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Constraints on the density perturbation spectrum from primordial black holes
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We reexamine the constraints on the density perturbation spectrum, including its spectral,ifice® the
production of primordial black holes. The standard cosmology, where the Universe is radiation dominated from
the end of inflation up until the recent past, was studied by Carr, Gilbert, and Lidsey; we correct two errors in
their derivation and find a significantly stronger constraint than theyrdidt .25 rather than their 1.5. We then
consider an alternative cosmology in which a second period of inflation, known as thermal inflation and
designed to solve additional relic overdensity problems, occurs at a lower-energy scale than the main infla-
tionary period. In that case, the constraint weakens=d..3, and thermal inflation also leads to a “missing
mass” range 18 g=M=10?® g in which primordial black holes cannot form. Finally, we discuss the effect of
allowing for the expected non-Gaussianity in the density perturbations predicted by Bullock and Primack,
which can weaken the constraints further by up to 0.05.

[S0556-282(197)04022-9

PACS numbd(s): 98.80.Cq

I. INTRODUCTION

@

10’ GeV\?
My=10'8 g(—) ,

Primordial black holegPBH9 are formed in the early T
universe if density perturbations are sufficiently large, and
provide a useful probe of the primordial power spectrumso that evaporating PBHs must form very early indeed in the
over a wide range of scales. The data from the Cosmic BacKuistory of the universe, in particular long before the epoch of
ground ExplorefCOBE) and from large-scale structure ob- hucleosynthesisT(~1 MeV) at which the standard big bang
servations constrain the power spectrum on large scalegvolution is well validated.
(from about one megaparsec up to thousands of megapar- In the “standard” cosmology, the universe has been ra-
sec$, whereas PBHs may form over a wide range of smallediation dominated ever since the end of the reheating period
scales(1 Mpc to 10" *¢ Mpc). Limits on their production can after a phase of inflation at extremely high energies, which
be used to constrain inflation models in which the perturbawas responsible for the generation of density perturbations.
tions grow as one moves to shorter scales, the so-called bliénder this assumption, the limits on the PBH density can be
spectra. extrapolated backwards to the time of formation to give lim-

There are a number of well-known limits, covering vari- its on the initial mass fraction of PBHS3=ppgn,i/piot;
ous mass ranges, on the maximum allowed mass fraction a¥hereppgy; andpy,; are the PBH and total energy densities,
PBHs[1-8]. These constraints fall into two categories, thoserespectively, at the time at which the PBHs are formed. Sub-
from gravitational effects at the present epoch and thosétantial work has been done under this assumption
from the effects of Hawking radiation at earlier stages suct7,8,11,12. However, there is no direct evidence requiring
as nucleosynthesis. PBHs with mas<5x 10 g will that the universe be radiation dominated at the high tempera-
have evaporated before the present epoch, and their evapéres under consideration, and these limits can be greatly
ration via thermal emission has potentially observable astroaltered if the evolution of the Universe is more complex. In
physical consequences. Whilst no unambiguous detectioflis paper we consider one of the most dramatic possible
has been made, observations have placed limits on the maxghanges to the early evolution—the effect of a second period
mum mass fraction of PBHs allowed at evaporation. Moreof inflation.
massive PBHs will not have experienced significant evapo- A recent extension to the standard cosmologshisrmal
ration, and their present day abundance must not exceed tiflation [13], a second period of inflation due to a scalar
maximum value set by the present age and expansion rate #¢ld known as a flaton. This has nothing to do with the
the universe:Qpgyo<1. An additional, less secure, con- normal period of inflation, which is still assumed to occur at
straint on light PBHs can be obtained if one supposes thatome higher-energy scale to solve the flatness and horizon
black hole evaporation leaves a stable relic, normally asProblems and to generate density perturbations. Flaton fields,
sumed to have a mass of order the Planck mass, rather th@rconsequence of supersymmetric theories, have vacuum ex-
evaporating to nothing. pectation valuegVEVs) M>10°® GeV, even though their

