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Young pulsars are known to exhibit large space velocities, up to 103 km/s. We propose a new mechanism
for the generation of these large velocities based on an asymmetric emission of neutrinos during the supernova
explosion. The mechanism involves the resonant spin-flavor precession of neutrinos with a transition magnetic
moment in the magnetic field of the supernova. The asymmetric emission of neutrinos is due to the distortion
of the resonance surface by matter polarization effects in the supernova magnetic field. The requisite values of
the field strengths and neutrino parameters are estimated for various neutrino conversions caused by their Dirac
or Majorana-type transition magnetic moments.@S0556-2821~97!03722-3#

PACS number~s!: 97.60.Gb, 14.60.Pq, 14.60.St

I. INTRODUCTION

In this paper we propose a new mechanism for generating
large birth velocities of pulsars which is related to the pos-
sible existence of transition magnetic moments of neutrinos.
Observations imply that pulsars have rapid proper motions
with a mean space velocity of 450690 km/s@1#. In particu-
lar, observations in young supernova remnants have identi-
fied pulsars with velocities up to 900 km/s@2#. Such high
velocities of young pulsars are most probably associated
with the supernova event in which the pulsar is born. Many
different models have been formulated to explain the origin
of these velocities: asymmetric collapse@3#, asymmetry due
to misalignment of dipole magnetic field and rotation axis
@4#, a ‘‘runaway star’’ produced by a supernova explosion in
a close binary star@5#, and recoil momentum from the asym-
metric production of neutrinos@6# in the supernova’s mag-
netic field. The latter possibility is especially interesting
since neutrinos carry away more than 99% of the superno-
va’s gravitational binding energy and so even a;1% asym-
metry in the neutrino emission could lead to the observed
recoil velocities of pulsars. However, this mechanism re-
quires a magnetic fieldB*1016 G which may be somewhat
too strong for supernovae. It is also possible that the asym-
metry in the neutrino momenta will be washed out by mul-
tiple scattering, absorption, and reemission of the neutrinos
in the core of the supernova@7#.

Recently, a very interesting new mechanism for the gen-
eration of the pulsar velocities has been proposed by
Kusenko and Segre` ~KS! @8#. The idea is that the neutrino
emission from a cooling protoneutron star can be asymmetric
due to resonant neutrino oscillations@Mikheyev-Smirnov-

Wolfenstein~MSW! effect @9## in the supernova’s magnetic
field. The anisotropy of the neutrino emission is driven by
the polarization of the medium in a strong magnetic field,
which distorts the resonance surface. According to KS, this
mechanism requires magnetic fieldsB*331014 G. How-
ever, this estimate was recently criticized by Qian who
showed that in fact magnetic fieldsB*1016 G are necessary
@10#. We will come back to this question later on. An advan-
tage of the KS scenario is that it is free from the above-
mentioned shortcoming of the asymmetric production
mechanism: the neutrinos carrying the momentum asymme-
try are free streaming from the supernova and therefore the
asymmetry is hardly affected by the interaction of neutrinos
with matter. This mechanism is very attractive since it pre-
dicts a well-defined correlation between the strength of the
magnetic field and the observed space velocites of pulsars
@11#. As a followup, in@12# the same authors have consid-
ered the effects of sterile-to-active neutrino oscillations,
where now neutral-current effects are important. Thus, as
was stressed in@8,11,12#, pulsar motions may be a valuable
source of information on neutrino properties. One should
therefore study all possible mechanisms of asymmetric neu-
trino conversions in supernovae that might be the cause of
the observed velocities of pulsars.

The mechanism that we propose here is similar to the KS
one—it is based on the observation that matter polarization
in the strong magnetic field of a supernova distorts the reso-
nance surface of the neutrino conversion. The difference
from the KS scenario is in the nature of the neutrino transi-
tion involved: in our case it is the resonant spin-flavor pre-
cession of neutrinos due to their transition magnetic mo-
ments @13,14# rather than neutrino oscillations.1 We show
here that our proposed mechanism can account for the ob-
served large space velocities of pulsars provided that the*On leave from NRC ‘‘Kurchatov Institute,’’ Moscow 123182,
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†Electronic address: lanza@sissa.it
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1The resonantly enhanced spin-flavor precession of neutrinos in
supernovae has been considered in the literature@14,15#, but no
implications for pulsar velocities were discussed there.
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neutrino transition magnetic moment satisfiesmn*(10215

210214)mB , the neutrino mass is less than or about 16 keV
and the supernova magnetic fieldB*431015 G. Notice that
the required magnetic field is slightly weaker than the one
necessary for the KS mechanism@10#. Such large fields are
presently considered possible in supernovae@16#.

If the supernova magnetic field has a noticeable ‘‘up-
down’’ asymmetry, neutrino spin or spin-flavor precession
can affect differently neutrinos emitted in the upper and
lower hemispheres. As was pointed out by Voloshin@7#, this
could also be the reason for the observed birth velocities of
pulsars. In this paper we restrict ourselves to the case of
symmetric magnetic fields; possible effects of neutrino con-
versions in asymmetric magnetic fields will be considered
elsewhere@17#.

