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It is demonstrated how perturbativeO(as
2) relativistic corrections to the nonrelativistic stable heavy quark-

antiquark production cross section ine1e2 annihilation based on a Coulombic QCD potential can be system-
atically calculated using the concept of effective field theories. TheO(as

2) corrections from the relativistic
energy-momentum relation, the relativistic phase space corrections and theO(as

2) corrections involving the
group theoretical factorsCF

2 andCFT are determined explicitly. For the case oft t̄ production the sum of these
corrections amounts to 3%–7% over the whole threshold regime and is insensitive to variations in the top
width. PerturbativeO(as

2) corrections to the leptonic decay width of heavy quark-antiquark3S1 vector reso-
nances are extracted.@S0556-2821~97!00421-9#

PACS number~s!: 13.65.1i, 13.20.Gd, 13.25.Gv

In the kinematic regime where the c.m. energy is much
larger than the quark masses, the total hadronic cross section
in e1e2 collisions Rhad5s(e1e2→hadrons)/spt , where
spt is the point cross section, belongs to the theoretically
best known and understood quantities in electroweak phys-
ics. Inspired by the astonishing precision of the experiments
at the CERNe1e2 collider LEPRhad has been calculated up
to O(as

3) accuracy for LEP energies based on sophisticated
multiloop techniques@1#. In the kinematic regime near
quark-antiquark thresholds, however, which is characterized
by the relation

ubu&as , b[A12
4MQ

2

s1 i e
, ~1!

whereMQ is the quark mass1 and As the c.m. energy, the
theoretical understanding ofRhad is much poorer. Although
perturbative methods to describe the hadronic cross section
in the threshold regime in general seem to be more than
questionable due to nonperturbative effects and due to the
large size of the strong coupling, it is well accepted that a
perturbation theory based description of the hadronic cross
section near a quark-antiquark threshold should be possible
if the quark mass is sufficiently larger than the hadronic scale
LQCD @2#. The prototype application of perturbative methods
in the threshold regime is therefore the case oft t̄ production2

since nonperturbative effects are suppressed due to the large
top quark mass and width@3,4# and since the strong coupling

is sufficiently small,as(CFMtas)'0.15. The most common
approach found in literature is based on numerical solutions
of a nonrelativistic Schro¨dinger equation with a phenomeno-
logical QCD potential where the short-distance part origi-
nates from loop calculations and the long-distance part is
obtained from fits to charmonium and bottomonium spectra
@7#. Although this approach leads to applicable results, the
use of a phenomenological potential makes the systematic
implementation of dynamic as well as kinematic relativistic
corrections difficult, if not impossible. As a consequence, all
potential model predictions for the cross section in the
threshold region contain intrinsic uncertainties of relative or-
der ub2u'as

2 . The actual size of theseO(as
2) corrections3

and their dependence on the c.m. energy is unknown because
a consistent and systematic determination of these correc-
tions has never been achieved. It is the purpose of this paper
to demonstrate how relativistic perturbativeO(as

2) QCD
corrections to the nonrelativistic stable heavy quark-
antiquark cross section predicted by the nonrelativistic
Schrödinger equation with a Coulombic QCD potential
VQCD52CFas /r and a fixedas can be calculated. We want
to emphasize that this work is not meant to present all cal-
culational details, but to show the main steps and results of
our calculations. A more detailed and explicit work will be
published later. We also would like to mention that at no
point in this work are nonperturbative effects and elec-
troweak corrections taken into account.

The formula for the single photon mediated~i.e., vector-
current induced! nonrelativistic cross section valid also for
complex energies reads@8#

1Throughout this paper the quark massMQ is understood as the
pole mass andb is called ‘‘velocity.’’

2An application of perturbative methods might also be possible for
the bb̄ production cross section for low radial excitations of theY
family because in that case nonperturbative effects seem to be well
under control@5,6# and the strong coupling is still small enough that
a perturbative calculation might be justified.