It is thought that PBHs can only form in the early uni- massm is only of order the supersymmetry scate10? to
verse, and that they do so at a time when the horizon mask)® GeV, so their potential is almost flat. In the early uni-
equals the black hole mass. A number of formation mechaverse these fields are held at zero by finite temperature ef-
nisms are possiblE9,10], the simplest being formation from fects, with false vacuum energy densig~m?M?. Once
large density perturbations. The horizon mass in a radiationthe temperature falls belowé"‘, the false vacuum energy
dominated universe with temperatufes given by density dominates the thermal energy density and begins to
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drive a new period of inflation. This inflation continues until  Finally, PBH formation requiressp/p on the relevant
the temperature drops f6~m, at which point thermal ef- scales to be two or three orders of magnitude larger than the
fects are no longer strong enough to anchor the flaton in thealue required by COBE, which applies at very large scales.
false vacuum. PBHs can therefore only be formed in significant numbers if
A modulus field with a VEV of order the Planck mass,  the spectral index of the density perturbations is signifi-
(as is expected if the vev is nonzgreould not decay before cantly above unity, normally referred to as a blue spectrum.
nucleosynthesis and hence would destroy the standard modeiimits on PBH formation allow upper bounds to be placed
of cosmology; this is the “moduli problemT14]. It cannot  on n; for the standard cosmology this was done by Carr
be solved as the monopole problem by invoking an earlyet al.[8]. We shall first reexamine their calculation, and then
epoch of inflation lasting upwards of &3foldings, since the generalize it to include the possibility of thermal inflation.
energy scale at the end of inflation is normally greater than
10*? GeV and the moduli would be regenerated after infla- Il. PRIMORDIAL BLACK HOLE FORMATION
tion. Avoiding this require$15]
In order for a PBH to be formed, a collapsing overdense
GeV\ V4 region must be large enough to overcome the pressure force
TR\/) ) 2 resisting its collapse as it falls within its Schwarzschild ra-
dius, leading to a constraint on the perturbations at horizon

whereTg is the reheat temperature. A single period of infla-Crossingé=1/3[18]. There is also an upper limit af<1; a
tion at such a low-energy scale would not be capable Opg(turbat|on which exceeded th.|s value woulq co.rrespond
producing the observed density perturbations, but a period dpitially to a separate closed univer§e9,10, which is an
thermal inflation can solve this problem provided is  Inconsistent initial condition for our purposes. So for PBH
within a range of several orders of magnitude aroundormation we require the initial fluctuations to satisfy

10" GeV. Taking M~10" GeV gives Vi“~10’ GeV so s s<1 3

that around In(10'10°) ~ 10 e-foldings of thermal inflation '
occur, sufficient to dilute the moduli existing before thermal  when a perturbation satisfying the above condition

inflation, but small enough to not affect the density pertur-crosses the horizon, a PBH will be formed with mgsg]
bations generated during the first period of inflatton.

The main effect of the period of thermal inflation is to 3 o t
dilute the density of PBHSs, relative to radiation, by a factor M=y""Mu=7" =] Mp1, 4
of (as/a)3~(10%3, wherea, and a; are the scale factors i
immediately before and after thermal inflation. In addition,where the background equation of statepis yp, y being
there are two more subtle changes from the standard scef3 in a radiation-dominated universe. Here
nario. Firstly, for PBHs which form in the time between the
two periods of inflation, the comoving scale to which a given
mass of PBH corresponds is changed. During thermal infla-
tion the horizon mass remains constant whilst the comoving
Hubble radius grows, so a given PBH mass corresponds toand g, is the effective number of massless degrees of free-
shorter comoving length scale and hence to a later stage iom at this time. We defing; to be the initial mass fraction
the original, density perturbation generating, epoch of inflaof PBHs, which is given by the fraction of the Universe
tion. Secondly, thermal inflation introduces a missing massatisfying Eq.(3):
range of PBHSs. This corresponds to those comoving scales
which enter the horizon before thermal inflation, and are then __ PPBH;
pulled back outside again during thermal inflation. Any new Bi= :f
density perturbations might be expected to be small, since
the energy scale of thermal inflation is much lower than theyherep( ) is the probability distribution fo®.
original inﬂationary period, and hence unable to form black Norma”y (for instance in |arge-sca|e structure stuglies
holes when they reenter the horizon again after thermalyhen one considers perturbations the probability distribution
inflation” From Eg. (1), this corresponds to masses in thejs assumed to be Gaussian. This is well justified when the
range 16° gsM=<10"g. perturbations are small. However, Bullock and PrimptK]
have recently challenged this assumption for PBH formation,
since the perturbations cannot be very small if a significant

