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Speculations on primordial magnetic helicity
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We speculate that above or just below the electroweak phase transition magnetic fields are generated which
have a net helicityotherwise said, a Chern-Simons terai the order of the magnituddg+ N, , whereNg |
is the baryon or lepton number toddyo be more precise requires much more knowledge-pf.-generating
mechanisms than we currently hav&lectromagnetic helicity generation is associatiedlirectly) with the
generation of an electroweak Chern-Simons number thr@igh anomalies. This helicity, which in the early
universe is some 30 orders of magnitude greater than what would be expected from fluctuations alone in the
absence oB+L violation, should be reasonably well conserved through the evolution of the universe to
around the times of matter dominance and decoupling, because the early universe is an excellent conductor.
Possible consequences include early structure formation, macroscopic manifestat@Rsviafiation in the
cosmic magnetic fieldmeasurable at least in principle, if not in pracjicand an inverse-cascade dynamo
mechanism in which magnetic fields and helicity are unstable to transfer to larger and larger spatial scales. We
give a quasilinear treatment of the general-relativistic magnetohydrodynamics inverse cascade instability,
finding substantial growth for helicity of the assumed magnitude out to sedlgs ™1, wheree is roughly the
B+ L to photon ratio andi, is the magnetic correlation length. We also elaborate further on an earlier proposal
of the author for the generation of magnetic fields above the(EMttroweak phase transition.
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PACS numbg(s): 98.80.Cq, 12.15.Ji, 95.30.Qd, 98.62.En

I. INTRODUCTION violation:! it is well known to students of magnetohydrody-
namics (MHD) that the presence of magnetic helicityr
The problem of the generation of cosmic magnetic fieldsother parity-odd expectation valyezan lead to unstable dy-
is still open. Some authofd] argue that no primordial seed namo actior{10-13.
field is necessary, and that Biermann-battery efféntsva- In the present paper we consider a scenario involving gen-
nishing Vnx VT wheren is density andT is temperature eration of magnetic fields _and helicity at 'the eI'ectr'oweak
act as a source for magnetic fields at the time of structur@1@se transition. We can discuss the part involving just the

formation, with the source due to shocks. But many otherdeneration of magnetic fields fairly precisef$,14,13; it
search for primordial seed fields, associated with the eledNVOIVes a condensate of EW magnetic fields in the magnetic

troweak phase transitiof2—5], the QCD phase transition =0 Matsubara sector of the £2) part of the EW gauge
[6,7), or various other mechanisms, e.g., inflatiéh Efforts theory. This sector of the theory is strongly coupled and an

involving phase transitions are further subdivided according>U(2) magnetic condensate can be shown, without any ap-
to their assumption of a first-order phase transitiéh or proximation, to form[15]. This condensate is characterized

otherwise; a first-order transition produces bubbles and turfY @ finite density of vorticetclosed stringlike objects which
bulence. are very long, with a thickness inversely proportional to the

So far there has been little discussion of the generation dfynamically induced gauge-boson mas$ich are randomly
primordial magnetic helicitH,,, defined by what is other- I!nked; the Chern-Simons number is a direct measure of this
wise known as a Chern-Simons term: linkage[15—17. (Thermal sphalerons may also be present,

but their Boltzmann factor is likely to be smdll8].) Like

any other condensate, the vortex fields are sustained by a
HM:f d3xA.B. (1) macroscopic number of phase-coherdhbosons. When the

temperature falls substantially below the critical temperature

T., the condensate loses phase coherence and is expressed

This P- and CP-odd function is important for several rea- as particles, plus Maxwell magnetic fields generated by the

sons: it is nearly conserved in the early univefseactly so  chargedWs. These interact electromagnetically, retaining

if the conductivity is infinite; it is not possible to have mag- their original structure for a short whilébecause the

netic fields which are completely homogeneous and carryV-boson mass does not change very much in the immediate

helicity, so if there is primordial helicity there is also some neighborhood of the phase transitjorror these Maxwell

