.87~10!
2.5 218~9! 2.24~13! 202~5! 1.98~10!
4.0 226~24! 2.60~10! 209~8! 2.29~15!
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eigenvalues of the covariance matrix in our SVD inversions.
For k50.1370, we choosetmin56, for k50.1381, tmin55.
The upper end of the fitting window is, formQ

(0)51.71, 2.0,
and 4.0, set totmax520, since for larger times the signal
disappears. FormQ

(0)58.0, the signal disappears earlier, so
we choose fork50.1370, tmax518 and fork50.1381,tmax
515. The goodness-of-fit valueQ of the fits is generally low
(Q<0.1). The fit results for the amplitudes with and without
the current corrections are shown in Table VI.

At mQ
(0)51.71, 2.0, and 4.0, theC1L correlation functions

from run B have after t.14 (k50.1370) or t.12
(k50.1381) a wiggle of;1s. If we choosetmax for the fits
not to include this wiggle, we obtain a higherQ
(;0.320.4), but the results forEsim andA1L are up to;2s
smaller than the values listed in Table VI. We choose to

extract the decay constant using the larger fitting range.
However, this variation of the result with the fit range indi-
cates that there is a fitting uncertainty inEsim andA1L , as-
sociated with the choice of the fitting range, which could be
for mQ

(0)51.71, 2.0, and 4.0 about twice as large as the boot-
strap errors. This propagates into a fitting uncertainty of
<2s for the pseudoscalar matrix elements, and of;223s
for the vector matrix element~for chirally extrapolated light
quarks it is in both cases<1s!. In the tables and figures, we
give pure bootstrap errors on the results from run B. We will
include the fitting uncertainty where we quote our final re-
sults for decay constants~Sec. IV C!. Note that the fitting
uncertainty for the static case and formQ

(0)58.0 cannot be
estimated in a similar way since the signal from the cor-
relator disappears much earlier.

FIG. 2. NRQCD correlators from run B at
mQ

(0)52.0 and k50.1370 with smeared source
and local sink~left!, and smeared source and sink
~right!. The upper row shows effective ampli-
tudes, the lower row, effective masses. The
smeared-local correlators include the 1/mQ

(0) cor-
rection to the current.

TABLE V. Fit results for the ratio of the current correction to the uncorrected matrix element, in lattice
units.d( fAM )V has not been calculated directly in run A.

Run A Run B

k50.1432 k50.1440 k50.1370 k50.1381
mQ

(0) ud( fAM )PS/( fAM )PS
uncorru

1.71 0.1964~6! 0.1986~5! 0.1372~7! 0.1438~7!

2.0 0.1696~2! 0.1713~4! 0.1215~5! 0.1239~6!

2.5 0.1379~3! 0.1389~4!

4.0 0.08800~13! 0.08863~4! 0.06561~18! 0.0672~3!

8.0 0.003368~8! 0.03447~11!

mQ
(0) ud( fAM )V /( fAM )V

uncorru
1.71 0.0455~2! 0.0468~3!

2.0 0.04032~17! 0.0410~3!

4.0 0.02178~5! 0.0223~7!

8.0 0.01118~3! 0.01151~3!
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In a similar way to run A, the plateau in the static corre-
lation functions from run B sets in slightly earlier and is
clearly shorter than for the NRQCD correlators. Fork
50.1370 we use the fit intervaltmin /tmax53/10 and fork
50.1381, tmin /tmax53/9. Effective amplitude plots are
shown in Fig. 3.

We also determine the ratio of the current corrections to
the uncorrected current from the bootstrap ratio of their
smeared-local correlators. For the ratios atk50.1370 we
choose the same fit intervals as described in the previous
paragraph for the correlation functions. The results are
shown in Table V. The ratios atk50.1381 plateau later than
the correlation functions, thus we usetmin56 instead of 5.

IV. RESULTS

We seta51 in this section, except in Sec. IV C.

A. Binding energies and meson masses

In NRQCD, the heavy-light meson mass differs from the
exponential falloff of the meson correlatorsEsim, by the
mass shift

DHL5M2Esim, ~34!

which depends on the renormalized heavy quark mass and
the zero point of the nonrelativistic heavy quark energyE0 :

DHL5ZmmQ
~0!2E0 . ~35!

Zm is the heavy quark mass renormalization constant. The
meson mass can be determined nonperturbatively from the
ratio of finite momentum and zero momentum correlation
functions@32#. The dispersion relation of the heavy meson is
given by

Esim~pW !2Esim~0!5ApW 21M22M . ~36!

We use the nonrelativistic expansion of this,

Esim~pW !5Esim~0!1
pW 2

2M
, ~37!

whereM is the meson mass we want to determine. In this
study the errors on the finite momentum correlators are
rather large and we resort to different methods to calculate

FIG. 3. Static effective amplitudes from run B
at k50.1370.

TABLE VI. Fit results for binding energies,A11 andA1L from run B. The column on the left indicates the
operators contributing to the currents. All quantities are in lattice units.

k50.1370 k50.1381

C1L mQ
(0) Esim A11 A1L Esim A11 A1L

J5
(0) 1.71 0.524~4! 205~7! 2.06~7! 0.503~5! 209~7! 1.99~9!

2.0 0.529~4! 205~6! 2.12~7! 0.503~6! 208~8! 2.02~9!

4.0 0.540~5! 203~7! 2.32~10! 0.516~6! 213~5! 2.25~8!

8.0 0.540~6! 204~9! 2.54~13! 0.511~8! 204~7! 2.39~11!

static 0.540~6! 220~5! 2.98~8! 0.517~7! 213~9! 2.76~9!

J5
(0)1J5

(1) 1.71 0.525~4! 212~7! 1.84~6! 0.503~5! 210~6! 1.72~7!

2.0 0.529~4! 214~7! 1.94~6! 0.503~6! 208~8! 1.76~7!

4.0 0.541~5! 218~5! 2.23~8! 0.516~6! 213~6! 2.11~8!

8.0 0.542~8! 218~8! 2.62~8! 0.513~8! 211~8! 2.37~11!

Jk
(0) 1.71 0.546~5! 218~8! 2.02~8! 0.526~7! 215~3! 1.95~9!

2.0 0.548~5! 218~6! 2.10~7! 0.519~7! 214~5! 1.93~8!

