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Relativistic and binding energy corrections to heavy quark fragmentation functions
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We calculate the fragmentation function for a charm quark to decay inclusivelySitave charmonium
states, including relativistic and binding energy corrections in powers of the quark relative velodify also
use these fragmentation functions to estimate their contribution to the production rateaofl J/ in Z°
decay. These corrections contribute about 38% to the integrated/ s+ X fragmentation. Forp., these
corrections are found to be smdl§0556-282(97)02421-]

PACS numbes): 12.39.Hg

INTRODUCTION null vector such thap™ =0 andp-n=1. In lowest order of

ag, the inclusive sum oveX is restricted toc andc:
The fragmentation function of @ quark inton. andJ/

mesons has been calculated by Braaeal. [1]. They as- . Z2
sumed that the relative momentum of the quark and the anti- f(z)= ff d?l, Tr[A(0|(0)| P1)
quark is small compared tm. and hence can be neglected. 8(2m)*(1-2)

Since the estimated average valueudf is about 1/3 for i
X
charmonium, the relativistic corrections of order’" can (PIl¢(0)]0)] , v

be expected to be more important than perturbative correGyhere| is the four-momentum of the undetected outgoing
tions of ordera3". In this Brief Report, we calculate the guark and , is the transverse component. The leading order
relativistic and binding energy corrections to the fragmentacontribution to the amplitude comes from Fig. 1 and is given
tion functions of a charm quark to decay intg andJ/ . by

The lack of manifest gauge invariance in previous works
on processes involving heavy quarks has earlier been ad- _
dressed and resolved in Refg-4], where this key property <P||l//(0)|0>:92f
of a gauge theory has been systematically restored in the
study of quarkonia decay. In this paper, we see that gauge p
invariance naturally leads to incorporation of next to leading XSe(P+1) DM( k— EH
order effects.

We calculate the fragmentation functidifz,u) at the \\here the color indices have been suppressed. The gauge-
scalepn=3m. Switching off the relativistic and binding en- . ariant Bethe-Salpeter amplitudé(k) is
ergy corrections, we reproduce the results obtained by

d*k —
Sty

SN €

Braatenet al. [1]. Altarelli-Parisi equations are then used to ) X/2

evolve these functions to the scate= M,/2 appropriate for M(k)=f d4X€'k'X<P|¢(X/2)eXF( iJ A(g)dg)

Z° decay. The knowledge of the fragmentation functions is X2

then used to find the relativistic and binding energy correc- Xﬁ—x/2)|0>. (4

tions to the branching ratios @ decay intoz, andJ/.
The light-cone gluon propagator is
FRAGMENTATION FUNCTIONS
d.n,+a,n, 1
I (5)
g-n

Our starting point is the definition of fragmentation func- D#V(Q):< —0u T q

tion in terms of matrix elements of field operators at light

cone separatiofg]; i.e., Since the relative velocity of heavy quarks is much less than

i the scale set by their mass, we can expBngd(k—P/2+1)
R z : — ; ;
f(2)= ZEX: J' Zﬁe""’zTr[vﬁ<O|w(O)|PX)(PX| JOn)|0)], in powers ofk, the relative momentum,

(1) Pl B/2+k
N

7

wherez is the momentum fraction of the fragmenting quark
carried by the quarkonium in the forward directiam is “B/2%k
defined such that?=n* =0, andP* is the four-momentum

of the quarkonium. We choose a frame in which its three-

momentum is along thez direction and then define FIG. 1. Feynman diagram contributing to the fragmentation of a
P#=p*+iM2n#, M being the quarkonium mass apd a ¢ quark into charmonium.