sort of spatial structure in the universe at early times; if it

were possible to measure a net helicity for the present uni-

verse, it would be another macroscopic manifestatio@ Bf The most important manifestation is the very existence of the
stars and galaxies at present abundances. Much more speculatively,
another could be the predominance of life forms of a single chiral-
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fields the Chern-Simons number or helicity expresses a linkwhere the number density of any parti¢ler antiparticle is
age between magnetic field lines, a linkage inherited from~T2 ande is a small number presumably related to, but not
the W-condensate linkages. necessarily equal to, thB+ L-entropy ratio(about 10 °
This mechanism for magnetic field generation is sometoday [23]). In view of the smallness o it may be won-
what dlfferent from Vachaspati’s; it will be discussed in dered whether the he“city we assume can have any impor-
more detail in Sec. Il. Although we do not even have thetant effects. We argue that it does, on several grounds. First,
same scaling with the EW couplirgthat Vachaspati does, yp to about the time of decoupling helicity on large spatial
we find similar numerlcallvalues for the magnetic field, of 5ogles is very nearly conserved, and at about this time the
some 16° G at a magnetic scale lengliransverse vortex primordial helicity is likely to be large compared to natural
siz) |y~2/g°T=10"*° cm appropriate for the magneth  scales for helicity in the universe then. In fact, although the
=0 sector’ helicity density is small compared ' it is 30 or so orders
The question of helicity generation is far less well under-of magnitude greater than one would expect from random
stood, because it is related to problems of formation angjyctuations of the primordial magnetic fields in the absence
destruction of baryonsH) and leptons () in the early uni-  of (B+ L)-violating effects(just as the presei+L number
verse. We do not understand very well at all hBvor L is s apout 18° times the value expected from fluctuations
generated in the early universe, but we do know somethingiong. Second, the presence of a primordial helicity can
about howB+L can be destroyed by sphalerons and otheyreatly affect the evolution of magnetic fields in the early
EW effects at temperatures ranging from far abdyeo just  yniverse, in particular by helping to generate an inverse cas-
below it [21,3,14. These EW effects all involve thB+L  cade[12,13,24 in which the original magnetic fields at the
anomaly, so that changes in the numbligr, are necessarily time of the EW phase transition, which have a very short
accompanied by changes in certain topological charges ghagnetic correlation lengthy=10"1° cm are transformed
the EW gauge theory. But further precision in this picture isinto fields on much longer scalegt the same time, there is
hard to come by, since we do not presently know whether thg certain amount of destruction of the short-scale fields by
present values dfig andN, can be generated by EW effects, magnetic viscosity; the universe is not a perfect condugtor.
possibly including effects of bubbles; whether it is due to  |n Sec. IV we take up, in a simple approximation, the
primordial (and conservedB—L generation; what the net MHD issues concerning unstable dynamo growth driven by
balance between creation and destruction by EW effects iselicity in the early universe. This approximation is similar
and so on. Nor do we understand in detail how helicity genin spirit to two-scale models or mean-field modé&dee, e.g.,
erated abovd . can survive to below; (but we will make  Ref.[11]), in which the effect of fields fluctuating on small
some comments later in the spirit of the work of Martin andscales on long-scale fields is estimated by a process of spa-
Davis [22] on the stability of magnetic fields generated attially averaging quantities quadratic in the short-scale fields.
phase transitions There are several mechanisms for trans-Our approximation is such that magnetic helidiy, is ex-
lating the kind of EW helicity, or Chern-Simons terms, actly conserved in the infinite conductivity approximation:;
formed byB+L violation into magnetic helicitfof course, finite-viscosity effects are trivially incorporated. We find a
the usual Maxwell helicity does not occur in tBeL anoma-  quasilinear instability in which helicity transfers itself and
lies, since these currents are vectorlike with respect to théhe magnetic fields from short to long scales. There is an
Maxwell field). We will discuss these mechanisms briefly in inverse-cascade instability for all lengths greater than a criti-
Sec. lll, and postpone further elaboration to work now incal length scaling withe =%, much larger than the magnetic
preparation. For the present we will simply assume that thgengthl,, and much smaller than the Hubble size. It is per-
magnetic helicity surviving the EW phase transition is, givehaps surprising to find that although the maximum growth

or take a couple of orders of magnitude: rate associated with the inverse cascade of helici§(ie?),
this rate can be comparable to the expansion rate of the uni-
Hy = o~ L(Ng+N_)=10° erg cm. () verse. Part of this comes from the slowness of the expansion

of the universe compared to the natural EW rdt&4/ rates
are ~10™ times the expansion rateand part from the oc-
The numerical value comes from takitNg=10%% a factor  currence of inverse powers of fine-structure constants in the

like a1, wherea is the fine-structure constant, is reason-formulas.

