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The modularity property of the helicity formalism is used to provide amplitude expressions and stage-two
spin-correlation functions which can easily be used in direct experimental searches for electroweak symmetries
and dynamics in the decay processest→W1b and t̄→W2b̄. The formalism is used to describe the decay
sequencest→W1b→( l 1n)b and t→W1b→( j d̄ j u)b. Helicity amplitudes fort→W1b are obtained for the
most general Jb̄t current. Thereby, the most general Lorentz-invariant decay density matrix for
t→W1b→( l 1n)b or for t→W1b→( j d̄ j u)b is expressed in terms of eight helicity parameters and, equiva-
lently, in terms of the structures of theJb̄t current. The parameters are physically defined in terms of partial-
width intensities for polarized final states int→W1b decay. The full angular distribution for the reactionsqq̄
and gg→t t̄→(W1b)(W2b̄)→••• can be used to measure these parameters. Since this adds on spin-
correlation information from the next stage of decays in the decay sequence, such an energy-angular distribu-
tion is called a stage-two spin-correlation function.@S0556-2821~97!03321-3#

PACS number~s!: 14.65.Ha, 11.30.Er, 11.30.Qc

I. INTRODUCTION

While in the standard model violations ofCP, T, and
(V2A) symmetry are phenomenologically well described by
the Higgs mechanism and the Cabibbo-Kobayashi-Maskawa
~CKM! matrix, the depth of the dynamical understanding
remains open to question. In particular, the Yukawa cou-
plings of the fermions and the CKM mixing angles andCP
phase parameter are inserted by hand. For this reason and the
new fermionic mass scale of;175 GeV provided by the
recently discovered top quark@1–3#, it is important to probe
for new and/or additional symmetry violations atmt

;175 GeV.
We use the modularity property of the helicity formalism

@4# to provide amplitude expressions and stage-two spin-
correlation functions which can easily be used in direct ex-
perimental searches for electroweak symmetries and dynam-
ics in the decay processest→W1b and t̄→W2b̄. Stage-two
spin-correlation functions are also a useful technique for test-
ing the symmetry properties and dynamics oft t̄ pair produc-
tion in both theqq̄→t t̄ andgg→t t̄ channels@5,6#.

The reader should be aware that it is not necessary to use
the helicity formalism@4# because the observables are physi-
cally defined in termst→W1b decay partial-width intensi-
ties for polarized final states. However, the helicity formal-
ism does provide a lucid, flexible, physical framework for
connecting Lorentz-invariant couplings at the Lagrangian
level with Lorentz-invariant spin-correlation functions. In
practice, the helicity formalism also frequently provides in-
sights and easy checks on the resulting formulas.

The literature on polarimetry methods and spin-
correlation functions int quark physics includes Refs.
@5,7,6#. Literature on methods to test forCP violation in t
reactions include Refs.@5,8,9,6#.

In this paper, we concentrate on the most general Lorentz-

invariant decay density matrixRl1 ,l
18

for t→W1b→( l 1n)b

or for t→W1b→( j d̄ j u)b, wherel1 ,l18561/2 is thet he-
licity. Rl1 ,l

18
is expressed in terms of eight helicity param-

eters@6,10#. The diagonal elements are simply the angular
distributions dN/d(cosu 1

t )d(cosũ a)df̃a for the polarizedt
decay chain,t→W1b→( l 1n)b or t→W1b→( j d̄ j ub).

There are eightt→W1b decay parameters since there are
the four WL,TbL,R final-state combinations: The first pa-
rameter is simplyG[GL

11GT
1 , i.e., the partial width for

t→W1b. The subscripts on theG’s denote the polarization
of the final W1, either L5 ‘ ‘ longitudinal’ ’ or T
5 ‘ ‘ transverse’’; superscripts denote ‘‘6 for sum or differ-
ence of thebL versusbR contributions.’’ In terms of the
helicity amplitudes defined in Sec. II,

GL
65uA~0,2 1

2 !u26uA~0,1
2 !u2,

GT
65uA~21,2 1

2 u!26uA~1,1
2 !u2. ~1!

Such final-state polarized partial widths are observables and,
indeed, the equivalent helicity parametersj,s . . . , can be
measured by various polarimetry and spin-correlation tech-
niques.

The second helicity parameter is theb quark’s chirality
parameterj[(GL

21GT
2)/G. Equivalently,

j[~probability b is bL!2~probability b is bR!,

j[u^bLub&u22u^bRub&u2. ~2!

So for mb50, a valuej51 means the coupledb quark is
purebL , i.e.,lb521/2. Formb54.5 GeV,j50.9993 for a
pureV2A coupling @6#.

The remaining two partial-width parameters are defined
by

z[~GL
22GT

2!/G, s[~GL
12GT

1!/G. ~3!*Electronic address: cnelson@bingvmb.cc.binghamton.edu
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This implies forW1 polarimetry that

s5~probability W1 is WL!2~probability W1 is WT!

is the analogue of theb quark’s chirality parameter in Eq.
~2!. Thus the parameters measures the degree of polariza-
tion, ‘‘L minusT, ’’ of the emittedW1. For a pure (V2A)
or (V1A) coupling and the empirical masses,s50.4057 so
in the standard model~SM! about 70% of the finalW’s
would be longitudinally polarized. The ‘‘pre-spontaneous-
supersymmetry-breaking~SSB!’’ parameterz50.4063~SM
value! characterizes the remaining odd-odd mixture of theb
andW1 spin polarizations.

To describe the interference between theWL andWR am-
plitudes, we define the four normalized parameters:

v[IR
2/G, h[IR

1/G,

v8[I I
2/G, h8[I I

1/G. ~4!

The associatedWL2WT interference intensities are

IR
65uA~0,2 1

2 !uuA~21,2 1
2 !ucosba

6uA~0,1
2 !uuA~1,1

2 !ucosba
R ,

I I
65uA~0,2 1

2 !uuA~21,2 1
2 !usinba6uA~0,1

2 !uuA~1,1
2 !usinba

R .
~5!

Here ba[f21
a 2f0

a and ba
R[f1

a2f0
aR are the measurable

phase differences of the associated helicity amplitudes
A(lW1,lb)5uAuexpif in the standard helicity amplitude
phase convention@4#. In the SM and for the empirical
masses,v50.4566 andh50.4568 are unequal sincemb

54.5 GeV. If unlike in the SMba
RÞ0, then from Eq.~5!

there are the inequalitiesv8Þh8 and vÞh, but both of
these inequalities will be insignficant versus anticipated em-
pirical precisions unless bothbR amplitudes,lW50,1, are
unexpectedly enhanced.

If one factors out ‘‘W-polarimetry factors’’~see below!
via s5SWs̃, v5RWṽ,..., theparameters all equal one or
zero for a pure (V2A) coupling andmb50 (v85h850).

A. Important remarks

~1! The analytic forms of ‘‘j,s,z, . . . ’’ are very distinct
for different unique Lorentz couplings; see Table I. This is
also true for the partial-width intensities for polarized final
states; see Table II. This is indicative of the analyzing power
of stage-two spin-correlation techniques for analyzing
t→W1b decay. Both the real and imaginary parts of the
associated helicity amplitudes can be directly measured.

~2! Primed parametersv8Þ0 and/orh8Þ0⇒T̃FS is vio-
lated. T̃FS invariance will be violated when either there is a
violation of canonicalT invariance or when there are absorp-
tive final-state interactions.

~3! Barred parametersj̄,z̄,... have the analogous defini-
tions for theCP conjugate processt̄→W2b̄. Therefore, any
j̄Þj, z̄Þz, ...⇒CP is violated. That is, ‘‘slashed param-
eters’’ j”[j2 j̄,... could be introduced to characterize and
quantify the degree ofCP violation. This should be regarded
as a test for the presence of a non-CKM-typeCP violation
because, normally, a CKM phase will contribute equally at

the tree level to both thet→W1bL decay amplitudes and so
a CKM phase will cancel out in the ratio of their moduli and
in their relative phase. There are four tests for non-CKM-
type CP violation @6,11#.