3Relativistic corrections to the nonrelativistic cross section actu-
ally result in a series in powers ofas andb. Because we consider
the kinematic regimeubu&as , we count powers ofb as powers of
as . For simplicity we will call theO(as

2), O(asb) and O(b2)
relativistic corrections briefly ‘‘O(as

2) corrections.’’
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RQQ̄,NR5Fs~e1e2→
g*

QQ̄!

spt

G
NR

5
3

2
NceQ

2 ImH ib2CFas

3Fg1 ln~2 ib!1CS 12 i
CFas

2b D G J , ~2!

whereC is the digamma function,C(z)[d/dz ln G(z), spt
54pa2/(3s), andNc53 is the number of colors.eQ is the
electric heavy quark charge anda denotes the fine structure
constant. In the nonrelativistic limit and for unstable quarks,
where the relation between the energyE[As22MQ relative
to the threshold point and the velocity can be approximated
asb5@(E1 iGQ)/MQ#1/2, GQ being the width of the heavy
quark, formula~2! coincides with an expression given in
@3,4#. For stable quarks and above threshold expression~2!
leads to the famous Sommerfeld expression

RG50,b.0
QQ̄,NR 5

3

2
NceQ

2 CFasp

12expS 2
CFasp

b D , ~3!

whereas for stable quarks and below threshold Eq.~2! devel-
ops narrow resonances at the well-known Coulomb energy
levels@9,8#. So far onlyO(as) QCD corrections to the non-
relativistic cross section from the running of the strong cou-
pling @7,10,5# and from short distances@11# have been suc-
cessfully calculated. The knowledge of theO(as

2)
corrections to expressions~2! and~3! is important in order to
understand the structure and importance of relativistic cor-
rections and might even lead to hints on the form of nonper-
turbative effects. Because it is quite unclear how theO(as

2)
relativistic corrections to the nonrelativistic cross section ob-
tained from a Coulombic potential have to be implemented
consistently into a potential model approach, they will serve
as an order of magnitude estimate for the uncertainties inher-
ent in potential model predictions.

In this paper we explicitly determine theO(as
2) correc-

tions to the total single photon mediated heavy quark pair
production cross section from the relativistic energy-
momentum relation, the relativistic phase space corrections
and thoseO(as

2) corrections which are multiplied by the
SU~3! group theoretical factorsCF

2 and CFT ~CF54/3, T
51/2!, where for the latter contribution only the effects from
the heavy quark itself are taken into account. We would like
to stress that these corrections represent a gauge invariant
subset of allO(as

2) QCD corrections and that no model-like
assumptions are imposed for our calculation. TheO(as

2)
QCD corrections involving the SU~3! group theoretical fac-
torsCACF andCFTnl , whereCA53 andnl is the number of
massless quark flavors, including theO(as

2) effects from the
running of the strong coupling are not treated in this work,
but can be determined along the lines presented here. For the
case of a non-negligible width of the heavy quark~as in t t̄
production! further types of corrections have to be taken into
account. Apart from the perturbative~multiloop! corrections
to the width of the free heavy quark, also corrections from
the off-shellness of the decaying heavy quark, from the in-
teraction among the decay products and the other heavy
quark ~if it is not decayed yet! and from time dilatation ef-

fects need to be considered. Although the size and the inter-
play of all these effects have been examined at various places
in literature ~see e.g.,@12,13,14#! they are still not com-
pletely understood yet as far asO(as

2) corrections to the
cross section are concerned. However, it is agreed in
@12,13,14# that the bulk of these effects can be accounted for
by using a momentum dependent width instead of a constant
one. This difficulty is completely ignored in this work.
Therefore, all formulas presented here are, strictly speaking,
only valid for stable quarks. However, during our calcula-
tions we never assume that the squared velocityb2 is a real
number. Therefore, our results could be easily implemented
in a more complete approach which treats all finite width
effects properly. For now we will use the naive replacement
E→E1 iGQ in the spirit of @3,4#, whereGQ represents an
appropriately chosen constant heavy quark width, which is
not necessarily equal to the decay width of a free heavy
quark. We think that this procedure is justified in order to
demonstrate the size of theO(as

2) corrections calculated in
this work in the presence of a large quark width. We finally
would like to emphasize that relativistic corrections from the
exchange of noninstantaneous gluons~responsible for Lamb
shift type corrections and real radiation effects fors.4MQ

2 !
are of orderas

3 @15,16# and beyond the level of accuracy
intended in this work.