able from the form of thé+L anomaly. Eventually the system approaches an equilibrium of the
Another way of thinking aboui,, is to write its density ~sort suggested in Ref§11,25, in which the final scale

as length is ~1/e. This length is much bigger thah,, but

much smaller than the Hubble size.
R If the primordial helicity is large compared to fluctuation
A-B=a €T, (©)) effects, it is interesting to ask whether it could be measured.
We discuss this in Sec. V, and find it to be very doubtful, on
two counts. First, measuring helicity of whatever size would
2Numerical values are taken from Refi$4,19,2Q. It is natural, in ~ 'équire not only very complete Faraday rotation data, but
view of the numerical values, to quote the magnetic mass and cor@2!S0 data on the angular gradients of the magnetic field; these

densate values in terms of rather than the corresponding Ew would be very hard to get, but in principle are available from
fine-structure constanty,,=g%/47w~1/30. Other quantities are scattering from polarized dust grains. Second, the primordial

more naturally expressed in terms of the fine structure constantgelicity would dominate other effects up to about the time of
themselves, so a mixture of these appears in various expressionsstructure formation, but after that time there are so many
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effects which process preexisting magnetic fields that onlyf any) is proportional to the Chern-Simons number of the

very shaky conclusions could be drawn. thermal vacuuni3,14]. This will be zero in the absence of
such parity-violating effects aB+L violation; in its pres-
Il. THE MAGNETIC EW CONDENSATE ence, the vacuum will have a net linking number. It is this

. linking number that we argue will bén part) preserved as a
The general subject of the EW ) condensate has been contribution to Maxwell helicity after the EW phase transi-
considered in detail elsewhefr®,14]. At temperatures above tjgn is complete.
T, the Higgs field has vanishing vacuum expectation value e postpone a complete discussion of the transition dy-
(VEV) so the magneti®Vs are perturbatively massless in the namics to a later work. The general picture is that asvihe
N=0 Matsubara sectofin other Matsubara sectors t  condensate dissolvéand the Higgs condensate formthe
bosons either have an effective thermal mask or, in the  phase-cohereritvs forming the condensate lose this coher-
N=0 electric sector a perturbative masgT). However, it  ence and become particles. We therefore need a picture of
is well known that nonperturbative effects generate a magthe condensate in particle language. Think first of a liquid-
netic massvly,~g*T for the SU2) gauge bosons, Ws (but  helium condensate: The atoms forming it éirethe center-
no such mass is generated for the hypercharge bpsbhis  of-momentum framke strictly at zero momentum, even
mass is directly associat¢d5,26 with a magneticW con-  though the condensate coexists with other particles of finite
densate momentum. The EW condensate is a little different because
of the spatial structure of the vortices, which requireswWee
(0)=7((G})*)~g°T*, (49 to have finite momentum, but smaller than the thermal mo-
mentum~T. In plasma language the vortex somewhat re-

sembles & pinch, with pressure gradients balancidiz B
fforces. By looking at the vortex solutiorisee the work of
Cornwall in Ref.[29]), one reads off the scalings for &)
magnetic fieldB and condensate current densityand then
infers the condensate pressyre

and a negative free-energy density for the=0 magnetic
sector of value—(6)/3. Numerical estimatefsl4,27,28 for
the free-energy density are in the neighborhood o
—(0.01-0.02y°T*. Because the neutraV potential is re-
lated to the usual Maxwell potential b;=sin G\
+cos@yY; (Y; is the hypercharge potentjakhere is a con-
densate of Maxwell fields too, witfincluding a factor of 4 B~M2/g; J~M3/g; p~g°TA (6)
for cgs unitg
. The current is alsmg, wheren is the density of particles of

(B%)=0.5°g°T* (5)  one sign of charge, and the current velocity is of order unity.

_ , With My,~g?T, one finds thah~g*T?, so that a relatively
and an rms Maxwell field strength of about iG atT ~ small fraction of the particles in the thermal bath are tied up
=Tc. As already mentioned, the correlation length of thisi, the condensate. The particle energy in the condensate is
field above the EW phase transition iy=2/9°T M, ~g®T* like the magnetic energy in E¢4). The Lar-
=10""cm at T=T.. (For comparison, the EW Hubble mor radius of a particle scales likely,/gB=1/g2T=1,, .
scale is about 1 cnn. o ~ The condensate particles and fields are in equilibrium above

This field strength at the phase transition is numericallyhe phase transition, and depart from it relatively little during
comparable to Vachaspati's estimd@], but the scalings anq just after the phase transition, in part becauseVthe
seem to be different. This is because he takedN¥h®ass to  mass does not change very much during the transition. Of
scale likegT instead ofg?T. Both the present work and course, the photon mass does change drastfcaiig new

Vachaspati agree thaB~M,,/g, but we use the usual magnetic fields are generated, but their currents have for a
magnetic-mass scaling féf,. The numerical values agree \yhile their original correlation length, .