10riginally the flaton was taken to be the grand unified theoryformation rate is to be obtained. They typically find a sup-
(GUT) Higgs field [13] so that M~Mgy~10Gev and  Pression of large perturbations relative to the Gaussian hy-
VY410 GeV, leading to 15e-foldings of inflation. However, pothesis. While this suppression can be very dramatic when
successful nucleosynthesis requitdss10'2 GeV and thermaliza- expressed in terms of the number of black holes formed, it
tion of a stable lightest supersymmetric particle, if one exists, reactually does not lead to a large change in constraints on the
quiresM =10 GeV [15,16. perturbation spectrum. We shall therefore maintain the

°Note however the standard perturbation calculation breaks dowfsaussian assumption for our derivations, and in Sec. V we
as the hypothesis that the initial state is the vacuum probably cannahall assess the changes non-Gaussianity introduces.
be justified. It is not clear how to make the necessary generaliza- In order to examine specific mass ranges, we have to
tion. smooth the density distribution, which is done in the normal

1
VI<(10" to 10°) GeVv (

4
Mu=—g p(H 1), ®)

1
p(8)ds, (6)

Ptot,i 1/3
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TABLE I. Limits on the mass fraction of PBHs at evaporation.

Constraint Range Reason

Qoyap<0.04 10 g<M<102g Entropy per baryon at nucleosynthef23
Aoyap< 107 2(M/mp) M=5x10"g  rays from current explosior{$]
Qeyap< 6X 10719 M/mg) 12 10° g<M<10t g nn production at nucleosynthedi4]
Qeyap<5X 107 2(M/mp) 32 10 g<M <10 g Deuterium destructiofs]

Qeyap< 1X 107 (M/mp) "2 10t g<M <103 g Helium-4 spallatiorf6]

way using a window functiofV(kR), which we take to be a ing Hubble radiusH '/a is proportional toT %, so that a
top-hat. For Gaussian distributed fluctuations, the probabilityiven scalek crosses within the Hubble radius when
distribution of the smoothed density field(5(M)), is given
= 12
eq T ,

-1
by kflz—H =
where subscript “eq” refers to quantities evaluated at
(7)  matter-radiation equality. Meanwhile the horizon mdss,

a
. _2 .
Here o(M) is the mass variance evaluated at horizon cross.l—E g- (5), varies asT= so that, in the absence of thermal
MH 1/2
. (13
i

ing, defined for example in Ref20] inflation, we get

whereP (k)= (| 8,|2) is the power spectrum, th& being the  Substituting this into the expression féf(k) we obtain
coefficients wherd(x) is Fourier expanded. The power spec-

trum is usually taken to have primordial forR(k)o«k" for

simplicity; in general there is no reason to expect inflation Thol M) = holMeg) | 17—
models to produce power-law spectra over as wide a range of ea
scales as we will need to consider, though there are mOdelﬁhereMeq is the horizon mass at matter-radiation equality.

which do. . L We stress that this equation refers to the dispersion at hori-
The mass fraction of black holes is given from the aboveZon crossing, not at constant tife
by The lightest black holes to form are those which enter the
L 1 5 horizon immediately after inflation. For simplicity we shall
B(M):f exp( - )dé. (9) assume prompt reheating, and_ Efy) then gives the mini-
13 \27o(M) 20°(M) mum mass. Caret al. [8] examine some consequences of

. . _ _ ) o ~ delayed reheating.
Since the integrand is a rapidly falling function in the regime

of interest, dropping by a factor exp(.5) every times is
increased by, this integral can be approximated by evalu- il LIMITS ON THE PBH ABUNDANCE
ating the integrand at=1/3 and multiplying byo(M), A. At evaporation

leading to

H*l

a

& (M)

1
ma<m>ex"<‘ 254(M)

p(8(M))do(M)=

)da(M).