~4! These helicity parameters appear in the general angu-
lar distributions for the polarizedt→W1b→( l 1n)b decay
chain and fort→W1b→( j d̄ j u)b. Such formulas for the as-
sociated ‘‘stage-two spin-correlation’’~S2SC! functions in
terms of these eight helicity parameters are derived below in
Sec. V.

~5! In the presence of additional Lorentz structures,
‘‘ W-polarimetry factors’’ SW50.4068 andRW50.4567

TABLE I. Analytic form of the helicity parameters fort→W1b
decay for unique Lorentz couplings: In this and the following
table, the mass ratios are denoted byw/t[mw /mt . We do not
tabulatev8 and h8 becausev85h850 if either ~i! there is a
unique Lorentz coupling,~ii ! there is noT̃FS violation, and/or~iii !
there is a ‘‘V andA, mb50’’ masking mechanism; see remark~5!
in Sec. I.SW andRW are given in Eqs.~6! and ~7!.

V7A S6P fM1 f E f M2 f E

G’s
j 61 61 1 21

z 6SW 61
221w2/t2

21w2/t2
1

1
3

s SW 1
221w2/t2

21w2/t2
2

1
3

GLT’s

v 6RW 0
&w/t

21w2/t2
2
&w

3t

h RW 0
&w/t

21w2/t2
&w

3t

TABLE II. Analytical forms and numerical values of the partial-
width intensities for polarized final states for unique Lorentz cou-
plings.

V7A S6P fM1 f E f M2 f E

Analytic form

GL
2/G 6

1
2 (11SW) 61

w2

2t21w2
2

1
3

GT
2/G 6

1
2 (12SW) 0

2t2

2t21w2 2
2
3

GL
1/G 1

2 (11SW) 1
w2

2t21w2
1

1
3

GT
1/G 1

2 (12SW) 0
2t2

2t21w2
1

2
3

Numerical value
GL

2/G 60.70 61 0.095 20.33
GT

2/G 60.30 0 0.905 20.67
GL

1/G 0.70 1 0.095 10.33
GT

1/G 0.30 0 0.905 10.67

56 5929GENERAL TESTS FORt→W1b COUPLINGS AT HADRON . . .



naturally appear@5,10# because of the referencing of ‘‘new
physics’’ to the (V2A) structure of the standard model
~SM!. These important factors are

SW5
122mW

2 /mt
2

112mW
2 /mt

2 ~6!

and

RW5
&mW /mt

112mW
2 /mt

2 . ~7!

We have introducedSW andRW because we are analyz-
ing versus a referenceJb̄t theory consisting of ‘‘a mixture of
only V andA couplings withmb50.’’ For the third genera-
tion of quarks and leptons, this is the situation in the SM
before the Higgs mechanism is invoked. We refer to this
limit as the ‘‘pre-SSB’’ case. In this case, these
W-polarimetry factors have a simple physical interpretation:
for t→WL,T

1 b the factor SW5(prob WL)2(prob WT)
and the factor RW5the ‘‘geometric mean of these
probabilities’’5A(prob WL)(prob WT). These factors are
not independent sinceSW

2 14RW
2 51. @If experiments for the

lighter quarks and leptons had suggested instead a different
dominant Lorentz structure thanV2A, say, ‘‘f M1 f E , ’’
then per Table I we would have replacedSW everywhere by
(221w2/t2)/(21w2/t2), etc.#

In the pre-SSB case, each of the eight helicity parameters
also has a simple probabilistic significance for they are each
directly proportional to G, j, SW , or RW : s→SW ,
z→SWj, v→RWj, h→RW . Therefore,precision measure-
ments withz andj distinct, and withj andv distinct,will be
two useful probesof the dynamics of EW spontaneous sym-
metry breaking, see Eqs.~26–27! in Ref. 6. Some systematic
effects will cancel by considering the ratios,z/j versusRW,
andv/j versusSW.

Note in this reference theoryj5(ugLu22ugRu2)/(ugLu2

1 ugRu2). G5qW/4p(ugLu21ugRu2)uVtbu2(mt
2/mw

2 1 1
22mw

2 /mt
2) where gL,R5 1

2 (gV6gA), so in SM limit gL

5g/2A25gV52gA. Note also that anyT̃FS violation is
‘‘masked’’ since v85h850 ~i.e., ba5bb50! automati-
cally. This ‘‘V andA, mb50’’ masking mechanism could be
partially the cause for whyT violation has not been manifest
in previous experiments with the lighter quarks and leptons,
even if it is not suppressed in the fundamental electroweak
Lagrangian.

~6! The ‘‘additional structure’’ due to additional Lorentz
couplings inJb̄t can show up experimentally because of its
interference with the (V2A) part which, we assume, arises
as predicted by the SM.

~7! Besides model independence, a major open issue is
whether or not there is an additional chiral coupling in thet
quark’s charged current. A chiral classification of additional
structure is a natural phenomenological extension of the
standard SU(2)L3U(1) electroweak symmetry. The re-

quirement of ū(pb)→ū(pb) 1
2 (11g5) and/or u(kt)→ 1

2 (1
2g5)u(kt) invariance of the vector and axial current matrix
elements ^buvm(0)ut& and ^buam(0)ut& allows only gL ,
gS1P , gS21P2, g15 f M1 f E , andg̃15T11T5

1 couplings.
From this SU(2)L perspective, the relevant experimental

question is, what are the best limits on such additional cou-

plings? Similarly, ū(pb)→ū(pb) 1
2 (12g5) and/or u(kt)

→ 1
2 (11g5)u(kt) invariance selects the complementary set

of gR , gS2P , gS22P2, g25 f M2 f E , and g̃25T12T5
1

couplings. The absence of SU(2)R couplings is simply built
into the standard model; it is not predicted by it. So in the
near future, it will be important to ascertain the limits on
such SU(2)R couplings int quark physics.

~8! In a separate paper@6#, it has been reported that at the
Tevatron percent level statistical uncertainties are typical for
measurements of the helicity parametersj, z, s, v, andh. At
the LHC, several mill level uncertainties are typical. These
are also the sensitivity levels found for measurement of the
polarized partial widthsGL,T

6 and for the non-CKM-typeCP
violation parameterr a5uA(21,2 1

2 )u/uA(0,2 1
2 )u versusr b

5uB(1,1
2 )u/uB(0,1

2 )u. From I 4 @see Eq.~69! below#, the h
parameter~v parameter! can best be measured at the Fermi-
lab Tevatron@CERN Large Hadron Collider~LHC!#. How-
ever, by the use of additional variables@all of ũ1 , f̃1 , ũ2 ,
and f̃2 as in Eq.~66!# in the stage-two step of the decay
sequences whereW6→ j d̄ ,dj u, ū or l 6n, we expect that these
sensitivities would then be comparable to that for the other
helicity parameters. Inclusion of additional variables should
also improve the sensitivity to theCP violation parameter
ba which is at 33°~Tevatron! and 9.4°~LHC!. In regard to
effective mass scales for new physics exhibited by additional
Lorentz couplings, 50–70 TeV effective-mass scales can be
probed at the Tevatron and 110–750 TeV scales at the LHC.
The cleanest measurement of these parameters would pre-
sumably be at a futuree2e1 or m2m1 collider.

In Sec. II, we introduce the necessary helicity formalism
for describingt→W1b→( l 1n)b and t→W1b→( j d̄ j u)b.

In Sec. III, we list theA(lW1,lb) helicity amplitudes for
t→W1b for the most generalJb̄t current. Next, the helicity
parameters are expressed in terms of a ‘‘(V2A)1 additional
chiral coupling’’ structure in theJb̄t current. Two tables dis-
play the leading-order expressions for the helicity parameters
when the various additional chiral couplings (gi /2L i) are
small relative to the standardV2A coupling (gL).

