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Ordinary-sterile neutrino oscillations can generate significant neutrino asymmetry in the early Universe. In
this paper we extend this work by computing the evolution of neutrino asymmetries and light element abun-
dances during the big bang nucleosynthesis~BBN! epoch. We show that a significant electron-neutrino asym-
metry can be generated in a way that is approximately independent of the oscillation parametersdm2 and
sin22u for a range of parameters in an interesting class of models. The numerical value of the asymmetry leads
to thepredictionthat the effective number of neutrino flavors during BBN is either about 2.5 or 3.4, depending
on the sign of the asymmetry. Interestingly, one class of primordial deuterium abundance data favors an
effective number of neutrino flavors during the epoch of BBN of less than 3.@S0556-2821~97!03822-8#

PACS number~s!: 14.60.Pq, 13.15.1g, 26.35.1c

I. INTRODUCTION

The possible existence of sterile neutrinos can be moti-
vated by the solar neutrino, atmospheric neutrino, and LSND
experiments@1#. There are also interesting theoretical moti-
vations for the existence of light sterile neutrinos. For ex-
ample, if nature respects an exact unbroken parity symmetry,
then three necessarily light mirror neutrinos must exist@2#.
In view of this, it is interesting to study the implications of
ordinary-sterile neutrino oscillations for both particle physics
and cosmology. The effects of ordinary-sterile neutrino os-
cillations in the early Universe are actually quite remarkable.
It turns out that for a wide range of parameters, ordinary-
sterile neutrino oscillations generate a large neutrino asym-
metry@3# ~see also@4#!. ~A large neutrino asymmetry implies
that the Universe has a net nonzero lepton number given that
the electron asymmetry is necessarily small due to the charge
neutrality requirement.! One important implication of this
result is that the bounds on ordinary-sterile oscillation pa-
rameters that can be derived mainly from energy density
considerations during big bang nucleosynthesis~BBN! are
severely affected~see Ref.@5# for a detailed analysis!. How-
ever, electron lepton number can also affect BBN directly
through the modification of nuclear reaction rates. It is this
issue that we will study in this paper.

In a previous paper@5#, we showed that for a wide range
of parameters, the evolution of the lepton number can be
approximately described by a relatively simple first-order
integro-differential equation. We called the approximation
used there the ‘‘static approximation’’ because it holds pro-
vided that the system is sufficiently smooth. The static ap-
proximation is valid in the region where the evolution of the
lepton number is dominated by collisions. In particular, for
the temperature at which the lepton number is initially pro-
duced, this approximation is generally valid forudm2u*
1022 eV2 @5#. However, it is not expected to be valid for
temperatures much less than the temperature at which the
lepton number is initially generated. This is because the
static approximation discussed in Ref.@5# does not incorpo-
rate the Mikheyev-Smirnov-Wolfenstein~MSW! effect @6#,

which is in fact the dominant process affecting the evolution
of the lepton number at low temperatures. For the application
considered in Ref.@5#, the evolution of the lepton number at
low temperatures was not required. However, for the appli-
cation of the present paper the accurate evolution of the lep-
ton number to temperaturesT;1 MeV is necessary in order
to study its precise effect on BBN reaction rates.

The outline of this paper is as follows. In Sec. II we set
the scene with a brief review of the effects of neutrino asym-
metry on BBN. In Sec. III we develop a simple formalism
describing the evolution of the lepton number at low tem-
peratures where the MSW effect is important. This work can
also be viewed as an extension of our previous study@5#,
where the evolution of the lepton number at higher tempera-
ture was studied in detail. In this section we also examine the
implications for BBN of direct electron asymmetry genera-
tion by ne-ns oscillations. In Sec. IV we examine a more
interesting scenario where electron asymmetry is generated
indirectly. In Sec. V we provide a check of our simple for-
malism ~of Sec. III! by numerically solving the exact quan-
tum kinetic equations. Finally, in Sec. VI we conclude.

II. ELECTRON-NEUTRINO ASYMMETRY AND BBN

Standard BBN can give a prediction for the effective
number of neutrino flavors,Nn

eff present during nucleosyn-
thesis. This prediction depends on the baryon to photon
number-density ratioh and the primordial helium mass frac-
tion YP . A precise determination of the primordial deute-
rium abundance will provide a quite sensitive measurement
of h. Onceh is known, the effective number of neutrinos
present during nucleosynthesis depends only onYP . At
present there are two conflicting deuterium observations in
different high-redshift low-metallicity quasistellar object ab-
sorbers. There is the high-deuterium result of Ref.@7#, which
suggests thatD/H5~1.960.4!31024. On the other hand,
in Ref. @8# the low-deuterium result ofD/H5@2.3
60.3~stat!60.3~syst!#31025 is obtained. The implications
of these results for the prediction ofNn

eff have been discussed
in a number of recent papers@9#. Depending on which of
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these two values of the deuterium abundance is assumed,
different predictions for h are obtained. The high-
deuterium result leads toh;2310210, while the low deute-
rium result leads toh;7310210 @9#. Each of these predic-
tions for h, together with the inferred primordial abundance
of 4He, allows a prediction forNn

eff to be made@9#. Accord-
ing to Ref.@10#, for example, the high-deuterium case leads
to

Nn
eff52.960.3, ~1!

while the low-deuterium case leads to

Nn
eff51.960.3, ~2!

where the errors are at 68% C.L. The minimal standard
model of course predicts thatNn

eff53. Thus, if the low-
deuterium result were correct, then new physics would pre-
sumably be required@11#. Of course, estimating the primor-
dial element abundances is difficult and it is possible that the
primordial helium abundance has been underestimated~in
other words, even if the low-deuterium measurement is cor-
rect Nn

eff53 is not inconsistent!. Fortunately, the situation is
continually improving as more observations and analyses are
done. In the interim it is useful to identify and study the
types of particle physics that can lead toNn

eff,3.
One possibility is that the electron lepton number is large

enough to significantly affect BBN~i.e., Lne
&0.01) @12#.