II. NEUTRINO POTENTIALS IN POLARIZED MEDIA

In a medium containing a magnetic field the particles of
matter have in general nonzero average spin. This spin po-
larization contributes to the neutrino potential energy in mat-
ter through the neutrino coupling with the axial-vector cur-
rents of the matter constituents@18–26#. For a very lucid and
detailed discussion of matter polarization effects on neutrino
propagation in a medium we refer the reader to@26#; here we
summarize some results that will be relevant for our discus-
sion and elaborate on some of them.

The contribution of the polarization of the medium to the
potential energy of a test neutrinon j is of the order
dVi(n j );(GF /&)gA

i ^l i& iNi . Here GF is the Fermi con-
stant, ^l i& i , gA

i , and Ni are the polarization along the test
neutrino momentum, weak axial-vector coupling constant
and number density of the particles of thei th type ~i
5e,p,n or background neutrinos!. Under supernova condi-
tions the average spins of electrons, protons, and neutrons
are rather small; this means that their polarizations are linear
in the magnetic field strengthB, i.e.,dVi5ciBi , whereBi is
the component of the magnetic field along the neutrino mo-
mentum. The electron spin polarization affects the potential
of electron neutrinos and antineutrinos in matter through
both charged-current and neutral-current interactions,
whereas fornm ,nt and their antineutrinos there are only
neutral-current contributionscZ

e . The polarizations of pro-
tons and neutrons contribute to the neutrino potentials in a
medium only through the neutral-current interactions; there-
fore these contributions are the same for neutrinos of all
flavors.

Thus, one arrives at the following expressions for the neu-
trino potentials in a magnetized medium:

V~ne!52V~ n̄e!5&GF~Ne2Nn/212Nne
!

1~cW
e 1cZ

e1cp1cn!Bi , ~1!

V~nm,t!52V~ n̄m,t!5&GF~2Nn/21Nne
!

1~cZ
e1cp1cn!Bi . ~2!

Here Ne[Ne22Ne1, etc., and we have taken into account
that the number of muon and tauon neutrinos coincides with
the number of their antineutrinos in supernovae. The electron

neutrino number density is relatively small in the regions of
interest to us in supernovae, and from now on we neglect it.
Taking it into account would not change our estimates sig-
nificantly.

The contributions of the electron spin polarization to the
neutrino potentialsV(n i) were calculated in@18–26#. The
charged-current electron polarization contribution toV(ne),
which we denoted bycW

e , turns out to be twice as large as
the neutral-current one, and has the opposite sign; as a result,

ce5cZ
e1cW

e 5cZ
e22cZ

e52cZ
e . ~3!

During the supernova explosion neutrinos and anitineutrinos
of all flavors are thermally produced in the hot central part of
the star. They are trapped in the dense core of the supernova
and diffuse out on a time scale of;10 s. When they reach
the regions with densityr;1011– 1012 g/cm3, they are no
longer trapped and escape freely from the star. The surface at
unit optical depth is called the neutrinosphere. It is located
deeper inside the star fornm ,nt and their antiparticles than
for ne and n̄e since the medium is more opaque for these
latter particles, which have charged-current interactions as
well as neutral-current ones. As a result, the nonelectron-type
neutrinos are emitted at a higher temperature, about 6 MeV
as against 3 MeV forne and slightly higher forn̄e ~because
the medium contains more neutrons than protons!.

In the supernova environment in the vicinity of the neu-
trinosphere electrons are relativistic and degenerate. In this
case@20,23,24#,

cZ
e.

eGF

2&
S 3Ne

p4 D 1/3

. ~4!

The effects of the polarization of protons have been calcu-
lated in @23# in the approximation of Dirac protons, i.e.,
treating protons essentially as positrons~though with a dif-
ferent mass!. This is certainly not a valid approximation
since the anomalous magnetic moment of the proton, which
is neglected in the Dirac approximation, is even larger than
its normal magnetic moment. Also, the strong-interaction
renormalization of the proton axial-vector coupling constant
was not taken into account. These shortcomings, however,
can be readily removed. As we shall see, the nucleons are
nonrelativistic and nondegenerate in the hot protoneutron
star during the thermal neutrino emission stage. It is not dif-
ficult to calculate their polarizations directly using the well-
known expressions for the Hamiltonian of a nonrelativistic
fermion in a magnetic field and for the Boltzmann distribu-
tion function. This gives

cp.
GF

&
gA

mpmN

T
Np , cn.2

GF

&
gA

mnmN

T
Nn . ~5!