Section IV gives the inverse formulas for extracting the
contribution of the longitudinal and transverseW’s to the
polarized partial widthsGL,T and to the partial-width inter-
ference intensitiesI R,I from measured values for the helicity
parameters. Expressions are also listed for extracting the
phase differencesba and ba

R from measured values for the
helicity parameters.

Section V gives the derivation of the full S2SC function
for the production decay sequenceqq̄ or gg→t t̄
→(W1b)(W2b̄)→ ( l 1nb)( l 2n̄b̄) or ( j d̄ j ub)( j dj ūb̄). Two
simpler S2SC are then derived. Several figures show the

cosu 1
t and cosũ1 behavior of the elements of the integrated

or ‘‘reduced’’ composite density matrixrhh8 . It is this be-
havior, i.e., the use ofW decay-polarimetry, which is respon-
sible for the enhanced sensitivity of the S2SC functionI 4
versus the energy-energy spin-correlation function
I (EW1,EW2).

Section VI contains some additional remarks.
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II. HELICITY FORMALISM FOR t˜W1b˜„ l 1n…b
AND t˜W1b˜„ j d̄j u…b

In the t rest frame, the matrix element fort→W1b is

^u1
t ,f1

t ,lW1,lbu 1
2 ,l1&5Dl1,m

~1/2!* ~f1
t ,u1

t ,0!A~lW1,lb!,

~8!

wherem5lW12lb and l1 is the t helicity. The finalW1

momentum is in theu1
t ,f1

t direction; see Fig. 1. For the
CP-conjugate processt̄→W2b̄ in the t̄ rest frame,

^u2
t ,f2

t ,lW2,l b̄u 1
2 ,l2&5Dl2,m̄

~1/2!* ~f2
t ,u2

t ,0!B~lW2,l b̄ !,

~9!

with m̄5lW22l b̄ andl2 is the t̄ helicity. From Eqs.~8, 9!
one sees that rotational invariance forbids the other trans-
verseW1 andW2 amplitudes, compare Eq.~1!, and so there
are only two, and not three, amplitudesA(0,21/2) andA
(21,21/2) for t→W1bL , etc. An elementary, technical
point @11# is that we have set the third Euler angle equal to
zero in the largeD functions in Eqs.~8! and~9!. A nonzero
value of the third Euler angle would imply an~awkward!
associated rotation about the finalW1 momentum direction
in Fig. 2. This technical point is important in this paper be-
cause in the spin correlation we exploit the azimuthal angular
dependence of the second stage,W1→ l 1n or for
W1→ j d̄ j u , in the decay sequences.

Figure 2 defines the usual spherical anglesũa and f̃a
which specify thej d̄ jet ~or the l 1! momentum in theW1

rest frame when the boost is from thet rest frame. For the
hadronicW1 decay mode, we use the notation that the mo-
mentum of the charge13 e jet is denoted byj d̄ and the mo-
mentum of the charge23 e jet by j u . Likewise, Fig. 3 defines
the ũb andf̃b which specify thej d jet ~or thel 2! momentum
which occurs in theCP-conjugate decay sequence.

As shown in Fig. 4, we use subscripts ‘‘1’’ and ‘‘2’’ in
place of ‘‘a’’ and ‘‘ b’’ when the boost to theseW6 rest

frames is directly from the (t t̄ )c.m. center-of-mass frame.
Physically, these angles,ũa ,f̃a and ũ1 ,f̃1 , are simply re-

lated by a Wigner rotation; see Eqs.~74! and~75! below. For
the CP-conjugate mode, one only needs to change the sub-
scriptsa→b and 1→2.

In theW1 rest frame, the matrix element forW1→ l 1n is
@12,13#

^ũa ,f̃a ,l l 1 ,lnu1,lW1&5DlW1,1
1* ~f̃a ,ũa,0!c, ~10!

FIG. 1. The three anglesu1
t , u2

t , andf describe the first stage

in the sequential decays of the (t t̄ ) system in whicht→W1b and
t̄→W2b̄. From ~a! a boost along the negativez1

t axis transforms
the kinematics from thet1 rest frame to the (t t̄)c.m. frame and, if
boosted further, to thet̄2 rest frame shown in~b!.

FIG. 2. The two pairs of spherical anglesu1
t ,f1

t and ũ a,f̃a

describe the respective stages in the sequential decayt→W1b fol-

lowed byW1→ j d̄ j u or W1→ l 1n. The spherical anglesũ a andf̃a

specify thej d̄ jet ~or thel 1! momentum in theW1 rest frame when
the boost is from thet1 rest frame. For the hadronicW1 decay
mode, we use the notation that the momentum of the charge1

3 e jet
is denoted byj d̄ and the momentum of the charge2

3 e jet by j u . In
this figure,f1

t is shown equal to zero for simplicity of illustration.

FIG. 3. This figure is symmetric versus Fig. 2. The spherical

anglesũ b and f̃b specify thej d jet ~or the l 2! momentum in the
W2 rest frame when the boost is from thet̄2 rest frame.
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sinceln52 1
2 andl l 15 1

2 neglecting (ml /mW) corrections.
This equation also describes theW1→ j d̄ j u decay mode, ne-
glecting (mjet /mW) corrections.

The associated composite decay density matrix for
t→W1b→( l 1n)b or for t→W1b→( j d̄ j u)b is

Rl1l
18
5 (

lW ,lW8
rl1l

18 ;lWl
W8
~ t→W1b!rlWl

W8
~W1→ l 1n!,

~11!

wherelW ,lW8 50,61, with

rl1l
18 ;lWl

W8
~ t→W1b!5 (

lb571/2
Dl1 ,m

~1/2!* ~f1
t ,u1

t ,0!Dl
18 ,m8

~1/2!

3~f1
t ,u1

t ,0!A~lW ,lb!

3A~lW8 ,lb!* ,

rlWl
W8
~W1→ l 1n!5DlW,1

1* ~f̃a, ũ a,0!Dl
W8 ,1

1
~f̃a, ũ a,0!ucu2.

This composite decay density matrix can be expressed in
terms of the eight helicity parameters:

R5S R11

e2if1
t
r21

eif1
t
r12

R22
D . ~12!

The diagonal elements are

R665na@16facosu1
t #6~1/& !sinu1

t $sin2ũa@vcosf̃a

1h8sinf̃a#22 sinũa@hcosf̃a1v8 sinf̃a#%. ~13!

The off-diagonal elements depend on

r125~r21!* 5nafasinu1
t 1& sinũa

3$cosu1
t @h cosf̃a1v8 sinf̃a#1i@h sinf̃a

2v8 cosf̃a#%2
1

A2
sin2ũ a$cosu1

t @vcosũ a1h8sinũ a#

1 i @vsinũ a2h8cosũ a#%. ~14!

In Eqs.~13! and ~14!,

na5 1
8 ~52cos2ũa2s@113 cos2ũa#24@j2z#cosũa!,

nafa5 1
8 ~4@12s#cosũa2j@113 cos2ũa#

1z@52cos2ũa# !, ~15!

or, equivalently,

S na

nafa
D5sin2ũa

GL
6

G
6

1

4
~31cos2ũa!

GT
6

G
7cosũa

GT
7

G
.

~16!

For the CP-conjugate processt̄→W2b̄→( l 2n̄)b̄ or
t̄→W2b̄→( j dj ū)b̄,

R̄5S R̄11

e2if2
t
r̄21

eif2
t
r̄12

R̄22
D . ~17!