The relationship between an electron-neutrino asymmetry
and the effective number of neutrino species arises as fol-
lows. A nonzero electron-neutrino asymmetry modifies the
nucleon reaction rates (n1ne↔p1e2 andn1e1↔p1 n̄ e),
which keep the neutrons and protons in thermal equilibrium
down to temperatures of about 0.7 MeV. A modification of
these rates affects the ratio of neutrons to protons and hence
changes the prediction ofYP @12#. A change ofYP can be
equivalently expressed as a change in the effective number
of neutrino speciesdNn

eff present during nucleosynthesis.
These quantities are related by the equation~see, e.g., Ref.
@13#!

dYP.0.012dNn
eff . ~3!

The effect of the electron-neutrino asymmetry on the primor-
dial helium abundance is most important in the temperature
region

0.4 MeV&T&1.5 MeV, ~4!

where the reactionsn1ne↔p1e2 and n1e1↔p1 n̄ e fix
the neutron to proton ratio. For temperatures less than about
0.4 MeV, these reaction rates become so slow that the domi-
nant process affecting the neutron to proton ratio is neutron
decay. Note that the helium mass fractionYP satisfies the
differential equation@14#,

dYP

dt
52l~n→p!YP1l~p→n!~22YP!, ~5!

wherel(n→p) @l(p→n)# is the rate at which neutrons are
converted into protons@protons are converted to neutrons#.
For temperatures in the range of Eq.~4!, l(n→p).

l(n1ne→p1e2)1l(n1e1→p1 n̄ e) and l(p→n).
l(p1 n̄ e→n1e1)1l(p1e2→n1ne). The reaction rates
~per nucleon! are obtained by integrating the square of the
matrix element weighted by the available phase space. For
example, the rate for the processn1ne→p1e2 is given by

l~n1ne→p1e2!

5E f n~En!@12 f e~Ee!#uMunne→pe
2 ~2p!25

3d4~n1n2p2e!
d3pn

2En

d3pe

2Ee

d3pp

2Ep
, ~6!

where f i(Ei) is the Fermi-Dirac distribution
f i(Ei)[@exp(Ei /T)11#21. These reaction rates are modified
in the presence of significant electron-neutrino asymmetry. If
the neutrino asymmetry is produced at temperatures above
about 1.5 MeV and is constant over the temperature range of
Eq. ~4!, then we only need to add in the appropriate chemical
potentialsmn andm n̄ to the distributionsf n and f n̄ .

III. NEUTRINO OSCILLATION GENERATED
NEUTRINO ASYMMETRY

We now discuss the effects of neutrino oscillations, as-
suming that a sterile neutrino exists. Our convention for the
neutrino oscillation parametersdmas

2 and sin22u0 is as fol-
lows. For na-ns oscillations ~with a5e,m,t), the weak
eigenstatesna andns are linear combinations of mass eigen-
statesna andnb :

na5cosu0na1sinu0nb ,ns52sinu0na1cosu0nb , ~7!

where the vacuum mixing angleu0 is defined so that
cos2u0>0. Further, we define the oscillation parameterdmas

2

by dmas
2 [mb

22ma
2 . Also, the term ‘‘neutrino’’ will some-

times include antineutrino as well. We hope that the correct
meaning will be clear from context.

Ordinary-sterile neutrino oscillations can create a signifi-
cant lepton number provided thatdmas

2 ,0 and udmas
2 u*

1024 eV2. For full details, see Refs.@3#–@5#. In the following
we considerna-ns oscillations in isolation. It is important to
note that this is not in general valid because the effective
potential~see below! depends on all of the lepton asymme-
tries. However, it is approximately valid for the ordinary-
sterile neutrino oscillations that have the largestudm2u @5#.

The effective potential describing the coherent forward
scattering of neutrinos of momentump[upW u.E with the
background is@15,6#

Va[Va~T,p,L ~a!!5
dmas

2

2p
~2a1b!, ~8!

where the dimensionless functionsa andb are given by

a[a~T,p,L ~a!!5
24z~3!A2GFT3L ~a!p

p2dmas
2 ,

b[b~T,p!5
24z~3!A2GFT4Aap2

p2dmas
2 MW

2 , ~9!
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andz(3).1.202 is the Riemann zeta function of 3,GF is the
Fermi constant,MW is the W-boson mass,Ae.17, and
Am,t.4.9 @16#. The quantityL (a) is given by

L ~a!5Lna
1Lne

1Lnm
1Lnt

1h, ~10!

whereLna
[(nna

2n n̄ a
)/ng with ni being the number density

of speciesi . In kinetic equilibriumni and henceL (a) is in
general a function of the independent variablesm i ~the
chemical potential! andT. For the situation we will be con-
sidering, the asymmetryL (a) quickly becomes independent
of its initial value ~see Ref.@5# for a complete discussion!.
This effectively means thatm i is not an independent variable
but rather becomes a function ofT. The asymmetryL (a) is
thus essentially a function ofT only anda andb are func-
tions of p andT only. The quantityh.LN/2 is a small term
(;10210) that arises from the asymmetries of baryons and
electrons. The matter mixing angles are expressed in terms of
the quantitiesa andb through@6#

sin22um[sin22um~T,p,L ~a!!5
sin22u0

sin22u01~b2a2cos2u0!2 ,

sin22ū m[sin22ū m~T,p,L ~a!!

5
sin22u0

sin22u01~b1a2cos2u0!2 . ~11!

Note that the MSW resonance occurs for neutrinos of mo-
mentump when um5p/4 and for antineutrinos of momen-
tum p when ū m5p/4, which from Eq. ~11! implies that
b2a5cos 2u0 andb1a5cos2u0, respectively.