fairly well becauseg=~0.65 is not small compared to unity.
The spatial structure of this field is of interest. It could
have finiteT sphalerons as a component, but as mentioned
earlier[18] the mass of the magnetic sphaleron is so large
that its Boltzmann factor is likely to be rather small, and we We are ignorant about the actual mechanismBoef L
will ignore sphalerons. The dominant component is a gas ofieneration in the universe, although many candidates
closed vortices of thicknesi‘s.!l\j\,l whose entropy dominates abound. The best we can do at present is to construct a sce-
the internal energy, so the vortices or strings like to be verynario which is not obviously wrong; this scenario will not
long. They can link with each other and with themsel¥es, have precise numbers associated withBreL violation ef-
and also with Wilson loops; this latter is the mechanism forfects. Imagine, then, that EW effects are well described by
confinement both in three and four dimensidilsd=4 the the standard model, with no supersymmetry or other non-
vortices are closed two surfagd®9], and the string tension standard mechanisms being important. We will assume that
is an outgrowth of fluctuations of the linking numbers of thethe EW phase transition is second ordereaning a Higgs
vacuum condensate with the Wilson loop. The sum of allmass larger than about 80 Ge\h this case, there is nB
linking numbers of the vacuurtplus the sphaleron number, +L production and no turbulence associated with the EW

lll. B+L-VIOLATING GENERATION
OF MAGNETIC HELICITY

3Self-linking is also known as twisting and writhing; 33 for a “In fact, there is a sendsee Sec. IYin which the photon mass
discussion and references. becomes very slightly tachyonic, @i(e).
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phase transition. The EW effects are limited to dissipation ofvhereM (previously denotei,,) is the magnetic masa,,
some part of whateveB+L has been previously generated is the massive Euclidean propagator for mislssthe integral

by some unknown mechanism. To avoid fine tuning, we asruns over a closed string, the sum is over the collective co-
sume that the original amount Bf+ L is comparable to what ordinates of the strings in the condensate, qrelimmarizes
exists after the phase transition, or otherwise there is a camnvarious constants and group matrices of no concern to us
cellation between a large production rate and a large dissipgow. In a gauge wherE - A=0, the form ofA to first order

tion rate, leaving a much smaller net amount. By this asip ¢ is

sumption the amount d8+ L which has been dissipated by

EW effects is comparable to what exists today. . I

We can roughly model these dissipation effects and their AX)=C2 €jed) j; dz(Am—A0)(X—2)
consequent generation of topological charge by introducing a
chemical potential associated with the conserimd gauge- +(VZ+M?) 1uP; (1)
variand current which is the sum of thB+L current and a
topological current: (A is the massless propagatoAgain the sum is over the

strings of the condensate, aads a collection of constants of

5 g no interest now. This expression fér is reminiscent of a
Tr(g AvdaPp= 3 AAMAR similar expressior[31] for a vortex ind=3 Yang-Mills
theory with a Chern-Simons term added. Even if such a vor-
tex string is straight one finds that it has a link number,
() coming from the twist of the field lines. Similarly, one

readily calculates the magnetic helicifyi3x,&~ B from Eq.

Ny
KM—J”'F meﬁwaﬁ

1 12
+ Eg Y,,(?aYB

in standard notation. The grand partition function (11) to find that there is ai®(e€) term from the product of
the €, piece and theP; piece, which, in its structure of
Z=Tre AH-rQ) (g)  string integrals, resembles a sum over regulated Gauss link-
ing numbers.

The calculation we have sketched out here relates the net
U(2) helicity, coming fromB+L violation, to the currents
riving the Maxwell magnetic field. It holds foF>T.. The
next question to ask is how much of the magnetic helicity

Matsubara sector of the $B) gauge fields is concerned, this can survive the EW phase transition. If the _problem Is re-
chemical potential introduces a new gauge-coupling tern§tr|cted to asking how much of the magnetic field, regardless
— ¢ which is CP odd of its helicity, survives, an answer has already been given by

There is, of course, no term in tH&+L charge which Mart.in and Dav!s[22]. Their answer is. that thg field QOQS

. . S e = survive largely intact. Although we will not discuss it in
directly qulves the Maxwell helicityd XA' B, because of detail, we believe that most of the helicity also survives. One
the vectorlike nature of electromagnetism. But there are,,noach is similar to that of Martin and Davis: Just below
small terms inuQ linearly coupled toA, which can be the phase transition, when the Higgs fiekchas a VEV(de-
treated as perturbations on the underlying@Wondensate, notedv) one can us¢2] 't Hooft's [32] expression for the
in which electromagnetism participates. Since there is no hymaxwell field strength involving projecting out the Abelian

percharge condensateve can just set the hypercharge po- part with the Higgs field. This can be written
tential to zero, so that one compondobnventionally the

third) of W, is sin@yA. This is, atT=T., a massive field 4i + o

with vortex solutions like the Nielsen-Olesen vortices; these Fij=0iA— gu? SN Ow(di ) djp—(i=]), (12
solutions have been discussed in several plg2es8,14,31.