R̄665nb@17fbcosu2
t #7~1/& !sinu2

t $sin2ũb@v̄ cosf̃b

2h̄8sinf̃b#2sinũb@h̄cosf̃b2v̄8sinf̃b#%, ~18!

r̄125~ r̄21!* 52nbfbsinu2
t 2& sinũb

3$cosu2
t @h̄ cosf̃b2v̄8sinf̃b#

1i@h̄ sinf̃b1v̄8cosf̃b#%1
1

A2
sin2ũ b$cosu2

t @v̄cosf̃b

2 h̄ 8sinf̃b#1 i @v̄sinf̃b1 h̄ 8cosũ b#%, ~19!

nb5 1
8 ~52cos2ũb2s̄@113 cos2ũb#24@ j̄2 z̄ #cosũb!,

nbfb5 1
8 ~4@12s̄#cosũb2 j̄@113 cos2ũb#

1 z̄@52cos2ũb# !. ~20!

S nb

nbfb
D 5sin2ũb

ḠL
6

Ḡ
6

1

4
~31cos2ũb!

ḠT
6

Ḡ
7cosũb

ḠT
7

Ḡ
.

~21!

III. HELICITY PARAMETERS IN TERMS
OF CHIRAL COUPLINGS

For t→W1b, the most general Lorentz coupling is

Wm* ūb~p!Gmut~k!, ~22!

wherekt5qw1pb . In Eq. ~22!,

FIG. 4. The spherical anglesũ 1 andf̃1 specify thej d̄ jet ~or the
l 1! momentum in theW1 rest frame when the boost is directly

from the (t t̄)c.m. frame. Similarly,ũ 2 and f̃2 specify thej d jet ~or
the l 2! momentum in theW2 rest frame. TheW1W2 production
half-plane specifies the positivex1 andx2 axes.
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GV
m5gVgm1

f M

2L
ismn~k2p!n1

gS2

2L
~k2p!m

1
gS

2L
~k1p!m1

gT1

2L
ismn~k1p!n ,

GA
m5gAgmg51

f E

2L
ismn~k2p!ng51

gP2

2L
~k2p!mg5

1
gP

2L
~k1p!mg51

gT
5
1

2L
ismn~k1p!ng5 .

The parameterL5 ‘‘the effective-mass scale of new phys-
ics.’’

Without additional theoretical or experimental inputs, it is
not possible to select what is the ‘‘best’’ minimal set of
couplings for analyzing the structure of theJb̄t current.
There are the ‘‘equivalence theorems’’ that for the vector
current,S'V1 f M , T1'2V1S2, and for the axial-vector
current,P'2A1 f E , T5

1'A1P2. On the other hand, dy-
namical considerations such as compositeness would suggest
searching for an additional tensorialg15 f M1 f E coupling
which would preservej51, but otherwise give non-
(V2A) values to thet helicity parameters. For instance,s
5zÞ0.41 andh5vÞ0.46.

The matrix elements of the divergences of these charged
currents are

~k2p!mVm5FgV~mt2mb!1
gS2

2L
q21

gS

2L
~mt

22mb
2!

1
gT1

2L
~q22@mt2mb#2!G ūbut , ~23!

~k2p!mAm5F2gA~mb1mt!1
gP2

2L
q21

gP

2L
~mt

22mb
2!

1
gT

5
1

2L
~q22@mt1mb#2!G ūbg5ut . ~24!

Both the weak magnetismf M/2L and the weak electricity
f E/2L terms are divergenceless. On the other hand, since
q25mw

2 , even whenmb5mt there are nonvanishing terms
due to the couplingsS2, T1, A, P2, andT5

1 .
The modularity and simple symmetry relations@6# among

the t→W1b and t̄→W2b̄ amplitudes are possible because
of the phase conventions that were built into the helicity

formalism @4#. In combining these amplitudes with results
from calculations of similar amplitudes by diagrammatic
methods, care must be exercised to ensure that the same
phase conventions are being used~cf. appendix in@11#!.

The helicity amplitudes fort→W1bL,R for both (V7A)
couplings andmb arbitrary are, forbL and solb52 1

2 ,

A~0,2 1
2 !5gL

Ew1qw

mw
Amt~Eb1qw!

2gR

Ew2qw

mw
Amt~Eb2qw!, ~25!

A~21,2 1
2 !5gLA2mt~Eb1qw!2gRA2mt~Eb2qw!,

~26!

and, forbR and solb5 1
2 ,

A~0,1
2 !52gL

Ew2qw

mw
Amt~Eb2qw!

1gR

Ew1qw

mw
Amt~Eb1qw!, ~27!

A~1,2 1
2 !52gLA2mt~Eb2qw!1gRA2mt~Eb1qw!.

~28!

Note thatgL andgR denote the ‘‘chirality’’ of the coupling
and lb57 1

2 denote the handedness ofbL,R . For (S6P)
couplings, the additional contributions are

A~0,2 1
2 !5gS1PS mt

2L D 2qw

mw
Amt~Eb1qw!

1gS2PS mt

2L D 2qw

mw
Amt~Eb2qw!,

A~21,2 1
2 !50, ~29!

A~0,1
2 !5gS1PS mt

2L D 2qw

mw
Amt~Eb2qw!

1gS2PS mt

2L D 2qw

mw
Amt~Eb1qw!, A~1,1

2 !50.

~30!

The two types of tensorial couplingsg65 f M6 f E and g̃6

5gT16T
5
1

1
give the additional contributions

A~0,7 1
2 !57g1S mt

2L D FEw7qw

mw
Amt~Eb6qw!2

mb

mt

Ew7qw

mw
Amt~Eb7qw!G6g2S mt

2L D F2
mb

mt

Ew6qw

mw
Amt~Eb6qw!

1
Ew6qw

mw
Amt~Eb7qw!G7g̃1S mt

2L D FEw6qw

mw
Amt~Eb6qw!1

mb

mt

Ew7qw

mw
Amt~Eb7qw!G6g̃2S mt

2L D
3Fmb

mt

Ew6qw

mw
Amt~Eb6qw!1

Ew7qw

mw
Amt~Eb7qw!G ,
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A~71,7 1
2 !57&g1S mt

2L D FAmt~Eb6qw!2
mb

mt
Amt~Eb7qw!G6&g2S mt

2L D F2
mb

mt
Amt~Eb6qw!1Amt~Eb7qw!G

7&g̃1S mt

2L D FAmt~Eb6qw!1
mb

mt
Amt~Eb7qw!G6&g̃2S mt

2L D Fmb

mt
Amt~Eb6qw!1Amt~Eb7qw!G . ~31!

A. Helicity parameter form in terms of gL

plus one ‘‘additional chiral coupling’’

We first display the expected forms for the above helicity
parameters for thet→W1b decay for the case of a pureV
2A chiral coupling as in the SM. Next, we will give the
form for the case of a single chiral coupling (gi /2L i) in
addition to the standardV2A coupling. In this case, we first
list the formulas for an arbitrarily large additional contribu-
tion.

In Tables III and IV we list the formulas to leading order
in gi versus the standardgL coupling. Throughout this paper,
we usually suppress the entry in the ‘‘i ’’ subscript on the
new physics coupling scale ‘‘L i ’’ when it is obvious from
the context of interest.

In the case of ‘‘multiadditional’’ chiral contributions, the
general formulas forA(lW1,lb), which are listed above, can
be substituted into the above definitions so as to derive the
expression~s! for the ‘‘multiadditional’’ chiral contributions.
The mb /mw andmb /mt corrections to the following expres-
sions can similarly be included.

PureV2A coupling:

j5s/SW5z/SW5v/RW5h/RW51,

v85h850. ~32!

V1A also present:

z/SW5j, v/RW5j,

s/SW51, h/RW51,

j5
ugLu22ugRu2

ugLu21ugRu2 , v85h850. ~33!

TABLE III. Helicity parameters fort→W1b decay to leading order in the case of a single additional
chiral coupling (gi) which is small relative to the standardV2A coupling (gL). This table is for theV
1A and for theS6P couplings. The next table~Table IV! is for additional tensorial couplings. In this paper
Re~Im! denote, respectively, the real~imaginary! parts of the quantity inside the parentheses. Expressions for
‘‘ a,...,f ’’ are given in Eq.~50!.

