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This is the first of two articles aimed at providing comprehensive predictions for the day-night (D-N) effect
for the Super-Kamiokande detector in the case of the Mikheyev-Smirnov-Wolfenstein~MSW! ne→nm(t)

transition solution of the solar neutrino problem. The one-year-averaged probability of survival of the solarne

crossing the Earth’s mantle, the core, the inner 2/3 of the core, and the~core1mantle! is calculated with high
precision~better than 1%! using the elliptical orbit approximation to describe the Earth’s motion around the
Sun. Results for the survival probability in the indicated cases are obtained for a large set of values of the
MSW transition parametersDm2 and sin22uV from the ‘‘conservative’’ regions of the MSW solution, derived
by taking into account possible relatively large uncertainties in the values of the8B and 7Be neutrino fluxes.
Our results show that the one-year-averagedD-N asymmetry in thene survival probability for neutrinos
crossing the Earth’s core can be, in the case of sin22uV<0.013, larger than the asymmetry in the probability for
~only mantle crossing1core crossing! neutrinos by a factor of up to 6. The enhancement is larger in the case
of neutrinos crossing the inner 2/3 of the core. This indicates that the Super-Kamiokande experiment might be
able to test the sin22uV<0.01 region of the MSW solution of the solar neutrino problem by performing
selectiveD-N asymmetry measurements.@S0556-2821~97!04419-6#

PACS number~s!: 26.65.1t, 96.40.Tv

I. INTRODUCTION

The Earth effect in neutrino propagation is a direct con-
sequence of neutrino oscillations in matter@1,2#. If the neu-
trino mass spectrum is not degenerate and if neutrino mixing
takes place in vacuum, the neutrino propagation is sensitive
to the matter distribution along the propagation path and the
probability to detect at Earth ane produced in the Sun is a
function of the detection time because at night the Sun is
below the horizon and the solar neutrinos cross the Earth
reaching the detector.

The observation of the Earth, or day-night (D-N), effect
would be proof of the validity of the Mikheyev-Smirnov-
Wolfenstein~MSW! solution of the solar neutrino problem.
In its simplest version the MSW mechanism involves matter-
enhanced two-neutrino transitions of the solarne into an ac-
tive neutrinonm or nt , ne→nm(t) , while thene propagates
from the central part to the surface of the Sun. Thene→nm(t)

transition probability depends in this case on two parameters
Dm2 and sin22uV , whereDm2.0 is neutrino-mass-squared
difference anduV is the angle characterizing the neutrino
mixing in vacuum. When thenm(t) produced in the Sun due

to the MSW transitions and the solarne not converted into
nm(t) in the Sun cross the Earth, furtherne→nm(t) transitions
and/or ne regeneration due to the inverse MSW process
nm(t)→ne can take place. This can lead to a difference be-
tween the signals caused by the solar neutrinos in a solar
neutrino detector during the day and during the night, i.e., to
a D-N asymmetry in the signal. No other mechanism of
depletion of the solarne flux proposed so far can produce
such an effect.

The MSW solution of the solar neutrino problem and the
D-N effect related to it have been extensively studied. The
latest solar neutrino data can be described for values of the
parametersDm2 and sin22uV belonging to the intervals@3#

3.631026 eV2 & Dm2 & 9.831026 eV2,
~1!

4.531023 & sin22uV & 1.331022

or

5.731026 eV2 & Dm2 & 9.531025 eV2,
~2!

0.51 & sin22uV & 0.92,

assuming the solarne MSW transitions are into active neu-
trinos. The intervals~1! and ~2! correspond to the nonadia-
batic ~small mixing angle! and to the adiabatic~large mixing
angle! solutions of the solar neutrino problem. They have
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been obtained using the predictions of the solar model of
Bahcall and Pinsonneault from 1995@4# for the fluxes of the
different solar neutrino flux components,pp, pep, 7Be, 8B,
and CNO. This model takes into account heavy element dif-
fusion and was recently shown to be in very good agreement
with the latest and more precise helioseismological observa-
tions @5#.

The possible solution values ofDm2 and sin22uV are im-
portant in the calculations of theD-N effect because they
determine the magnitude of the effect. A more conservative
approach to the determination of the MSW solution regions
of values ofDm2 and sin22uV allows for, e.g., the spread in
the predictions for the8B, 7Be, etc., fluxes in the contem-
porary solar models, the possible changes in the predictions
associated with the uncertainties in the relevant nuclear re-
action cross sections which are used as input in the flux
calculations, etc.1 Such an approach yields@6# larger regions
for both the nonadiabatic and the adiabatic MSW solutions
@3#:

3.031026 eV2 & Dm2 & 1.231025 eV2,
~3!

6.631024 & sin22uV & 1.531022

or

7.031026 eV2 & Dm2 & 1.631024 eV2,
~4!

0.30 & sin22uV & 0.94.

It is hardly conceivable at present that the values ofDm2 and
sin22uV for which the MSWne→nm(t) transition mechanism
provides a solution of the solar neutrino problem can lie
outside the intervals given in Eqs.~3! and ~4!.

The D-N effect was widely studied@7–22#. It was
pointed out, in particular, that the effect can be significant for
sin22uV.0.01 for a large range of values ofDm2 and
sin22uV from the large mixing angle solution region, for
which the Earth effect regenerates electron neutrinos, in-
creasing the event rate at night. At the same time results from
Kamiokande II and III experiments@17# rule out the exis-
tence of an Earth effect larger than approximately 30%, thus
excluding a rather wide area of the region of value ofDm2

and sin22uV of the large mixing angle solution@14#. This
area is already excluded by the existing mean event rate data
from the Cl-Ar, Ga-Ge, and Kamiokande experiments.