Let us start by reminding the reader that by means of the

optical theorem the nonrelativistic cross sectionRQQ̄,NR, Eq.
~2!, can be written as@3,4#

RQQ̄,NR5ImFNceQ
2 24p

s
Gc~0,0!G , ~4!

whereGc is the Coulomb Green function satisfying the equa-
tion of motion

F2
1

MQ
¹W xW

2
2

a

uxW u
2

pW 2

MQ
GGc~xW ,yW !5d~3!~xW2yW !, a[CFas .

~5!

pW is called the ‘‘external three momentum’’ for the rest of
this work. It should be noted thatpW 2/MQ is equal to the
energyE5As22MQ only up to higher orders inE. In quan-
tum mechanics textbooks usually the convention is employed
where these higher order terms are set to zero. As explained
later, we setpW 2 equal to the squared~relativistic! three mo-
mentum of heavy quarks in the c.m. frame. An explicit ana-
lytic expression forGc in coordinate space representation
has to our knowledge been calculated the first time in@17#.
Our strategy is to calculate relativistic corrections to the
Coulomb Green functionGc by using ~textbook quantum
mechanics! time-independent perturbation theory~TIPT!.
This approach is justified because only the exchange of in-
stantaneous gluons needs to be taken into account. Using the
concept of effective field theories the arising UV divergences
are removed by matching to recent two-loop results for the
cross section in the threshold region in the framework of
QED @15#. The cross section is then obtained via the optical
theorem, Eq.~4!. Conceptually we follow the lines presented
in @8#.

The relativistic corrections to the Coulomb Green func-
tion arise from three different sources:~a! the relativistic
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energy-momentum relation,~b! 1/MQ
2 corrections to the Cou-

lomb potentialVQCD, and ~c! 1/MQ
2 corrections from the

electromagnetic current which produces and annihilates the
quark-antiquark pair. The corrections from the relativistic
energy-momentum relation can be easily determined by tak-
ing into account thatGc can be written in the form@4#

Gc~xW ,0!5E d3pW 0

~2p!3 eipW 0xW
MQ

pW 0
22pW 22 i e

3 (
m50

`

)
n51

m E d3pW n

~2p!3

4pa

~pW n212pW n!2

MQ

pW n
22pW 22 i e

.

~6!

The relativistic expression for the particle-antiparticle propa-
gation*dpW n

3/(2p)3MQ /(pW n
22pW 22 i e) reads

2 i E d4pn

~2p!4 S@pn1~AMQ
2 1pW 2,0W !#

3S@pn2~AMQ
2 1pW 2,0W !#, pn5~pn

0 ,pW n!, ~7!

whereS is the common Dirac propagator. Because the Cou-
lomb interaction is instantaneous, thepn

0 integration can be
carried out. An expansion in 1/MQ

2 then yields that the cor-
rections from the relativistic energy-momentum relation can
be implemented into expression~6! by the replacement

MQ

pW n
22pW 22 i e

→
MQ

pW n
22pW 22 i e F11

pW n
21pW 2

4MQ
2 G ~8!

for each particle-antiparticle propagator. As mentioned ear-
lier, the form of the correction factor on the right-hand side
~RHS! of Eq. ~8! differs from the usual kinetic energy cor-
rection used in quantum mechanics textbooks because the
relation between the external momentumpW and the c.m. en-
ergy reads

pW 2

MQ
2 [

b2

12b2 . ~9!

For stable quarks, definition~9! leads to the relationpW 2/MQ
5E1E2/(4MQ)1O(E3) between the external momentum
pW and the energyE. Any other definition ofpW 2 would lead to
a different form of the RHS of Eq.~8!. The final result for
the cross section, of course, is independent of this choice.
We have chosen definition~9! to facilitate our calculations.
The 1/MQ

2 corrections to the interaction potential are well
known and read

Ṽ~QW !52
4pa

QW 2
1

pa

MQ
2

1
4pa

MQ
2 FSW 1SW 22

~QW SW 1!~QW SW 2!

QW 2 G
2

4pa

MQ
2 F pW 2

QW 2
2

~QW pW !2

QW 4 G2 i
6pa

MQ
2 F ~SW 11SW 2!