Let us write the effectiveCP-odd action for the Maxwell \here the electromagnetic vector potentialis defined in
field as terms of the unit Higgs vector as

whereQ= [d3xK, is the conserved charge, reinstates invari-
ance under large gauge transformations by summing over a
possible values oNg,, . The chemical potentigBu is of
orderng, T3, that is,O(¢). As far as theN=0 magnetic

'“j d3xP-A. ) Ai=sin 6,n*W?;  nd=g¢'a?plu. (13)
(There is also an electric field which we will not consider
Given that the underlying S@) condensate is one of strings, here) The phase of the Higgs field near the transition tem-

it turns out thatP is effectively a magnetic field of the type perature _inherits the topologicgl informatipn on Fhe linkage
of the string condensate. Martin and Davis consider thermal

fluctuations at a second-order phase transition and conclude
P=>q é dzM2A,(X—2), (100  that these do not wipe out the magnetic field. The same con-
clusion ought to hold for the helicity as well.
Another purely classical argument has been given by Tay-
lor [25] for Tokamak plasmas, which have macroscopically
SAt least, as driven by standard model fields; ¥hboson remains  linked magnetic fields. He begins with a nonequilibrium
massless aT=T,. Other sources of & condensate have been plasma, of the sort that might be produced at a phase transi-
envisaged; see Joyce and Shaposhn[iad]. tion, and points out that for closed field lines in the ideal
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magnetohydrodynamic€VHD) case, the magnetic helicity which reduces them to the flat-space MHD equations pro-

ought to be preserved separately for every closed field lingided that cosmic time is replaced by conformal time

(or surface. He then argues that as the plasma relaxes to

equilibrium through effects due to large but finite conductiv-

ity and field lines reconnect, the helicities on the various field = f dt/R(t) =2(tgnt) ¥ (17

lines will be homogenized, but the sutne., volume inte-

gral) of all helicities should be preserved, because

reconnection—which homogenizes helicity—does not makavhere we normalize so that at EW tirtig,~ 10~ ** sec the

large changes in the fields and potentials themselves. scale factoR(t) is unity. The required ideal-MHD scalings
Given that some helicity of order survives, how does it are

affect the evolution of magnetic fields after the EW transi-

tion? We discuss this next. B=B/R2, J=J/R}, p=p/R%, v=T. (18)

IV. MAGNETOHYDRODYNAMICS . -
AND MAGNETIC HELICITY HereB,J,p,v are, respectively, the magnetic field, the cur-

rent, the MHD energy density, and the bulk velocity. Other
Although it is known[10-13 that helicity is an important scalings can be inferred from these and the statement that
driver of unstable MHD dynamo action, the problem we faceonly time is changed, not spatial gradients. The meaning of
is somewhat different from the standard MHD dynamo prob-these scalings is that the variables with a tilde do not change
lem because general relativity must be taken into accourjuist because the scale fact@ris changing. The scaling of
[24] and because we consider an initial-value problem rathemagnetic field reflects the usual dilution with flux conserved.
than the often-considered problems of steadily driven helic- We need two additional scalings, since we will consider
ity. nonideal MHD. These scalings are for the conductivitgnd
Let us consider some typical length scales, beginning withhe collision(or correlation time 7. In the case of Coulomb
the Larmor radii. In the S(2) condensate above the phase collisions it is well known that
transition, the coherent Larmor radi&y , or the radius a
charged particle in the condensate would have if circulating o~Tla=GIR; 7,~(a?T) 1=7R. (19
around a single vortex, is about
T=T.: R.~g*T/gB~1/g°T; (14)  The magnetic viscosity,, is 1/o and scales likd; so does

) ] _ the kinetic viscosity(and also a kind of Alfva viscosity
a noncondensate particle would have a Larmor radius biggejefined later.

by only a few, a factor of 3, modified possibly for the fact | one writes out the general-relativistic MHD equations
that it is circulating around a couple of vortices so the Bns in terms of the original variables, one finds that they are the
field is a little smaller than the coherent field. In the plasmasame as the flat-space MHD equations with the tilde vari-
after the phase transition some factorgathange to factors  gples. Before we write these equations down we make two
of e [compare Egs(4) and (5], and the former condensate points: First, the bulk veIocity; is expected to be nonrela-