V6A Additional S6P
PuregL PlusgR PlusgS1P PlusgS2P

G’s

j 1
ugLu22ugRu2

ugLu21ugRu2
1 122eUgS2P

gL
U2

z/SW 1 j 11
aRe~gL*gS1P!1cugS1Pu2

ugLu2 12bUgS2P

gL
U2

s/SW 1 1 z/SW 11cUgS2P

gL
U2

GLT’s

v/RW 1 j 12d
Re~gL*gS1P!1eugS1Pu2

ugLu2 12eUgS2P

gL
U2

h/RW 1 1 v/RW v/RW

v8/RW 0 0 2f
Im~gL*g

S1P
!

ugLu2
0

h8/RW 0 0 v8/RW 0
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S1P also present:

z5s5S S 122
mw

2

mt
2 D ugLu21

mt

L F12
mw

2

mt
2GRe~gL* gS1P!

1H mt

2L F12
mw

2

mt
2G J 2

ugS1Pu2 D Y ~D1!, ~34!

j51, ~35!

v5h5&
mw

mt
S ugLu21

mt

2L F12
mw

2

mt
2GRe~gL* gS1P! D Y ~D1!,

v85h852&
mw

2L F12
mw

2

mt
2G Im~gL* gS1P!/~D1!. ~36!

where

D15S 112
mw

2

mt
2 D ugLu21

mt

L F12
mw

2

mt
2GRe~gL* gS1P!1H mt

2L F12
mw

2

mt
2G J 2

ugS1Pu2.

S2P also present:

z,s5XS 122
mw

2

mt
2 D ugLu27H mt

2L F12S mw
2

mt
2 D G J 2

ugS2Pu2CY ~D2!, ~37!

TABLE IV. Same as Table III except this table is for additional tensorial couplings. Hereg65 f M6 f E

involves kt2pb , whereasg̃65gT16T
5
1

1 involves kt1pb ; see Eq.~22!. Here mt5mass of thet quark.

Expressions for ‘‘f ,...,u’’ are given in Eq.~50! and ~51!.

Additional f M6 f E Additional T16T5
1

Plusg1 Plusg2 Plus g̃1 Plus g̃2

G ’s

j 1 12kUg2

gL
U2 1

ugLu22umtg̃2/2Lu2

ugLu21umtg̃2/2Lu2

z/SW 11
g Re~gL*g1!2u Im~gL*g1!

ugLu2 12hUg2

gL
U2 1 j

s/SW z/SW 12jUg2

gL
U2 1 1

GLT’s

v/RW 12
2l Re~gL*g1!1o Im~gL*g1!

2ugLu2 12nUg2

gL
U2 1 j

h/RW v/RW 12oUg2

gL
U2 1 1

v8/RW 2f
Im~gL*1g1!

ugLu2
0 0 0

h8/RW
v8/RW 0 0 0
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where the upper~lower! sign on the right-hand side~RHS!
goes with the first~second! entry on the left-hand side
~LHS!:

j5F S 112
mw

2

mt
2 D ugLu22H mt

2LF12S mw
2

mt
2 D G J 2

ugS2Pu2G Y
~D2! ~38!

v5h5&
mw

mt
ugLu2Y ~D2!, v85h850, ~39!

where

D25S 112
mw

2

mt
2 D ugLu21H mt

2L F12
mw

2

mt
2G J 2

ugS2Pu2.

f M1 f E also present: For this case we write the coupling
constant of the sum of the weak magnetism and the weak
electricity couplings as

g15 f M1 f E .

In this notation,

z5s5S S 122
mw

2

mt
2 D ugLu21

mw
2

mtL
Re~gL* g1!1

mw
2

4L2 F221
mw

2

mt
2G ug1u2D Y ~DT1!, ~40!

j51,

v5h5&
mw

mt
S ugLu22

mt

2L F11
mw

2

mt
2GRe~gL* g1!1

mw
2

4L2 ug1u2D Y ~DT1!,

v85h852
mw

&L
F12

mw
2

mt
2G Im~gL* g1!/~DT1!, ~41!

where

DT15S 112
mw

2

mt
2 D ugLu223

mw
2

mtL
Re~gL* g1!

1
mw

2

4L2 F21
mw

2

mt
2G ug1u2.

f M2 f E also present: Similarly, we write the coupling
constant of the difference of the weak magnetism and the
weak electricity couplings as

g25 f M2 f E ,

and so

z,s5F S 122
mw

2

mt
2 D ugLu26

mw
2

4L2 ug2u2G Y ~DT
2!, ~42!

where the upper~lower! sign on the RHS goes with the first
~second! entry on the LHS. Also,

j5F S 112
mw

2

mt
2 D ugLu223

mw
2

4L2 ug2u2G Y DT
2 , ~43!

v,h5&
mw

mt
S ugLu27

mw
2

4L2 ug2u2D Y ~DT
2!, v85h850.

~44!

Here

DT
25S 112

mw
2

mt
2 D ugLu213

mw
2

4L2 ug2u2.

T11T5
1 also present: We let

g̃15gT1T5

1 .

In this notation,

z5s5j51. ~45!

Also,

v5h51, v85h850. ~46!

A single additionalg̃15gT11T
5
1

1
coupling does not change

the values from that of the pureV2A coupling.
T12T5

1 also present: We let

g̃25gT2T5

1 ,

and so

z5j, s51, ~47!

j5
ugLu22umtg̃2/2Lu2

ugLu21Umtg̃2

2L U2 , ~48!

v5j, h51, v85h850. ~49!
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A single additionalg̃25gT12T
5
1

1
coupling is equivalent to a

single additionalV1A coupling, except for the interpretation
of their respective chirality parameters.

B. Helicity parameters to leading order
in one ‘‘additional chiral coupling’’

In Table III for theV1A and for theS7P couplings, we
list the ‘‘expanded forms’’ of the above expressions to lead-
ing order in a single additional chiral coupling (gi /2L i) ver-
sus the standardV2A coupling (gL). Similarly, in Table IV
is listed the formulas for the additional tensorial couplings.
The tensorial couplings include the sum and difference of the
weak magnetism and electricity couplings,g65 f M6 f E ,
which involve the momentum differenceqw5kt2pb . The
alternative tensorial couplingsg̃65gT16T

5
1

1
instead involve

kt1pb . In application@6# of I 4 to determine limits on a pure
IM (g1), as in @6#, since Re(gL* g1)50, the additional
terms in Table IV going asug1u2 can be used; for other than
pure Im(g1), one should work directly from the above ex-
pressions in the text. This remark also applies for determina-
tion of limits for a pure Im(gS1P) from Table III.

Notice that, except for the following coefficients, the for-
mulas tablulated in these two tables are short and simple. As
above, we usually suppress the entry in the ‘‘i ’’ subscript on
‘‘ L i ’’. For Table III these coefficients are

a5
4mw

2

mtL

~12mw
2 /mt

2!

~124mw
4 /mt

4!
,

d5
mt

4L S 12
mw

2

mt
2 D ~122mw

2 /mt
2!

~112mw
2 /mt

2!
,

b5
mt

2

2L2

~12mw
2 /mt

2!2

~124mw
4 /mt

4!
, e5

mt
2

4L2

~12mw
2 /mt

2!2

~112mw
2 /mt

2!
,

c5
mw

2

L2

~12mw
2 /mt

2!2

~124mw
4 /mt

4!
, f 5

mt

2L S 12
mw

2

mt
2 D . ~50!

The coefficients for Table IV are

g5
2mw

2

mtL

~124mw
2 /mt

2!

~124mw
4 /mt

4!
, l 5

mt~119mw
2 /mt

212mw
4 /mt

4!

2L~112mw
2 /mt

2!
,

h5
mw

2

2L2

~124mw
2 /mt

2!