Heremp52.793 andmn521.913 are the proton and neutron
magnetic moments in units of the nuclear magnetonmN
5e/2mp53.152310218 MeV/G, andgA51.26 is the axial-
vector renormalization constant of the nucleon. The expres-
sions in Eq.~5! coincide with the results obtained in the
recent paper@26#. Notice thatcp, cn, and cZ

e all have the
same sign. For nondegenerate particles, thermal fluctuations
tend to destroy the polarization, hencecp and cn decrease
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with increasing temperatureT. The polarization of the pro-
tons and neutrons in the medium can influence the oscilla-
tions between the active and sterile neutrinos as well as the
neutrino spin and spin-flavor precession. However, these ef-
fects have not been taken into account in most of the previ-
ous analyses of neutrino conversions in supernovae~the only
exception we are aware of is@26#!. Probably, the reason for
this was the general idea that heavy nucleons will be polar-
ized to a lesser extent than the light electrons. We shall show
now that this is not quite correct: even though the nucleon
polarization contributions to neutrino potentials are typically
smaller than that of the polarized electrons in the supernova
environment, they are of the same order of magnitude. More
importantly, as we shall see, for spin-flavor precession me-
diated by neutrino transition magnetic moments of Majorana
type, the effects of polarized electrons nearly cancel out, and
nucleon polarization constitutes the main magnetic field ef-
fect on the resonance conditions.

Let us consider now the degree of degeneracy of nucleons
in the protoneutron star. The degeneracy parameter of non-
relativistic nucleons can be written as

uk i u
T

5 lnF 2

Ni
S mNT

2p D 3/2G' lnF41.5Yi
21S 1011 g/cm3

r D
3S T

3 MeVD 3/2G . ~6!

Here mN is the nucleon mass,Ni and k i ( i 5p,n) are the
nucleon number densities and chemical potentials. Whendi
[exp(ki /T)5exp(2ukiu/T)!1 the nucleons are non-
degenerate, i.e., form a classical gas, whereas in the opposite
limit di@1 the nucleons will be strongly degenerate. In the
vicinity of the neutrinosphere~r;1011– 1012 g/cm3, T
;3 – 6 MeV, Ye;0.1– 0.2! we have dn&0.08, dp&0.02,
i.e., the nucleons are strongly nondegenerate. Therefore the
formulas of Eq.~5! are valid there. In the core of the star the
densities arer*1014 g/cm3, and the temperatures are higher,
too: T*20 MeV @27#. As a result, nucleons are weakly non-
degenerate there withdi;1. This means that one can use Eq.
~5! only for rough estimates of the nucleon polarization con-
tribution to neutrino dispersion relations in the core of the
supernova.

It is instructive to estimate the relative size of the nucleon
and electron polarization contributions to the neutrino poten-
tials. Let Yi be the number of particles of thei th kind per
baryon. ThenNi5YiN, whereN is the total baryon number
density. The electric neutrality of matter implies thatYp
5Ye ~we neglect the nuclei since their fraction is very small
in the region of interest to us!. From Eqs.~4! and~5! we get

ci

cZ
e

5gAm i S p

6 D 1/3S Yi

Ye
D 1/3FNi

2 S 2p

mNTD 3/2G2/3

5gAm i S p

6 D 1/3S Yi

Ye
D 1/3

di
2/3. ~7!

With increasing degeneracy, the relative contribution of the
nucleon polarization increases. However, even in the nonde-
generate case the nucleon polarization contributions may not

be small provided the degeneracy parameter is not too small.
To see this, let us rewritecp /ce andcn /ce in the following
form:

cp

cZ
e '0.24S r

1011 g cm23YeD 2/3S 3 MeV

T D , ~8!

cn

cZ
e '0.16S r

1011 g cm23D 2/3 Yn

Ye
1/3 S 3 MeV

T D . ~9!

Taking for an estimateYe'0.2, Yn'0.8, r'1011 g/cm3 and
T'3 MeV, we obtain (cp1cn)/ce'0.3, i.e., the nucleon
polarization effect is about 30% of the electron polarization
one. The relative contribution of neutrons and protons is
cn/cp'0.68(Yn /Ye); since Yn@Ye in the supernova,cn

dominates overcp. Similar conclusions have been reached in
@26#.

III. RESONANT SPIN-FLAVOR PRECESSION
IN MATTER AND MAGNETIC FIELDS

We shall summarize here the main features of the reso-
nant spin-flavor precession~RSFP! of neutrinos in matter
and a magnetic field@13,14# and compare them with the
corresponding characteristics of the MSW effect@9#; for a
more detailed discussion of the RSFP see@28#.