The motivation for new quantitative theoretical studies of
the D-N asymmetry come from a number of considerations
regarding the earlier studies and the experimental situation
which is reasonable to expect in the near future. First of all
the discovery of anD-N effect, even of a small one, would
be an important confirmation of the MSW hypothesis and
would open a new chapter of physics, while the absence of
any detectable effect would represent a strong constraint on
the neutrino mass and mixing parameters relevant to the
MSW solution. It is clear that in both cases quantitative pre-
dictions are required to assure a proper interpretation of ex-

perimental results. Second, most of the previous studies were
primarily concerned with the nature of the effect@7–11,21#.
The relevant probability distributions and event rates were
calculated for some representative values of the parameters
only, which is insufficient for a comprehensive understand-
ing of the possible magnitude of the effect. Alternatively, in
some of the articles on the subject the effect of the Earth on
the oscillations of neutrinos was investigated for high energy
neutrinos produced by cosmic rays or accelerators and the
result obtained were extended to solar neutrinos@9,18,12,19#
~see also, e.g.,@20#!. The possible application of the Earth
effect to the problem of the reconstruction of the Earth’s
internal structure~Earth tomography! was also considered
@18,22,23# ~see also@9,10,12#!. More detailed results on the
Earth effect have been obtained in@13# where theD-N
asymmetry for the Super-Kamiokande detector, for instance,
was calculated for eight@four# sets of values of sin22uV and
Dm2 from the region~1! @~2!# of the nonadiabatic@adiabatic#
solution, as well as in@15# where the one-year-average iso-
(D-N) asymmetry contours in theDm2-sin22uV plane, for
the Super-Kamiokande and SNO detectors have been de-
rived. Third, the Kamiokande experiment, like the other solar
neutrino experiments which have provided data so far, has a
relatively low statistics. This problem will be overcome by
new experiments such a Super-Kamiokande, SNO and Imag-
ing of Cosmic and Rare Underground Signals~ICARUS!.
They are expected to be much more sensitive to theD-N
effect, allowing one to exploit a wider neutrino parameter
region where the Earth effect is not large, in particular, the
region of the small mixing angle nonadiabatic solution. One
of them, Super-Kamiokande, is already operating and is ex-
pected to produce new results soon. Finally, an improved
statistics allows one to develop more sophisticated tests, en-
hancing the sensitivity to the effect.

The present article represents the first of two articles
aimed at providing comprehensive predictions for theD-N
effect for the Super-Kamiokande detector in the case of the
MSW ne→nm(t) transition solutions of the solar neutrino
problem. These include~i! calculation of the Earth effect
with a sufficiently high precision which can match the pre-
cision of the data on the effect to be provided by the Super-
Kamiokande detector,~ii ! calculations of the magnitude of
the effect for a sufficiently large and representative set of
values of the parameters from the ‘‘conservative’’ regions
~3! and ~4! of the MSW solution,~iii ! calculations of the
one-year-averagedD-N asymmetry for solar neutrinos cross-
ing the Earth mantle, the core, the inner 2/3 of the core, and
the mantle1core~full Earth! for the chosen large set of val-
ues ofDm2 and sin22uV with the purpose of illustrating the
magnitude of the enhancement of the effect which can be
achieved by an appropriate selection of the data sample, and
~iv! calculation of the one-year-averaged deformations of the
e2 spectrum by the Earth effect in the mantle, core and in
mantle1core for the selected representative set of values of
Dm2 and sin22uV .

The magnitude of theD-N effect is determined by the
MSW probability of solarne survival when the solar neutri-
nos cross the Earth to reach the detector,P% (ne→ne), as
well as by the probability of solarne survival in the Sun,
P̄((ne→ne), describing the MSW effect on the solar neu-
trino flux detected during the day. Thus, the first step in the

1Although the total fluxes of8B, 7Be, etc., neutrinos depend on
the physical conditions in the central part of the Sun, the spectra of
the 8B, CNO, and thepp neutrinos are solar physics independent.
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realization of our program of studies of theD-N effect con-
sists of sufficiently precise calculation of the one-year-
averaged probabilityP̄% (ne→ne) in the cases of interest,
i.e., for neutrinos crossing the mantle, the core, the inner 2/3
of the core, and the mantle1core~full Earth! when traversing
the Earth. In the present article this first step is accom-
plished. In the second article@24# we use the results obtained
here to produce detailed predictions for theD-N effect re-
lated observables@D-N asymmetry in the recoil-e2 spec-
trum and in the energy-integrated signal, as well as isoasym-
metry contours in theDm2-sin22uV plane for the samples of
events due to only mantle crossing, core crossing, and~only
mantle crossing1core crossing! solar neutrinos#.

II. CALCULATING THE EARTH EFFECT

Given that the Super-Kamiokande detector should have
an event rate of about 104 solar-neutrino-induced events per
year ~with a 5 MeV energy threshold!, the expected statisti-
cal accuracy in the flux measurement is about 1%. This
means that the numerical accuracy in computing the Earth
effect has to be better than approximately 1% each time the
effect is not smaller than 1%.

Comprehensive and sufficiently accurate predictions re-
quire complex computations. In order to obtain detailed pre-
dictions for the magnitude of theD-N effect and how it
changes with the change of the values of the two parameters
Dm2 and sin22uV , we have chosen to calculate the probabili-
ties ^Pe2& and P% for a large set of points from the MSW
solution regions~3! and~4!. The values ofDm2 and sin22uV
corresponding to these points are given in Table I. The points
selected are distributed evenly in the ‘‘conservative’’ regions
of the nonadiabatic and the adiabatic solutions~3! and ~4!
@3#. Here for lack of space we report only a sample of these
results chosen to illustrate the behavior of the probabilities in
the small and large mixing angle solution regions.

We have used the Stacey model@25# as a reference model

for the Earth density distribution in our calculations. Obvi-
ously, this is not an unquestionable choice because new
models were produced in the last years~see, e.g.,@26#!.
However, the merit of the Stacey model when compared
with alternative ones is its ability to describe the known de-
tails of the Earth radial density distributionr(R) relevant for
Earth effect calculations. This is done through a set of poly-
nomials which allows the use of very efficient numerical
computation schemes. In the Stacey model the Earth is as-
sumed to be spherical and isotropical with a radius of 6371
km. As in all Earth models, there are two main density struc-
tures in the Stacey model: mantle and core. The core has a
radius of 3485.7 km and a mean density of approximately
11.5 g/cm3. The mantle surrounding the core has a mean
density of about 4 g/cm3. Both of them have a number of
density substructures.