If sin22u0!1, then it can be shown that oscillations with
b,1 create a lepton number, while the oscillations with
b.1 destroy a lepton number@5,3#. Since^b&;T6, it fol-
lows that at some point the lepton number creating oscilla-
tions dominates over the lepton number destroying oscilla-
tions ~where the angular brackets denote the thermal
momentum average!. We will call this temperatureTc . It is
given roughly by the temperature where^b&5cos2u0.1,
that is,

Tc.13~16!S udmas
2 u

eV2 D 1/6

MeV ~12!

for ne-ns (nm,t-ns) oscillations.
It is important to note that there are two distinct contribu-

tions to the rate of change of the lepton number. One contri-
bution is from the oscillations between collisions. The other
is from the collisions themselves, which deplete neutrinos
and antineutrinos at different rates in aCP asymmetric back-
ground. It turns out that forT*Tc , the lepton number evo-
lution is dominated by collisions for the small vacuum mix-
ing angle case we are considering assuming thatudmas

2 u*
1024 eV2 @3–5,17#. Oscillations between collisions, and in
particular MSW transitions, can be ignored forT*Tc be-
cause the interactions are so rapid that the mean distance
between collisionsL int is much smaller than the matter-
oscillation lengthLosc

m ~and consequently the neutrino cannot
evolve coherently through the resonance!. To see this note

that the amplitude of the oscillations at the MSW resonance
is given roughly by sin2Lint/2Losc

m , whereL int;1/GF
2presT

4 is
the interaction length at the resonance and
Losc

m ;2pres/sin2u0udmas
2 u is the oscillation length at the

resonance@5#. So, at the resonance,

L int

Losc
m

;
sin2u0

GF
2presT

4

udmas
2 u

2pres
.102sin2u0FTc

T G6

, ~13!

where we have used the approximationpres.^p&.3.15T for
the resonance momentum. Thus sin2Lint/2Losc

m !1 for T
*Tc , provided that sin22u0&1024, and so the MSW transi-
tions are heavily suppressed. However,L int /Losc

m ;1/T6 rap-
idly increases asT becomes lower. Also, forT&Tc it turns
out that pres/T&0.8 ~see later!. Taking these factors into
account, L int /Losc

m *1 for T&Tc/2, provided that sin22u0

*3310210. In this case the MSW effect will not be sup-
pressed if the oscillations are adiabatic. Furthermore, the os-
cillations are generally adiabatic for the parameter space of
interest in this paper~which turns out to beudmas

2 u
*1021 eV2).

The key task in this paper is to analyze the evolution of
the lepton number forT&Tc/2 when MSW transitions be-
come important.~The effect of MSW transitions was noted
in Ref. @5#, but since the evolution of the lepton number to
low temperatures was not required for the application con-
sidered there, we did not study the effect of MSW transitions
in any detail, except to note that they keepLna

growing like

1/T4 for low temperatures!. Now, through the quantum ki-
netic equations@18#, the evolution of the lepton number can
be calculated in a close to exact manner, including the effects
of both collisions and oscillations between collisions. How-
ever, these complicated coupled equations have two notable
drawbacks. First, they do not furnish as much physical in-
sight as one might wish. Second, they are impractically com-
plicated when one wishes to consider a system of more than
two neutrino flavors. Since the physics of MSW transitions is
the essence of how the lepton number evolves during the
BBN epoch and since we will later need to consider a system
of four neutrino flavors, we now pursue a very useful ap-
proximate approach instead of employing the full quantum
kinetic equations. We will, along the way check the veracity
of our approximate approach by comparing results with
those obtained from the quantum kinetic equations in the
two-flavor case~see Sec. V!. This will give us confidence in
the use of our appproximate formalism in the four-flavor
case considered later in this paper.

For definiteness we will assume that the lepton number
created at the temperatureT5Tc is positive in sign@19#. In
this case note thata,b.0 given also thatdmas

2 ,0. The
momentum of the antineutrino oscillation resonance~ob-
tained from the conditionb1a5cos2u0.1) typically moves
to quite low valuespres/T&0.8 ~for T&Tc). In contrast, the
neutrino oscillation resonance momentum obtained from
2a1b.1 moves to a very high valuepres/T@1 ~see Fig. 2
in Sec. V for an illustration of this!. As b.^b&;T6 becomes
smaller, the neutrino momentum resonancepres/T very
quickly becomes so high that its effects can be neglected
because the resonance occurs in the tail of the neutrino mo-
mentum distribution. Thus, forT,Tc , we can, to a good
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approximation ignore the neutrinos and simply study the ef-
fects of the MSW transitions on the antineutrinos. In this
case all the antineutrinos that pass through the resonance are
converted into sterile neutrinos and vice versa~the MSW
effect!. The rate of change of the lepton number is thus re-
lated to the number of antineutrinos minus the number of
sterile antineutrinos that pass through the resonance. Note
that this rate is independent of the precise value of sin22u0
provided that sin22u0!1. Under this assumption

dLna

dT
52S N n̄ a

2N n̄ s

ng
DTU d

dTS pres

T D U, ~14!

whereNi describes the momentum distribution of speciesi ,
so thatni5*0

`Nidp. In thermal equilibrium,

N n̄ a
5

1

2p2

p2

11expS p1m n̄

T D . ~15!

In Eq. ~14! the factor Td(pres/T)/dT.dpres/dT2p/T
5dpres/dT2dp/dT is the rate at whichpreschanges relative
to the neutrino momentum~for neutrinos with momentum
p;pres). Note thatNns

.0 if the number density of sterile

neutrinos is negligible. The functionsNi in Eq. ~14! are
evaluated at the resonance momentumpres obtained as a
function of Lna

(T) and T from the resonance condition

a.cos2u0.1,

pres

T
[

pres@T,Lna
~T!#

T
5

2p2dmas
2

8z~3!A2GFT4Lna

, ~16!

where we have considered the caseh, Lnb
!Lna

for bÞa.

Note that this expression is only valid forT&Tc/2 where the
b term can be neglected. Using

d~pres/T!

dT
5

]~pres/T!

]T
1

]~pres/T!

]Lna

dLna

dT

524
pres

T2
2

pres

TLna

dLna

dT
, ~17!