Neutrinos with nonvanishing flavor–off-diagonal~transi-
tion! magnetic moments experience a simultaneous rotation
of their spin and flavor in a transverse magnetic field~spin-
flavor precession! @29#. In vacuum, such a precession is sup-
pressed because of the kinetic energy difference of neutrinos
of different flavors,DEkin.Dm2/2E for relativistic neutri-
nos. At the same time, in matter this kinetic energy differ-
ence can be cancelled by the potential energy difference
V(n i)2V( n̄ j ), leading to a resonant enhancement of the
spin-flavor precession@13,14#. The RSFP of neutrinos is
similar to resonant neutrino oscillations~MSW effect @9#!.
For Dirac neutrinos, their transition magnetic moments cause
transitions between left-handed neutrinos of a given flavor
and right-handed~sterile! neutrinos of a different flavor. For
Majorana neutrinos the spin-flavor precession due to their
transition magnetic moments induces transitions between
left-handed neutrinos of a given flavor and right-handed an-
tineutrinos of a different flavor which are not sterile.

A. Resonance conditions

The resonance condition for a transition between left-
handed neutrinos of thei th flavor and right-handed neutrinos
or antineutrinos of thej th flavor ~i , j 5em, t or s, wheres
means the sterile neutrino! is

V~n iL !1
mn i

2

2E
5V~ n̄ jR!1

mn j

2

2E
. ~10!

For antineutrinos of thei th type V( n̄ iR)52V(n iL). Mean
potential energies of active neutrinos and antineutrinos in-
cluding matter polarization effects are given in Eqs.~1! and
~2!; for sterile neutrinosV(ns)50.

The resonance conditions for various RSFP transitions
can be written in the following generic form:
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&GFNeff2ceffBi5
Dm2

2E
. ~11!

The resonance condition for neutrino oscillations in matter
~MSW effect! has almost the same form, the difference being
that the right-hand side~RHS! of Eq. ~11! is multiplied by
the cosine of the double vacuum mixing angle, cos 2u0 . The
effective parameters of the resonance condition depend on
the nature of the transition in question. In Table I we sum-
marize the parameters that enter into the resonance condition
~11! for the neutrino conversions of interest to us. Herens is
a sterile neutrino which is assumed to be left-handed~n̄s is
right-handed!, nx5nm or nt , and for the sake of comparison
we have also included the parameters for the neutrino con-
versions due to the MSW effect~lines 7–12!. For ceffBi

,&GFNeff , the neutrino transitions listed in Table I can only
be resonantly enhanced if the correspondingDm2 and Neff
are of the same sign. For given signs ofNeff , only 6 of the 12
transitions can be resonant, depending on the signs of the
respectiveDm2. We shall comment on theceffBi.&GFNeff
case later on. It is interesting to notice that the parameters of
the resonance conditions for the RSFP transitions involving
sterile neutrinos or antineutrinos and those for the corre-
sponding MSW transitions are the same~lines 3–6 and 9–
12, respectively!. The reason for this is thatV(ns)50
5V( n̄s).

Several remarks are in order. The authors of@22# pointed
out that the electron polarization contribution cancels out in
the resonance condition for the RSFP transitionsne↔ n̄x and
n̄e↔nx . They therefore concluded that magnetic fields have
no effect on these resonance conditions. We would like to
emphasize that the cancellation noticed in@22# is not exact; it
holds only up to the electroweak radiative corrections. In
particular, this cancellation is a consequence of Eq.~3!
which is based on the tree-level relation between the masses
of the W6 and Z0 gauge bosons,MW

2 5MZ
2 cos2 uW. This

relation is known to receive radiative corrections of the order
of 0.5%~mainly due to the heavy top quark!. There are other
electroweak corrections that would also lead to an incom-
plete cancellation, e.g., from the anomalous magnetic mo-
ment of the electron. They are typically of the same order of
magnitude,&0.5%. However, for supernovae more impor-

tant contributions come from the polarization of nucleons in
the magnetized medium. As was demonstrated in Sec. II,
they are quite sizable and can be comparable withce.

In @12# it has been claimed that the potential of electron
neutrinos V(ne) does not receive any matter-polarization
contributions. The authors, following@23#, claimed that the
electron and proton polarization effects cancel each other in
V(ne) and therefore concluded that thene↔ns and n̄e↔ n̄s
oscillations in the supernova are not affected by the magnetic
field and so cannot be the cause of the pulsar birth velocities.
The cancellation was the result of the assumption that pro-
tons are strongly degenerate in the protoneutron star; as we
have shown in Sec. II, this assumption is incorrect. More-
over, even for degenerate protons the cancellation takes
place only if they are treated as Dirac particles, i.e., when the
strong-interaction renormalization of the proton’s magnetic
moment and axial-vector coupling constant are neglected. In
addition, the effects of neutron polarization, which can be
comparable with those of polarized electrons, were not con-
sidered in@12#. It should be noted, however, that the above
shortcomings have no effect on thenx↔ns transitions which
were the main topic of@12#.