~124mw
4 /mt

4!
, n5

mw
2 ~21mw

2 /mt
2!

2L2~112mw
2 /mt

2!
,

j 5
mw

2

L2

~12mw
2 /mt

2!

~124mw
4 /mt

4!
, o5

mw
2 ~12mw

2 /mt
2!

2L2~112mw
2 /mt

2!
,

k5
3mw

2

2L2~112mw
2 /mt

2!
, u5

mw
2

L2

~12mw
4 /mt

4!

~124mw
4 /mt

4!
.

~51!

Notice thatO(1/L) coefficients occur in the case of an in-
terference with thegL coupling and that otherwiseO(1/L2)
coefficients occur.

When the experimental precision is sensitive to effects
associated with the finite width;2.07 GeV of theW boson,
then a smearing over this width and a more sophisticated
treated of these coefficients will be warranted. Numerically,
for mt5175 GeV, mw580.36 GeV, and mb54.5 GeV,
these coefficients are

aL5141.6, bL2511 600, cL254890,

dL514.05, eL253354, f L569.05,

gL514.07, hL25615.4, j L256197,

kL256812, lL5183.8, nL255020,

oL251792, uL257503. ~52!

In comparing the entries in these two tables, notice that~i!
a single additionalg̃15gT11T

5
1

1
coupling does not change

the values from that of the pureV2A coupling and that~ii !
a single additionalg̃25gT12T

5
1

1
coupling is equivalent to a

single additionalV1A coupling, except for the interpretation
of their respective chirality parameters. This follows as a
consequence of the above ‘‘equivalence theorems’’ and the
absence of contributions from theS2 and P2 couplings
when theW1 is on shell. We have displayed this equivalence
in Table IV to emphasize that while an assumed total ab-
sence ofg̃6 couplings int→W1b decay might be supported
by the weaker test of the experimental and theoretical nor-
malization of the decay rate~i.e., the canonical universality
test!, empiricalV2A (V1A) values of the helicity param-
eters shown in these tables will not imply the absence ofg̃1

(g̃2) couplings.

IV. TESTS FOR ‘‘NEW PHYSICS’’

In the context of the helicity parameters, this topic is dis-
cussed in a separate paper@6#. Here we include some useful
formulas that were omitted in that discussion.

The contribution of the longitudinal (L) and transverse
(T) W amplitudes in the decay process is projected out by
the simple formulas

IR
bL ,bR[

1

2
~ IR

16IR
2!5UAS 0,7

1

2D UUAS 71,7
1

2D Ucosba
L,R

5
G

2
~h6v!,

I I
bL ,bR[

1

2
~ I I

16I I
2!5UAS 0,7

1

2D UUAS 71,7
1

2D Usin ba
L,R

5
G

2
~h86v8!,

GL
bL ,bR[

1

2
~ I L

16I L
2!5UAS 0,7

1

2D U2

5
G

4
~11s6j6z!,
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GT
bL ,bR[

1

2
~ I T

16I T
2!5UAS 71,7

1

2D U2

5
G

4
~12s6j7z!.

~53!

In the first line,ba
L5ba . Unitarity, requires the two right-

triangle relations

~ IR
bL!21~ I I

bL!25GL
bLGT

bL, ~54!

~ IR
bR!21~ I I

bR!25GL
bRGT

bR. ~55!

It is important to determine directly from experiment
whether or theWL andWT partial widths are anomalous in
nature versus the standard (V2A) predictions. They might
have distinct dynamical differences versus the SM predic-
tions if electroweak dynamical symmetry breaking~DSB!
occurs in nature.

By unitarity and the assumption that only the minimal
helicity amplitudes are needed, one can easily derive expres-
sions for measuring the phase differences between the helic-
ity amplitudes. In the case of bothbL andbR couplings, there
is

cosba5
IR

bL

AGL
bLGT

bL

5
2~v1h!

A~11j!22~s1z!2
~56!

and, for thebR phase difference,

cosba
R5

IR
bR

AGL
bRGT

bR

5
2~h2v!

A~12j!22~s2z!2
. ~57!

Also,

sinba5
I I

bL

AGL
bLGT

bL

5
2~v81h8!

A~11j!22~s1z!2
, ~58!

with

sinba
R5

I I
bR

AGL
bRGT

bR
5

2~h82v8!

A~12j!22~s2z!2
. ~59!

Measurement ofbaÞ0 (bbÞ0) implies a violation ofT
invariance int→W1b ( t̄→W2b̄) or the presence of an un-
expected final-state interaction between theb and W1. Be-
cause of the further assumption of no unusual final-state in-
teractions, one is actually testing forT̃FS invariance.
CanonicalT invariance relatest→W1b and the actual time-
reversed processW1b→t, which is not directly accessible
by present experiments. Equivalent to the two right-triangle
relations are two expressions involving the helicity param-
eters:

~h6v!21~h86v8!21 1
4 @~16j!22~s6z!2#. ~60!

Figure 5 displays a simple test ofT̃FS invariance using the

first relation. With forseeable experimental precisions, the
second relation appears unlikely to be tested in the near fu-
ture.

V. STAGE-TWO SPIN-CORRELATION FUNCTIONS

For t t̄ production at hadron colliders, a simple conse-
quence of the quantum-mechanical factorization structure of
the parton model is that there are incident parton longitudinal
beams characterized by the Feynmanx1 and x2 momentum
fractions instead of the knownp and p̄(p) momenta. This
momentum uncertainty must therefore be smeared over in
application of the following S2SC functions and in determi-
nation @6# of the associated sensitivities for measurement of
the above helicity parameters.

A. Full S2SC function

We consider the production-decay sequence

qq̄ or gg→t t̄→~W1b!~W2b̄!

→~ l 1nb!~ l 2n̄b̄! or ~ j d̄ j ub!~ j dj ūb̄!.

~61!

The general angular distribution in the (t t̄)c.m. is

I ~QB ,FB ;u1
t ,f1

t ; ũ a,f̃a;u2
t ,f2

t ; ũb ,f̃b!

5Sl1l2l
18l

28$r
l1l2 ;l

18l
28

prod
~QB ,FB!Rl1l

18
~ t→W1b→ . . . !

3Rl2l
28
~ t̄→W2b̄→••• !% , ~62!

where the composite decay density matrixRl1l
18

for

t→W1b→••• is given by Eq. ~12! and that Rl2l
28

for

FIG. 5. Display of test forT̃FS violation using the right-triangle
relation, Eq.~60!: First, sidea5h1v is drawn with its uncertainty
da and then the hypotenusec5

1
2A@(11j)22(s1z)2# is cast to

form a right triangle.c’s uncertainty is shown asdc . A resulting

nonzero sideb5h81v8 would imply that T̃FS is violated either
dynamically or because of a fundamental violation of canonicalT
invariance.

5938 56NELSON, KRESS, LOPES, AND McCAULEY



t̄→W2b̄→••• is given by Eq.~17!. The anglesQB andFB
give @11,12# the direction of the incident parton beam, i.e.,
the q momentum or the gluon momentum, arising from the
incident p in the pp̄ or pp→t t̄X production process. With
Eq. ~62! there is an associated differential counting rate

dN5I ~QB ,FB ;...!d~cosQB!dFBD~cosu1
t !df1

t

3d~cosũ a!df̃ad~cosu2
t !df2

t d~cosũb!df̃b, ~63!

where, for full phase space, the cosine of each polar angle
ranges from21 to 1 and each azimuthal angle ranges from 0
to 2p.

Each term in Eq.~62! can depend on the angle between
the t and t̄ decay planes

f5f1
t 1f2

t ~64!

and on the angular difference

FR5FB2f1
t . ~65!

So we treatFB , FR , andf as the azimuthal variables. We
integrate outFR . The resulting full S2SC function is rela-
tively simple:

I ~QB ,FB ;f;u1
t , ũ a,f̃a;u2

t ,ũb ,f̃b!