4.0 0.552~6! 217~7! 2.35~10! 0.524~7! 215~5! 2.19~8!

8.0 0.550~6! 219~6! 2.62~10! 0.518~10! 216~3! 2.49~9!

Jk
(0)1Jk

(1) 1.71 0.544~4! 220~5! 2.14~6! 0.522~6! 216~7! 2.00~8!

2.0 0.546~4! 220~3! 2.21~5! 0.519~6! 214~7! 2.02~8!

4.0 0.550~5! 220~6! 2.46~9! 0.528~7! 216~4! 2.29~8!

8.0 0.547~6! 221~5! 2.67~8! 0.518~8! 216~3! 2.51~9!
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the meson mass. The shift can also be determined perturba-
tively @33#, or nonperturbatively from the mass shiftDHH
~defined analogous toDHL! in heavy-heavy systems:

DHH52DHL . ~38!

In run B, the mass shifts formQ
(0)51.71 and 2.0 are taken

from the heavy-heavy results in Ref.@19#, the shift formQ
(0)

54.0 is from a heavy-heavy simulation which was part of
this project. FormQ

(0)58.0 we use perturbation theory since
we expect the discretization errors in heavy-heavy NRQCD
for such largemQ

(0) to be large. The determination of the
binding energies and the meson masses from run A is dis-
cussed in Ref.@31#.

As shown in Table VII, atkcrit the pseudoscalar binding
energies from run A are;10% lower than from run B, the
vector Esim are ;5% lower and the spin averagedEsim,
;6 – 8% lower. Atks, all the binding energies are;4 – 5%

lower than the corresponding values from run B. This differ-
ence corresponds to;4s. In the chirally extrapolated case
error bars are larger and the difference between the two runs
amounts to 2 – 3s. We expectDHL to entirely depend on the
heavy quark parameters@31#, thus the difference inEsim
translates directly into a difference in the meson mass. The
values forDHL used in run B and the corresponding meson
masses with chirally extrapolated light quarks are given in
Table VIII. We note that the pseudoscalar and spin averaged
masses from run B seem to be enhanced by at least as much
as the vector meson masses, which means that the enhance-
ment of the clover term by tadpole improvement does not
increase the hyperfine splitting by an amount greater than the
statistical error. We came to the same conclusion when we
extracted the hyperfine splitting from the ratio of the3S1 and
1S0 correlators~see Refs.@31,34#!. Presumably the tadpole

TABLE VII. Bare ground state energies from run A and run B
at the strange and the chirally extrapolated light quark mass, in
lattice units.

kcrit ks(mK)

Run A Run B Run A Run B
mQ

(0) Esim(PS)
1.71 0.437~19! 0.480~12! 0.489~6! 0.513~3!

2.0 0.437~11! 0.475~13! 0.491~6! 0.515~4!

2.5 0.439~12! 0.496~7!

4.0 0.446~15! 0.489~16! 0.499~6! 0.528~4!

8.0 0.482~16! 0.527~6!

` 0.461~15! 0.511~6!

mQ
(0) Esim(V)
1.71 0.464~15! 0.498~15! 0.509~6! 0.532~4!

2.0 0.463~12! 0.489~13! 0.510~6! 0.532~4!

2.5 0.464~9! 0.512~6!

4.0 0.478~12! 0.505~15! 0.515~6! 0.539~4!

8.0 0.488~17! 0.532~6!

mQ
(0) Esim

1.71 0.457~14! 0.493~10! 0.504~6! 0.528~3!

2.0 0.456~12! 0.486~13! 0.505~6! 0.527~4!

2.5 0.457~9! 0.508~6!

4.0 0.462~13! 0.501~13! 0.511~6! 0.536~3!

8.0 0.487~18! 0.530~5!

TABLE VIII. Mass shifts used to calculate the meson masses in
run B, and chirally extrapolated meson masses using these shifts.
The error on the perturbative shift atmQ

(0)58.0 is an estimate of the
contributions from higher orders in perturbation theory, obtained by
squaring the one-loop contributions toE0 andZm . All numbers are
in lattice units.

mQ
(0) DHL M PS

1.71 1.73~10! 2.21~11!

2.0 2.02~9! 2.50~10!

4.0 4.07~5! 4.56~7!

8.0 7.63~16! 8.11~18!

TABLE IX. Decay matrix elementsfAM in lattice units from
run A.

mQ
(0) k50.1432 k50.1440 kcrit ks(mK)

( fAM )PS
uncorr

1.71 0.209~8! 0.193~8! 0.160~18! 0.199~7!

2.0 0.214~8! 0.198~9! 0.167~19! 0.205~8!

2.5 0.226~7! 0.206~10! 0.17~2! 0.214~9!

4.0 0.249~11! 0.227~13! 0.19~3! 0.235~12!

` 0.332~7! 0.315~9! 0.281~19! 0.321~7!

mQ
(0) ( fAM )PS

1.71 0.165~7! 0.153~8! 0.128~21! 0.157~6!

2.0 0.178~7! 0.162~8! 0.132~17! 0.168~7!

2.5 0.195~7! 0.176~9! 0.138~19! 0.183~8!

4.0 0.222~13! 0.202~11! 0.163~26! 0.209~11!

mQ
(0) ( fAM )V

uncorr

1.71 0.195~10! 0.180~9! 0.15~2! 0.186~8!

2.0 0.202~7! 0.186~7! 0.155~16! 0.192~7!

2.5 0.215~9! 0.197~8! 0.161~13! 0.204~8!

4.0 0.244~8! 0.224~11! 0.185~17! 0.233~10!

mQ
(0) ( fAM )V

1.71 0.223~9! 0.205~9! 0.171~20! 0.212~8!

2.0 0.226~8! 0.210~9! 0.177~19! 0.216~8!

2.5 0.237~8! 0.216~11! 0.176~24! 0.224~10!

4.0 0.256~11! 0.234~13! 0.191~24! 0.242~12!

mQ
(0)

fAM
1.71 0.199~9! 0.183~8! 0.153~18! 0.189~7!

2.0 0.205~6! 0.189~7! 0.158~14! 0.195~6!

2.5 0.218~8! 0.199~7! 0.163~11! 0.206~8!

4.0 0.245~8! 0.225~11! 0.185~18! 0.233~10!