Eq. ~14! yields

dLna

dT
5

24Xpres/T

T1Xpres/Lna

, ~18!

where we have assumedd(pres/T)/dT,0. The useful di-
mensionless quantityX is given by

X[X@T,p,m n̄ a
~T!,N n̄ s

~T!#5
T

ng
~N n̄ a

2N n̄ s
! ~19!

and it is evaluated atp5pres.
Equation~18! is a nonlinear equation inLna

. The right-

hand side of this equation depends onLna
throughpres di-

rectly, through the dependence ofX on pres and through the
number densities. In order to solve this equation, we need to

write the chemical potentials in terms ofLna
. Now, for each

temperatureT, the neutrino asymmetry is created at the neu-
trino momentumpres. However, for temperatures greater
than about 1 MeV@20# the effect of the weak interactions is
to thermalize quickly the neutrino momentum distributions.
This means that the neutrino asymmetry is approximately
distributed throughout the neutrino momentum spectrum via
chemical potentials for the neutrinos and antineutrinos. In
general,

Lna
5

1

4z~3!
E

0

` x2dx

11ex1m̃n
2

1

4z~3!
E

0

` x2dx

11ex1m̃ n̄
, ~20!

where m̃ i[m i /T and i 5n, n̄ . Expanding Eq.~20!, we find
that

Lna
.2

1

24z~3!
@p2~m̃n2m̃ n̄ !26~m̃n

22m̃ n̄
2
!ln2

1~m̃n
32m̃ n̄

3
!#, ~21!

which is an exact equation form̃n52m̃ n̄ ; otherwise it holds
to a good approximation provided thatm̃n, n̄ &1. For T
*Tdec

a ~where Tdec
e .3 MeV and Tdec

m,t.5 MeV are the
chemical decoupling temperatures! mna

.2m n̄ a
because

processes such asna1 n̄ a↔e11e2 are rapid enough to
makem̃n1m̃ n̄ . m̃e11m̃e2 . 0. However, for 1 MeV&T&
Tdec

a , weak interactions are rapid enough to thermalize ap-
proximately the neutrino momentum distributions, but not
rapid enough to keep the neutrinos in chemical equilibrium.
In this case, the value ofm̃n is approximately frozen at
T.Tdec

a , while the antineutrino chemical potentialm̃ n̄ con-
tinues increasing untilT.1 MeV.

We also need to specify the initial condition in order to
solve Eq.~18!. To do so we need to know the value ofLna

at

some temperatureTi,Tc at which MSW transitions are al-
ready dominant. ThisLna

value can be obtained by solving
the exact quantum kinetic equations, based on the density
matrix, which incorporate both collision and oscillation ef-
fects. Fortunately, it turns out that the subsequent evolution
of the lepton number is reasonably insensitive to what tem-
peratureTi is chosen as the initial temperature for Eq.~18!,
provided thatTi is chosen during the epoch afterTc for
which Lna

!1 @21#. When the asymmetryLna
!1, Eq. ~18!

can be simplified todLna
/dT.24Lna

/T, which means that

Lna
T4 is approximately constant. This means thatpres/T is

also approximately constant given thatLna
is related to the

resonance momentumpres by Eq.~16!. As we will discuss in
Sec. V, a numerical solution of the quantum kinetic equa-
tions shows thatpres/T is generally in the range

0.2&pres/T&0.8 ~22!

for T values aroundTi5Tc/2 when the oscillation param-
eters have been chosen to lie in the parameter space of inter-
est, which turns out to beudmas

2 u*1021 eV2 and sin22u0

*5310210 (eV2/udmas
2 u)1/6. @This lower bound for the mix-

ing angle ensures that a suitably large asymmetry is created
at Tc @5#. The result of Eq.~22! can also be gleaned from the
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static approximation based results of Ref.@5#.# We will from
now on use a value of aboutTc/2 for Ti .

Before presenting the results of a numerical solution of
Eq. ~18! for the final asymmetryLna

, it is interesting to note
that an approximately correct answer is easily obtained from
the following argument. AsT falls belowTc/2, the asymme-
try keeps increasing. This eventually forces the rate of
change ofLna

to decrease substantially. Recall thatdLna
/dT

is proportional to the how quickly the resonance momentum
pres moves as per Eq.~14!. WhenLna

is large,pres/T must
move to large values in order to create a lepton number.
Eventually,pres/T→` and all of the antineutrinos that have
passed through the resonance have been converted into ster-
ile neutrinos. Thus, assuming that the initial number of ster-
ile neutrinos is negligible and also neglecting the modifica-
tion of the distribution due to the chemical potential, we
expect that the final value of the lepton numberLna

f is given

roughly by

Lna

f

h
.

1

4z~3!
E

pin /T

` x2dx

11ex .
3

8
, ~23!

whereh5Tna

3 /Tg
3 ~note thath.1 for T*me.0.5 MeV! and

pin /T is the value ofpres/T @and is in the range of Eq.~22!#
at T.Tc/2. It is interesting that the final asymmetry is ap-
proximately independent ofpin /T and hence also ofdmas

2 .
This is becausepin /T from Eq. ~22! is always small.

Actually, the final value of the lepton number is some-
what less than 3/850.375 if it is created whenT*1 MeV.
This is because the number density of antineutrinos is con-
tinually reduced as the lepton number is thermally distrib-
uted via the chemical potential. ThusLna

f depends on the

temperature at whichLna
becomes large (1022 roughly! and

thus onudmas
2 u. Numerically solving Eq.~18!, assuming that

the initial number of sterile neutrinos is negligible, we find
that the final value of the lepton number is@22#

Lna

f /h.0.35 for udmas
2 u/eV2&3,

Lna

f /h.0.23 for 3&udmas
2 u/eV2&3000,

Lna

f /h.0.29 for udmas
2 u/eV2*3000. ~24!

In numerically solving Eq.~18! we start the evolution at
T.Tc/2 with pin /T in the range of Eq.~22! and with a
correspondingLna

obtained through Eq.~16!. We find that

Lna

f is approximately independent of the initial value ofLna

for pin /T in this range.
The temperature where the final neutrino asymmetry is

reached is approximately,

Tn
f .0.5~ udm2u/eV2!1/4 MeV. ~25!

This result can be obtained analytically by using the reso-
nance relation~16! with Lna

.Lna

f andpres/T;6 ~sinceLna

f

is not reached untilpres/T@1 and we takepres/T;6 for
definiteness!.

Equation~18! is an approximation based on the neglect of
collisions and the assumption of complete MSW conversion.
By numerically integrating the exact quantum kinetic equa-
tions @18#, we have checked that Eq.~18! does indeed accu-
rately describe the evolution of the neutrino asymmetry in
the range 1 MeV&T&Tc/2. We will discuss this and pro-
vide an illustrative example in Sec. V.