H—l

a

l * —
oz(l\/l)=ﬁ fo P(k)WA(kR)k?dK, (8) k™i= )

(1—n)/4
: (14)

The observational constraints on the mass fraction of
1 black holes at evaporationyeyad M) = ppgn/prag are well
ﬁ(M)%U(M)eXF{ - W) (10  known[1-8], and are listed in Table I.
To interpret these we need to relate the black hole mass to
Strictly speaking, this is the mass fraction in black holes oftheir lifetime. Car{10] parametrizes the results of Pg@d],
massgreater than M but in practice8(M) is such a rapidly ~Which were found numerically by considering the number of
falling function that these can be taken to all have the sam&P€cies which a black hole of given mass can emit at a sig-
massM . nificant rate, to give the following relation between PBH
The final step is to relate the mass scales to comoving'ass and lifetime
scales during inflation. In the notation of RE20], the initial
spectrum of perturbations 'usfl(k)ock”*l where
3 4 3This disagrees with Ref8], in which a different scalingr(M)
k_) ﬁ) P(k) (11) «M@~"% was used. This arises from assumikigck 2 with no
2w\ Kk ' time dependence—i.e., that treomoving mass density is con-
served. This is true for matter domination, but not for radiation
The quantitydy stays constant on scales above the Hubbl&jomination where the comoving mass density decreases with time.
radius and is a good estimate of the rms density contrast @ecause our scaling is stronger with our final constraints om
horizon entry[20]. During radiation domination the comov- are tighter than theirs.

5=
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9x10°%2 [ M \3 from the time of formation to the present. Traditionally, it
TevapZW (1—9) Sec, (15 has been assumed that the universe was radiation dominated

up until the recent matter-dominated era, and then the limits
where f(M) depends on the number of particle speciesof Sec. lll can easily be evolved backwards in time in order
which can be emitted and is normalized to 1 for holes whictfO constrain the initial mass fraction of PBHs. The energy
emit only massless particles. Note that the bulk of the evapddensity in radiation dilutes ap<a %, whereas that in
ration always takes place near the initial temperature, so ifPBHS decreases more slowjypgxa 2. Therefore,

this expression one only neeflat the initial mass and not as _— U2

a time-varying quantity. Considering the number of spin (pPBH = a(M)gya =i< e"ap) _ (19)

states available for a PBH to evaporate into at the present Prad/ gyap ? 1-6i \tiom

day (efr0); there are two polarizations of photon plus three

neutrino species which each have two spin states and giveldsing Egs.(4) and (16), and takingg, ~ 100,

contribution 7/8 times that of the photons, since they obey

Fermi  rather than Bose  statistics.  Therefore Bi M

Gero= 2+ (3X 2X 7/8)=7.25 s0 thatf(M)=geq/7.25 and Meva=3-27—5 | 71 |- 20

2% 3 o . :
Tevap=—1 2x10° (M) ol (16) The gravitational constraint can be evaluated simply:
Gett Mp,

. . . . T 3 B 7T2 T 3
with the value ofge at the time of evaporation being taken. PPBH o= PPBH i( ﬂ) = —gfom ;grm ﬂ) ,
For M>4x10° g the temperature at evaporation is suffi- . N\ Tiorm/ 1= 30 Tiorm
ciently low (<10 % GeV) thatg.¢ has its present day value
of 7.25. Equation(16) is often quoted without the factor of
1.2x 10% this is certainly non-negligible when calculating @nd
PBH lifetime although other approximations often made 5
when limiting the initial PBH abundande.g.,de~1, y~1 :Zw_geq-l-él (22)
andM ~ M, in Ref.[8]) appear to largely cancel this factor. Proted™ <399+ Teq