1
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(PI[(0)|0)=u(l) y“M(0) y*Sc(P+1)D,,(P/2—1)
+Uu(D)y*M*(0)y"Se(P+1)D , o P12 1)

+u(l)y*M*A(0) y'Se(P+1)

XDy ap(Pl2-1), (6)
where
M(0)=(P|y40),
M=(0)=(P|#iD “y[0),
1 e e
M“B(0)55<PI¢ID“ID5¢IO>, (7)
with
- 1. _
D= (4"~ ") ~igA® (8)
and
D,uv,aEaaD;LV!
Dl’“’raﬁzﬁaaBDMV' (9)

Evaluation of the hadronic matrix elements for the decay of

mesons has been detailed in Rdf3.4,6]. Their Hermitian

6015
o 112 2 P
(Plyp|0)= ——vs| 1+ — | #(0)| 1+ =
2 M2 M
_ME VO P
2 5 v M)’
SN i 1/2V2¢(0) af
(Ply iD ¢|0>:§M VE Y507 Ppg,
e 1 V2¢(0) paps
(Pl IBI57]0) =g M5 g g =
P
X 1+M , (10

where ¢(0) is the quarkonium wave function at the origin.
Using these values of the matrix elements, we compute the
fragmentation function, including the binding energy correc-
tion coming fromm=M/2+ €g/2 :

R 64a%(3m) |R(0)|?
fCHnC(Z!3m): 8177 M3 [fO(Z)+ 77B1:B(Z)

+ mwfw(2)]

=fo(z,3m) + 5gfg(z,3m) + pyfw(z,3m)

conjugation and trivial algebraic manipulatip@] yields the (1)
matrix elements considered in this paper. kgr, where
|
z (1—2)%(48+82°— 873+ 37%)
fo(2)= - ,
(2-2)
t (2 47 (1—2)%(— 48+ 482—407°+ 1228—57%)
Z)= ]
° (2-2)°
o) 87 (1—2)%(96+ 144z— 52872+ 2967° — 1027* + 432°— 97°)
Z)= ]
W 3(2-2)°
fi(z,3 _ Sdas(3m) IR(O)|2f i=0B,W 12
i(Zl m)_ 8177 I(Z) (I_ L) )! ( )
|
and consideration only the contribution of charm quark and anti-
quark, the total decay rate for inclusivg. production at
€5 V2R(0) leading order inxg throughZ® decay is given by1]
:_l = i) (13)
7B M w MZR(O)

whereR(0) is the radial wave function, related #(0) as
¢(0)=R(0)/4x. Setting ng= nyw=0 gives the result ob-
tained by Braateet al.[1]. We now use Altarelli-Parisi evo-

(1
['(Z% et X)=21'(Z°—cC) J dzf,_,(2.3m),
0 Cc
(14)

lution equations to evolve the fragmentation function evalu-Where we have used the fact that at leading ordergnthe

ated at the scaleu=3m to w=M,/2. Taking into

fragmentation probability 5dzT, ., (z,.) does not evolve
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with scalew. It is straightforward to obtain the fragmentation V24 P
probability by integrating Eq(11) overz : - EMl’z YE £ ( 1- M)
GMﬂmmF

1 ~
fo dz f._, (z,3m )_ —(F0+ ngFg+ 7wFw), 2(;5

(P, ey iD® ¢|o>——|\/|3’2|vI €5

gaﬁ+ MEMVQBPVYM75

(15 ’
where
2 app
Vg PP
773 P, DDA y[0)= M5/2 ap_
Fo=—=—37In2, (P.€l4 iD*IDPy[0)= VE g Ve
30
5639 232 XE | 1+ —]. a7
- _ - M
B 105+ 3 In2,

100304 4136 With these values of matrix elements, we obtain
Fw=— 315 + Tlnz. (16)

2
2 aamgAn

In an identical fashion, one can repeat the above calcula- CHW(Z) [fo(2)+ 78T8(2)

tion for the fragmentation of a quark to the I~ state. The

corresponding matrix elements can be derived, as before, + wfw(2)]
from the ones evaluated for the relevant decay process in . . .
Ref. [4]: =f0o(z,3m) + 7gfe(z,3m) + pyfn(z,3m),
P,elyy]|0)= M1’2 1+ — é*(l+
(Pelwd]0)= Ve LGRSy here
2(1—2)%(16—32z+ 722>— 322°+ 57%)
fo(2)= 5 ,
(2-2)
(2 47%(1—2)?(48— 1442+ 1527°— 2873+ 132%— 22°)
zZ)=— ,
° 3(z-2)°
82(1—2)%(288— 9122+ 21767 — 22803+ 143&* — 471z°+ 582°)
fw(z)= - , (19
9(2—-2)
|
and all the other symbols have the same meaning as before 1189
with only the difference thaM now stands for the mass of Fo= 30 —57In2,
J/'. Using the Altarelli-Parisi equation, we have evolved the
fragmentation function at the scale=3m to the scale 2397
n=M,/2 (see Fig. 2 As before, the evaluation of the decay Fg=———96In2,
rate ofZ° to J/ would require the total fragmentation prob- 35
ability, which can be obtained by integrating Ef8) overz:
E 54308 3725% ) 01
) W™ 63 3 Ne. ( )
f dz ¥ 3 Odary lR(O ® F F F
z fe_yy(z,3m)= (Fot 7eFs+ mwFw), In the present treatment, the parametggsand 7, are in-

