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The effect of quantum mechanics violation due to quantum gravity on neutrino oscillation is investigated. It
is found that the mechanism introduced by Ellis, Hagelin, Nanopoulos, and Srednicki through the modification
of the Liouville equation can affect neutrino oscillation behavior and may be taken as a new solution of the
solar neutrino problem.@S0556-2821~97!03222-0#

PACS number~s!: 14.60.Pq, 03.65.Bz

I. INTRODUCTION

More than 20 years ago, Hawking found that quantum
mechanics allows black holes to emit particles in a thermal
spectrum@1,2#. Because the black hole creates particles in
pairs, with one particle always falling into the hole and the
other possibly escaping to infinity, part of the information
about the state of the system is lost down the black hole and
the final situation is represented by a density matrix rather
than a pure quantum state@3#. Hawking proposed that if such
a decay of a pure quantum state into a mixed state can occur
with a macroscopic configuration such as a black hole, it also
ought to occur on a microscopic elementary particle level
because of quantum fluctuations of the metric which could
be interpreted as virtual black holes which appear and disap-
pear again@4#. Furthermore, Hawking introduced a new op-
erator, called the superscattering operator, to describe the
process. This operator can map the initial mixed states to
final mixed states@3#.

The evolution of pure states into mixed states has aroused
considerable attention in physics. Page showed that any such
dynamics can lead to conflict withCPT conservation@5#.
Banks, Peskin, and Susskind found that, in such a theory
which allows the evolution of pure states into mixed states,
there is a serious conflict between energy-momentum conser-
vation and locality@6#. Thereafter, Ellis, Hagelin, Nano-
poulos, and Srednicki~EHNS! set up a modified Hamiltonian
formalism for the time evolution of density matrices which
includes violation of quantum mechanics such as the evolu-
tion of pure states into mixed states@7#. Following EHNS,
Ellis, Mavromatos, and Nanopoulos reconsidered the analy-
sis of EHNS for theK0-K0 system. They suggested that this
new source ofCPT violation might fully account for the
observedCP violation in theK0-K0 system@8,9#. But Huet
and Peskin using the classic results of the Caritherset al.
@10# and CERN-Heidelberg experiments@11# and the results
from CPLEAR @12# determined the two of the three new
CPT-violation parametersa, b, and g of EHNS. They ar-
gued that theCP violation observed in theK0-K0 system is
dominantly quantum mechanical in nature and of
CPT-conserving origin@13#. Works along this direction are
still going on @14,15#.

On the other hand, the oscillation among neutrinos of dif-
ferent flavors such asne-nm is much like the strangeness
oscillation phenomenon in theK0-K0 system@16#. Because

the neutrino oscillations in vacuum and/or in matter are in
connection with the solar neutrino experiments and as a pos-
sible solution of the solar neutrino problem, it has caused a
great interest in this subject for many years@17–19#.

In this work, we use the EHNS mechanism to investigate
the effect of the quantum mechanics violation proposed by
Hawking on neutrino oscillations. To make this paper self-
contained, we will introduce the modified Liouville equation
of EHNS following Huet and Peskin@13# and the relative
formulas about neutrino oscillation in Sec. II. Then we will
list some numerical results in Sec. III. The conclusion and a
discussion are given in Sec. IV.

II. FORMALISM

The neutrino weak eigenstates may not coincide with the
eigenstates of its mass matrix. If such is the case, due to the
different time evolution properties, oscillations will occur
@16–19#.

We consider the simplest case of two neutrinos. Letun1&
and un2& be the mass eigenstates with massesm1 and m2 .
Suppose that neutrinos mix through a vacuum mixing angle
u; then, the weak eigenstates are

une&5cosuun1&1sinuun2&,

unm&52sinuun2&1cosuun2&. ~1!

The two states evolve differently; thus,

une~ t !&5cosue2 iE1tun1&1sinue2 iE2tun2&,

unm~ t !&52sinue2 iE1tun2&1cosue2 iE2tun2&. ~2!

As a result, a state originallyune& may oscillate intounm&
with the probability

p@ne→nm~ t !#5sin2~2u!sin2@ 1
2 ~E22E1!t# ~3!

and the probability for it to remain as itself is

p@ne→ne~ t !#512sin2~2u!sin2@ 1
2 ~E22E1!t#. ~4!