As preparation for the application of the above formalism
to BBN, we need to discuss how an asymmetry inne can be
generated in the context of an overall neutrino mixing sce-
nario. There are two generic ways of producing a nonzero
Lne

. First,ne-ns oscillations can generateLne
directly. Alter-

natively, nt-ns ~and/or nm-ns) oscillations can generate a
largeLnt

~and/orLnm
), some of which is then transferred to

Lne
by nt-ne ~and/ornm-ne) oscillations.

The direct way of generatingLne
is only possible in spe-

cial circumstances. Eitherudmes
2 u@udmts

2 u, udmms
2 u or ns has

significant mixing withne only. Only in these circumstances
can we considerne-ns oscillations in isolation. For this case
we have estimated the effects of the neutrino asymmetry on
BBN by writing a nucleosynthesis code. We find that21.8
&dNn

eff&20.1 requires audmes
2 u in the range 0.527 eV2.

For udmes
2 u&0.5 eV2 the lepton number is created too late to

significantly affect BBN, while forudmes
2 u*7 eV2 the lep-

ton number is created so early that it leads todNn&21.8
and thus appears to be too great a modification of BBN to be
consistent with the observations. Note, however, that for
sin22u0 large enough, the sterile neutrino can be excited at
temperatures before a significant lepton number is generated
~which for udmes

2 u;1 eV is T*13 MeV!. This can lead to
an increase in the energy density, which can~partially! com-
pensate for a large positive electron lepton number.

While the above direct way of generatingLne
is a possi-

bility, we believe that a more interesting possibility is that
Lne

is generated indirectly. As we will show, this mechanism

gives dNn;20.5 ~assumingLne
.0) for a wide range of

parameters. This mechanism is also the only possibility if
udmts

2 u@udmes
2 u ~or udmms

2 u@udmes
2 u), assuming thatns mixes

with all three ordinary neutrinos.

IV. AN EXAMPLE WITH FOUR NEUTRINOS

Consider the system comprisingnt ,nm ,ne ,ns . An ex-
perimental motivation for the sterile neutrino comes from the
current neutrino anomalies. There are several ways in which
the sterile neutrino can help solve these problems. For ex-
ample, the solar neutrino problem can be solved if
dmes

2 /eV2.1026 and sin22u0.1022 ~small angle MSW so-
lution! @6# or if 1022&udmes

2 u/eV2&10210 and sin22u0.1
~maximal oscillation solution! @23#. Alternatively,nm-ns os-
cillations can solve the atmospheric neutrino problem if
udmms

2 u.1022eV2 and sin22u0.1 @24#.
We will assume thatmnt

@mnm
,mne

,mns
, which means

that

udM2u[udmte
2 u.udmts

2 u.udmtm
2 u@udmes

2 u,udmms
2 u,udmme

2 u.
~26!
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With the above assumption,nt-ns oscillations initially create
significantLnt

at the temperatureT5Tc.16(udM2u/eV2)1/6.

As before, we will assume that the sign ofLnt
is positive

@19#. The effect ofnt-ne andnt-nm oscillations is to gener-
ateLne

andLnm
in such a way thatL (e)2L (t)5Lne

2Lnt
→0

and L (m)2L (t)5Lnm
2Lnt

→0, respectively@4,5,25#. @Note

that if Lnt
.0, then the MSW resonances fornt-ne and

nt-nm oscillations occur for antineutrinos~given also our
assumption thatmnt

.mne,m
) and so the signs ofLne

andLnm

are also positive.# However, the rate of change of the lepton
number due to collisions, the dominant process at higherT,
is typically too small to generateLne

from Lnt
efficiently

@4,5#. However, asLnt
becomes large at lowerT, the lepton

number can be efficiently transferred by MSW transitions.
~WhenLnt

!1, MSW transitions cannot efficiently createLne

becauseN n̄ t
2N n̄ e

.0 and MSW transitions only inter-

changen̄ t with n̄ e without changing their overall number
density.! The rate of change of the lepton number due to
n̄ a- n̄ b oscillations is simply given by the difference in rates
for which n̄ a antineutrinos andn̄ b antineutrinos pass
through the resonance~assuming that sin22u0!1). We need
to consider the three resonancesn̄ t- n̄ s , n̄ t- n̄ e, and n̄ t- n̄ m
for our system. We denote the resonance momenta of these
resonances byp1, p2, and p3, respectively. The rate of
change of the lepton numbers due to MSW transitions is
governed approximately by the differential equations

dLnt

dT
52X1U d~p1 /T!

dT U2X2U d~p2 /T!

dT U2X3U d~p3 /T!

dT U,
dLnm

dT
51X3U d~p3 /T!

dT U, dLne

dT
51X2U d~p2 /T!

dT U,
~27!

where

X1[
T

ng
~N n̄ t

2N n̄ s
!, X25

T

ng
~N n̄ t

2N n̄ e
!,

X35
T

ng
~N n̄ t

2N n̄ m
!, ~28!

and theXi are evaluated atp5pi ( i 51,2,3). Note thatXi
depends onT through the ratiopi /T and through the depen-
dence of the various chemical potentials onT. Observe that

d~pi /T!

dT
5

]~pi /T!

]T
1

]~pi /T!

]Lne

dLne

dT
1

]~pi /T!

]Lnm

dLnm

dT

1
]~pi /T!

]Lnt

dLnt

dT
, ~29!

with

]~p1 /T!

]Lnt

52
]~p1 /T!

]Lnm

52
]~p1 /T!

]Lne

5
22~p1 /T!

L ~t!
,

]~p2 /T!

]Lnt

52
]~p2 /T!

]Lne

5
2~p2 /T!

L ~t!2L ~e!
,

]~p2 /T!

]Lnm

50,

]~p3 /T!

]Lnt

52
]~p3 /T!

]Lnm

5
2~p3 /T!

L ~t!2L ~m!
,

]~p3 /T!

]Lne

50,

]~pi /T!

]T
5

24pi

T2 . ~30!