TABLE X. Current corrections to the decay matrix elements
from run A, in lattice units.

k50.1432 k50.1440 kcrit ks(mK)

mQ
(0) d( fAM )PS

1.71 20.0412(16) 20.0383(17) 20.033(4) 20.0394(14)
2.0 20.0364(13) 20.0340(15) 20.029(3) 20.0349(14)
2.5 20.0312(10) 20.0287(14) 20.024(4) 20.0297(13)
4.0 20.0219(9) 20.0202(11) 20.017(2) 20.0208(11)
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improvement of the light fermion affects the discretization
errors in the kinetic energy and the spin-magnetic energy of
the heavy quark by the same fractional amount. Since the
kinetic energy is much larger than the spin-magnetic energy,
the spin-independent part ofEsim receives the larger absolute
shift due to tadpole improvement.

B. Bare lattice decay matrix elements

In this section we discuss the bare, unrenormalized lattice
matrix elements. Renormalization constants will be dealt
with in Sec. IV C.

The 1/M corrections in NRQCD can be separated into
contributions of the kinetic and magnetic operator in the La-
grangian and the correction to the local current:

fAM5~ fAM !`S 11
Gkin

M
1

2dMGhyp

M
1

dMGcorr/6

M D .

~39!

The notation is chosen to be consistent with Refs.@35,18#.
For the axial current,dM53 and for the vector current,dM

521. With (fAM )` we denote the static matrix element.

1. fAM from run A

Decay matrix elements in lattice units from run A, for the
pseudoscalar, vector, and spin averaged cases, are shown in
Table IX. To obtain an estimate of the physical matrix ele-
ments and to be able to compare with other methods, we
chirally extrapolate in the light quark mass tokcrit and inter-
polate to the strange light quark mass atks. These extrapo-
lations should however be used with some caution, because
we only have twok values for the light fermions. For com-
parison, we also list results which do not include the correc-
tions to the current, denoted as (fAM )uncorr. The current cor-
rections from run A are given in Table X. On the same set of
configurations, the matrix elements have been calculated us-
ing clover heavy quarks (cSW51) by the UKQCD Collabo-
ration @4,36#. Thus we are able to make a direct comparison
between NRQCD and clover heavy quarks. Figure 4 shows
( fAM )PS as a function of the inverse pseudoscalar meson
massM PS, both for clover and NRQCD~with the current
correction included! heavy quarks. Note that for the mesons
with clover heavy quarks we useM2 , the ‘‘dynamical’’ me-
son mass determined from the dispersion relation of the
heavy meson@36#. The NRQCD results from run A can be fit
to a linear function in the inverse mass; a possible quadratic
dependence of these results on the heavy mass cannot be
resolved. The bare lattice matrix elements from both types of
heavy quarks agree in theB region within errors. This is not
necessarily true for the renormalized matrix elements. Renor-
malization decreases (fAM )PS from NRQCD in theB region
by ;10%, as detailed in Sec. IV C, whereas the current
renormalization constants have not been calculated for clover
quarks with large mass.

Neither of the results presented in Fig. 4 extrapolates in
the infinite mass limit to the static simulation result. Our
static point agrees with UKQCD using different~Jacobi!
smearing@4#, and it appears that there is no sizable excited

FIG. 4. Unrenormalized matrix elements (fAM )PS in lattice
units with NRQCD heavy quarks from run A~circles! and with
tree-level clover heavy quarks~diamonds! @4,36# at k50.1440. The
cross denotes the static point from run A. The lines are correlated
fits; the errors on the extrapolations to infinite mass are for clarity
slightly shifted from the origin. The arrow denotes the position of
theBs meson in this plot~the light quark mass atk50.1440 is close
to the strange quark mass!.

FIG. 5. Dependence of the static matrix ele-
ment from run A, in lattice units, on the fit inter-
val. On the left, k50.1440, on the right,
k5kcrit .

TABLE XI. The staticfAM from run A for various fit intervals,
in lattice units.

tmin /tmax k50.1432 k50.1440 kcrit ks

3/10 0.333~6! 0.319~6! 0.293~8! 0.324~5!

4/10 0.334~7! 0.317~7! 0.285~9! 0.323~7!

5/10 0.333~9! 0.316~9! 0.282~15! 0.322~8!

6/10 0.337~10! 0.319~13! 0.29~4! 0.326~11!

7/10 0.343~13! 0.324~13! 0.29~3! 0.331~14!
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state contamination which could artificially enhance the
static result~see Table XI and Fig. 5!. Instead, the reason
seems to be that the quality of the results from run A does
not allow us to predict the slope at infinite quark mass cor-
rectly. In NRQCD calculations which include larger masses
and better ensembles the results do extrapolate to the static
point. This is detailed in the discussion of run B in this paper
~see Fig. 7! and in Refs.@18,21#. In these studies we find that
in the region of theB there is a quadratic contribution to the
slope of fAM . We do however obtain good quadratic fits of
the results from run A if we include the static point into the
fit. In Fig. 6 we show the NRQCD and static decay matrix
elements from run A atk50.1440 with a correlated fit to a
quadratic function in the inverse meson mass that includes
the static point. For the results without inclusion of the cur-
rent corrections, at the left in Fig. 6, we findQ50.94 for the
pseudoscalar andQ50.96 for the vector matrix element. The
vector matrix element is smaller than the pseudoscalar ma-
trix element. On the right, we plot the matrix elements with
the correction to the current. The current correction to
( fAM )V has not been simulated in run A, but we estimated
the corrected vector current~see Table IX! using the axial
vector current corrections in Table IX and the relation

d~ fAM !V52
1

3

d~ fAM !PS

~ fAM !PS
uncorr~ fAM !PS

uncorr, ~40!

which follows from Eq.~39! with the appropriate values for
dM . We find (fAM )PS in the B region to be much lower,
around 50%, than in the static case. The current correction
gives a contribution of relative size 22% in theB region. The
spin averaged matrix element, defined as

fAM5
1

4
@~ fAM !PS13~ fAM !V#, ~41!

is also shown in Fig. 6. It can be calculated from the uncor-
rected matrix elements, since the current correction drops out
after spin averaging@see Eq.~39!#. With the current correc-
tions included, the quadratic fit of the pseudoscalar matrix
element givesQ50.58, of the vector matrix element
Q50.95, and the spin averaged,Q50.93.