The Earth effect formalism was described by many au-
thors and it was reviewed recently in Ref.@13#. The prob-
ability that an electron neutrino produced in the Sun will not
be converted intonm(t) when it propagates in the Sun and
traverses the Earth on the way to the detector is given by@7#

P%~ne→ne!5 P̄(~ne→ne!1
122P̄(~ne→ne!

cos2uV

3~Pe22sin2uV!, ~5!

where P̄((ne→ne) is the average probability of solarne
survival in the Sun andPe2 is the probability of then2→ne
transition after thene have left the Sun. During the day,
when the neutrinos do not cross the Earth,Pe25sin2uV and
we haveP% (ne→ne)5P̄((ne→ne). For Earth crossing neu-
trinos at night Pe2Þsin2uV due to the MSW effect and
P% (ne→ne)Þ P̄((ne→ne). Throughout this study we use
for P̄((ne→ne) the expression derived in Ref.@27# in the
exponential approximation for the variation of the electron
number densityNe along the neutrino path in the Sun:

P̄(~ne→ne!5
1

2
1S 1

2
2P8D cos2uVcos2um , ~6!

whereum is the neutrino mixing angle in matter at the point
of ne production in the Sun and

P85
e22pr 0~Dm2/2E!sin2uV2e22pr 0~Dm2/2E!

12e22pr 0~Dm2/2E!
~7!

is the analogue of the Landau-Zener jump probability for
exponentially varyingNe , r 0 being the scale height charac-
terizing the change ofNe along the neutrino trajectory. The
probability P̄((ne→ne), Eq. ~6!, was averaged over the re-
gion of 8B neutrino production in the Sun. For values of
sin22uV & 431023 the probabilityP̄((ne→ne) was calcu-
lated following the prescriptions given in@28#.

Let us discuss next the calculation of the probabilityPe2 .
In contrast toP̄((ne→ne), the probabilityPe2 is not a con-
stant in time because it is a function of the trajectory fol-
lowed by the neutrinos crossing the Earth. The latter is de-
termined by the instantaneous apparent position of the Sun in
the sky. Given the fact that data are taken over a certain

TABLE I. List of the Dm2 and sin22u sample values.

Dm2 (eV2)
sin22uV I II III IV

0.0008 931026 731026 531026

0.0010 931026 731026 531026

0.0020 131025 731026 531026

0.0040 131025 731026 531026

0.0060 131025 731026 531026

0.0080 131025 731026 531026

0.0100 731026 531026

0.0130 531026

0.3000 1.531025 2.031025 3.031025 4.031025

0.4800 331025 531025

0.5000 231025

0.560 131025

0.600 831025

0.700 331025 531025

0.770 231025

0.800 1.331024

0.900 431025 131024
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interval of time, the instantaneousPe2 in Eq. ~5! has to be
replaced with its time averagêPe2&, which requires the
computation of the apparent solar trajectory in the detector
sky.

The exact solar trajectory is a complicated function of
time which changes with the epoch of the year and the geo-
graphical location. Its computation is outlined in the Appen-
dix, while for the present discussion it is enough to recall its
main features.

Looking at the Sun as at a star projected on a sphere
centered on the detector location, its position is specified by
a couple of spherical coordinates@29,30#. Assuming the
Earth is a spherical and isotropical body, the Sun’s nadir
angle is enough to describe the Sun’s position in order to
compute the probabilityPe2 . Thenadir angle ĥis the angle
subtended by Sun’s and Earth’s center directions as seen
from the detector,2 as depicted in Fig. 1. During the dayĥ is
greater than 90°~and Pe2[sin2uV), while at night ĥ<90°,
the Sun rises or sets whenĥ590°, and a solar neutrino will
cross the Earth center whenĥ50°.

The Sun’s apparent trajectory in the sky with respect to
the detector is a function of the day of the yeard. Each night
the Sun reaches a minimum nadir angleĥm,d . In the course
of the yearĥm,d has a maximum valueĥm,max and a mini-
mum valueĥm,min . Thus, given a point in the interior of the
Earth seen~with respect to the detector! along a line of view
of nadir angleĥ, it will never be on the solar neutrino tra-
jectory during the night ifĥ,ĥm,min and it will be on a
trajectory for some of the nights during the year ifĥm,min

<ĥ,ĥm,max while if ĥ>ĥm,max it will be crossed by neutrinos
every night.

These limits and the apparent trajectory of the Sun are
functions of the detector location specified by its latitudelD
and longitude. For a detector outside the tropical band,
ulDu.23°278, ĥm,max is reached at summer solstice,ĥm,min

is reached at winter solstice, andĥm,min.0° so that neutrinos
received by such detectors never cross the Earth’s center.
Instead, for detectors located inside the tropical band,
ĥm,min50° and neutrinos crossing the Earth’s center are de-
tected, while the minimum and maximum night nadir angles
are reached at epochs between equinoxes and solstices. At
last for an equatorial detectorĥ50° is reached just at equi-
noxes.

It is well known that for a real time detector as Super-
Kamiokande it is possible to computeĥ for the Sun at the
time t of the detection of a given event, allowing the selec-
tion of events produced when the Sun is seen within a given
nadir angle interval@ ĥ1 ,ĥ2#.The boundaries of this interval
are crossed at timest̂1 and t̂2 . As will be shown further, this
selection may be a feasible strategy to increase the sensitivity
to theD-N effect.

It follows from the above discussion that in order to take
into account the Earth effect in the signal collected in the
time interval @T1 ,T2# of the year by a given detector it is
enough to replacePe2 in Eq. ~5! with its time averagêPe2&
defined as

^Pe2&5
1

Tres
E

T1

T2
dtd̂„ĥ1<ĥ~ t !<ĥ2…Pe2@ ĥ~ t !#, ~8!

where@ ĥ1 ,ĥ2# is the nadir angle interval of interest,d̂ is the
sampling function, and

Tres5E
T1

T2
dtd̂„ĥ1<ĥ~ t !<ĥ2… ~9!

is the residence time, i.e., the time spent by the Sun in the
nadir angle interval.