QW 3pW

QW 2 G
~10!

in momentum space representation, whereQW is the ~three!
momentum flowing through the gluons and theSW 1/2 represent

the quark/antiquark spin operators. In Eq.~10! the Coulomb
interaction is also displayed. The 1/MQ

2 corrections from the
electromagnetic current which produces and annihilates the
heavy quark-antiquark pair lead to the insertion of the factor

$12pW 0
2/(3MQ

2 )@ 3
4 1SW 1SW 2#% into expression~6!.

Taking into account that theQQ̄ pair is produced in a
(JPC5122) 3S1 state,4 the relativistic corrections to the
Coulomb Green function can be rewritten in terms of correc-
tions induced by an effective interaction potential which in
coordinate space representation takes the simple form

V3S1~xW !52
a

uxW u F11
3pW 2

2MQ
2 G1

11

3

pa

MQ
2 d~3!~xW !2

5

4MQ

a2

uxW u2 ,

~11!

where the Coulomb potential is also displayed. In addition,
there remains a correction to the Coulomb Green function,
which cannot be expressed in terms of an interaction poten-
tial. This correction takes the form

dGc~0,0!52 lim
uxW u→0

F 1

MQ
2 S 7

6
¹W 21pW 2DGc~xW ,0!G ~12!

and essentially represents relativistic phase space correc-
tions.

It is now straightforward to determine allO(as
2) correc-

tions to the Coulomb Green function. The corrections from
the first term on the RHS of Eq.~11!, called kinetic energy
corrections later in this paper, can be trivially implemented
by the replacementa→a(113pW 2/2MQ

2 ) in Gc . The correc-
tions from the second and third term, later called dynamical
corrections, can be calculated via coordinate space TIPT.
The phase space corrections of Eq.~12! can be evaluated by
employing the equation of motion~5!. The arising UV
~short-distance! divergences can be regularized by consider-
ing corrections toGc(xW ,0) and taking the limit uxW u→0
afterwards.5 Taking into account that the relation between

the cross sectionRQQ̄ and the Green function, Eq.~4!, leads
to another 1/MQ

2 phase space correction and using relation
~9!, the result for the cross section reads

RQQ̄5
3

2
NceQ

2 a Im@Ha~a,b!#H 11a@div#1a2@div#

1
2

3
a2 Re@Ha~a,b!#J , ~13!

where

4The production of a3D1 state is proportional to the modulus
squared of the second derivative of the heavy quark-antiquark wave
function at the origin and therefore suppressed byubu4'as

4 . This is
beyond the intended accuracy.

5We emphasize that this method is not claimed to be a consistent
way of UV regularization in coordinate space. However, in our case
a quite sloppy treatment of UV divergences is allowed because we
later match our result directly to the two-loop expression for the
cross section in the threshold region.~See also@8#.!
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Ha~a,b![S 12
1

3
b2D H i

b

a
2~11b2!Fg1 ln~2 ib!

1CS 12 ia
11b2

2b D G J . ~14!

It should be noted that the term ln(2ib) in the functionHa
does not lead to a singular behavior ofHa in the limit b→0
because this logarithm is cancelled by a corresponding loga-
rithmic term generated by the digamma function in the same
limit. It is a remarkable fact that in the framework of an
expansion in Feynman diagrams the combinationg1C@1
2 ia(11b2)/2b# is generated entirely by diagrams of
higher order than the diagrams which produce the explicit
term ln(2ib). ~See also@8#.! The terms in Eq.~13! symbol-
ized by @div# represent divergent andb-independent contri-
butions. The divergences originate from the integration re-
gion uxW u→0 in TIPT and have to be considered as UV
divergences which indicate that the electromagnetic current
which produces and annihilates the heavy quark pair has to
be renormalized. This renormalization is usually achieved by
the determination of the corresponding counterterm via
matching to amplitudes calculated in covariant~multiloop!
perturbation theory in the framework of QCD@18,19#. For-
tunately this lengthy procedure is not necessary in our case
because expression~13! can be matched directly to a recent
two-loop calculation of the fermion-antifermion cross sec-
tion in the threshold region in the framework of QED@15#
which is sufficient to determine theO(as

2) corrections in
which we are interested. This ‘‘direct matching’’ procedure
@8# is carried out in the formal limita!b!1 for stable
quarks, where predictions in the nonrelativistic effective
theory and conventional multiloop perturbation theory in
QCD have to coincide. Expanding up to next-to-next-to-
leading order inb @and including only theO(as