2. fAM from run B

The results forfAM from run B are given in Table XII. In
Fig. 7 we show the pseudoscalar, vector, and spin-averaged
decay matrix element from run B with correlated fits of the
bare simulation results to a quadratic function in the inverse
pseudoscalar meson mass. The results of these fits for the
pseudoscalar matrix elements for both lightk values are
shown in Table XIII. Within errors, the infinite mass limit of
the NRQCD matrix elements are in agreement with the static
simulation result. We find the relative slope offAM to be of

FIG. 6. Unrenormalized decay matrix ele-
ments from run A, in lattice units. On the left,
pseudoscalar~bursts! and vector~pluses! matrix
elements without the current correction included.
On the right, pseudoscalar~circles!, and vector
~squares! decay constants with the current correc-
tions. The diamonds on the right denote the spin-
averaged case. The lines are correlated fits in-
cluding the static point~cross!; k50.1440.

FIG. 7. Unrenormalized decay matrix elements from run B at
k50.1370 plotted against the inverse pseudoscalar meson mass.
Circles denote (fAM )PS, squares (fAM )V , and diamonds the spin-
averaged matrix element. Lines denote correlated fits; we indicate
the error bar on the extrapolation of the pseudoscalar matrix ele-
ment to infinite mass. The static point~cross! is slightly shifted
from the origin for clarity. All quantities are in lattice units.

FIG. 8. Unrenormalized current corrections from run B, in lat-
tice units, atk50.1370, plotted against the inverse pseudoscalar
meson mass. Circles denote2d( fAM )PS, and squaresd( fAM )V .
The lines denote correlated fits ofud( fAM )u to a quadratic function
in 1/M PS. Where not shown, error bars are smaller than the sym-
bols.
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the order of 2.5 GeV. The error on the slope is, however,
large ~see Table XIII!, because of our small ensemble size,
and the number of degrees of freedom for these fits is low.
Our results from a simulation using dynamical configurations
with higher statistics@21# indicate that the slope actually gets
smaller with decreasing light quark mass. Renormalization
decreases the NRQCD decay matrix elements relative to the
bare ones~see Sec. IV C!, but their infinite mass limit is still
in agreement with the~renormalized! static matrix elements.

The lattice matrix elements for the current corrections are
given separately in Table XIV. To study their behavior in the
infinite mass limit, we perform correlated fits ofd( fAM )PS

and d( fAM )V as functions in the inverse pseudoscalar me-
son mass. Fits to a linear function haveQ!1, but fits to a
quadratic function work well. The results are presented in
Table XV. We find that the infinite mass limit of our results
is in a reasonable agreement with zero. In Fig. 8, the axial
and vector current corrections fork50.1370 are shown.

From the heavy mass dependence of the spin average of
the matrix elements, we can, using Eq.~39!, extract the con-

tribution of the kinetic energy tofAM @18#:

fAM5~ fAM !`S 11
Gkin

M D . ~42!

We fit the spin-averaged matrix elements from run A and run
B, including also the static point, to a quadratic function in
1/M PS. Results in lattice units for the strange and the
chirally extrapolated light quark mass can be found in Table
XVI. Figure 9 showsfAM at ks from both runs. For run B,
Gkin is found to be;2s smaller than for run A. However it
has to be noted here that the fits include 5 points and thus
there are only 2 degrees of freedom. For a definite conclu-
sion it would be necessary to include more simulation results
at heavy quark masses. Moreover, things are expected to
change after inclusion of renormalization constants. We ex-
pect the heavy mass dependence for each run to change after
renormalization in a different way. In particular, it appears
that rotating the light quark in run A with theg•D operator
introduces an additional, heavy mass dependent, contribution
to ZA andZV in perturbation theory.

3. „fAM …PS /„fAM …V

We can also study the behavior of the ratios of axial and
vector matrix elements in the heavy quark limit. The ratio of

FIG. 9. Spin averaged decay matrix elements, unrenormalized,
in lattice units, atks , plotted against the inverse pseudoscalar me-
son mass. Squares are results from run A, and circles, from run B.
Lines denote correlated fits to all the points including the static.

TABLE XIII. Results of correlated fits of (fAM )PS in lattice
units from run B to the functiona11a2 /M PS1a3 /M PS

2 .

k a1 a2 /a1 a3 /a1

0.1370 0.30~2! 21.2(4) 1.6~1.5!
0.1381 0.28~3! 21.4(7) 2.6~2.4!

TABLE XII. Decay matrix elements from run B, in lattice units.

k50.1370 k50.1381 kcrit ks(mK)

mQ
(0) ( fAM )PS

uncorr

1.71 0.212~5! 0.201~6! 0.188~14! 0.206~4!

2.0 0.219~5! 0.203~4! 0.187~12! 0.211~3!

4.0 0.242~8! 0.225~6! 0.206~15! 0.233~4!

8.0 0.262~9! 0.243~8! 0.223~18! 0.252~6!

` 0.293~6! 0.274~7! 0.254~15! 0.283~5!

mQ
(0) ( fAM )PS

1.71 0.186~4! 0.173~5! 0.158~12! 0.179~3!

2.0 0.196~4! 0.178~4! 0.158~9! 0.186~3!

4.0 0.232~6! 0.210~6! 0.186~14! 0.221~4!

8.0 0.261~7! 0.237~9! 0.211~17! 0.248~5!

mQ
(0) ( fAM )V

uncorr

1.71 0.202~5! 0.194~9! 0.185~18! 0.198~5!

2.0 0.210~5! 0.192~6! 0.174~12! 0.201~4!

4.0 0.236~9! 0.217~6! 0.197~16! 0.226~5!

8.0 0.261~6! 0.240~9! 0.218~19! 0.250~6!

mQ
(0) ( fAM )V

1.71 0.213~5! 0.198~6! 0.181~16! 0.205~4!

2.0 0.220~5! 0.200~7! 0.179~14! 0.210~4!

4.0 0.244~8! 0.226~7! 0.206~16! 0.235~5!

8.0 0.266~8! 0.243~8! 0.219~17! 0.254~6!

mQ
(0)

fAM
1.71 0.207~5! 0.191~5! 0.175~12! 0.199~4!

