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I. INTRODUCTION

One of the most important frontiers in strong interaction
physics is the study of the structure of the nucleon. Despite
considerable experimental and theoretical progress made
over the last 40 years, there are still many unanswered ques-
tions. An example is the intensive debate which has contin-
ued over the spin structure of the nucleon, ever since the
European Muon Collaboration~EMC! published their initial
data on the spin structure functiong1 @1#. Traditionally, two
types of observables related to the nucleon structure have
been studied mostly extensively: elastic form factors and
parton~quark and gluon! distributions. Electromagnetic form
factors of the proton were first measured in the mid 1950s
@2#, and in recent years measurements of those of the neutron
have been attempted and more are planned@3#. Weak form
factors are also being measured through parity-violating
electron and neutrino scattering@4#. On the other hand, the
unpolarized quark and gluon distributions have been system-
atically probed in deep-inelastic scattering and Drell-Yan
processes since the discovery of quarks at SLAC in the late
1960s. The polarized quark distributions have also been stud-
ied in a number of experiments in recent years@5#, and more
data on these are anticipated in the future from CERN,
SLAC, the DESYep collider HERA, and the BNL Relativ-
istic Heavy Ion Collider~RHIC!.

In this paper, we present a first detailed study of a new
type of nucleon observable: the off-forward parton distribu-
tion ~OFPD!. The OFPDs generalize and interpolate between
the ordinary parton distributions, measured for instance in
deep-inelastic scattering, and the elastic form factors, and
therefore contain rich structural information. There are no
data so far on these distributions, and a relatively short the-
oretical history. Discussion of the OFPDs has arisen inde-
pendently in several different theoretical studies. Using the
operator product expansion, Watanabe@6# analyzed the
short-distance behavior of virtual Compton scattering in
terms of functions related to off-diagonal matrix elements of
twist-2 operators. In the late 1980s, Geyer and collaborators

@7# studied the relation between the Altarelli-Parisi evolution
for parton distributions and the Brodsky-Lepage evolution
for leading-twist meson wave functions. The ‘‘interpolating
functions’’ introduced in Ref.@7# are essentially the OFPDs
which we study in this paper. In the early 1990s, Jain and
Ralston@8# studied hard processes involving hadron helicity
flip, in terms of an ‘‘off-diagonal transition amplitude’’ in-
volving off-forward matrix elements of biquark fields in the
nucleon. It was shown that the integral of this amplitude over
the quark four-momentum yielded elastic form factors. Re-
cently, one of us@9,10# introduced OFPDs in the study of the
spin structure of the nucleon. The main observations in Refs.
@9, 10# were that the fractions of the spin carried by quarks
and gluons can be determined from form factors of the QCD
energy-momentum tensor, and that the latter can be extracted
from the OFPDs. Furthermore, the deeply virtual Compton
scattering~DVCS! process was proposed@10# as a practical
way to measure the new distributions.

From the point of view of parton physics in the infinite
momentum frame, the OFPDs have the following mean-
ing: if a nucleon is moving with an infinite momentum in a
particular direction, take out a parton with a certain fraction
of the momentum, give it a four-momentum transferDm, and
insert it back into the nucleon. This is illustrated in Fig. 1.
The OFPD is then the amplitude characterizing this process.
On the other hand, from the point of view of elastic form
factors, the moments of OFPDs are form factors of twist-2
quark and gluon operators. For the spin-1 operators one has
the ordinary electromagnetic and axial form factors, while
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FIG. 1. Off-forward parton distribution.P andP8 are the initial
and final state nucleon momenta, andk andk8 are the active quark
momenta.
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for the spin-2 operators one has the form factors of the
energy-momentum tensor. Because the form factors of the
energy-momentum tensor contain information about the
quark and gluon contributions to the nucleon angular mo-
mentum, the OFPDs can provide information on the fraction
of the nucleon spin carried by quark orbital angular
momentum—a subject of considerable current interest@11#.

The OFPDs can be measured in diffractive processes in
which the nucleon recoils elastically after receiving some
momentum transfer. Moreover, one must have in the pro-
cesses a hard, lightlike momentum so that the parton light-
cone correlations are selected. The simplest such process is
DVCS @10#, in which a deeply virtual photon, supplied by
inelastic electron scattering, hits the nucleon and turns into a
real, high-energy photon. Such a process is easy to analyze
theoretically and is similar to ordinary deep-inelastic scatter-
ing. More complicated processes include diffractive meson
production, in which one must deal in addition with meson
light-cone wave functions@12–18# ~these have recently been
shown by Collinset al. @18# to be factorizable!. The best
experimental facility to carry out DVCS experiments is the
proposed ELFE@19#. However, some studies can already be
made at HERA~the HERMES Collaboration! and at Jeffer-
son Lab with a 6 GeV electron beam.