2) contribu-
tions with the color factorsCF

2 and CFT in which we are
interested# the two-loop expression~i.e., including Born,
one-loop, and two-loop contributions! for the cross section
reads@15#

R2 Loop
QQ̄ 5NceQ

2 H S 3

2
b2

1

2
b3D1

CFas

p S 3p2

4
26b1

p2

2
b2D

1as
2FCF

2p2

8b
23CF

21S 5CF
2p2

24
1

3

2
C2

2CF
2 lnb DbG J , ~15!

where

C2[CF
2F 1

p2 S 39

4
2z3D1

4

3
ln22

35

18G1CFTF4

9 S 11

p2 21D G .
~16!

Expanding Eq.~13! in the same way and demanding equality
to expression~15! the divergent contributions in Eq.~13! are
unambiguously removed and replaced by constant~i.e., b-
independent! terms. The final result for the cross section then
reads

RQQ̄5
3

2
NceQ

2 CFasIm@Ha~CFas ,b!#H 124CF

as

p
1as

2C2

1
2

3
CF

2as
2Re@Ha~CFas ,b!#J . ~17!

In Eq. ~17! the well-knownO(CFas) short-distance correc-
tion 24CFas /p @11# is successfully recovered. It is an in-
teresting fact that the size of the contribution fromC25
20.24 is an order of magnitude smaller than the one of the
function Ha . For convenience,C2 will be called O(as

2)
short-distance correction in the following discussion. How-
ever, we would like to stress that a unique identification of
short-distance and long-distance contributions in the combi-
nation as

2C21 2
3 CF

2as
2Re@Ha# is impossible because such a

procedure is cutoff-dependent. In the language of conven-
tional perturbation theory~in the number of loops!, expres-
sion ~17! resums all contributions of orderb(CFas /
b)n@1,CFas ,b2,CFasb,CF

2as
2 ,CFTas

2#, n50,1,2,...,`, in
an expansion for smallb. Because expression~17! is also
valid for complex energies it is applicable fort t̄ production,
where the large top width has to be taken into account.6

Although theO(CACFas
2) and O(CFTnlas

2) corrections
to the heavy quark-antiquark cross section in the threshold
region are still unknown, it is instructive to examine the
O(as

2) corrections contained in Eq.~17! for the case oft t̄
production. In Fig. 1 the sum of the relativeO(as

2) kinetic
energy and the phase space corrections,D1

[( 2
3 NceQ

2 CFasIm@Ha#2RQQ̄,NR)/RQQ̄,NR ~dashed lines!, the
O(as

2) dynamical corrections including theO(as
2) short-

distance contribution,D2[as
2C21 2

3 CF
2as

2Re@Ha# ~dashed-
dotted lines!, and their sum,D11D2 ~solid lines!, are plotted
for as50.13 ~thin lines! and as50.16 ~thick lined! in the
energy range210 GeV,E,10 GeV, whereE5As22Mt
and Mt5175 GeV. As mentioned earlier, the top decay
width is implemented by the naive replacementE→E
1 iG t , which leads to the relationb5@124Mt

2/(E1 iG t

12Mt)
2#1/2 between the velocityb and the energyE. In Fig.

1~a! G t51.55 GeV, whereas in Fig. 1~b! we have chosen
G t50.80 GeV. It is striking that the strong energy depen-
dence ofD1 andD2 around the 1S peak is cancelled in their
sum leaving a fairly stable correction between 3% and 7%
over the whole threshold region.7 This shows that the 1S
peak, which is the most important characteristic of the total

6For complex energies there is an ambiguity in the definition of
the function Ha of order b2 which cannot be removed by the
matching to the two-loop result calculated for stable quarks. For the
case of unstable quarks this ambiguity amounts to Im@ab2#
;CFasGQ /MQ in the total cross section, whereGQ is the quark
width. For the case oft t̄ production (G t'1.5 GeV) this ambiguity
is of order 0.1% which is beyond the intended accuracy. For bottom
and charm quarks this ambiguity can be ignored.