particles have a Larmor radius tivistic, even if the phase transition is first order. Of course,
) the thermal velocities of théhoncondensajeplasma are es-
T<T.: R ~1/e?T, 1 ) . o aE
¢ - (15 sentially the speed of light, so the energy dengitig quite
a few times larger than before the phase transition. Thesglativistic. Second, we will assume a second-order transi-
Larmor radii are bigger than Coulomb collision Iengths,t'on’ Whlch.means that there should be no turpulence in the
which scale like 142T (for quarks the QCD length is about matter variables anq that, becaqse of inflation, thgﬁscale
1/a4T; these could be unmagnetized, but they play no role ir{:ngtt_]hs_for tg_elz_se van_zbles ar;: Iqwte large, ﬁt least initially.
the condensate formation anyhpwn what follows, we will Slt € |n|sta lity we 1 _ﬁnt'lfy SOW grows,bt Ie mattr?_r r\]’a”'
assume that the Larmor radius of E5) is appropriate for 2P'€s at later times will also become turbulent, which can

the inital scale lengths of Maxwell fields just after the phaseh"’“’e impc_)rtant effectBlS] hot cc_)nsidered here. .
transition. To avoid notational complexity we drop the tildes on the

The helicity-driven dynamo picture is that these small-Scaled variables except for that denoting conformal time. We

scale fields drive an instability of fields on larger scales. Asfﬂso drop all gradc;eE_ts refer_nng_ to m_atter variables, |r|1|clud|nr?
is usual in such casg41-13, we will average quantities the pressure and kinematic viscosity terms as well as the

qguadratic in fields varying on small scales to get drivingnomim:"‘fJlr vglocity terri. For the moment we W”! keep

terms on the large scales. magnetic viscosity. Then the matter equation (issing
After the modifications for general relativity our approachJ=VxB)

is similar to that of Ref[11] for so-calleda dynamos, but

with some significant differences. Brandenburg, Engvist, and

Qlesgn[24] have _shqwn that the ideal MHD.equatiO(lID. ®But the scale lengths for the curredtare the same as for the
kinetic or magnetic viscosijyhave simple scaling properties magnetic field and helicity, that is, @(1/€2T). There is no reason
in a flat Robertson-Walker metric, for the scale length for other matter variables to be this short.

. "It is only the pressure gradient that is dropped; the pressure con-
ds?=dt?— R2(t)dx?, (16) tributes to the overall energy density.
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-> >

dv . s JA - . o
(4/3)p§=—BX(V><B). (20 §=aMB—,8M(V><B). (27)
Using the electric-field relation So far we have not been specific about the nature of these
R o averages. To do that, we note that once having dropped the
E=—-vXB+J/o, (21) magnetic viscosity, it should be that the magnetic helicity is

R conserved. Compute the rate of change of helicity in a large
we can strip off a curl operation from tH& equation to get volumeV:
Y T : . A
—uvXB—-—-VXB+Vy. (22 Huy=2] d°x —<=-B

ot o \Y at

The V x term has no physical effect and can be dropped. s o -
Magnetic viscosity is due to the d/term, and is domi- :2fvd3X{aMBz—ﬂM[B-(VXB)]}_ (28
nated by Coulomb scatterirgarticle viscosity is dominated
by quark scattering A numerical estimate at the EW phase cjearly if one defines averages so that
transition gives

37 37
— 1/ 18— 109 _>Tc 3B (BB _°Tc 3, R2
vy=1lo~10"8—10"9 cnP/sec. 23 M=gve J’Vd XB-(VxB), Bu=gy, Jvd xB

The corresponding magnetic Reynolds numilséw,, ranges (29)
from about 18 at the correlation length scale=1/ay,T to
10'° at the Hubble scale=H !, assuming that the velocity
is the speed of lightactually it is somewhat smallerWe
will identify below a sort of Alfven magnetic viscosity which 4 " .
is somewhat larger than the collisional viscosity, and there!® destruct|0|’_1 .Of helicity on shprt sgales. We will not con-
fore drop the 1¢ term in Eq.(22) sider the collisional magnetic viscosity further.

The next step in principle is to solve for the velocity from  Althoughay is not the magnetic helicitidy =JA-B de-
Eq. (20). Of course this cannot be done analytically, and wefined earlier, it is qualitatively equivalent to it, for the initial
make a common approximatideee, e.g., Ref.13,33) and magnetic field configuration from which we start, which is
invert thet integration in Eq.(20) by multiplying by a cor-  dominated by a single scale lendff or R, . We will esti-
relation timer. It is reasonable to chooseto be the Cou- Mate the coefficienta , By just at the EW transition point.
lomb time 7,~1/a®T (most particles do not change their At later times these values will change, not only because of
velocity appreciably in one Larmor peripdAssuming that R scaling but also because gf MﬁHDﬁeffects. Let us estimate
the initial velocity vanishes, ay in terms ofHy, . To find (B- (VXB)) we divideH, by

the square of the Larmor lengf® ~1/e°T. This yields

then helicity is conserved.
One may now go back and add the collisional magnetic
viscosity vy, to By in Eg. (27), an addition which will lead