B. Present-day PBH density whereg™™~100 andg®®~ 3, so that
From Eg.(16), PBHs of massM>5x10"g will not 12
L : t
have evaporated by the present day, but their initial abun- o) —17 Bi m) _ (23)
dance can be constrained from the fact that their present Pero 1=-5\ teq
abundance must not exceed the maximum value set by the
present age and expansion rate of the univitse Taking te=toQ37=6.5 h "1 Gyrx(4x10°h"3*2 and, us-
ing Eq. (4),
QppH 0= ppH,eq< 1. (17
B [mp| 12
C. Present-day relic density Qppn,=6.7X 10 1-6 ™ (24)
It has been arguef22] that PBHs may not evaporate
completely, as originally assumed, but instead leave a reliso that the constraifpgy o<1 leads to
with massM o ~mp,. If this is the case the present mass
density of relics, which will remain from all PBHs with ini- B; o M2
tial massM <5x 10* g, similarly must not exceed the value 18" 1.5x10 Moy (25)
set by the present age and expansion rate of the universe
[3,7.8: The calculation for the relic limit can be carried out iden-
tically leading to
O | ) 222 To | Y leading
rel, reled— | '\ Prot,eq Tform B 29( )3/2
—<1.5X10 % — (26)
:(@) Bi Prad,i( To )3<1 18) 1-B Mpy
M ] 1=Bi proteq\ Trorm ’

with the extra factor of 1/mp) from Eq. (18).
where h is the Hubble parameter in units of 100 The various limits on the initial mass fraction of PBHs are
kms * Mpc™ 1. displayed in Table Il and illustrated in Fig. 1.

IV. LIMITS ON INITIAL MASS FRACTION OF PBHS
“Note thatg, is the effective number of degrees of freedom as far
as cosmology is concerned, evaluated at the photon temperature.
In constraining the initial mass function of the black is lower thang.; quoted earlier since the cosmic neutrino back-
holes, one needs to assume an entire history for the univerggound is at a lower temperature than the microwave background.

A. Standard evolution of the universe

t
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TABLE Il. Limits on the initial mass fraction of PBHs, without
thermal inflation. We define;=g;/(1— B;) for compactness. The
final constraint is the relic constraint which only applies if relics are

m|ml

assumed.

Constraint

Range

@;<3X10716(10° g/M)
;<3%x107%7
;<3%x107Y(10° g/M)*?
@;<3X107%(M/10L° g)*2
@;<3X1072Y(M/10° g)*?
;<1X107(M/10° g)*2
@;<0.1(M/10° g)32

10° g<M <108 g
M=5x10"g
10° g<M<10' g
100 g<M <10t g
10" g<M <108 g
M>10%g
M<10%g

B. With a period of thermal inflation

We model the period of thermal inflation by assuming
that atT=10" GeV the energy density in radiation splits into
two components, with one degree of freedom becoming the FIG. 2. A schematic of the variation of the comoving Hubble
inflaton and the remainder staying as radiation: radius H ~*/a) with time for the standard evolution of the universe
(solid line) and with thermal inflatiorfdashed ling Points A and B
correspond to the end of the original period of inflation in the stan-
R 4 ) ) dard evolution and with thermal inflation, respectively. Thermal
wherep ,= 7(10" GeV)"/30 is the false energy density of infiation begins at point C and finishes at D, after which time the
the flaton field which drives thermal inflation: i.e., comoving Hubble radii must coincide. Between D and E the scales
which are entering the Hubble radius are doing so for the second
time so that no PBHs are formed in this region. The values of the
comoving Hubble radius and the horizon mass at these points are
displayed in Table lll. We denote the current comoving Hubble
Thermal inflation proper then commences once the radiatioradius and horizon mass adl (*/a), andMy,, respectively.
has redshifted sufficiently, at

time

Prad— PradT P ¢ (27

2 77_2
%g*Tll_)%(g*_l)T‘l_i_pqﬁ' (28)

negligible in terms of the evaporation time scale, so its domi-

10’ GeV nant effect on PBH evolution is to dilute their energy density
Ttiz(g_—l)lr- (29 relative to that of radiation. The radiation energy density is

the same before and after thermal inflati@ssuming effi-
whenp,>7,,¢and continues until the flaton field rolls to its cient reheatingwhilst the energy density of PBHSs is diluted

true vacuum state at=10° GeV. We then assume that re- bY @ factorp/p;=(as/a;)*~ (10%)%, wherea; anda; are the
heating is efficient so that the universe is reheated,tand scale factors immediately before and after thermal inflation.
the subsequent evolution has its standard form. Inefficient Figure 2 illustrates the variation of the comoving Hubble
reheating, normally modeled as matter domination, would@dius both with and without thermal inflation, with the
make little difference. The duration of thermal inflation is Hubble radius andvy, at important points being given in