By the symmetry of the problem,Lnm
5Lne

, p25p3, and

dLnm
/dT5dLne

/dT @26#. Using this simplification, we find
that

dLne

dT
5

dLnm

dT
5

A

B
,

dLnt

dT
5

a

y1
1

b

y1

dLne

dT
, ~31!

whereA5gy11ad andB5y1y22bd, with

a524X1F p1

T2G28X2F p2

T2G ,
b522X1F p1

TL~t!G12X2F p2

T~L ~t!2L ~e!!
G ,

g54X2F p2

T2G , d51X2F p2

T~L ~t!2L ~e!!
G ,

y15112X1F p1

TL~t!G12X2F p2

T~L ~t!2L ~e!!
G ,

y2511X2F p2

T~L ~t!2L ~e!!
G . ~32!

In deriving this equation we have assumed that
d(p1 /T)/dT,0 and d(p2 /T)/dT,0. Observe that
X2d(p2 /T)/dT52A/B and thus for self-consistency Eq.
~31! is only valid provided thatA/B,0 ~given thatX2,0).
If d(p2 /T)/dT.0, then Eq.~31! becomes

dLne

dT
5

dLnm

dT
5

Ã

B̃
,

dLnt

dT
5

ã

ỹ1
1

b̃

ỹ1

dLne

dT
, ~33!

whereÃ,B̃,ã,b̃,ỹ1 have the same form asA,B,a,b,y1 ex-
cept thatX2→2X2. In this case,X2d(p2 /T)/dT5Ã/B̃. It
follows that Eq. ~33! is only self-consistent provided that
Ã/B̃ ,0. Observe thatd(p2 /T)/dT must be continuous,
which means thatd(p2 /T)/dT changes sign only whenA
changes sign and Eq.~31! maps onto Eq.~33! continuously
becauseÃ 52A ~and thusÃ 5A at the point whereA50).
If d(p1 /T)/dT changes sign at some pointp1 /T5q then we
must make the replacementX1.0 for p1 /T,q @assuming
that initially d(p1 /T)/dT,0] since the previous MSW tran-
sitions have populatedns for p1 /T,q.
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In solving Eq.~31! we will assume that the initial number
of sterile neutrinos can be neglected~this will be valid for a
wide range of parameters as will be discussed later!. We start
the evolution of Eq.~31! when T.Tc/2 @with Tc given by
Eq. ~12! for nt-ns oscillations#. There is a range of values of
Lnt

at this point that is related to the range ofpres/T @Eq.
~22!# through Eq.~16!. Performing the numerical integration,
we find that the final electron neutrino asymmetry is@27#

Lne

f /h.2.031022 for 10&udM2u/eV2&3000,

Lne

f /h.1.731022 for udM2u/eV2*3000 ~34!

and recall thath[Tna

3 /Tg
3 . We found thatLne

f is approxi-

mately independent ofpres/T for pres/T in the range given
by Eq. ~22!. We also found numerically thatLne

f is approxi-

mately independent of the initial value ofLne
~at T.Tc/2) so

long asLne
&Lnt

at this temperature~which should be valid

since efficient generation ofLne
does not occur until much

lower temperatures whereLnt
has become very large!. In

addition, we found thatLne

f is independent of the precise

value of the initial temperature~so long as the initial tem-
perature is less thanTc andLnt

!1 at this temperature!. The
reason for this independence is simply due to the fact that
significant generation ofLne

cannot occur untilLnt
becomes

large (*1022). The final asymmetryLne

f is also independent

of sin22u0 so long as sin22u0!1 for aforementioned reasons.
Finally, and perhaps of most interest, we find thatLne

f is

almost independent ofudM2u so long asudM2u*3 eV2. For
udM2u&3 eV2, Lnt

does not become large untilT&1 MeV.

For temperatures in this range, the effect ofLnt
cannot be

described in terms of chemical potentials because the weak
interactions are too weak to thermalize the neutrino distribu-
tion. For this reason,Lne

f should be much smaller since the

n̄ t- n̄ e resonance~which occurs at a momentum that is al-
ways greater than then̄ t- n̄ s resonance! simply interchanges
almost equal numbers ofn̄ t’s and n̄ e’s.

We now apply the above analysis to BBN. Recall that the
neutrino oscillations affectNn

eff in two ways. First, the cre-
ation ofLne

f and the related modification of the neutrino mo-

mentum distributions directly affects the nuclear reaction
rates that determine the neutron to proton ratio. Second, the
oscillations can modify the energy density of the Universe by
the excitation of the sterile neutrino and the modification of
the neutrino momentum distributions due to chemical poten-
tials. We first discuss the energy density question.

For T.Tc the nt-ns oscillations can excite the sterile
neutrino~and antineutrino!. In Ref. @5#, a detailed study was
done that found thatrns

/rn&0.6 provided that

sin22u0&431025F eV2

udM2uG
1/2

. ~35!

Furthermore,rns
/rn→0 very quickly as sin22u0→0. In par-

ticular, we found thatrs /rn&0.1 for

sin22u0&531026F eV2

udM2uG
1/2

. ~36!

Note that after the lepton number is created, the oscillations
no longer excite significant numbers of sterile neutrinos until
Lnt

*1022. At this point the n̄ t- n̄ s oscillations~recall that

we are assuming thatLnt
.0) transfern̄ t→ n̄ s . The effect

of these oscillations on the overall energy density depends on
the temperature whereLnt

*1022 occurs, which in turn de-

pends onudM2u. There are essentially three regions to con-
sider: 10&udM2u/eV2&3000, udM2u/eV2&10, and udM2u/
eV2*3000.

For 10&udM2u/eV2&3000, we have numerically calcu-
lated the final number and mean energies ofn̄ t , n̄ s , n̄ e , n̄ m
~the number and energy densities of the neutrinos are ap-
proximately unchanged in this region!. Normalizing the
number density to the number of neutrinos whenmn50,

n0[ 3
4 z(3)T3/p2, we find

n n̄ e

n0
5

n n̄ m

n0
.0.95,

n n̄ t

n0
.0.44,

n n̄ s

n0
.0.66. ~37!