2.0 0.214~5! 0.195~6! 0.174~12! 0.204~4!

4.0 0.241~7! 0.222~7! 0.201~13! 0.231~4!

8.0 0.265~7! 0.242~10! 0.217~18! 0.253~6!

TABLE XIV. Current corrections to the decay matrix elements
from run B, in lattice units.

k50.1370 k50.1381 kcrit ks(mK)

mQ
(0) d( fAM )PS

1.71 20.0291(7) 20.0287(9) 20.028(2) 20.0289(5)
2.0 20.0265(6) 20.0252(6) 20.0238(16) 20.0258(4)
4.0 20.0159(5) 20.0151(4) 20.0143(10) 20.0155(3)
8.0 20.0088(3) 20.0084(3) 20.0079(6) 20.0086(2)
mQ

(0) d( fAM )V

1.71 0.0092~2! 0.0091~4! 0.089~9! 0.091~3!

2.0 0.0085~2! 0.0079~2! 0.073~5! 0.0816~14!

4.0 0.00513~18! 0.00485~13! 0.045~4! 0.0498~11!

8.0 0.00292~7! 0.00277~10! 0.026~2! 0.0284~7!
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the matrix elements without the current correction should
give an estimate for the contribution of the spin-magnetic
interaction in the Hamiltonian tofAM in Eq. ~39! @18#:

Runcorr[
~ fAM !PS

uncorr

~ fAM !V
uncorr

}11
8Ghyp

M
. ~43!

For the slope of the ratio of the matrix elements with the
current correction one expects

R[
~ fAM !PS

~ fAM !V

}11
8Ghyp12Gcorr/3

M
. ~44!

The correlated ratios of axial and vector matrix elements
from both runs are listed in Table XVII. The ratios can for
both runs be fit to a linear function in 1/M PS, as shown in
Fig. 10. The fit results are presented in Table XVIII. As
expected, we find the extrapolation to the infinite mass limit
to be in good agreement with one. We also perform fits with
the value of the ratio fixed to one at infinite mass. In some
cases these fits are slightly worse~see Table XVIII!; how-
ever, the slopes from both fit methods agree with each other.
We find the slope of the uncorrected ratio and thusGhyp to be
slightly larger for run A than for run B, but the difference is
not statistically significant. We note that the uncorrected ra-
tios are independent of the light quark mass, which we also
found for theB* -B hyperfine splittings@31#. The absolute
value of the slope of the ratioR turns also out to be larger in
run A than in run B. Since the sign of the combination
8Ghyp12Gcorr/3 is opposite toGhyp, this means that the cur-
rent correction in run A is considerably larger than in run B.
Another, more precise, way to determineGcorr is from the

ratio of the current corrections to the uncorrected current
@18# ~see Table XIX!. From Eq.~39! it follows that

Gcorr5 lim
mQ

~0!→`

r~mQ
~0!![ lim

mQ
~0!→`

2mQ
~0!d~ fAM !PS

~ fAM !PS
uncorr

. ~45!

We fit r(mQ
(0)) from run A to a linear function in 1/M PS and

find Gcorr520.739(5). If we include all values forr from
run B in a linear fit, we obtain a bad fit (Q50.01). The
situation improves with a quadratic fit (Q50.16), but we
obtain a better result from a linear fit, omitting the point at
mQ

(0)54.0 from the fit. This givesQ50.44, and forGcorr we
obtain20.5703(16). Both fits are shown in Fig. 11. In sum-
mary, we find each of the three different 1/M corrections to
fAM , as well as the total~compare Tables IX and XII, and
Tables X and XIV!, in run A to be larger than in run B.

4. fBs
/f Bd

The ratiof Bs
/ f Bd

can be used for an extraction of the ratio

of CKM matrix elementsuVts /Vtdu @1#. HQET predicts that it
is up to correctionsO(ms2md)/mQ independent of the
heavy quark mass. The renormalization constants are ex-
pected to be very weakly dependent on the light quark mass.
We approximate the physical ratiof Bs

/ f Bd
with the ratio of

the unrenormalized lattice matrix elements:

f Bs

f Bd

.
~ fAM !Bs

~ fAM !Bd

. ~46!

Note that the renormalization constants used in the following
subsection assume massless light quarks. The results for
f Bs

/ f Bd
are listed in Table XX. As expected, they are within

errors independent of the heavy quark mass. We find that the
ratio is larger for run A, although not significantly. This dis-
agreement might be a reflection of the different discretization
effects in both runs.

FIG. 10. Ratio of unrenormalized axial and
vector matrix elements atk5ks from run A ~left!
and run B~right!. Bursts refer to results without
the current correction included, squares to results
with the current correction. The lines denote cor-
related fits to the ratios.

TABLE XV. Result of correlated fits of the current corrections
from run B to the functiona11a2 /M PS1a3 /M PS

2 . All quantities
are in lattice units.

a1 a2 a3

k d( fAM )PS

0.1370 20.0016(13) 0.091~11! 20.10(4)
0.1381 20.0016(14) 0.087~14! 20.09(4)
k d( fAM )V

0.1370 20.0016(13) 0.091~11! 20.10(4)
0.1381 20.0004(5) 0.028~5! 20.033(15)

TABLE XVI. Results forGkin from correlated fits of (fAM ) to
a quadratic function in 1/M PS, in lattice units.

Run A Run B

ks 21.6(2) 21.05(15)
kcrit 22.0(5) 21.2(5)
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C. Renormalized matrix elements

The results presented in the previous subsection are at tree
level, i.e., they do not include the renormalization constants
which are required to match between the matrix elements in
the effective theory on the lattice and the matrix elements in
full QCD in the continuum.

In NRQCD, the operators that contribute to the heavy-
light current mix under renormalization. The matrix elements
of the bare NRQCD current operators on the latticeJlatt

( i ) , the
renormalized NRQCD current operatorsJren

( i ) , and the heavy-
light current in full QCDJQCD, are thus related by

^JQCD&5(
i

h i^Jren
~ i ! &5(

i
h i(

j
Zi j

21^Jlatt
~ j !&. ~47!

At O(1/mQ
(0)), three operators contribute to the axial vector

current:

Jlatt
~0!5q34

† Q, Jlatt
~1!52 i

1

2mQ
~0! q12

† sW •DW Q,

Jlatt
~2!5 i

1

2mQ
~0! q12

† DQ •sW Q. ~48!