7We would like to mention thatD2 contains contributions of order
as

2b2 coming from theb2 terms in the functionHa . These terms
represent contributions beyond the intended accuracy and are not
included in our analysis. The size of these contributions toD2 does
not exceed 0.5% in the considered energy range.
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t t̄ production cross section in the threshold region@7#, is
barely shifted by theO(as

2) corrections determined in this
work. @See also the near cancellation of theO(as

4) contribu-
tions to the energy levelsEn in Eq. ~20! for n51.# In par-
ticular, the sumD11D2 is fairly insensitive to variations in
the choice of the value ofG t indicating that the size of the
O(as

2) corrections calculated in this work is not affected by
our ignorance of a consistent treatment of all finite width
effects. The variation of the size ofD11D2 for different
choices ofas further shows that once allO(as

2) corrections
are calculated, the remaining relative theoretical uncertainty
for the total cross section can be expected at the level of 1%.
Taking the size ofD11D2 as an order of magnitude estimate
for the sum of allO(as

2) corrections and because a consis-
tent O(as

2) analysis has never been accomplished in the
framework of potential models fort t̄ production, we come to
the conclusion that an uncertainty of the order 5% is con-
tained in all predictions for the totalt t̄ production cross sec-
tion based on phenomenological potentials.

Evaluating formula~17! for stable quarks above threshold
we obtain

RG50,b.0
QQ̄ 5

3

2
NceQ

2 bS 12
1

3
b2D S 2CFasp

v rel
D

12expS 2
2CFasp

v rel
D

3H 124CF

as

p
1as

2FC22
2

3
CF

2Xg1 lnb

1ReCS 12 i
CFas

2b D CG J , ~18!

where v rel52b/(11b2) is the relativistic relative velocity
of the produced quark pair. This verifies a suggestion for the
form of the relativistic extension of the Sommerfeld expres-
sion made in@15#. For b→0 this leads to the finite expres-
sion

RG50,b50
QQ̄ 5

3

2
NceQ

2 CFaspH 124CF

as

p

1as
2FC22

2

3
CF

2XlnS CFas

2 D1gCG J . ~19!

For stable quarks and below threshold formula~17! develops
narrow resonances at the spin triplet (n3S1) energy levels8

(n51,2, . . . ,̀ )

En52
MQCF

2as
2

4n2 1
MQCF

4as
4

4n4 F11

16
2

2

3
nG . ~20!

Parameterizing the resonances in the form (a51/137)

RG50,2 ib.0
QQ̄ 5

9p

a2 (
n51

`

G~n→e1e2!Mnd~s2Mn
2!,

~21!

where theMn[2MQ1En are the vector resonance masses,
we can extract the corrections to the leptonic widths (n
51,2,...,`),

G~n→e1e2!5NceQ
2 16pa2

3

uCn
c~0!u2

Mn
2 H 124CF

as

p
1dnJ ,

~22!

8The derivation of the energy levels in Eq.~20! from expression
~17! is carried out according to Sec. IV in@8#. We also would like
to note that theO(as

4) contributions to then3S1 energy levels in
Eq. ~20! are consistent with the effective potentialV3S1 given in Eq.
~11!.

FIG. 1. The relativeO(as
2) corrections to the total nonrelativis-

tic t t̄ production cross sectionD1 ~dashed lines!, D2 ~dashed-dotted
lines! and D11D2 ~solid lines! for as50.13 ~thin lines! and as

50.16 ~thick lined! as described in the text.

FIG. 2. The relativeO(as
2) correctionsdn for n51 ~solid line!,

2 ~dashed line!, 3 ~dashed-dotted line! and` ~dotted line! for values
of as in the range 0.1,as,0.8 as described in the text.
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dn5as
2H C22

2

3
CF

2F 5

2n2 1 lnS CFas

2n D2
1

n
1C~n!1gG J .

~23!

uCn
c(0)u25MQ

3 CF
3as

3/8pn3 is the modulus squared of the
~unperturbed! Coulomb wave function at the origin with the
radial quantum numbern. It should be noted that the relative
O(as

2) correctiondn remains finite in the limitn→` ~called
‘‘small binding limit’’ in @20#!,

d`[ lim
n→`

dn5as
2H C22

2

3
CF

2F lnS CFas

2 D1gG J . ~24!

In Fig. 2 the relativeO(as
2) correctiondn is plotted forn

51 ~solid line!, 2 ~dashed line!, 3 ~dashed-dotted line! and`
~dotted line! for values ofas in the range 0.1,as,0.8.
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