The values of̂ Pe2& and Tres are functions of the nadir
angle interval, the time interval, and the sampling scheme
described by the sampling function. Here it is assumed that
the sampling~i! is continuous over the time interval in which
the Sun is in the relevant nadir angle interval@ ĥ1 ,ĥ2#, ~ii ! is
extended over an integer set of years, and~iii ! that the error
in the reconstruction for the apparent Sun position at the time
of the detection of each solar neutrino event is negligible.
With these hypothesesd̂(ĥ1<ĥ<ĥ2) is 1 whenĥ is inside
the interval@ ĥ1 ,ĥ2# and zero otherwise.

The choice of the nadir angle interval is quite arbitrary,
but a natural one is to compare data collected atday(ĥ.90°!
with data collected during the fullnight (0°<ĥ<90°), and
to separate neutrinos detected at night intocore neutrinos,
0°<ĥ<ĥc , and mantle neutrinos,ĥc<ĥ<90°, whereĥc
533.17° is the apparent nadir angle of the core/mantle
boundary in the Stacey model. The three averages are la-
beled, respectively,̂Pe2&

C, ^Pe2&
M, and ^Pe2&

N, while the
corresponding residence times are labeledTres

C , Tres
M ; the

night residence timeTres
N is identical to half a year for any

2In a local reference frame centered on the detectorD ~see Fig. 1!
the nadir is the point on the celestial sphere which lies below the
detector along its vertical axis: i.e., it is the point opposite to the
detector zenith.

FIG. 1. The geometry of the Earth effect:D and( denote the
detector and the Sun,ĥ is the Sun’s nadir angle,R% is the Earth’s
radius~6371 km!, andRcore is the core radius~3486 km!. The small
arrows point in the directions of the zenith and the nadir of the
detector.
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detector. The day-averaged probability^Pe2&day coincides
with sin2QV . Finally, it is possible to consider also thedeep-
coreaverage probability for which the nadir angle interval in
Eq. ~8! is ĥm,min<ĥ<2/3ĥc . The symbolsday, night, mantle,
core,anddeep-corewill be used in what follows to indicate
these particular solar neutrino event samples.

In the absence of neutrino oscillations the number of
solar-neutrinos-induced events in a given nadir angle interval
is proportional toTres for that interval. Table II lists a set of
residence times for the super-Kamiokande detector, showing
that in one year, for approximately 14% of the total night
time the Sun is seen behind the Earth core, so that about 7%
of neutrinos reaching the detector cross the core. With a
statistics of 104 events this corresponds to a relative statisti-
cal error of about 3.8%.

The residence time is also relevant because it determines
the weight of the contribution of each geophysical structure
s, s5night, mantle, core, deep-core, to ^Pe2&

N, the contri-
bution being proportional to the ratioTres

s /Ty/2, whereTy

5365.24 days. Thus, for the Super-Kamiokande detector the
core contribution in^Pe2&

N has to be weighed by the factor
0.07 and it is no longer a dominant contribution even when
^Pe2&

C is larger than̂ Pe2&
M.

Many types of systematic errors can affect the predictions
for theD-N asymmetry. Among them the detector specifica-
tions such as detection efficiency, energy resolution, etc., are
undoubtedly very important. They are neglected in the
present study because they are not yet exactly known for the
Super-Kamiokande detector, and moreover they may change
during the various phases of data taking. In this case the only
experimental feature to be taken into account is the energy
threshold, while the most relevant error sources which have
to be discussed are the numerical errors and the Sun’s appar-
ent motion reconstruction. Let us add that the error intro-
duced by uncertainties in the detection cross section for the
ne-e

2 elastic scattering process is less than 1%@31# and is
neglected. The same is true also for the detector location
which is known with an accuracy better than 1 arcmin or 1
over 104 @32#.

The choice of a correct approximation for the apparent
solar motion is a crucial point in order to reach the required
accuracy, given the Earth model used in the calculations. The
motion is quite complex and approximations are required to
obtain an acceptable computation time but at the price of a
certain error. There are two kinds of approximation made
which are relevant for the Earth effect. In the first the Earth’s

motion around the Sun is circular@circular orbit approxima-
tion ~COA!#; in the second it is elliptical@elliptical orbit
approximation~EOA!#. Neither the first nor the second are
exact models, but EOA is very accurate for Earth effect pre-
diction purposes. The analysis~see the Appendix! shows that
most of the errors introduced by the COA and EOA are
periodic in nature, so that in the turn of one year they should
average out. However, given thatPe2 is a function of the
solar position and that the use of different sampling schemes
~ascore, mantle, night,etc.! are equivalent to averaging over
specific fractions of the time of the year only, it is not pos-
sible to test such approximations without accurate numerical
experiments. These experiments show that indeed the error
introduced by the simpler COA model can be close to~but
does not exceed! 1%, and that a greater accuracy is reached
by the EOA. In this way the use of the EOA for all the
computations presented in this paper and in@24# assures an
accuracy better than 1% for each kind of sampling. The COA
can be used when a large amount of simulations are required,
allowing a substantial reduction of the computational time
but at the cost of an increase in the error in^Pe2&, which can
reach 0.8%.

In the elliptical orbit approximation the averaged prob-
abilities and residence times defined by Eq.~8! have to be
modified to take into account the change in the Sun-Earth
distance with time, which causes a periodical change in the
solar neutrino flux and in the Earth’s orbital velocity. To take
both effects into account it is not enough to replace the rela-
tion betweenĥ and the time of the yeart, but also the form
of Eq. ~8! has to be adapted. LetR(t) be the time-dependent
Sun-Earth distance expressed in units of the mean distance
~the astronomical unitR051.49663108 km!. Then each in-
stantaneous sample has to be weighted by the factor 1/R2(t),
leading to

^Pe2&5
1

Tres
E

T1

T2
dt

d̂„ĥ1<ĥ~ t !<ĥ2…

R2~ t !
Pe2„ĥ~ t !…,

~10!