Table III.
°r— T TABLE l1ll. Comoving Hubble Radii and horizon masses at
points on Fig. 2.
Point Comoving Hubble radius Horizon mass
(=
i j A H™Y T, " (To)2
;,, a /o Tru PO Try
- B HY T Ty |2
o 104 - _I__O MH,O(T_O)
S J a /o rH RH
c H™t To " To |2
| ] a | 10° Gev HO\ 10" GeV,
U N S U I S S S VU T R S S SR EE SR S SR S | -1 2
5 10 15 20 25 D H To ( To
a | 10" Gev HO\ 10" GeV,
log M 0
FIG. 1. The tightest limit the initial fracti f PBH : H To M ( To i
. 1. The tightest limits on the initial mass fraction o s, — H.0
«;. The relic constraint is shown as a dotted line, emphasizing that a /o 10° Gev 10° GeV

it is not compulsory.
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Provided that the PBHs do not come to dominate before TABLE IV. Limits on initial mass fraction of PBHs if thermal

thermal inflation, the limits on the initial black hole mass inflation occurs.

fraction from the evaporation constraints are simply weak

ened by a factor of 6. The condition for the universe to be Constraint Range
radiation dominated before thermal inflation commences is @, <3x1074(10° g/M) 10° g<M <108 g
@;<3X107%° 2x10M9<M<5x 10" g
( B ) N (Tform) -1 g  @<3X10°(10° /M) 10° g<M <10 g
1-8 T__l—,Bi Ty ' (30) @;<3X1071%(M/100 g)*'2 10 g<M <10 g
! @;<3%x10°9(M/10° g)572 101 g<M <108 g
) . ) a;<1X10*{(M/10% g)3? M<10°g
Using Eq.(4) this requires @;<1X1077(M/10% g)+2 10 g<M <108 g
@ <1X107(M/10' g)*2 M>10% g
i< 6Xx10" 12( M) " (31)
1-5 Mpy)

V. LIMITS ON THE SPECTRAL INDEX

If the PBHs come to dominate @t>10" GeV, then ther-
mal inflation can only commence once the false energy den(—)e
sity of the flaton field dominates the energy density on PBHSy ¢

P¢>SPBH-fT?'SldqelayS]}heﬂSt?rt of |anaF|?1n, SO thatﬁsg]_?”erassuming negligible contribution from gravitational waves,
nhumber ofe-foldings of inflation occur; however, the dilu- iy the normalization at the present Hubble scale
tion of the PBH energy density relative to that of radlatlon(k:aoHo) [23];

remains the same. During the intermediate pepigdemains

constant whileppgreca ™3, S0 ppgy is rapidly reduced to be-

low p, gn_d_ the resultlng.constralnts from Hawkmg radlathn Sy(n)=1.91x 10 Sexg 1.0X1—n)]. (32)
on the initial mass fraction are only slightly tighter than if

thermal inflation commences &t;=10"/3 GeV. However

these limits are tighter than E(31), so that in fact PBHSs When inserted in Eq8) and numerically integrated, this
with M>10° g cannot be produced with sufficient abun- 4jjows us to normalize-(M) for a chosen fixed. We take
dance that they come to dominate the universe before thefre cOBE data to correspond to a scale equal to the present

mal inflation. , _ Hubble radiusR,=3000H %, so thatM,=1x10% g is the
In the case of lighter PBHSs, which are only constrained bypresent horizon mass which gives a normalization

the present-day relic density, the condition for radiationa(lose g)=9.5x 10"5. To the level of accuracy at which we

domination before thermal inflation commences, &1), is are working (10° g) varies only slowly withn. Putting
more constraining than the requirement thiag ;<1. These  his in Eq.(14) gives

light PBHs can therefore come to dominate before thermal
inflation and delay its start, as discussed above, although the

Using Eq.(14), the limits on the initial mass fraction can
used to constrain the spectral index of the density pertur-
ionsn. The four-year fitting function to the COBE data,

resulting constraint fronf),, o<1 is virtually the same as M\ (L4
when the universe is radiation dominated at the start of ther- Ohod M) =9.5X 105( 10°% ) (33
mal inflation. 9