In @25,22# it was claimed that in strong enough magnetic
fields the termceBi can overcome the&GFNe term in the
resonance condition of thene↔nx and n̄e↔ n̄x oscillations,
leading to the possibility of new resonances. However, it has
been demonstrated in@26# that this is incorrect: the electron
polarization contribution can never exceed the electron den-
sity contribution, essentially because the mean polarization
of electrons cannot exceed unity. The expressions for the
polarization of matter constituents~4! and~5! that are linear
in the magnetic field are valid only when the induced polar-
izations of the particles in matter are small. Nevertheless, as
was stressed in@26#, for thene↔ns and n̄e↔ n̄s oscillations
the ceffBi term can indeed overcome the&GFNeff term in
the resonance condition, since the effective number density
Neff5Ne2Nn/2 can become small provided that there is a
compensation between the electron and neutron contribu-
tions. In this case new resonances are indeed possible, and
the resonant channel will depend on whether the neutrinos
are emitted along the magnetic field or in the opposite direc-
tion. Obviously, the same argument applies for the RSFP
transitions involving sterile neutrinos or antineutrinos~lines
3–6 of Table I!. We would like to point out here that in the
case of the RSFP transitions the same is also true even for
thene↔ n̄x andn̄e↔nx oscillations~lines 1 and 2 of Table I!
that involve only active neutrinos; the matter polarization
term can overcome the&GFNeff term provided that the ef-
fective densityNeff5Nn2Ne becomes small because of the
compensation of the electron and neutron number densities.
Thus, in the case of the RSFP of neutrinos, the matter polar-
ization term in the resonance condition can, in principle, ex-
ceed the effective matter density term leading to the possi-
bility of new resonancesfor all types of neutrino transitions.

B. Adiabaticity parameters and transition probabilities

The probability of an RSFP-induced neutrino transition
depends on the degree of its adiabaticity and is generally
large when the adiabaticity parameterg is large enough:

TABLE I. Summary of the parameters that enter into the reso-
nance condition~11!.

No. Transition Neff ceff Dm2

1 ne↔ n̄x Nn2Ne 2(cp1cn) mne

2 2mnx

2

2 n̄e↔nx Nn2Ne 2(cp1cn) mnx

2 2mne

2

3 ne↔ n̄s Ne2Nn/2 cZ
e2cp2cn mns

2 2mne

2

4 n̄e↔ns Ne2Nn/2 cZ
e2cp2cn mne

2 2mns

2

5 nx↔ n̄s Nn/2 cZ
e1cp1cn mnx

2 2mns

2

6 n̄x↔ns Nn/2 cZ
e1cp1cn mns

2 2mnx

2

7 ne↔nx Ne 2cZ
e mnx

2 2mne

2

8 n̄e↔ n̄x Ne 2cZ
e mne

2 2mnx

2

9 ne↔ns Ne2Nn/2 cZ
e2cp2cn mns

2 2mne

2

10 n̄e↔ n̄s Ne2Nn/2 cZ
e2cp2cn mne

2 2mns

2

11 nx↔ns Nn/2 cZ
e1cp1cn mnx

2 2mns

2

12 n̄x↔ n̄s Nn/2 cZ
e1cp1cn mns

2 2mnx

2
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g54
~mnB'r !

2

&GFNeff

Lrr'0.81Yeff
21S 1011 g/cm3

r D F mn

10213mB

B'r

331014 GG2S Lrr

10 kmD.1. ~12!

Heremn is the neutrino transition magnetic moment,B'r is
the strength of the transverse component of the magnetic
field at the resonance,Yeff is defined throughNeff5YeffN, and
Lr[u (1/r)(dr/dr) u21 is the characteristic length over
which the matter density varies significantly in the super-
nova,Lrr being its value at the resonance.

The spin-flavor precession is typically strongly sup-
pressed far below and far above the resonance point; in this
case the transition probability is to a very good accuracy
approximated by

Ptr'~12P8!, P8[expS 2
p

2
g D . ~13!

The probability of neutrino transitions due to the MSW ef-
fect is given by the same expression with the adiabaticity
parameter g replaced by gMSW5(sin2 2u0 /cos 2u0)
3(Dm2/2E)Lrr .2 For adiabatic transitions (g@1) the tran-
sition probability is close to one. In the vicinity of the neu-
trinosphere,Lrr;10 km; therefore the RSFP transitions will
be adiabatic for

B'r*331014~10213mB /mn! G. ~14!

This constraint can in principle be somewhat relaxed since
Yeff is typically ,1 and can also be!1 in some cases;
however, we will need the RSFP adiabaticity condition to be
satisfied with some margin and so shall continue to use Eq.
~14!. For the MSW transitions to be adiabatic near the neu-
trinosphere the vacuum mixing angle should satisfyu0
*1024.

IV. KICK MOMENTA OF PULSARS

In @8# the following two conditions for generating the pul-
sar kick velocity through resonant neutrino oscillations were
formulated:~1! The neutrino conversion takes place between
the neutrinospheres of two different neutrino species;~2! the
resonance coordinate depends on the angle between the di-
rections of the magnetic field and the neutrino momentum.