Jlatt
(2) does not contribute at tree level. Although we did not

simulate Jlatt
(2) , we know its matrix element exactly, since

translation invariance implies that at zero momentum
^Jlatt

(2)&5^Jlatt
(1)&.

Expanding the renormalization constantsh i and Zi j
throughO(a), Eq. ~47! becomes

^AQCD
0 &5F11aS B02z002z102

1

2
„CQ1Cq…D G^Jlatt

~0!&

1F11aS B12z012z112
1

2
„CQ1Cq…D G^Jlatt

~1!&

1@a~B22z022z12!#^Jlatt
~2!&. ~49!

The coefficientsBi originate from the vertex and wave-

function renormalization in the continuum, thez i j denote the
vertex renormalizations on the lattice, andCQ and Cq the
heavy and the light wave-function renormalization on the
lattice, respectively.a is calculated using the two-loop for-
mula for aV @38#. We assume a reasonable choice for the
scale foraV lies betweenq* 51/a andq* 5p/a. The con-
tribution of the rotation to the heavy-light vertex with
NRQCD heavy quarks has not been calculated, so we cannot
include the renormalization constants to run A. The renor-
malized matrix elements for run B have been calculated us-
ing Bi , z i j and CQ from Ref. @37#, andCq from Ref. @39#.
The results for chirally extrapolated and strange light quark
masses are given in Table XXI. Our renormalized matrix
elements include anO(aa) discretization correction to
^Jlatt

(0)&. The origin of this correction and its relation to Eq.

FIG. 11. Ratios of unrenormalized current corrections atk5ks

plotted as a function of the inverse heavy meson mass. Squares
denote results from run A, circles results from run B; the lines are
correlated fits to the functiona11a2 /M PS.

TABLE XVII. Ratio of axial and vector matrix elements from
run A and run B, in lattice units.

Run A

k50.1432 k50.1440 kcrit ks

mQ
(0) ( fAM )PS

uncorr/( fAM )V
uncorr

1.71 1.07~5! 1.07~5! 1.07~18! 1.07~4!

2.0 1.06~4! 1.07~4! 1.09~14! 1.07~3!

2.5 1.05~3! 1.05~3! 1.05~20! 1.05~3!

4.0 1.02~3! 1.02~5! 1.02~18! 1.02~4!

mQ
(0) ( fAM )PS/( fAM )V

1.71 0.74~3! 0.74~3! 0.75~13! 0.74~2!

2.0 0.78~2! 0.77~3! 0.76~14! 0.78~2!

2.5 0.826~16! 0.82~3! 0.80~12! 0.82~2!

4.0 0.87~4! 0.86~4! 0.86~19! 0.86~4!

Run B
k50.1370 k50.1381 kcrit ks

mQ
(0) ( fAM )PS

uncorr/( fAM )V
uncorr

1.71 1.05~2! 1.04~5! 1.03~12! 1.04~3!

2.0 1.041~16! 1.057~19! 1.08~5! 1.049~12!

4.0 1.028~19! 1.036~18! 1.05~5! 1.032~13!

8.0 1.002~18! 1.010~17! 1.02~5! 1.006~13!

mQ
(0) ( fAM )PS/( fAM )V

1.71 0.87~2! 0.87~4! 0.88~9! 0.87~2!

2.0 0.890~14! 0.887~17! 0.88~4! 0.889~11!

4.0 0.951~14! 0.93~3! 0.90~8! 0.94~2!

8.0 0.983~9! 0.974~15! 0.96~4! 0.978~9!

TABLE XVIII. Results from correlated fits of the ratio of axial
and vector decay matrix elements, in lattice units, to the function
a11a2 /M PS. k5ks . Runcorr is the ratio of the uncorrected matrix
elements,R has the current corrections included.

Run A Run B

a1 a2 Q a1 a2 Q
Runcorr

0.96~8! 0.25~19! 0.97 0.998~18! 0.13~7! 0.69
1 ~fixed! 0.16~5! 0.92 1~fixed! 0.12~3! 0.86

R
1.0~5! 20.55(13) 0.74 1.017~11! 20.33(5) 0.93
1 ~fixed! 20.56(3) 0.90 1~fixed! 20.27(2) 0.42
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~49! will be discussed in future publications@37,40,43#. In
Fig. 12 we compare the renormalizeda3/2( fAM )PS for both
values ofq* with the unrenormalized matrix element. After
renormalization, the slope for large masses is remarkably
smaller than before. Foraq* 51, it is within errors in agree-
ment with zero. Foraq* 5p, the M dependence of the ma-
trix elements is approximately linear, and we estimate the
relative slope~the slope divided by the value at infinite mass!
to be around21 GeV, roughly in agreement with previous
calculations; e.g., in Refs.@4,6,7# the relative slope is of the
order of;21 GeV. Since the results at heavy masses vary
considerably depending onq* , we do not want to make a
more quantitative statement about the slope here.

For f B , we use the result atamQ
(0)52.0, the point in our

simulation whose mass is closest to the actualB meson~see
Table VIII!:

q* 51/a: f B50.178~28!~27!~16! GeV,

f Bs
50.203~8!~30!~17! GeV,

q* 5p/a: f B50.187~30!~29!~16! GeV,

f Bs
50.213~8!~32!~17! GeV. ~50!