5Sh1h2
$rh1h2 ,h1h2

prod Rh1h1
Rh2h2

1~r11,22
prod r 12r 12

1r22,11
prod r 21r 21!cosf1 i ~r11,22

prod r 12r 12

2r22,11
prod r 21r 21!sinf%, ~66!

whererh1h2 ,h1h2

prod (QB ,FB) still depends onQB andFB and

the composite density matrix elements are given above. The
u1

t angular dependence can be replaced by theW1 energy in
the (t t̄)c.m. and similarlyu2

t by theW2 energy@12#. The sinf
dependence is the well-known test forCP violation in the
production process@13,5#.

B. Two simpler S2SC functions

We next integrate out some of the variables to obtain
simpler S2SC functions. First@11#, we transform to the vari-
ables of Fig. 4 and then integrate out the two azimuthal

anglesf̃1,2. This gives a five-variable S2SC function with
respect to the final decay products:

I ~f;u1
t , ũ 1,;u2

t , ũ 2!5Sh1h2
$rh1h2 ,h1h2

prod Rh1h1
Rh2h2

12 cosf Re~r11,22
prod r12r12!

22 sinf Im~r11,22
prod r12r12!%.

~67!

The sinf term will vanish if bothCP invariance holds in
(t t̄) production andba5bb50 in t and t̄ decays. The de-
pendence onQB5u t, FB, is implicit in Eqs.~67! and ~69!.
Only u t appears in Eqs.~78!–~81! so theFB integration is
trivial for Eq. ~69!.

Diagonalr66 and off-diagonalr67 appear here to de-
scribe the decay sequencet→W1b→ l 1nb or j d̄ j ub. The

CP-conjugate sequences are described byr66 and r67.
These integrated, composite density matrix elements are de-
fined by

rh1h1
[

1

2p E
0

2p

df1Rh1h1
/uA~0,2 1

2 !u2,

rh2h2
[

1

2p E
0

2p

df1Rh2h2
/uB~0,1

2 !u2

5r2h22h2
~subscripts 1→2,a→b!,

r125~r21!* [
1

2p E
0

2p

df1r 12 /uA~0,2 1
2 !u2,

r125~r21!* [
1

2p E
0

2p

df1r 12/uB~0,1
2 !u2

52r12~subscripts 1→2,a→b,ba→bb!, ~68!

where the last lines for theCP-conjugate ones shows useful
CP substitution rules.

By integrating out the anglef between thet and t̄ decay
planes, a simple four-variable S2SC function is obtained:

I ~EW1,EW2, ũ 1, ũ 2!5Sh1 ,h2
$rh1h2 ,h1h2

prod rh1h1
rh2h2

%

5S i$r12~qiq̄i→t t̄ !prod@r11r22

1r22r11#1r11~gg→t t̄ !prod

3@r11r111r22r22#%, ~69!

where the sum is over the quarks and gluons in the incident
pp̄ or pp. In the second line we have assumedCP invari-
ance in the production processes.

The simplest kinematic measurement of the above helicity
parameters at the Tevatron and at the LHC would be through

FIG. 6. Display of the W1-energy–W2-energy correlation
I 2

c.m.(cosu1
t ,cosu 2

t ) as predicted by the standard model forpp→t t̄X
~LHC!. The contours shown are for 106 events over
10 bins310 bins ~LHC!. This saddle surface peaks at (61,71),
and the levels range from 9478 to 10 522 with spacing 116.@At the
Tevatron at 2 TeV, the saddle is inverted with dips at (61, 71),
with levels ranging from 294 to 306 with spacing 1.2 for 33104

events.#
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purely hadronic top quark decay modes. The CDF and D0
Collaborations have reported@14# the observation of such
decays. In this case the (t t̄)c.m. frame is accessible and the
aboveI 4 can be used. In a separate paper@6# we have re-
ported that the associated statistical sensitivities to the helic-
ity parameters are at the percent level for measurements at
the Tevatron and at the several mill level for the LHC. Fig-
ure 6 shows the netEW1EW2 dependence of Eq.~69!.

C. Integrated composite decay density matrix elements

In Eq. ~69!, the composite decay density matrix elements
are simply the decay probability for at1 with helicity h/2 to
decayt→W1b followed by W1→ j d̄ j u or W1→ l 1n since
dN/d(cosu 1

t )d(cosũ1)5rhh(u 1
t ,ũ1) and, for the decay of the

t̄2 with helicity h/2, r̄hh5r2h,2h ~1→2, add bars!. For t1
with helicity h/2,

rhh5r01hrccosu1
t 1hrssinu1

t , ~70!

where

r05 1
8 $622 cos2v1cos2ũ12sin2v1sin2ũ1

1s@226cos2v1cos2ũ123sin2v1sin2ũ1#

24~j2z!cosv1cosũ1%, ~71!

rc5 1
8 $z@622cos2v1cos2ũ12sin2v1sin2ũ1#

1j@226cos2v1cos2ũ123sin2v1sin2ũ1#

14~12s!cosv1cosũ1%, ~72!

rs5
1

&
H 1

2
vsin2v1@sin2ũ122cos2ũ1#12hsinv1cosũ1J ,

~73!

with the Wigner rotation anglev15v1(EW1!. The rotation
by v1 is about the implicitya axis in Fig. 2. It is given by
@11#

sinv15mWbgsinu1
t /p1 , ~74!

FIG. 7. First of eight figures showing the cosu 1
t ,cosũ 1 behavior

of the elements of the ‘‘reduced’’ composite density matrixrhh8 .
These also show the dependence as the total center-of-mass energy
Ec.m. of t t̄, in (t t̄)c.m., is changed. This figure is forr11 and
Ec.m.5380 GeV; the next figure is forEc.m.5450 GeV. This saddle
surface peaks at about (1,0),(21,21), and the levels range from
0.1300 to 1.3923 with spacing 0.1266.

FIG. 8. The cosu 1
t ,cosũ 1 behavior ofr11 for Ec.m.5450 GeV.

The surface peaks at about~1,0!, and falls towards the three cor-
ners; the levels range from 0.1751 to 1.3422 with spacing 0.1220.

FIG. 9. The cosu 1
t ,cosũ 1 behavior ofr22 for Ec.m.5380 GeV.

The saddle surface peaks at about (21,0),(1,21); the levels range
from 0.1231 to 1.2274 with spacing 0.1227.

FIG. 10. The cosu 1
t ,cosũ 1 behavior of r22 for

Ec.m.5450 GeV. The surface peaks at about (21,1), (20.5,21);
the levels range from 0.1404 to 1.4002 with spacing 0.1400.
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cosv15
Ec.m.~mt

22mW
2 1@mt

21mW
2 #b cosu1

t !

4mt
2p1

, ~75!

where p15the magnitude of theW1 momentum in the
(t t̄)c.m. frame andg andb describe the boost from the (t t̄)c.m.
frame to thet1 rest frame@g5Ec.m./(2mt) with Ec.m.5 total
energy oft t̄, in (t t̄)c.m.#.

Note that thers term depends only on theWL2WT inter-
ference intensities, whereas ther0 andrc terms only depend
on the polarized partial widths, specifically,

r0,c5
1

2
@222 cos2v1cos2ũ12sin2v1sin2ũ1#

GL
6

G

6
1

4
@212 cos2v1cos2ũ11sin2v1sin2ũ1#

GT
6

G

7cosv1cosũ1

GT
7

G
, ~76!

with r̄0,c5r0,c ~1→2, add bars!.
For the off-diagonal elements; the analogous expression is

r125rcsinu1
t 2&~hcosu1

t 2 iv8!sinv1cosũ 1,

11/2A2~vcosu1
t 2 ih8!sin2v1~2cos2 ũ 12sin2 ũ 1!.

~77!