These conditions apply to the RSFP-induced neutrino
conversions as well. Consider, e.g., thent↔ n̄e conversions
above thent sphere but below then̄e sphere. Ant propa-
gates freely until it gets transformed inton̄e through the
RSFP conversion. The resultingn̄e cannot escape easily and
gets trapped since the resonance point is below its neutrino-
sphere. At the same time, an̄e which initially was trapped
and diffused out slowly will be converted intont when it
reaches the resonance surface. The resultingnt escapes

freely since the resonant conversion occurred above its neu-
trinosphere. Thus, the resonance surface becomes the new
‘‘neutrinosphere’’ for thent’s. It is, however, not a sphere.
The matter polarization in the supernova magnetic field leads
to the resonance taking place at different distances from the
core of the star for neutrinos emitted parallel and antiparallel
to the magnetic field; as a result, the resonance surface has
different temperatures in these two directions leading to an
asymmetry of the momenta of the emitted neutrinos.

Let us estimate the magnitudes ofDm2 that are necessary
for various neutrino conversions to occur in the regions of
interest to us. Since the neutrino mean energy is^E&
'3.15T, from Eq. ~11! one finds

Dm2'1.43105YeffS r

1011 g/cm3D S T

3 MeVD . ~15!

This depends onYeff and therefore on the neutrino transition
in question. In the vicinity of the neutrinosphere the electron
fraction Ye is typically of the order of 0.1–0.2 at the time
when neutrinos are copiously produced in the supernova~a
few seconds after the core bounce!. It decreases towards
smaller densities and reaches the value of about 0.46. At the
same time, in the dense core of the supernova there is still a
significant amount of trappedne’s which hinder the neutroni-
zation process. ThereforeYe can be close to 0.4 in the su-
pernova’s core~see@30# for a more detailed discussion!.

For our estimates we will assume a hierarchical pattern of
neutrino masses. For MSW transitions between active neu-
trinos or antineutrinos~lines 7 and 8 of Table I! the required
heavier neutrino mass is in general in the rangem2
;100– 800 eV. For the RSFP transitions between active
neutrinos and antineutrinos one would needm2
;300– 1500 eV, whereas for transitions between muon or
tauon neutrinos or antineutrinos and sterile neutrino states
~lines 5, 6, 11, and 12 of Table I! m2 should be in the range
200&m2&1.63104 eV. In all these cases neutrinos do not
satisfy the cosmological bounds on the mass of stable neu-
trinos and would have to decay sufficiently fast. However,
for the RSFP and MSW transitions between electron neutri-
nos or antineutrinos and sterile neutrino states~lines 3, 4, 9,
and 10 of Table I! m2 can be considerably smaller sinceYeff
can be very small in this case. Indeed, the parameterYe
passes through the value 1/3 somewhere between the super-
nova core and the neutrinosphere, i.e.,Yeff passes through
zero. This means that the required value ofDm2'm2

2 can be
very small, too: 0<m2&10 keV. For example,m2 can well
be in the ranges of a few eV or few tens of eV, which are
both cosmologically safe and interesting~in particular, the
allowed ranges of neutrino mass and transition magnetic mo-
ment are consistent with the predictions of the decaying neu-
trino theory of the ionization of the interstellar medium
@31#!. The massm2 can also be in the range 1023– 1024 eV
which of interest for the solar neutrino problem; moreover,
in this case the transition can be resonant even for massless

2We note in passing that the MSW adiabaticity condition was
formulated incorrectly in@8,12#: The oscillation length at resonance
must be compared with the resonance widthDr 52 tan 2u0Lrr and
not with Lrr itself.
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neutrinos. Form2&4 keV transitions including both electron
neutrinos and antineutrinos can be resonantly enhanced;3 this
would lead to an additional factor of 2 increase of the pulsar
velocities for a given value of the supernova magnetic field.

We will now derive the generalized expression for the
neutrino momentum asymmetry which will be valid for the
RSFP as well as for neutrino oscillation transitions. The rela-
tive recoil momentum of a pulsar can be estimated as@8#

Dk

k
}

T4~r 02d!2T4~r 01d!

T4~r 0!
, ~16!

wherer 0 is the position of the resonance in the absence of
the magnetic field and6d is the shift of the resonance co-
ordinate for the neutrinos emitted parallel and antiparallel to
the magnetic field. From the generic resonance condition
~11! one can estimate the value ofd as

d.
ceffB

&GF~dNeff /dr !
, ~17!

whereB is the magnetic field strength. For the neutrino mo-
mentum asymmetry we get

Dk

k
'

1

6
32343R

1

T

dT

dr
d'

4

3
R S ceffB

&GF
D 1

T

dT

dNeff
.

~18!

Here the factor 1/6 takes into acount that only one neutrino
or antineutrino species out of 6 acquires a momentum asym-
metry, andR is a geometrical factor to be discussed below.
The desirable value ofDk/k is about 1022; this can be
achieved for a temperature asymmetry of the order of 1022

~we are assuming here the neutrino transition probability
Ptr'1!.