- 37 - .
=—-—BX(VXB). > 2
v="7,BX(VXB) (24 TAB e ,
ay= ﬁZ—zOOl?N?)X 10%%¢ cm/sec. (30
L

Then the equation foh is
[The numerical factors in Eq$30) and(31) below summa-

oA 3T = o - - T rize various factors involved in the densities, etc; we are
E n {B[B-(VXB)]—(VXB)B<}. (25 using units such thaé=0.3g=0.65.] For By, ,
o _ o : Te 0.00x%g*
This highly nonlinear equation is intractable as it stands, Bu=—(B%)= ————~10° cni/sec, (31
-y B . . T )
so we quasilinearize it by replacing two of the three factors P a

involving the magnetic field on right-hand side by averages . . . .
(in the spirit of the mean-field dynamfd 1] in which aver- considerably larger than the collisional magnetic viscosity of
ages are made over short spatial scales to find their effect drd- (23). The ratioBy /ay defines a critical length, which

long scales We assume, by isotropy, that all vectorial quan-We calll,, separating the larger scales to which helicity is
e . - . transferred from the smaller scale from which it comes. This
tities, in particularB, have zero average, so the only possi-

e is approximately X10 1 cm. Soly is much larger
bility is to replace Eq(25) by than any correlation length, but much smaller than the

o Hubble size.
% - ﬂ{ag,( A% é»_ (ﬁx §)(BZ)} (26) Note thatB,, can be written agcvi in terms of a(nomi-
ot 4p ' nal) Alfvén velocity Vo~egd?. This suggests that thg,

effect can be interpreted in terms of Alivavaves carrying
This is of the canonical form of aa dynamo with turbulent  off helicity frorr] small scales to large. One can, in fact, easily
viscosity[11]: check that Alfve waves do carry helicity, but it is not clear
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that the Alfven wave concept is suited to a plasma of the aﬁl
type found in the early universe. AEMax)\+=W~3>< 10°%? sec . (41)
Next we study the quasilinear instability resulting from M

equation Eq(27), replacingay ,By by constants. In fact, gince the expansion rate of the universe is about
these quantities change, so the approximation of constanfyt sec’!, there will be appreciable dynamo growth fer
values can only hold for a short time. There have been NU= 2% 1071° 4 not unreasonable number.
merous studies ofr dynamos, described by equations like  a¢ Ref. [11] has pointed out, there are also equilibrium
Eqg. (27). We give a treatment slightly different from any of solutions to the Eqgs(36) and (37). Naturally, their scale
which we know. Begin with the standaftil] decomposition jength is about,,. The equilibrium solution foiP or T is
of the magnetic field into poloidalR) and toroidal ) com- tachyonic
ponents,

o V2P+(ly) " 2P=0. (42
B=LT+VX(LP), (32

Taylor [25] has given another understanding of this tachy-

with the magnetic potential in a natural gauge: onic equilibrium equation, by introducing a real Lagrange
multiplier corresponding to the conserved helicily,,,
which is a Chern-Simons term with real coefficient. It is well

A=—TT+LP. (33 known that such a system is tachyonic. However, no real
In th . problems are encountered; the solutions to @8), involv-
n these equations, ing Bessel functiongfor a given angular momentuncan be
terminated smoothly matching on to multipolar magnetic
C=rxVv (34) fields in the region where the helicity vanishdd4].

It is not possible for us to go to large timésay, larger
is the anti-Hermitian generator of angular momentum. Thdhan the expansion time of the univerby analytical means,
helicity is given by bec_ause the coefficients,, ,By are changing as the mag-
netic scale lengths change, and as magnetic energy is ex-
changed with fluid energy. We hope to carry out elsewhere a
_ 3R B 3y 2 detailed numerical simulation of the MHD processes so
H'V'_f d™A-B= 2[ d>TLP (35 crudely described here. This simulation, going to later times,
would reveal the influence of a number of effects we have
and expresses the linkage between toroidal and poloidal fieldmitted, including the growth of kinetic helicity in the MHD
lines, both of which must be present for there to be helicityvebcity field, as measured bpr-(ﬁxﬂ). This should
(This fact is related to the possibility of measuring cosmicyroy from its initial value of zero to approximate equi-
helicity, which we discuss in Sec. MThe equations fol, P partition with the magnetic helicity as measured by

are easily derived: [B-(VxB), at which point one encounters the so-called Al-
_ fvén effect of Ref.[13]: These two helicities tend to cancel
T=—ayV?P+ By V2T, (36)  out on short spatial scales, leaving still a residual inverse-
cascade instability.