Figures 7–14 show the cosu 1
t , cosũ1 behavior of the el-

ements of these integrated or ‘‘reduced’’ composite density
matrix rhh8 assuming the (V-A) values of Table I for the
helicity parameters. These figures also show the dependence
as the total center-of-mass energyEc.m. of t t̄, in (t t̄)c.m., is
changed. Figure 7 is forr11 andEc.m.5380 GeV. The next
one, Fig. 8, is forEc.m.5450 GeV. This dependence on

cosu1
t , cosũ1, i.e., the use ofW decay-polarimetry, is the

reason for the greater sensitivity of the S2SC functionI 4 than
the simpler energy-energy spin-correlation function
I (EW1,EW2); see Sec. VI. Figures 9 and 10 show the behav-
ior of r22 . The behaviors of the real and imaginary parts of
the off-diagonal elementsr12 are shown in Figs. 11–14.
Note that to display the imaginary part with an arbitrarily
fixed overall normalization, we have setv85h8 in Eq. ~77!

FIG. 11. The cosu 1
t ,cosũ 1 behavior of Re@r12# for

Ec.m.5380 GeV. The surface peaks at about (20.25, 0.25); the lev-
els range from20.5392 to 0.4179 with spacing 0.1063.

FIG. 12. The cosu 1
t ,cosũ1 behavior of Re@r12# for

Ec.m.5450 GeV. The surface peaks at about (20.8, 0.9); the levels
range from20.5960 to 0.4490 with spacing 0.1161.

FIG. 13. The cosu 1
t ,cosũ1 behavior of Im@r12# for

Ec.m.5380 GeV for arbitrary overall normalizationv85h851. The
surface peaks at about (20.5, 0.5); the levels range from20.5025
to 0.1293 with spacing 0.0702.

FIG. 14. The cosu 1
t ,cosũ1 behavior of Im@r12# for

Ec.m.5450 GeV for arbitrary overall renormalizationv85h851.
The surface peaks at about (21, 0.8); the levels range from
20.7025 to 0.2842 with spacing 0.1096.
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since in the SM the relative phaseba
R50. If the (V-A) val-

ues for the helicity parameters are empirically found to be
only approximately correct, then the details of the depen-
dence ofrhh8 on cosu1

t ,cosũ1, andEcm will differ but, never-
theless, the analyzing power ofrhh8 and of R of Eq. ~12!
should remain large at both the Tevatron and the LHC.

D. Production density matrix elements

The production density matrix elements forgg→t t̄ are
calculated by the methods in@15,12#. In the usual helicity
phase conventions, we obtain

r11~gg→t t̄ !5r11,115r22,22

5
mt

2

96Et
2 F s2

~mt
22t !2~mt

22u!2GF719
pt

2

Et
2 cos2u tG

3F11
pt

2

Et
2 ~11sin4u t!G , ~78!

r12~gg→t t̄ !5r12,125r21,21

5
pt

2

96Et
2 F s2

~mt
22t !2~mt

22u!2G
3F719

pt
2

Et
2 cos2u tGsin2u t~11cos2u t!, ~79!

whereEt is the energy of the producedt quark with momen-
tum of magnitudept at angleu t in the (t t̄)c.m. frame.

The amplitudes forqi q̄i→t t̄ in the helicity phase conven-
tion are easily obtained from those in Ref.@12#. The associ-
ated production density matrix elements are

r11~qq̄→t t̄ !5r11,115r22,225
mt

2

9Et
2 sin2u t , ~80!

r12~qq̄→t t̄ !5r12,125r21,215 1
9 ~11cos2u t!.

~81!

The normalization in these equations corresponds to the hard
parton, differential cross sections

dŝ

dt
5

as
2

s2 ~r11,111r22,221r12,121r21,21!.

~82!

VI. ADDITIONAL REMARKS

The simpler stage-one spin-correlation function
I (EW1,EW2) of Ref. @5# directly follows from Eq.~69! by

integrating outũ 1 and ũ 2:

I ~EW1,EW2!5(
i

$r12~qiq̄i→t t̄ !prod@r11r22

1r22r11#1r11~gg→t t̄ !prod@r11r11

1r22r22#%, ~83!

where

r11511zSWcosu1
t , r22512zSWcosu1

t ,

r11512zSWcosu2
t , r22511zSWcosu2

t . ~84!

However, usingI (EW1,EW2), the fractional sensitivity for
measurement ofz at the Tevatron at 2 TeV is only 38%

versus 2.2% by usingI (EW1,EW2, ũ 1, ũ 2). The ‘‘fractional
sensitivity’’ is explicitly defined by Eq.~36!, in @6#. Simi-
larly, at the LHC at 14 TeV, the fractional sensitivity for
measurement ofz with I 2 is 2.3% versus 0.39% withI 4 .
This shows the importance of including the analyzing power
of the second stage in the decay sequence, i.e.,W decay-
polarimetry; cf. Sec. V C. It is also important to note that
only the partial width and thez helicity parameter appear in
this stage-one spin-correlation function. To measure the
other helicity parameters (j,s, . . . ),one needs to use stage-
two W or b decay-polarimetry, and/or other spin-correlation
functions.

This use ofW decay-polarimetery andI 4 to significantly
increase the analyzing powers does not directly make use of
the threshold-type kinematics at the Tevatron of theqq̄→t t̄
reaction. See the series of papers by Parke, Mahlon, and
Shadmi @7# for spin-correlation analyses which investigate
threshold techniques.

Some modern Monte Carlo simulations do include spin-
correlation effects, for instance,KORALB for e2e1 colliders
@16#. The simple general structure and statistical sensitivities
of the S2SC functionI 4 show that spin-correlation effects
should also be included in Monte Carlo simulations forpp̄ or
pp→t t̄X→••• . In such a Monte Carlo simulation it should
be simple and straightforward to build in the amplitudes for
production ofL-polarized andT-polarizedW6’s from dis-
tinct Lorentz-structure sources. Thereby, spin-correlation
techniques and the results in this paper can be used for many
systematic checks. For example, they could be used to ex-
perimentally test theCP and T invariance ‘‘purity’’ of de-
tector components and of the data analysis by distinguishing
which coefficients are or are not equal between various ex-
perimental data sets analyzed separately for thet and t̄
modes.

Assuming onlybL couplings@17#, a simple way for one to
use a Monte Carlo simulation to test for possibleCP viola-
tion is to add anS1P coupling to the standardV2A cou-
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pling in the t decay mode such that theS1P contribution
has an overall complex coupling factorc in the t mode and a
complex factord in the t̄ mode. This will generate a differ-
ence in moduli and phases between thet and t̄ modes. Then
the two tests forCP violation are whetherucu5udu, arg(c)
5arg(d) experimentally.

To be model independent and of greater use to theorists,
experimental analyses should not assume a mixture of onlyV
and A current couplings in top-quark decays. By consider-
ation of polarized partial widths, there are several fundamen-
tal quantities besides the chirality parameter and the total
partial width which can be directly measured. For example,
there are three logically independent tests for onlybL cou-

plings: j51, z5s, and v5h up to O(mb) corrections
@18#. If T̃FS violation were to occur, then the nonzero param-
etersv85h8 if there are onlybL couplings.
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S2P via an additional ‘‘gRgm(11g5)1e(k1p)m(12g5)’’
for t and ‘‘ḡRgm(11g5)1 f (k1p)m(12g5)’’ for t̄ wheree
and f are different complex coupling factors. In each case this
gives the expected number of independent variables. Measure-
ment of the overall relative phase of thelb52

1
2 and lb5

1
2

couplings~and for thelb56
1
2 couplings of the anti-b quark!

by S2SC’s usingb quark-polarimetry is considered in Ref.@6#.
@18# The corrections formb54.5 GeV are given numerically in

Table 3 of Ref.@6# and follow analytically from Eqs.~25!–~28!
in the present paper.
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