This is to be compared with the tree level result,f B
50.195(22)(29)(7) GeV, and f Bs

50.229(8)(35)(8). The
first error bar is the statistical error, inflated by a factor of 2
to take the fitting uncertainty of;1s ~see Sec. III B! into
account. Forf B , the statistical error gets in addition enlarged
due to the chiral extrapolation. The second error bar stems
from the uncertainty in the determination ofa. The third one
consists of the estimated error of the perturbative calculation
and due to neglected orders in the 1/M expansion, and was
determined as follows: The uncertainty from the choice of

q* is 5%, which can be used as an estimate of the uncer-
tainty from higher orders in perturbation theory. Another es-
timate of this uncertainty,d2 , can be obtained from the re-
lation a2d25(ad1)2, whered1 is the one-loop contribution.
Renormalization decreases the decay constant forq* be-
tweenp/a and 1/a by 4–11% from the bare value. Squaring
this yields a contribution of up to;1% from higher orders.
The numerical errors on the integrals in the perturbative cal-
culation are estimated to be;2 – 3% and propagate to the
final result after being multiplied bya. Another source of
error are higher order contributions in the 1/mQ

(0) expansion.
Calculations that include also theO„1/(mQ

(0))2
… corrections

@41–43# indicate that theO„1/(mQ
(0))2

… current corrections in
the region of theB contribute;3 – 4%. Adding this to the
errors from the perturbative calculation, we quote a system-
atic error of 9% of the average from bothq* on our results in
Eq. ~50!, which is represented by the third error bar. For the
unrenormalized matrix elements, the third error bar consists
only of theO„1/(mQ

(0))2
… correction. The largest errors on our

results onf B come therefore from the statistical and fitting
error, which is magnified due to chiral extrapolation, and the
uncertainty ina. Note that at theB, the error from the un-
certainty inq* is much smaller than for the higher masses.
The quenching error is partly reflected in the error we quote
for the lattice spacing. Preliminary estimates of the effect of

FIG. 12. Matrix elementsa3/2( fAM )PS from run B atks . The
circles denote unrenormalized matrix elements; the squares denote
renormalized results usingaq* 51, and the diamonds, using
aq* 5p.

TABLE XIX. Ratio ud( fAM )PS/( fAM )PS
uncorru of the axial cur-

rent correction to the uncorrected matrix element, in lattice units, at
the chirally extrapolated and the strange quark mass.

Run A Run B

mQ
(0) k5kcrit k5ks k5kcrit k5ks

1.71 0.2030~16! 0.1978~3! 0.1494~18! 0.1403~5!

2.0 0.1747~10! 0.1707~3! 0.1265~15! 0.1227~3!

2.5 0.1410~8! 0.1385~3!

4.0 0.08988~10! 0.0884~3! 0.0688~7! 0.06642~17!

8.0 0.0353~3! 0.03409~6!

TABLE XX. Ratios of decay constantsf Bs
/ f Bd

.

mQ
(0) Run A Run B

1.71 1.23~18! 1.13~8!

2.0 1.26~15! 1.17~7!

2.5 1.32~12!

4.0 1.25~25! 1.18~8!

8.0 1.17~9!

static 1.13~6! 1.10~6!

TABLE XXI. Renormalizeda3/2( fAM )PS from run B at strange
and chirally extrapolated light quark masses.

kcrit ks

amQ
(0) aq* 51 aq* 5p aq* 51 aq* 5p

1.71 0.148~14! 0.152~14! 0.164~4! 0.169~4!

2.0 0.145~11! 0.152~12! 0.165~3! 0.172~3!

4.0 0.147~13! 0.164~14! 0.168~3! 0.186~4!

8.0 0.147~15! 0.172~16! 0.167~5! 0.195~5!

` 0.146~11! 0.186~12! 0.163~4! 0.208~4!
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dynamical fermions can be found in Refs.@7,21#. In Table
XXII we list results onf B from other recent lattice calcula-
tions. The errors we list in the table are obtained by adding
the statistical and systematical errors given by the authors
and taking the square root of the result.2 When statistical and
systematical uncertainties are carefully estimated, the errors
in these simulations are in the range of;15– 20%. Within
this uncertainty, the results in Table XXII are in agreement
with each other.

For the static matrix element from run B we obtain

q* 51/a: f B
`50.180~14!~27!~50! GeV,

q* 5p/a: f B
`50.229~15!~34!~50! GeV, ~51!

while the bare result isa3/2( fAM )`50.254(15). An estimate
of aq* 52.18 has been given in Ref.@44# for static heavy
and Wilson light quarks. In the static case the one-loop con-
tribution toZA is larger than for NRQCD around theb quark
mass, thus also the variation withq* is larger~24%!. Here,
the dominant error appears to originate from higher orders in
perturbation theory.

For the static matrix element, the renormalization constant
has been calculated also for rotated clover fermions@45,37#;
however theO(aa) discretization correction has not been
determined for this case. Without this discretization correc-
tion, we obtain for the staticf B from run A

q* 51/a: a3/2~ fAM !`50.154~10!

f B
`50.190~12!~21! GeV,

q* 5p/a: a3/2~ fAM !`50.202~14!

f B
`50.249~17!~27! GeV, ~52!

compared to the bare resulta3/2( fAM )`50.281(19). Note
also that the result in Eq.~52! is not tadpole improved.

V. SUMMARY AND CONCLUSIONS

We report on a study of quenched heavy-light decay con-
stants with nonrelativistic heavy quarks in a mass range
around theb quark and heavier. Both the NRQCD Lagrang-
ian and heavy-light current are correct throughO(1/mQ

(0)).
We performed two simulations, one uses clover light quarks
with tree-level clover coefficient~run A!, the other uses
tadpole-improved light quarks~run B!.

We investigated the 1/M behavior of the unrenormalized
decay matrix elementsfAM , M being the heavy-light meson
mass. In the mass region of theB meson, the correction to
the static limit is large~for run A ;50%, for run B
;35– 40%!, before renormalization constants are included.
We disentangle the various 1/M corrections to the decay
constants, and compare their size between run A and run B.
The differences are small for the contributions of the hyper-
fine and kinetic term in the action, but sizable for the current
correction matrix element, at least at tree level. At theB, we
find for the bare axial matrix element a difference of 18%
~1–2s! for chirally extrapolated light quarks and 10%~2–
3s! for strange light quarks. We expect this difference to be
partly caused by a reduction of theO(aa) errors in run B
due to tadpole improvement. The fact that we use a rotation
with a derivative operator in run A and a normalization with
A126k̃ in run B also introduces a difference in the discreti-
zation effects between the two runs.

We comparefAM using NRQCD with results using clo-
ver (cSW51) heavy quarks generated by UKQCD. Renor-
malization constants are not included. In the region of theb
quark both methods agree within errors. However, they be-
have quite differently at large masses, such that the clover
results cannot be made to extrapolate to the static limit.