Tres5E
T1

T2
dt

d̂„ĥ1<ĥ~ t !<ĥ2…

R2~ t !
.

As is discussed in the Appendix, the effect of the factor 1/R2

is partially compensated by the change in the residence time
due to the change of the Earth’s orbital velocity during the
year.

III. INSTANTANEOUS Pe2 PROBABILITY

At the basis of each time-averaged probability^Pe2& is
the instantaneous onePe2 . Many features of̂ Pe2& are a
direct consequence of those present inPe2 . It is natural to
begin the discussion of our numerical results with those ob-
tained forPe2 .

Figure 2 shows an example of the probabilityPe2 for
sin22uV50.01 as a function of theresonance densityrR
which is connected toE and the neutrino transition param-
etersDm2 and sin22uV through the resonance condition

rRYe56.573106~Dm2/En!cos2uV , ~11!

TABLE II. Residence times for the Super-Kamiokande detector.
Ty5365.243 days. The integration is extended over one year from
day 0 to day 365;s(RE) is the one year mean event rate statistical
uncertainty forRE,05104 n/year.

Samples

Nadir angleĥ Tres
s

Ty

3100
Tres

s

Tres
N

3100
s~RE!

RE
3100

from to

Deep-core 0° 25.98° 3.94 7.86 5.0
Core 0° 33.17° 7.11 14.18 3.8
Mantle 33.17° 90° 43.03 85.82 1.5
Night 0° 90° 50.14 — 1.4
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whererR is expressed in g/cm3, En in MeV, Dm2 in eV2,
andYe is the electron fraction per nucleon. We have for the
Earth’s mantleYe51/2 with a rather high accuracy. In the
Earth’s coreYe'(0.46– 0.48)~see, e.g.,@25,33,34#!. Since
the bulk density of the core is known with an uncertainty of
approximately 10%,Yer has also an uncertainty;10%. We
have usedYe50.467 (Ye50.500) in our calculations ofPe2
for the core~inner 2/3 of the core! crossing neutrinos.3 As
discussed in detail in@24#, for values ofDm2 and sin22uV
from the ‘‘conservative’’ MSW solution regions the differ-
ence between theD-N-effect-related observables calculated
for the two values ofYe , Ye50.467 andYe50.500, are not
essential. For a fixed cos2uV , Eq. ~11! justifies the use ofrR
as an independent variable instead ofE/Dm2. The probabil-
ity Pe2 as a function ofrR was computed solving the two-
neutrino propagation equation@2,35,36# using a fourth-order,
adaptive step-size Runge-Kutta algorithm adapted from@37#.
Each plot in Fig. 2 refers to a different nadir angle. There are
two main peaks,C @at rR>(10– 11) g/cm3] andM @at rR
>(4 – 6) g/cm3], associated with resonance transitions in the
core ~C! and in the mantle~M!. This correspondence is
based on the following observations:~i! A geological struc-
ture is relevant for the neutrino transitions~and therefore for
Pe2) when neutrinos cross it,~ii ! the structure affects the
neutrino propagation when its density is in the resonance
region for the crossing neutrinos, and~iii ! when one of the
previous conditions is not fulfilledPe2 is close to its vacuum

value sin2uV . When sin22uV increases, for instance, the reso-
nance width also increases and it is possible to have a rather
large Pe2 for values ofrR which do not correspond to any
density crossed by neutrinos along their trajectory. In addi-
tion, the spherical symmetry of the Earth implies that solar
neutrinos will cross the resonance region twice. This can
produce interference terms inPe2 , leading to oscillatory de-
pendence ofPe2 on ĥ for a fixedrR @13#. They can also be
responsible for the presence of multiple peaks inPe2 as a
function of rR for a fixed ĥ, associated with the resonances
in a given geological structure. An example of this possibil-
ity is the splitting of the core peakC in Fig. 2~a! into two
peaksCI andCO , shown in Fig. 2~c!. Indeed, it is reasonable
to expect the interference terms inPe2 to be significant in
certain cases because the neutrino oscillation length in matter
for solar neutrinos which undergo resonance transitions in
the Earth is of the order of the Earth radius.

It is instructive to see how thePe2 dependence onrR
changes with the increasing of sin22uV . For sin22uV,0.1 the
qualitative properties of this dependences do not change sig-
nificantly: Pe2 is basically ‘‘rescaled’’ in accordance with
the change of sin22uV and (Pe22sin2uV) goes to zero rather
quickly outside the resonance region. For larger values of
sin22uV the behavior is more complicated because new peaks
appear, becoming more and more prominent as sin22uV in-
creases. The ‘‘scaling’’ ofPe2 is not precise, and different
parts of the plot scale differently, as is well illustrated by the
C andM peak heights. With the rise of sin22uV , C increases
faster thanM, reaching a maximum value, and begins to
decrease whileM is still increasing. As a consequence, at
values of sin22uV&0.13 most of theD-N asymmetry is gen-
erated by the MSW effect in the core. This is not true in the
large mixing angle region. For practical purposes the most
important lesson which can be drawn from thePe2 plots is
that to produce accurate predictions for the Earth effect,Pe2
has to be computed for resonance densitiesrR ~or, equiva-
lently, for values ofE/Dm2) which are largely outside the
density range of the Earth’s geological structures.

IV. AVERAGING THE Pe2 PROBABILITY

Figures 3.1–3.7 depict the results of numerical calcula-
tions of ^Pe2& andP% for the Super-Kamiokande detector in
the case of solarne transitions into an active neutrino,4

ne→nm(t) . Each figure is divided into four ‘‘frames’’ which
are labeled~a!, ~b!, ~c!, and~d!. Figures 3.1~a!–3.7~a! display
^Pe2& for night ~short-dashed line!, mantle~dotted line!, core
~solid line!, anddeep-core~long-dashed line! as a function of
rR and are the subject of the discussion in this section. Com-
paring ^Pe2& with Pe2 shown in Fig. 2, it is possible to
identify the peak due to the resonance in the mantle,M ,
present inPe2 . Similarly, there are two very will-defined
peaks~or a peak,C, with two maxima! in ^Pe2&, CI ~at
larger rR) and CO ~at smallerrR),which correspond to the
resonance in the core.