For resonant neutrino oscillations, the geometrical factor
R in Eq. ~18! takes into account the fact that for the neutrinos
emitted in directions orthogonal to the supernova magnetic
field the resonance condition is not affected by the field.
Therefore such neutrinos do not contribute to the kick veloc-
ity of the pulsar. In order to find this velocity one has to
calculate the net momentum of neutrinos emitted in the di-
rection of the magnetic field. KS estimated the resulting geo-
metrical factor as 1/2; however, their result was criticized by
Qian @10# who showed that in factR'1/6.

For spin-flavor precession the situation is somewhat dif-
ferent. The magnetic field plays a dual role in this process:
first, its componentB' transverse to the neutrino momentum
mixes the left-handed and right-handed neutrino states and
causes the spin-flavor precession itself; second, the longitu-
dinal componentBi affects the resonance condition, as dis-
cussed in Sec. III A. Both roles are important for the pur-
poses of our discussion. In fact, only the neutrinos emitted in
directions different from that of the magnetic field or or-
thogonal to it can contribute toDk/k. For neutrinos emitted

exactly along the magnetic field, the RSFP does not occur;
for those emitted in the orthogonal plane the field has no
effect on the resonance condition and therefore does not lead
to any momentum asymmetry. For this reason, in the case of
the RSFP, the geometrical factor in Eq.~18! can be written
as R5R1R2 , where R1'1/6 as for neutrino oscillations,
while the factorR2 takes into account the reduction of the
RSFP transition probabilityPtr for neutrinos emitted close to
the magnetic field directions. Basically, this reduction ex-
cludes the zenith angles close to 0° and 180° in the angular
integration over the neutrino momenta. The numerical value
of R2 depends on the extent of the excluded region, which in
turn depends on the magnitude of the adiabaticity parameter
g. If the adiabaticity condition~12! is satisfied with a large
margin ~i.e., g@1!, even a strong reduction ofB'5B sinu
because of the zenith angleu being close to 0° or 180° will
not suppress the RSFP transition probability significantly. In
this caseR2'1 andR'R1'1/6. In our estimates we will
assume that this is the case.

An important parameter that enters into the neutrino mo-
mentum asymmetry ~18! is the derivative dT/dNeff
5(dNeff /dT)21. The effective densityNeff is in general a lin-
ear combination ofNe andNn , depending on the type of the
neutrino conversion. The derivativedNe /dT was estimated
by KS as (]Ne /]T)ke

using the relativistic Fermi distribu-
tion function for the electrons. This gave

dNe /dT'
2

3
~3p2Ne!

1/3T. ~19!

However, this approach was criticized by Qian@10# who
pointed out that the chemical potential of electrons cannot be
considered as temperature independent in the supernova. He
suggested using instead the results of numerical simulations
of matter density and temperature profiles, which typically
give N}T3 @32#. We adopt this approach here.

Using Ni5YiN ( i 5e,n) it is easy to show that

dNi

dT
'

Ni

T S 31
d ln Yi

d ln T D . ~20!

The electron fractionYe decreases~and thereforeYn in-
creases! with increasingr below thene sphere. For this rea-
son for electrons the expression in the parentheses in Eq.
~20! is in fact larger than 3 whereas for neutrons it is slightly
smaller than 3. Estimates of the logarithmic derivatives using
the Ye profile from @33# give

dNe

dT
'4

Ne

T
,

dNn

dT
'2.8

Nn

T
~21!

in the neutrinospheric region. Notice that numerically
dNe /dT in Eq. ~21! is about an order of magnitude larger
than the corresponding KS value~19! @10#.

It is instructive to estimate the relative sizes ofdNn /dT
anddNe /dT in the supernova environment:

dNn /dT

dNe /dT
'0.7~Yn /Ye!. ~22!

3This includes the caseDm250 which corresponds to the reso-
nance transition due to the ordinary~flavor-diagonal! magnetic mo-
ments of neutrinos@7,13#!.

6122 56E. KH. AKHMEDOV, A. LANZA, AND D. W. SCIAMA



Thus, dNn /dT is typically a factor of 3 to 6 larger than
dNe /dT. Notice that thedNe /dT contribution todNeff /dT
has the opposite sign compared to thedNn /dT one ~lines
1–4, 9, and 10 of Table I! and so will tend to increase the
kick, especially for transitions of electron neutrinos and an-
tineutrinos into sterile states.

We shall first estimate the asymmetryDk/k for the RSFP-
induced transitions between active neutrinosne↔ n̄x and
n̄e↔nx due to the Majorana neutrino transition magnetic
moments~lines 1 and 2 of Table I!:

Dk

k
'

2

9 F2~cp1cn!B

&GF
G 1

T

dT

d~Nn2Ne!

'1.231024S B

331014 GD 3 MeV

T
. ~23!