We calculated the renormalization constantZA for
NRQCD in one-loop perturbation theory, taking into account
the mixing between the current operators. We present renor-
malized pseudoscalar decay constants, and a value forf B
from NRQCD where all the matching factors through
O(a/M ) are included. The bare matrix elements show a
larger slope in 1/M than the results from calculations with
relativistic heavy quarks, but the heavy mass dependence of
the renormalized matrix elementsfAM is much milder than
before renormalization.
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2The error estimate of the Fermilab result is at present still pre-
liminary.

TABLE XXII. Comparison of results onf B from various lattice
calculations.

f B @GeV#

This work 0.183~43!

APE @9# 0.180~32!

Fermilab@6# 0.156~35!

JLQCD @8# 0.163~16!

Ishikawaet al. @42# 0.202~20!a

MILC @7# 0.153(216
140)

UKQCD @4# 0.160(220
153)

aThe error estimate is preliminary; only the statistical error is
quoted here.

7026 56A. ALI KHAN et al.



@1# For reviews see, for example, J. L. Rosner, inB Decays, edited
by S. Stone~World Scientific, Singapore, 1994!, p. 470; M.
Neubert, Int. J. Mod. Phys. A11, 4173~1996!.

@2# E. Eichten and F. Feinberg, Phys. Rev. D23, 2724~1981!; M.
Voloshin and M. Shifman, Sov. J. Nucl. Phys.45, 292~1987!;
47, 511 ~1988!; H. Politzer and M. Wise, Phys. Lett. B206,
681 ~1989!; 208, 504~1989!; N. Isgur and M. Wise,ibid. 232,
113 ~1989!; 237, 527 ~1990!; B. Grinstein, Nucl. Phys.B339,
253 ~1990!; H. Georgi, Phys. Lett. B240, 447 ~1990!.

@3# C. Alexandrouet al., Z. Phys. C62, 659 ~1994!.
@4# UKQCD Collaboration, R. Baxteret al., Phys. Rev. D49,

1594 ~1994!.
@5# A. X. El-Khadra, A. S. Kronfeld, and P. B. Mackenzie, Phys.

Rev. D55, 3933~1997!.
@6# Fermilab Collaboration, S. Ryan, inLattice ’97, Proceedings

of the International Symposium, Edinburgh, 1997@Nucl. Phys.
B ~Proc. Suppl.! ~in press!#.

@7# MILC Collaboration, C. Bernardet al., in Lattice ’97 @6#, hep-
lat/9709142.

@8# JLQCD Collaboration, S. Aokiet al., in Lattice ’97 @6#.
@9# APE Collaboration, C. R. Alltonet al., Phys. Lett. B405, 133

~1997!.
@10# APE Collaboration, C. R. Alltonet al., Phys. Lett. B326, 295

~1994!.
@11# A. Duncan, E. Eichten, J. Flynn, B. Hill, G. Hockney, and H.

Thacker, Phys. Rev. D51, 5101~1995!.
@12# UKQCD Collaboration, A. K. Ewinget al., Phys. Rev. D54,

3526 ~1996!.
@13# J. Flynn, inLattice ’96, Proceedings of the International Sym-

posium, St. Louis, Missouri, edited by C. Bernardet al. @Nucl.
Phys. B~Proc. Suppl.! 53, 168 ~1997!.

@14# G. P. Lepage, L. Magnea, C. Nakhleh, U. Magnea, and K.
Hornbostel, Phys. Rev. D46, 4052~1992!.

@15# UKQCD Collaboration, presented by C. T. H. Davies, inLat-
tice ’92, Proceedings of the International Symposium, Amster-
dam, The Netherlands, edited by J. Smit and P. van Baal
@Nucl. Phys. B~Proc. Suppl.! 30, 437 ~1993!#.

@16# S. Hashimoto, Phys. Rev. D50, 4639~1994!.
@17# T. Draper and C. McNeile, inLattice ’95, Proceedings of the

International Symposium, Melbourne, Australia, edited by T.
D. Kieu et al. @Nucl. Phys. B~Proc. Suppl.! 47, 429 ~1996!#.

@18# S. Collins, U. M. Heller, J. Sloan, J. Shigemitsu, A. Ali Khan,

and C. T. H. Davies, Phys. Rev. D55, 1630~1997!.
@19# C. T. H. Davies, K. Hornbostel, A. Langnau, G. P. Lepage, A.

Lidsey, J. Shigemitsu, and J. Sloan, Phys. Rev. D50, 6963
~1994!.

@20# T. Bhattacharya~private communication!.
@21# S. Collinset al. ~in preparation!.
@22# M. Golden and B. Hill, Phys. Lett. B254, 225 ~1991!.
@23# B. Sheikholeslami and R. Wohlert, Nucl. Phys.B259, 572

~1985!.
@24# G. Heatlie, C. T. Sachrajda, G. Martinelli, C. Pittori, and G. C.

Rossi, Nucl. Phys.B352, 266 ~1991!.
@25# UKQCD Collaboration, P. Rowland~private communication!.
@26# APE Collaboration, C. R. Alltonet al., Nucl. Phys.B413, 461

~1994!.
@27# UKQCD Collaboration, R. Kenway, inLattice ’96 @13#, p.

206.
@28# G. Bali and K. Schilling, Phys. Rev. D48, 2636~1994!.
@29# C. T. H. Davieset al., Phys. Rev. Lett.73, 2654~1994!.
@30# C. T. H. Davies, K. Hornbostel, G. P. Lepage, A. Lidsey, J.

Shigemitsu, and J. Sloan, Phys. Rev. D52, 6519~1995!.
@31# A. Ali Khan, C. T. H. Davies, S. Collins, J. Sloan, and J.

Shigemitsu, Phys. Rev. D53, 6433~1996!.
@32# P. B. Mackenzie, inLattice ’92 @15#, p. 35.
@33# C. J. Morningstar, Phys. Rev. D50, 5902~1994!.
@34# A. Ali Khan, S. Collins, C. T. H. Davies, J. Shigemitsu, and J.

Sloan, inLattice ’95 @17#, p. 425.
@35# M. Neubert, Phys. Rev. D46, 1076~1992!.
@36# S. Collins, Ph.D. thesis, Edinburgh, 1993.
@37# C. Morningstar and J. Shigemitsu, OHSTPY-HEP-T-97-016.

~in preparation!.
@38# G. P. Lepage and P. B. Mackenzie, Phys. Rev. D48, 2250

~1993!.
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