The presence of wiggles is evident forrR greater than the
core density, especially at large mixing angles. These3We have calculated the time-averaged probabilities^Pe2& and

P% ~and the correspondinge2-spectrum deformations! for core
crossing neutrinos forYe50.500 as well~see@24# for the corre-
sponding references!. 4See the Appendix for further details.

FIG. 2. The dependence of the probabilityPe2 on rR for
sin22uV50.01. The five plots are obtained for 0.1 g/cm3<rR

<30.0 g/cm3 and five different solar neutrino trajectories in the
Earth:~a! center crossing (ĥ50°), ~b! winter solstice for the Super-
Kamiokande detector (ĥ513°), ~c! half core for the Super-
Kamiokande detector (ĥ523°), ~d! core/mantel boundary (ĥ
533°), and~e! half mantle (ĥ551°).
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wiggles are dumped and disappear asrR increases. A curious
feature is that in most of the cases the wiggles come in trip-
lets@see Fig. 3.6~a!#. The log-log plots of thêPe2& probabil-
ity ~not reported here! show that forrR outside the range of
the Earth densitŷPe2& decreases as follows:

log10S ^Pe2&

sinuV
2
21D 5A1B log10rR1e f ~rR!, ~12!

whereA, B, ande are real constants anf (rR) is a dumped
oscillating function which represents the wiggles. Sincee is
small (&1022), f (rR) can be neglected, whileA andB can
be determined by numerical means for any^Pe2&. Equation
~12! is used to extrapolatêPe2& at values ofrR far from the
Earth’s density.

As Figs. 3.1~a!–3.7~a! illustrate, the separation incore
and mantle samples is very effective in enhancing^Pe2&.
The enhancement is particularly large for small mixing
angles for which^Pe2&

C can be up to 6 times larger than
^Pe2&

M. This suggests the possibility of a corresponding en-
hancement of thee2-spectrum distortions a well as of the
energy-integrated event rate. The latter can make feasible the
detection of the Earth effect even at small mixing angles.
Further enhancement of the probability^Pe2& can take place
if the size of the core bin is decreased, as shown by the
deep-core-averaged probability plotted with a long-dashed
line. However, the reduction in the bin size reduces the resi-
dence time in thedeep-corebin to less than 4% per year and
it is not clear whether the probability enhancement can com-
pensate the corresponding reduction in statistics.

V. SOLAR ne SURVIVAL PROBABILITY

The connection between the peak structures in the prob-
abilities ^Pe2& andP% considered as functions ofE/Dm2 is
determined basically by Eq.~5!. The presence of an enhance-
ment in the averaged probability^Pe2& is not enough to en-
sure an enhancement in theD-N asymmetry. This is espe-
cially true at small mixing angles at which the Earth effect
may produce reduction instead of increase of thene flux. The
latter happens whenP̄(.0.5, so that most of neutrinos com-
ing from the Sun aren1 which are converted intonm , nt in
the Earth.

The upper parts~‘‘windows’’ ! of the ‘‘frames’’ ~b!, ~c!,
and ~d! shown in Figs. 3.1–3.7 are combined plots ofP̄(

~dotted line!, ^Pe2& ~dashed line!, and P% ~solid line! for
night ~b!, core ~c!, and mantle ~d! as functions ofE/Dm2.
The lower ‘‘windows’’ of each ‘‘frame’’ are plots of the
ratio

AP[2
P% 2 P̄(

P% 1 P̄(

, ~13!

which mimics the asymmetry used by the Kamiokande col-
laboration in their discussion of theD-N effect. This quan-
tity will also be calledasymmetry. In some caseŝPe2& is too
small to be visible in the full scale plot, and so it is rescaled
by a factor of 10. This is indicated by the label ‘‘^Pe2&310’’
in the upper right corner of the corresponding figure.

The purpose of these figures is to illustrate how each
probability contributes inP% and in the asymmetryAP . One
of the important features that has to be taken into account in
the discussion ofP% is the position of the peaks in̂Pe2&
with respect to the value ofE/Dm2 at which P̄(50.5 be-
cause it controls the sign and the magnitude of theD-N
effect. It follows from Eq.~5! that the asymmetry is zero
each timeP̄(50.5 irrespective of the value of̂Pe2&. If
^Pe2&.sin2uV , but P̄(.0.5, the asymmetry is negative
which means the Earth effectreducesthe night event rate
instead of increasing it. The positive Earth effects occur
when P̄(,0.5, i.e., when the peak of^Pe2& falls inside the
lower part of the ‘‘pit’’ of the MSW probabilityP̄( . Figures
3.1–3.7 illustrate all these possibilities together with less rel-
evant cases corresponding tôPe2&5sin2uV and ^Pe2&
,sin2uV . The presence of a zero Earth effect line together
with cases in which the asymmetryAP as a function of
E/Dm2 can be both negative and positive can reduce the
magnitude of the Earth effect. This reduction is especially
important at small mixing angles.

The increase of sin22uV within the small mixing angle
solution region~3! does not change considerably the mini-
mum and maximum values ofP̄( , but it affects significantly
the width of the ‘‘pit’’ of P̄( . At the same time the peaks in
^Pe2& change mainly their height and width but not their
position with respect to theE/Dm2 axis. For sin22uV
<0.002 most of the relevant part of^Pe2& is confined in the
P̄(.0.5 region and the Earth effect is negative. With the
increase of sin22uV the P̄( ‘‘pit’’ becomes wider. Corre-
spondingly, larger parts of thêPe2& peak enter theP̄(

,0.5 region: Depending on the value ofE/Dm2, the asym-
metryAP ~the Earth effect! can be negative or positive. This
continues until sin22uV>0.006, for which most of thêPe2&
peak is in theP̄(,0.5 region and the effect is mostly posi-
tive. This implies that even if̂Pe2& is relatively large, there
will be a region at small mixing angles where the asymmetry
is zero and thecore enhancement is not effective.