Because of the smallness of neutrino masses, their energy
and momentum are very close; hence, we can rewrite the
probability as@20,21#
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p@ne→nm~ t !#5sin2~2u!sin2S dm2L

4E D ,

p@ne→ne~ t !#512sin2~2u!sin2S dm2L

4E D , ~5!

where

dm25mnm

2 2mne

2 . ~6!

Numerically,dm2L/(4E)5(1.266 932 . . . )dm2L/E, where
dm2 is measured in eV2 andL in m, while E in MeV ~or L
in km while E in GeV!.

Now, let us return to the EHNS mechanism@7#. Our de-
scription follows that of Huet and Peskin@13#.

In conventional quantum mechanics, the density matrix
obeys the evolution equation

i
d

dt
r5@H,r#. ~7!

For a two-state system, the density matrix can be expanded
by using the Pauli matrix:

r5r011r is i , ~8!

where i 51,2,3. When expanding the Hamiltonian in the
same way, the equation of motion can be written as

d

dt
r52e i jkHir jsk. ~9!

For including the quantum gravity effects which allows
pure states to evolve into mixed states, Hawking proposed
that the quantum mechanics evolution should be modified.
EHNS added the most general linear term

2h0 jr j12hj 0s j2hi j s ir j

to Eq.~9! @7#. But two restrictions on these terms are evident.
First, the probability must be conservation. Second, the en-
tropy of the density matrix should not decrease. These re-
quirements seth0 j50 andhj 050, respectively. In the mean-
time,

~r0!2>(
i 51

3

~r i !2

and the submatrixhi j should be positive definite@7#. This
leads to the equation

d

dt
r52e i jkHir jsk2hi j s ir j . ~10!

Because the antisymmetric part ofhi j can be absorbed into
Hi , we may assume thathi j is symmetric.

EHNS simplify this formalism by imposing one further
assumption. For theK0-K0 system, the new term does not
change strangeness. This requirement becomes

h1 j50. ~11!

Drawing an analogy between thene-nm system and the
K0-K0 system, we suppose that thene-nm system has the
same constraints. So we get

h52S 0
0
0

0
a
b

0
b
g
D , ~12!

wherea,b,g are the EHNS parameters and@7,13#

a,g.0, ag.b2.

Finally, we get the evolution equations for the compo-
nents of the density matrix in the matrix form

d

dt S r0

r1

r2

r3
D 52S 0

0
0
0

0
0

H3

2H2

0
2H3

2a
H12b

0
H2

2H12b
2g

D S r0

r1

r2

r3
D .

~13!

After we solve Eq.~13!, we can get the density matrix

r5S r01r3

r11 ir2
r12 ir2

r02r3 D ~14!

and the value of the observableo can be given in terms of it:

^o&5Tr@r o#. ~15!

III. RESULTS

For the neutrino, its Hamiltonian is diagonalized on the
basis ofun1&, un2&,

H5S E1

0
0
E2

D , ~16!

and so we have

H15H250,

H35~E12E2!/2'2dm2/~4E!. ~17!

Now, Eq. ~13! takes the very simplified form

d

dt S r0

r1

r2

r3
D 52S 0

0
0
0

0
0

2dm2/~4E!

0

0
dm2/~4E!

2a
2b

0
0

2b
2g

D
3S r0

r1

r2

r3
D . ~18!

In the following, we will consider the case in which the
neutrino is originally in the stateune&, from Eq. ~1!:

rne
5S cos2u

cosu sinu
cosu sinu

sin2u D ~19!

and
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rnm
5S sin2u

2cosu sinu
2cosu sinu

cos2u D . ~20!

Then the initial condition is

r~ t50!5rne
, ~21!

i.e.,

r05 1
2 , r15 1

2 sin~2u!, r250, r35 1
2 cos~2u!.

~22!

The most important observables are

p~ne→ne!5Tr@r~ t ! rne
# ~23!

and

p~ne→nm!5Tr@r~ t ! rnm
#. ~24!

We will investigate the effects of the quantum mechanics
violation due to quantum gravity on these two observables,
and so we should compare the two cases, i.e., the vacuum
oscillation with the EHNS modification and the usual one
without the EHNS modification. Notice that in all cases
p(ne→ne)1p(ne→nm)51; i.e., the probability is con-
served. So we only need to write down one of them.

Solving Eq.~18! analytically is very tedious, and so we
solve it numerically. We should give the EHNS parameters
and the relative oscillation parameters of the neutrino first.