(20) dependent of each other. Note that the conditigy= 2 7y
generally imposed is equivalent to M) V2¢(0)
=(1/2)eg(0) which is the Schidinger equation for quark

where relative motion in a potential vanishing at zero relative sepa-
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25 2 T
..... fo(z,3me) 3 - o
oo fo(2,3m0) e © fo(z.3ma) Iy
. . 5 —-= fg(z,3mc) - .
2 =~ fw(z,3me) ’ - fwfz,3m)
— Hz.Mz/2) — fz MZ/Z)

fi(z)x10*
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FIG. 2. The functiond,, fg, andfy, atQ?=(3m)? for c— 7.
The solid line shows the complete fragmentation functforat FIG. 3. Same as Fig. 2 fa—J/.

Q?=(M,/2)2.

ration. There is no principle in our treatment which con—T.he binding qnd relgtivistic corrections modify the4co|or-
strains g and ny to bear a fixed relation with each other. singlet bfanchlng ratio of Braatest al. froim 2.'2% 10 t.o.
Hence both are regarded as adjustable parampgters 1.36x10 7 f;lq effect of around 38%, which is not surprising
In order to produce a numerical estimation for correctiond?€caus@ “/c” is expected to be around 1/3 for charmonium.
to fragmentation functions, the values used for the varioud\oteé that similar correction for is small. There, though
parameters arer,=0.19, m=1.43 GeV,|R(0), |2=0.936 the contributions arising from various individual terms are of
GeV3, |R(0),,|2=0.978 Ge\?, V2R/IR= _6’“7 Ge\? the order 1/3 as in the case &fy but, owing to different
Mzzél Ge\/J/lJII\/I 508 GeV. My, =3.097 GeV. The Matrix elements, they happen to cancel each other out to give
M, =2 , . .

: 5 2 -« . anegligible effect.
gzglsceed c|)|]; tlng[pg?ra%?izs ’m|eF$1(tgzi|o’n ?Sr?cz oF;/sRh:vg "; een In conclusion, we incorporated relativistic and binding en-

: L 9 ergy corrections 0D(v?) to the fragmentation functions for
depicted in Figs. 2 and 3. L

One of the first applications of the fragmentation ideascn@m quark splitting intoy. and J/4, and showed how
was to charmonia production at the CERNe~ collider these corrgc'uons can be expressgd in Ferms of various bound
LEP. After calculating the lowest order fragmentation func-State matrix elements of gauge-invariant quark and gluon
tions, Braaten, Cheung, and Yup calculated the branch- OPerators. In the absence of the said corrections, these results
ing fraction B(Z°— 5.(3/4))=T(Z°— 5.(3/ )+ X)IT (Z° reduce to the leading order result_c_Jf Braatal. [1], as
—>cc_). We generalize the above results to incorporate th%XpeCtEd' We then used _the_modlfled f_ra_g'?“e”ta“of‘ fF’”C'
binding energy and relativistic corrections. We get, fgr ions to estimate the contribution of relativistic and binding

' e energy corrections to the corresponding branching ratios in
B(Z%— 7.)=[To/T(Z°—cc)][1— 0.847+0.957], Z%— yrcc decays.
(22)

whereI’ is the color-singlet decay rate in the absence of
relativistic and binding energy corrections. For the values of
parameters chosen above, the branching ratio without and We thank P. Hoodbhoy for suggesting the problem and
with the corrections is 2.3210"% and 2.2% 10 4, respec- for many helpful comments and discussions. M.A.Y. grate-
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