The sequence ofAP plots allows us to identify various
peak components which we will denote byA, H1, andH2,
A being the left one~located at smaller values ofE/Dm2),
while H1 (H2) is located at largerE/Dm2 in the region
whereAP.0 (AP,0). TheA structure is an artifact of the
presence of the adiabatic minimum in the probabilityP̄( ,
minP̄(5sin2uV , which can lead to a relatively large asym-
metryAP even if ^Pe2& is small. The smallness of^Pe2& in
theA region means that this region does not contribute sig-
nificantly to the total event rate asymmetry.

The bulk of theD-N asymmetry comes fromH2 andH1

structures, which are directly connected to theC and M
peaks in^Pe2&. For sin22uV<0.002 ~Fig. 3.1! most of the
peaks in^Pe2& lie in the P̄(.0.5 region. Correspondingly,
the asymmetryAP is negative~only the peakH2 is present!.
It increases in absolute value as sin22uV increases and it is
sensitive to thecoreenhancement. As sin22uV grows further,
the bulk of thê Pe2& resonance part enters the region where
P̄(50.5, producing a suppression of the asymmetry and of
thecoreenhancement. It is interesting to note that this cross-
ing occurs at different sin22uV for thenight, core,andmantle
samples. At sin22uV'0.004 the peakC for thecore is nearly
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cut in two parts by theP̄(50.5 line. This leads to the pres-
ence of both positive and negative Earth effects in the asym-
metryAP , while in the cases ofnight andmantlethe asym-
metry is negative. At sin22uV50.006~Fig. 3.2! the peakC is
in the P̄(,0.5 region while the bulk of the effect of the
mantleis still in the P̄(>0.5 region. Thecoreasymmetry is
positive and it has a maximum value of 16.4%. For
sin22uV>0.008 ~Figs. 3.3–3.7! the effect is positive. All
these details are influenced by the position of theP̄(50.5
line with respect to the region of thêPe2& maxima. Given
the fact that the latter is primarily a function of the Earth
model, it cannot be excluded that certain aspects of the be-
havior described above may change somewhat with the
change of the Earth model used in the calculations.

Finally, the sequences of Fig. 3 show that the resonance in
the core is the dominant source of the asymmetry in the
region of the nonadiabatic solution, sin22uV<0.013, while
for sin22uV>0.3 the bulk of the asymmetry is generated by
the resonance in the mantle~the M peak! and thecore en-
hancement is only of the order of 30–40 %.

VI. CONCLUSIONS

In the present article and in Ref.@24# we have performed
a detailed study of theD-N effect for the Super-Kamiokande

detector assuming that the MSW solution of the solar neu-
trino problem corresponds to solarne transitions into an ac-
tive neutrino,ne→nm(t) . Among our aims were~i! calcula-
tion of the Earth effect with a sufficiently high precision
which can match the precision of the data on the effect to be
provided by the Super-Kamiokande detector,~ii ! calculation
of the magnitude of the effect for a sufficiently large and
representative set of values of the parameters from the ‘‘con-
servative’’ regions~3! and ~4! of the MSW solution,~iii !
calculations of the one-year-averagedD-N asymmetry for
solar neutrinos crossing the Earth mantle, the core, the inner
2/3 of the core, and the mantle1core ~full Earth! for the
chosen large set of values ofDm2 and sin22uV with the pur-
pose of illustrating the magnitude of the enhancement of the
effect which can be achieved by an appropriate selection of
the data sample, and~iv! calculation of the one-year-
averaged deformations of thee2 spectrum by the Earth ef-
fect in the mantle, the core, and in the mantle1core for the
selected representative set of values ofDm2 and sin22uV . In
the present article we have used the elliptical orbit approxi-
mation of the Earth’s motion around the Sun to calculate the
one-year-average solarne survival probability and theD-N
asymmetry in the probability for neutrinos crossing the Earth
mantle, the core, the inner 2/3 of the core, and the mantle

FIG. 3. The probabilitieŝPe2& andP% as functions ofE/Dm2. Each figure representsP̄( , ^Pe2&, P% , andAP for the value of sin22uV

indicated in the figure. The frames~a! show the probabilitŷ Pe2& as a function of the resonance densityrR for thenight ~short-dashed line!,
mantle~dotted line!, core ~solid line!, anddeep-core~long-dashed line! samples. In all calculationsYe in the mantle and in the core was
assumed to be equal, respectively, to 0.5 and 0.467. The calculation of^Pe2& for deep-corewas performed forYe50.5. The frames~b!, ~c!,
and ~d! represent the probabilitiesP̄( ~dotted line!, ^Pe2& ~dashed line!, andP% ~solid line! corresponding to thenight, core,andmantle
samples as functions ofEn /Dm2. In some caseŝPe2& is multiplied by a factor of 10, which is indicated in the corresponding figures.
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FIG. 3. ~Continued!.

56 5999STUDY OF THE DAY-NIGHT EFFECT . . . . I. . . .



1core. The indicated sampling, which can be done with the
Super-Kamiokande detector, was considered in order to in-
vestigate quantitatively the possibility of enhancement of the
D-N effect. We have found, in particular, that such an en-
hancement can be especially large at small vacuum mixing
angles, sin22uV&0.013: TheD-N asymmetry in the one-
year-averagedne survival probability for neutrinos crossing
the Earth core only can be by a factor of up to 6 larger than
the asymmetry in the analogous probability for neutrinos
crossing the core1mantle ~night data sample!. This result
persists in the corresponding event rate samples@24#, thus
suggesting that it may be possible to test the sin22uV<0.01
region of the MSW solution of the solar neutrino problem by
performing selectiveD-N asymmetry measurements with
the Super-Kamiokande detector.