o _ 2
P=ayT+BuyVP. 37 V. CAN WE DETERMINE THE EXISTENCE

) ) . OF PRIMORDIAL HELICITY EXPERIMENTALLY?
These are straightforwardly solved by Fourier transfofims

dicated by a cargt We remark on our assumed scale for magnetic helicity
[see Eq.(2)] in comparison with the value expected from
fluctuations at EW time, and on the possibility of measuring
f d3k(T.eM 4T e 1), (38  helicity today.
Suppose that at EW time the net helicity of the universe
were given only by fluctuations of random-sign helicity in
. 1 U cubes the size of the magnetic correlation leniggh The
P(XT)=5=-—3 J —(T,eMbT_ert), (399 maximum helicity in any cube scales lik@?)ly,, so the
2(2m) k RMS fluctuation value is found by multiplying by the square
root of N~V/I3,, whereV is the volume of the universe at
EW time. Taking(B?) from Eq. (5) one finds, withV
o ~10* cn®, that the helicity due to fluctuations is about
T.=T=Pl7_y, A.==*kay—k2By. (400  10* erg-cm, far smaller than we estimated in E2). This

1

T(if)zm

where

Whatever the sign ofy there is growth(unless the corre-

spondingT identically vanisheks to be definite assumey 8Recall that just after EW times the fractional baryon number is
>0. The maximum growth rate occurs fer=1;~, and is  about 31078, rather larger than it is now, because more photons
given by have been produced at annihilatif28].
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is, of course, about the same as for the actual number afcale of 15 kpc and a vertical correlation scale of 0.5 kpc the
baryons today compared to the fluctuation value of aboumaximum helicity is~10'" erg-cm, far greater than a pri-
10, mordial value. This very large value on the primordial scale
If we could measure the EW-time helicity it would be is analogous to the very large value of the fields and coher-
easily possible to prove or disprove our hypothesis that therence lengths compared to those of primordial figlslsaled
is a primordial helicity proportional to the baryon number. to the time of structure formatiorwith or without helicity,
Unfortunately we cannot, and the enormous processing aind simply reflects the well-known fact that today’s fields
magnetic fields that must have taken place after matter domgrew exponentially during the time since structure formation,
nance and structure formation would in any case greatly obby dynamo action(lt is, of course, also possible that primor-
scure any interpretation of a measurement of helicity todaglial fields and helicity have nothing to do with today’s cos-
(that is, since structure formatipnBut it may still make mic magnetic fields.Still, measuring the helicity of today is
some sense to ask whether we could in principle measure theteresting in principle, since it might very well be larger
present magnetic helicity of the universe. than one would expect from fluctuations alone, even though
We have seen from Eq35) that to measure helicity re- there has been so much processing of magnetic fields since
quires simultaneous determination of bdthand P in the  the beginning of structure formation.
decomposition Eq(32) of the magnetic field. Faraday rota- Note added in proofAfter this work was written, my
tion can, in princip|e at |east, recover the Componéré, -attention Was drawn to Othe_l’ work diSCUSS@B'Odd effe(?ts
equivalent toP (given enough sight lines to polarized in the universe. Carroll, Field, and Jacki84] have dis-
sources and independent measurements of the electron déiissed the consequences of a fundamental Chern-Simons
sity). However, a separate measurement is needed, whidg'm in the Lagrangian, which violates Lorentz invariance as
must amount to the extraction di-B, equivalent toT. well as CP, by introducing a fundamental four-vector into

Again in principle, this could be measured from poIarizationthe description of the Universe. Qur Qhern-Slmons term
of starlight by scattering from dust grains polarized in the®OMeS from mare conventional mechanisms.
cosmic magnetic field, given enough separate dust clouds,
and a hypothesis of general isotropy of the magnetic field.
Finally, one might think of measuring a net circular po-  This work was begun at the Aspen Center for Physics and
larization in the cosmic microwave background, but if this iswe thank the Center for hospitality. We also thank B. Chan-
only O(e) this too is probably impossible. dran, G. B. Field, T. Vachaspati, R. Rosner, and K. Engvist
Even if we could do this, would the primordial helicity of for helpful discussions at Aspen, and S. Cowley and B.
Eq. (2) be large compared to fluctuation-driven helicity to- Chandran for discussions at UCLA. This work was sup-
day, as it was at EW times? The answer is no, because evgrted in part by the National Science Foundation under
for a single galaxy wittB~10"® G, an in-plane correlation Grant No. PHY 9531023.
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