Let us compare Eq.~23! with the corresponding expression
for the case of thene↔nx oscillations derived in@8#. We first
notice that the numerical coefficient in Eq.~10! of @8# was
overestimated~and so the requisite magnetic field underesti-

mated! by about a factor of 40, where a factor;3 comes
from the geometrical factorR and a factor;13 from
dNe /dT @10#. Apart from the different numerical coefficient,
their expression forDk/k falls with increasing temperature
as T22 and not asT21. Comparing Eq.~23! with the cor-
rected Eq.~10! of @8# we find that in order to obtain the same
effect on the pulsar velocities one would need about a factor
of 2 stronger magnetic field in the case of the RSFP of active
neutrinos than in the case of the resonant oscillation of active
neutrinos. For example, in order to produceDk/k.1% a
magnetic fieldB*2.531016 G is necessary. This field is of
the same order of magnitude as that needed to explain the
pulsar birth velocities by asymmetric neutrino production
@6#. By contrast, in our case, neutrinos carrying an asymmet-
ric momentum will experience very few interactions with
matter, and so the asymmetry is unlikely to be suppressed by
such interactions.

Next, we consider the RSFP-induced transitions between
active and sterile neutrino states due to the Dirac neutrino
transition magnetic moments~lines 3–6 of Table I!. For the
transitionsnx↔ n̄s and n̄x↔ns we obtain

Dk

k
'~2/9!$@cZ

e1~cp1cn!#B/&GF%~1/T!@dT/d~Nn/2!#'F3.731024
Ye

1/3

Yn
S 1011 g/cm3

r D 2/3

17.631025S 3 MeV

T D G
3S B

331014 GD . ~24!

From Eq.~24! it follows that in order to getDk/k.1% one would needB*931015 G. This field is of the same order of
magnitude as the one that is needed in the case of the neutrino flavor oscillations. Moreover, for a hierarchical neutrino mass
patternmns

@mnm
,mnt

the transitions between bothn̄m and n̄t and sterile neutrino states can be resonant and contribute to

Dk/k.4 In this case a factor of two weaker field would be able to produce the desired kick.
For the transitionsne↔ n̄s and n̄e↔ns we obtain

Dk

k
'~2/9!$@cZ

e2~cp1cn!#B/&GF%~1/T!@dT/d~Nn/22Ne!#'F3.731024
Ye

1/3

Yn
S 1011 g/cm3

r D 2/3

27.631025S 3 MeV

T D G Yn

Yn22.86Ye
S B

331014 GD . ~25!

For these transitions in order to getDk/k.1% one would
typically needB*431015 G. This field is about a factor of
2 weaker than the one that is needed in the case of the KS
mechanism. We would like to emphasize, however, that our
consideration is rather simplified and can only yield order-
of-magnitude estimate of the requisite magnetic field
strengths.

It should be noticed that the results in Eqs.~24! and ~25!
apply to the case of resonant oscillations between active and
sterile neutrinos as well. This case was studied in@12#; how-
ever the result obtained in that paper differs from ours. The
reason for this is that the authors of@12# erroneously consid-

ered neutrons as strongly degenerate in the hot protoneutron
star. This resulted in a suppressed value ofDk/k, and in
order to save the situation, they had to assume that the reso-
nant oscillations take place deep in the core of the supernova.
However, as follows from our considerations, the nondegen-
eracy of neutrons increasesDk/k so that there is no need to
assume that the resonance takes place in the supernova’s
core. Moreover, the asymmetry decreases with the resonance
density.

The lower bounds on the supernova magnetic fieldsB
were derived here assuming that the RSFP transitions are
adiabatic. The adiabaticity condition puts another lower
bound onB, Eq. ~14!. The bounds obtained in this section
are more restrictive provided the neutrino transition magnetic
moments satisfymn*10214mB (10215mB) for Dirac ~Majo-
rana! neutrinos.

4This has been pointed out for the case of oscillations into sterile
neutrinos in@12#.
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V. CONCLUSION

We have studied the effects of the spin polarization of
matter in a supernova magnetic field on the resonance con-
ditions for spin-flavor precession of Dirac and Majorana neu-
trinos in supernovae. The magnetic field distorts the reso-
nance surface resulting in an asymmetric neutrino emission,
which can explain the observed space velocities of pulsars
and their possible correlation with the pulsar magnetic fields.
Our estimates for the case of spin and spin-flavor precession
of Dirac neutrinos also apply to oscillations into sterile neu-
trinos and correct the results of@12# where the effect was
underestimated. In the case of resonant spin-flavor preces-
sion into sterile neutrino states due to Dirac transition mag-

netic moments of neutrinos, the requisite supernova mag-
netic field strengths areB*431015 G. This is about a factor
of 2 smaller than the field necessary in the case of neutrino
flavor oscillations. Such fields are considered possible in su-
pernovae@16#. For resonant spin-flavor precession between
active neutrinos and antineutrinos due to Majorana transition
magnetic moments of neutrinos, magnetic field strengthsB
*231016 G would be needed.
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