We have studied also the accuracy of the circular orbit
approximation~COA! utilized in all known to us previous
studies of theD-N effect, and compared it with the accuracy
of the elliptical orbit approximation~EOA! we have used in
the present analysis. The main conclusion of this study is that
the largest difference in the results for the probability^Pe2&
obtained using the COA and EOA is 0.8%. Given the fact
that the EOA was chosen for the computations in this work,
and that the EOA program actually includes most of the
secondary celestial mechanics effects, the accuracy of the
predictions for̂ Pe2& in what concerns the motion of the Sun
is better~and probably much better! than 1%.

ACKNOWLEDGMENTS

M.M. wishes to thank the International School for Ad-
vanced Studies, Trieste, Italy, where part of the work for this

study was done, for kind hospitality and financial support.
The authors are indebted to the ICARUS group of the Uni-
versity of Pavia and INFN, Sezione di Pavia, and especially
to Professor E. Calligarich, for allowing the use of their com-
puting facilities for the present study. M.M. wishes to thank
also Dr. A. Rappoldi for his suggestions concerning the com-
putational aspects of the study and Professor A. Piazzoli for
his constant interest in the work and support. The work of
S.T.P. was supported in part by EEC Grant No. ERBFM-
RXCT960090 and by Grant No. PH-510 from the Bulgarian
Science Foundation.

APPENDIX: THE SOLAR MOTION APPROXIMATIONS

The calculation of the probabilitŷPe2& with a sufficient
accuracy requires a relatively good approximation for the
Sun’s apparent motion which to leading order can be consid-
ered as a superposition of two strictly periodical motions, the
orbital revolution and the Earth rotation, plus a set of small
perturbations. The exact solution of such a perturbation prob-
lem is complex and computationally demanding and there-
fore one has to select only those effects which are relevant
for the chosen accuracy thresholde @29,38,39,30#. The vari-
ous errors introduced by inadequate approximations are sys-
tematic in nature. They combine algebraically, leading to
subtle cancellation or enhancement effects which are difficult
to propagate to the probabilitŷPe2& of interest. However, a
practical approach to cut off all corrections which are not
relevant is to set a threshold in the Sun’s motion tracking
accuracy of the order of some arcmin. This threshold may be
justified by the fact that the Sun is not a pointlike neutrino
source and the neutrino production region has an apparent
angular diameter of about 3 arcmin~approximately one-tenth
of the solar diameter!. The correctness of the indicated
choice is confirmed by a more detailed analysis.

Using the accuracy threshold it is possible to discriminate
between the various assumptions which can be used to sim-
plify the apparent solar motion. As a result of such an analy-
sis it becomes evident that two orbital approximations are
sufficiently accurate for our purposes: the circular orbit ap-
proximation ~COA! and the elliptical orbit approximation
~EOA!. In the COA the Sun’s orbit is circular, while in the
EOA the true elliptical Sun’s orbit described by Kepler’s
laws is considered. There are two important effects which are
neglected by COA and which instead are included in EOA:
~i! the time dependence of the Sun-Earth distance,R(t), dur-
ing the year, which leads to a change in the solar neutrino
flux at the Earth,F, according to the 1/R2(t) law, and~ii ! the
time dependence of the Earth orbital velocity,v(t) % , during
the year due to the angular momentum conservation. The
velocity v(t) % also changes according to the 1/R2(t) law.
This implies a change in the residence time of the Earth,
Tres,% , in a given orbital location, which is proportional to
R2(t). Each of these two effects can introduce a systematic
error of up to 3%. When taken together into account they
compensate partially each other because the total neutrino
rate for a given position of the Earth with respect to the Sun
is proportional to the productTres,%F and therefore the total
effect has to be rather small for a one-year-averagednight
sample. However, when other samples ascore or deep-core
are considered cancellation at the 1% level cannot be guar-

FIG. 3. ~Continued!.
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anteed by pure heuristic arguments since even with a one
year data taking thecoreanddeep-coresampling are equiva-
lent to averaging over a fraction of the year~winter!. In
addition, for detectors located at positive latitudes over the
tropical band, thecore sample is detected at winter whenF
andv(t) % are maximal.

For the aforementioned reasons a set of numerical simu-
lations were performed using both the COA and EOA and
comparing the results for botĥPe2& andTres obtained with
them. As already stated in the text, the main conclusion of
this study is that the largest difference in the results for^Pe2&
obtained utilizing the COA and EOA is 0.8%, and that the 3
arcmin error threshold provides a sufficient accuracy in the
description of the solar motion. Let us note also that the
program which makes use of the elliptical orbit approxima-
tion takes into account many other celestial mechanics sec-
ondary effects as well, so that its accuracy is better than few
tenths of an arcmin. Since all the results presented in this
paper are obtained with this program, the accuracy of the
^Pe2& predictions here presented, in what regards the error
introduced by the Earth orbit approximations, is far better
than 1%.

A number of tests where also performed to assure that the
accuracy of the numerical calculations is sufficiently high.
For instance, calculated solar positions were compared with
positions given in the 1996 edition of theNautical Almanac
@30#. These test showed that the numerical relative error is
not greater than 1023 (1024) each time the averaged prob-
ability ^Pe2& is not smaller than;1023 (;1022).

Finally, let us note that Eq.~8! can also be written using
the ratio

1

Tres
N

dTres

dĥ
,

i.e., the probability to receive a neutrino from the Sun~of
any flavor or energy! when it is inside the nadir angle inter-
val ĥ, ĥ1dĥ,Tres

N being the total residence time at night~see
the text!. In this case the expression for the average transition
probability for the nadir angle interval@ ĥ1 ,ĥ2# becomes

^Pe2&5
1

Tres
N E

ĥ1

ĥ2dĥPe2~ ĥ!
dTres

dĥ
. ~A1!

Although it looks more attractive theoretically, this formula-
tion is unpractical due to the presence of 365 singularity

points in thedTres/dĥ function, as is illustrated in Fig. 4.
These singularities are due to the fact that when the Sun’s
nadir angle reaches its minimum value,dĥ(t)/dt vanishes
while dTres/dĥ'1/@dĥ(t)/dt# diverges. Obviously, these
singularities are integrable but they make rather complicated
the use of Eq.~A1! for sufficiently accurate calculations.
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