Note that the total number is approximately unchanged~i.e.,
0.953210.4410.66.3). We find the final mean energy for
the n̄ s , ^Es&, to be slightly less than the mean energy for a
Fermi-Dirac distribution withmn50, ^EFD&.3.15T @^Es&/
^EFD&.0.88#. For this reason there is a small overall change
in energy density, equivalent to aboutdNn

eff.20.05. For
udM2u*3000 eV2, Lnt

f is reached for T*Tdec
t and so

mnt
.2m n̄ t

. In this case, there is an additional contribution

to the energy density coming from thent neutrinos due to
the negative chemical potentialmnt

. In this case we find that
the overall change in the energy density is considerably
larger and equivalent todNn

eff.0.4. Finally, for udM2u
&10 eV2, the change in the energy density quickly becomes
completely negligible because the weak interactions are un-
able to thermalize the neutrino distributions. The oscillations
simply transfern̄ t to n̄ s and the total number and energy
density remain unchanged.

We now turn to the effect ofLne

f and the corresponding

modification of the momentum distributions onNn
eff through

nuclear reaction rates. For 10&udM2u/eV2&3000, the distri-
bution of Lne

f can be approximately described by chemical

potentialsm̃ n̄ .0.06 andm̃n.0. For udM2u*3000 eV2, the
lepton number is created above the chemical decoupling
temperature. In this case the distribution ofLne

f can be ap-

proximately described by chemical potentialsm̃ n̄ .0.025 and
m̃n.20.025. We find that forudM2u*10 eV2, L5Lne

f is

reached forT*1.5 MeV. Thus, to a good approximation, the
chemical potentialsm̃ne

,m̃ n̄ e
are approximately constant dur-

ing the nucleosynthesis era. Using our BBN code, we find
that the modification ofYP due to the chemical potentials is
dYP.20.005 for m̃ n̄ .0.06, m̃n.0 and dYP.20.006 for
m̃ n̄ .0.025,m̃n.20.025. From Eq.~3!, this translates into a
reduction of the effective number of neutrino degrees of free-
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dom during nucleosynthesis. Including the effects of the
change in energy density discussed earlier, we find that

dNn
eff.20.5 for 10&udM2u/eV2&3000,

dNn
eff.20.1 for udM2u/eV2*3000. ~38!

For this result, we have considered the case of negligible
excitation of sterile neutrinos for temperatures aboveTc ,
that is, Eq.~36! has been assumed. Note that if we had as-
sumed thatLnt

was negative instead of positive, then the sign

of Lne
is also negative and the change inYP due to the

asymmetry is opposite in sign as well. This leads to
dNn

eff.10.4(0.9) for 10&udM2u/eV2&3000 (udM2u/eV2

*3000).
In our analysis we have neglected the effects of the

nm-ns , nm-ne , andne-ns oscillations. It is usually possible
to neglect these oscillations ifudm2u!udM2u because the
lepton number created bynt-ns oscillations is large enough
to suppress the oscillations that have much smallerdm2. Of
course, in some circumstances these oscillations cannot be
neglected. For example, in Ref.@5#, we showed that the ef-
fects of maximalnm-ns oscillations withudmms

2 u.1022 eV2

~as suggested by the atmospheric neutrino anomaly@24#! can
only be neglected ifudmts

2 u*30 eV2. Interestingly, this pa-
rameter space overlaps considerably with the parameter
space wheredNn

eff.20.5, according to Eq.~38!. Note that
this parameter space is also suggested if thet neutrino is a
significant component of dark matter.

V. EVOLUTION OF THE LEPTON NUMBER FROM THE
EXACT QUANTUM KINETIC EQUATIONS

In this section we study the evolution of the neutrino
asymmetry by numerically integrating the exact quantum ki-
netic equations@18#. This formalism allows a nearly exact
calculation to be performed that is valid at both high and low
temperatures. As we have discussed, for high temperatures
T*Tc the evolution of the lepton number is dominated by
collisions ~assuming udm2u*1024 eV2), while at lower
temperatures the evolution of lepton number is dominated by
oscillations between collisions~MSW effect!.

The system of an active neutrino oscillating with a sterile
neutrino can be described by a density matrix@18,28#. Below
we very briefly outline this formalism. The density matrices
describing an ordinary neutrino of momentump oscillating
with a sterile neutrino are given by

rn~p!5
1

2
P0~p!@11P~p!•s#,

r n̄ ~p!5
1

2
P̄0~p!@11P̄~p!•s#, ~39!

whereP(p)5Px(p) x̂1Py(p) ŷ1Pz(p) ẑ. ~It will be under-
stood throughout this section that the density matrices and

the quantitiesPi also depend on timet or, equivalently, tem-
peratureT.! The number distributions ofna andns are given
by

Nna
5

1

2
P0~p!@11Pz~p!#Nna

eq ,

Nns
5

1

2
P0~p!@12Pz~p!#Nna

eq , ~40!

where

Nna

eq5
1

2p2

p2

11expS p1mn

T D ~41!

is the equilibrium number distribution. Note that there are
analogous equations for the antineutrinos@with P(p)→P̄(p)
and P0→ P̄0]. The evolution ofP0(p) and P(p) are gov-
erned by the equations@18#

]

]t
P~p!5V~p!3P~p!1@12Pz~p!#F ]

]t
lnP0~p!G ẑ

2FD~p!1
d

dt
lnP0~p!G@Px~p!x̂1Py~p!ŷ#,

]

]t
P0~p!.R~p!. ~42!

The quantityV(p) is given by

V~p!5b~p!x̂1l~p!ẑ, ~43!

whereb(p) andl(p) are defined by

b~p!5
dm2

2p
sin 2u0 ,

l~p!52
dm2

2p
@cos 2u02b~p!6a~p!#, ~44!

in which the plus~minus! sign corresponds to neutrino~an-
tineutrino! oscillations. The dimensionless variablesa(p)
andb(p) contain the matter effects and are given in Eq.~9!.
The quantityD(p) is the quantum damping parameter result-
ing from the collisions of the neutrino with the background.
According to Ref.@29#, the damping parameter is half of the
total collision frequency, i.e.,D(p)5Gna

(p)/2. Finally, note

that in Eq.~42! the functionR(p) is related toGna
(p) and its

specific definition is given in Ref.@18#. For temperatures
above 1 MeV, we can make the useful approximation of
setting Nna

5Nna

eq and N n̄ a
5N n̄ a

eq . This means that

P0(p)52/@11Pz(p)#, P̄0(p)52/@11 P̄z(p)#, and conse-
quently
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]P0~p!

]t
5

22

@11Pz~p!#2

]Pz~p!

]t
,

] P̄0~p!