PBHs with massM <10'® g are formed before thermal
inflation and their energy densities will therefore be diluted <
by thermal inflation, so that the gravitational constraint for
10 g<M < 10" g and the relic constraint will be weakened
by a factor 16% This allows PBHs withM <10’ g to be
produced with initial abundangg, close to one, although not ol >
arbitrarily so since sufficient thermal inflation to dilute the ' | mass range ]
present day relic density must occur. During inflatibh,
remains constant before increasingTas’ again after infla-
tion; however, until the temperature falls To=10"° GeV
once more the scales that are entering the Hubble radius wil 8|
be doing so for the second time having first entere@af;

(and possibly forming black holgsbefore being inflated
away again. There are therefore no new density perturbation

present to collapse into PBHs, so whildt falls from s T T e s T T T T
10’ GeV to 16 GeV after thermal inflation, no PBHs form

< Excluded

]

20

o
—

leading to a “missing” mass range g<M<10?® g. The log M
gravitational constraints on PBHs with mass> 10 g, FIG. 3. The tightest limits on the initial mass fraction of PBHs
which form after thermal inflation, are unchanged. a; if thermal inflation occurs, on the same vertical scale as Fig. 1.

The various limits on the initial mass fraction of PBHs are The gap 18 g<M<10?®g is the excluded mass range. For
displayed in Table IV and illustrated in Fig. 3. M<10° g a large initial mass fraction-1 of PBHs is allowed.
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Try=10 GeV). Our stronger constraint arises from our
correcting of two errors in their paper, which both go the
same way. The first is that we use the correct scaling law
a(M)oc MM for the variance at the horizon scale during
radiation-domination, as mentioned earlier. The second is
that our normalization to COBE is much higher. They omit-
ted a numerical prefactoy512#/75 in the power spectrum
expression, and also assumed that the normalizatidi @)
(which from the four-year COBE data is>210 °) and
L ] o(M) were interchangeable. In combination this raises the
1 COBE normalization by a factor of over twenty. A much
smaller additional correction is that the normalization from
T the COBE four-year datg24] is higher than that from the
10° 101 10! 10® 10 10 101 10! first-year's datd 25].

Ty (GeV}

0.1

B. With a period of thermal inflation
FIG. 4. The variation of the limits on with reheating tempera-

ture from the relic constrainfower line) and from (M ;) <1. During thermal inflation the comoving Hubble radius

(H™Y/a) varies asT so Eq.(12), for when a given comoving

Here we ignore the change in slope to<{f)/6 which oc-  Scalek crosses the Hubble radius, becomes

curs at matter domination(corresponding to a mass H-1 H-1

Moteq/tole‘30 g), which only changes the constraint an k1= — -

by about 0.01. a a
Taking logarithms in Eq(10) gives

7 wew
eqT 10° GeV)’ (36)

whilst the relation between horizon mass and temperature
U(M)zo_lgﬂogmg(m)—|ogloﬁi]—1/2_ (34 remains unchanged, since during inflation the horizon mass
is constant so that for PBHs formed in between the two pe-
SinceB,/(1—B)<1, we can take3~g;/(1— ) and find the riods of inflation a given mass PBH will correspond to a
upper bounds on corresponding to each of the limits found larger scale than in the standard scenario. This leads to the
in the previous section. modification of Eq.(14):

(1—n)/4

(37

2
A. Standard evolution of the Universe Thod M) = o Meg) M (103 GeV)

M eq Tti

The appropriate constraint is normally determined by the
lightest PBHSs that can form, given by E€). The tightest In this case the tightest constraint iis<1.29 from the

limit is n<1.22 from the deuterium destruction CO”Straimdeuterium destruction constraint evaluated Mit lolOg,