According to the recent experiments and analysis
@8,10,14,22#, we take the values as@14#

a<4310217 GeV,

ubu<3310219 GeV,

g<7310221 GeV.

In this paper, we will use the upper limits of them. But it
should be pointed out that these parameters are obtained in
the neutral kaon system and they are conjectured to be of
order 0(mK

2 /MPl)'2310220 GeV @7,13#, whereMPl is the
Planck mass. For the neutrino, we deal with the ultrarelativ-
ity case, as a generalization from theK0-K0 system to the
neutrino system; we suppose that these parameters are of
order En

2 /MPl . So we multiply them by the factorEn
2/mK

2 .
Here we take

mK;500 MeV;

then, the EHNS parameters for neutrino that will be used are

a543102173~En/500!2 GeV,

b533102193~En/500!2 GeV,

g573102213~En/500!2 GeV, ~25!

whereEn is measured in MeV.
The neutrino oscillation parameters we take as@21#

dm2;631026 eV2, sin2~2u!;731023, ~26!

FIG. 1. P(ne→ne) as a function ofEn for the small mix-
ing: ~a! with quantum mechanics violation and~b! without quan-
tum mechanics violation, whereL51 AU51.49631011 m.

FIG. 2. P(ne→ne) as a function ofEn for the large mix-
ing: ~a! with quantum mechanics violation and~b! without quan-
tum mechanics violation, whereL51 AU51.49631011 m.
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for the small-mixing solution, and

dm2;931026 eV2, sin2~2u!;0.6, ~27!

for the large-mixing solution.
Substituting these parameters into Eqs.~18!–~24!, we can

solveP(ne→ne) numerically.
For a given distanceL51 AU51.49631011 m, the results

of the dependence of the neutrino survival probability on the
neutrino energyEn for the small- and the large-mixing solu-
tions are shown in Figs. 1 and 2, respectively.

For a given energy such as the average of solar neutrino
energyEn;0.6 MeV @21#, the dependence of the survival
probability on distanceL is given by

p~ne→ne!'0.510.0035e22.9231027Lcos~2.531025L !

10.4965e21.022310210L, ~28!

for the small mixing, and

p~ne→ne!'0.510.3e22.9231027Lcos~3.831025L !

10.2e21.022310210L, ~29!

for the large mixing. The probabilities for the small mixing
and the large mixing with no quantum mechanics violation
are

p~ne→ne!'0.996510.0035 cos~2.531025L ! ~30!

and

p~ne→ne!'0.710.3 cos~3.831025L !, ~31!

respectively, whereL is measured in m. The results are il-
lustrated in Figs. 3 and 4.

IV. CONCLUSION AND DISCUSSION

We have investigated the effect of the quantum mechanics
violation on neutrino oscillation. We find that the EHNS
mechanism can affect the neutrino oscillation behaviors and
hence may be taken as a new solution of the neutrino prob-
lem.

It is remarkable that the solutions are exponentially de-
caying or exponentially increasing@23# and ast or L→`,
P(ne→ne) decay to1

2 , while P(ne→nm) increase to1
2 . This

is compatible with the conclusion of EHNS@7#. Here we
have discussed the two-generation case. For the three-
generation case,P(ne→ne) will decay to 1

3 ; this value oc-
curs in the domain 0.25–0.35, which experiments suggest.

For the solar neutrino problem, the matter effect should be
considered, but here it does not change the long distance or
long time asymptotic characteristic of the neutrino oscillating
behavior. Details of the matter effect and generalization to
the three-generation case will be reported in the future.

However, because of the indefiniteness of the EHNS pa-
rametersa,b,g and the supposed generalization to the rela-
tivity case, our results supply only a qualitative illumination

FIG. 3. P(ne→ne) as a function of log@L# for the small mix-
ing: ~a! with quantum mechanics violation and~b! without quan-
tum mechanics violation, whereEn50.6 MeV.

FIG. 4. P(ne→ne) as a function of log@L# for the large mix-
ing: ~a! with quantum mechanics violation and~b! without quan-
tum mechanics violation, whereEn50.6 MeV.
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of the effects of quantum mechanics violation on neutrino
oscillation.

Recently, Reznik proposed another modified motion
equation for the density matrix@23#. It also affects the neu-
trino oscillation, but differently from EHNS, its solution is
oscillated. Further work on this subject is being done.
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