]t
5

22

@11 P̄z~p!#2

] P̄z~p!

]t
. ~45!

For the numerical work, the continuous variablep/T is
replaced by a finite set of momentaxn[pn /T ~with
n51, . . . ,N). The variablesP(p) andP0(p) are replaced by
the set ofN variablesP(xn) and P0(xn). The evolution of
each of these variables is governed by Eqs.~42!, where for
each value ofn the variablesV(p) andD(p) are replaced by
V(xn) andD(xn). Thus the oscillations of the neutrinos and
antineutrinos can be described by 8N simultaneous differen-
tial equations.

The rate of change of the lepton number is given by

dLna

dt
5

d

dt
F ~nna

2n n̄ a
!

ng
G52

d

dt
F ~nns

2n n̄ s
!

ng
G . ~46!

Thus, using Eq.~40!,

dLna

dt
5

1

2

d

dtF 1

ng
E @ P̄0~12 P̄z!N n̄ a

eq
2P0~12Pz!Nna

eq#dpG .
~47!

Taking the time differentiation inside the integral we find
that

dLna

dt
.

1

2E S ]@ P̄0~12 P̄z!#

]t

N n̄ a

eq

ng

2
]@P0~12Pz!#

]t

Nna

eq

ng
D dp, ~48!

where we have used the result thatNna

eqdp/ng is approxi-

mately independent oft. Expanding this equation using Eq.
~45!, we find

dLna

dt
5

1

ng
E S Nn

eq 2

@11Pz#
2

]Pz

]t
2N n̄

eq 2

@11 P̄z#
2

] P̄z

]t D dp.

~49!

Equations~42! and ~49! can be numerically integrated to
obtain the evolution ofLna

@30,31#. We illustrate this with an

example. For definiteness we will consider thent ,ns system.
In Fig. 1 we takedmts

2 5210 and sin22u051029 ~we set
h54310210 and tookLna

50 initially @32#!. The result of
numerically integrating Eqs.~42! and ~49! is shown in the
figure by the dash-dotted line. Also shown in Fig. 1~dashed
line! is the ‘‘static approximation’’†Eqs. ~94! and ~93! of
Ref. @5#‡. As discussed in Ref.@5#, the static approximation
assumes that the system is sufficiently smooth and that the
dominant contribution to the rate of change of the lepton
number is collisions. As shown in Fig. 1, the static approxi-
mation is a good approximation at high temperatures. How-

FIG. 1. Evolution of thent-ns oscillation generated lepton number asymmetryLnt
. We have taken by way of example the parameter

choicedm25210 eV2 and sin22u051029. The dash-dotted line is the result of the numerical integration of the quantum kinetic equations
@Eqs.~49! and~42!#. The solid line is the result from the numerical integration of Eq.~18!, while the dashed line is the static approximation
developed in Ref.@5#.
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ever, as discussed in Ref.@5#, the static approximation does
not include the MSW effect, which is the dominant physical
process at low temperatures. As expected, the MSW effect
keepsLnt

growing like Lnt
;1/T4 for much lower tempera-

tures. We have also checked our simplified equation~18! for
the evolution of lepton number due to MSW transitions. We
started the evolution of this equation atT5Tc/2.13.5 MeV
with the value ofLnt

at this point obtained from the quantum

kinetic equations ofLnt
.2.9231025. The subsequent evo-

lution of Lnt
obtained from numerically integrating Eq.~18!

is given in Fig. 1 by the solid line. As the figure shows, Eq.
~18! is a very good approximation for the evolution of the
neutrino asymmetry at low temperatures. This provides a
useful check of the validity of the approximate approach
used in Sec. IV for thene ,nm ,nt ,ns four-flavor system.

It is instructive to examine the evolution of the neutrino
and antineutrino resonance momenta. Recall that the reso-
nance for neutrinos occurs whenb2a5cos2u0 , while the
resonance for antineutrinos occurs whenb1a5cos2u0. Let
us write

b5l1p2, a5l2p, ~50!

wherel1 andl2 are independent ofp and can be obtained
from Eq. ~9!. Note thatl1 ,l2.0 given thatdmas

2 ,0 and
assuming L (a).0. Solving the resonance conditions
b6a5cos2u0, we find that the resonance momenta satisfy

pres5
l21Al2

214l1cos2u0

2l1
for neutrinos, ~51!

pres5
2l21Al2

214l1cos2u0

2l1
for antineutrinos.

In Fig. 2 we have plotted the evolution of the resonance
momenta for the neutrinos and antineutrinos. As this ex-
ample illustrates, the neutrino resonance momentum moves
to very high values asT&Tc , while the antineutrino reso-
nance momentum moves to very low values~which in this
example ispres/T.0.6 for T.Tc/2). We have found that
this behavior is quite general, with the antineutrino reso-
nancepres/T in the range~22! at T5Tc/2 as sin22u0 and
dm2 are varied.

VI. CONCLUSION

In summary, we have extended previous work on the neu-
trino oscillation generated lepton number in the early Uni-
verse by studying the evolution of the lepton number at low
temperatures where the MSW effect is important. We ap-
plied this work to examine the implications of the neutrino
asymmetry for BBN in two illustrative models. In the first
model, electron-neutrino asymmetry was created directly by
ne-ns oscillations, while in the second model the electron-
neutrino asymmetry was created indirectly by the reprocess-
ing of a t neutrino asymmetry.

One result of this study is that the naive conclusion that
sterile neutrinos only increase the effective number of neu-
trino species (Nn

eff) during the nucleosynthesis era is actually
wrong. Neutrino asymmetries generated by neutrino oscilla-
tions can naturally lead to a decrease inNn

eff . Furthermore in
the case where the electron-neutrino asymmetry is trans-
ferred from thet or m neutrino asymmetries, the electron-
neutrino asymmetry is approximately independent ofudm2u
and sin22u0 for a wide range of parameters. This leads to a

FIG. 2. Evolution of the neutrino~dashed line! and antineutrino~solid line! resonance momenta for the example of Fig. 1.
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prediction ofdNn
eff.20.5 if the asymmetry is positive for an

interesting class of models. Remarkably, this prediction is
supported by some recent observations that actually suggest
Nn

eff,3.
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