1 .
evaluated aM~101 g, although all the constraints due to yith gl the constraints due to evaporation requiring 1.34.
the evaporation of the PBHs require<1.24. The tightest |, this case the constraints from gravitation and relics are
constraint from the limit on the present density of PBHS is\yeaker. The limit from the present-day density leads to
n<131 atM ~10"° g, weakening with increasinyl. The <1 35 forM ~10'° g PBHs, which are diluted by the ther-
relic constraint may place a stronger constrainnpdepend- ) inflation, andn<1.49 for M~ 10?° g PBHs, which are
ing on the minimum mass of PBHs produced, which is deype lightest formed after thermal inflation. For

termined by the reheating temperaturg, after the initial Tru<10M GeV the relics do not constram since even if3,

period of conventional inflation is close to one the relics will be diluted away. However, for
T2 Try=10'° GeV we findn<1.3 is required although this limit
M in= MO(_(’) (35) rapidly weakens as the reheat temperature falls towards
TrH 10 GeV.

If Try<<10® GeV, there is not sufficient time fgspgy (and
after evaporatiomp,) to increase by enough relative pa,q
for the relics to dominate today. For comparison, in Fig. 4 We now return to the issue of the Gaussianity assumption
we plot the variation of the limit om with reheating tem- used to obtain Eq(7). Bullock and Primack[17] have
perature and the limit from the simple requirement thatstressed that the normal justification of Gaussianity relies on
(M min) <1, whereM pin=(Tp/ Try) ?Mp; is the mass of the the perturbations being very small, something which can no
lightest PBHs formed immediately after the first period of longer be justified when considering PBH formation. Unfor-
inflation. tunately, the non-Gaussian correction is strongly model de-
In summary, the tightest Hawking radiation constraint onpendent, and in detail must be examined case by case. They
n we obtain isn<<1.22, although if the reheating temperature numerically study three different “toy” models, in one case
is sufficiently high, the existence of relics may lead to afinding negligible non-Gaussianity, but in the other two find-
tighter limit. In Ref.[8] a much weaker limit oln<1.48 ings a very significant suppression in the number of large
from Hawking radiation constraints was found, which be-perturbations, which are of course exactly those utilized for
comes tighter if relics are formed(n<1.4 if PBH formation.

C. The effect of non-Gaussianity
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Expressed in terms of the probability of high density per-n<1.25. This is presently the tightest constraint on the spec-
turbations, the suppression can be very dramatic; in one dfal index, being somewhat stronger than large-scale struc-
their toy models the 6-sigma perturbations are suppressed lyre constraints in the most general cosmologies, and much
a factor of 16°% However, despite that the effect on the stronger than that from distortions to the microwave back-
constraint om is not large, because that asks a rather differ-ground spectrunp26], though its application requires a con-
ent question, namely how much larger does the variancetant spectral index over a much wider range of scales than
o(M) have to be so that the non-Gaussian perturbations rehe others, which is certainly possible, but not mandatory.
produce the number density of Gaussian ones? In their most We have analyzed the changes to the standard scenario if
extreme example, the answer is about three times; the peaperiod of thermal inflation takes place in the early universe.
turbations with the appropriate number density correspond t@hermal inflation leads to a significant weakening on the
about 3-sigma perturbations in the non-Gaussian case ratheonstraint on the density perturbation spectrum. In Sec. IV
than the 9-sigma or so perturbations of the Gaussian casge recomputed the constraints on the initial mass fraction of
[17]. black holes; especially at low masses the constraints become

The conclusion then is that non-Gaussian effects argery weak indeed. In Sec. V, we constrained the spectral
model dependent, and in the worst tested case weaken tliedex n and found the constraint weakened nes1.3. A
constraints ono,,{M) by about a factor three. Non- novel additional feature is that thermal inflation predicts a
Gaussianity clearly cannot do much more than this, as thenissing mass range for black holes, extending up from
low required number density keeps us to the tail regardles$0'® g to 1¢® g. It will be hard to probe this range as black
of the amount of non-Gaussianity. From Ed4), using the  holes of these masses have negligible evaporation. However,
COBE normalization to keepo(M) fixed, this weakens if for some reason thermal inflation can start at a higher
the constraint om, in the worst case of non-Gaussianity, by energy than currently supposed, say'®l@eV, then the
about 0.05. However in the case of hybrid inflation, for missing mass range could extend down into the evaporating
which the approximation that is constant hold$8], the  regime.
perturbations produced are Gaussian since the dynamics of
the inflaton are lineaf27].
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