In planning future DVCS experiments, it is important to
have a theoretical estimate of the OFPDs. The purpose of the
present study is to perform a first analysis of the OFPDs in
the MIT bag model@20#. To be sure, the bag model has a
number of well-known problems, including breaking of chi-
ral symmetry and translational invariance, absence of ex-
plicit gluon degrees of freedom, etc. Nonetheless, it contains
quarks, it predicts well the hadron spectrum, it gives reason-
able initial input for quark distributions@21–23#, and it can
describe the electromagnetic form factors@22,24# of the
nucleon. Other models of which we are aware have an
equally long list of problems and do not seem to provide any
obvious advantage for estimating the quark distributions.

After first reviewing in Sec. II the definitions of the off-
forward parton distributions and some of their general prop-
erties, we present in Sec. III the results of the bag model for
their dependence on the various kinematic variables. The cal-
culation accounts for Lorentz boost and spectator quark ef-
fects. In Sec. IV we analyze the form factors of the energy-
momentum tensor, and evaluate theirt dependence. Finally,
conclusions are noted in Sec. V, and possible extensions of
this work outlined.

II. BASICS OF OFF-FORWARD PARTON DISTRIBUTIONS

In this section we review the definitions and model inde-
pendent results for the OFPDs and their moments discussed
in Ref. @9#. Other definitions of OFPDs exist in the literature
@7,12#; however, the definition introduced in Ref.@9# has a
number of advantages, such as explicit hermiticity, and a
simple connection with local operators and their form fac-
tors. We shall henceforth use the definition from Ref.@9#.
The OFPDs can be defined for both quarks and gluons; how-
ever, in this paper we focus primarily on quark distributions,
since the description of the wave function of gluons in the
nucleon is a much more difficult problem.

To start, consider the bilocal operator

c̄(2ln/2)LGmc(ln/2), wherel is a scalar parameter,c is
a quark field of a certain flavor, andGm5gm or gmg5 . The
lightlike vector nm is proportional to(1;0,0,21), with a
coefficient depending on the choice of coordinates. The
gauge linkL is along a straight line segment extending from
one quark field to the other, which makes the bilocal operator
gauge invariant. In the following, we work in the lightlike
gaugeA•n50, so that the gauge link can be ignored. We
have also ignored the time-ordering of the quark fields, since
the difference between the time-ordered and non-time-
ordered operators is an anticommutator of the fields along
the light cone, which is simply a constant@25#.

One can now proceed to take the matrix element of the
bilocal operator between the nucleon states of momentaPm

and P8m5Pm1Dm, whereDm is the four-momentum trans-
fer. The matrix element must be expressible in terms of
nucleon spinors, Dirac matrices, and the four-vectorsPm,
Dm, andnm. Since we are only interested in the leading-twist
contributions which are proportional toPm or P8m in the
infinite momentum frame, we keep terms that are nonvanish-
ing after multiplication bynm @9,10#:

E dl

2p
eilx^P8uc̄~2ln/2!gmc~ln/2!uP&

5H~x,j,t !ū~P8!gmu~P!

1E~x,j,t !ū~P8!
ismnDn

2M
u~P!1••• , ~1a!

E dl

2p
eilx^P8uc̄~2ln/2!gmg5c~ln/2!uP&

5H̃~x,j,t !ū~P8!gmg5u~P!

1Ẽ~x,j,t !ū~P8!
Dmg5

2M
u~P!1••• , ~1b!

wheret[D2 andj[2n•D, with u(P) the nucleon spinor,
and the ellipsis~•••! denotes higher-twist contributions. It is
possible to construct other Dirac structures that appear to be
leading twist; however, using Gordon identities and throwing
away subleading terms one can always reduce these to the
form in Eqs.~1!. The structures in Eqs.~1! are the same as
those in the definition of the nucleon’s elastic form factors.
Examination of the helicity structure of quark-nucleon scat-
tering shows that there are exactly four independent ampli-
tudes. The chiral-even distributionsH and H̃ survive in the
forward limit in which the nucleon helicity is conserved,
while the chiral-odd distributionsE and Ẽ arise from the
nucleon helicity flip associated with a finite momentum
transfer.

The OFPDs are depicted graphically in Fig. 1, wherekm

and k8m are the four-momenta of the active partons. The
physical meaning of the distributions becomes clearer if one
introduces a conjugate lightlike vectorpm of nm, with
p•n51. ExpandingP̄m5(P1P8)m/2 andDm in terms of the
vectorspm andnm then gives

P̄m5pm1~M̄2/2!nm, ~2a!
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Dm52j~pm2~M̄2/2!nm!1D'
m , ~2b!

whereM̄25 P̄25M22t/4, and the spatial components ofP̄m

have been chosen along thez direction. If we focus on the
pm components of the momenta, the initial and final nucleons
have longitudinal momenta (11j/2)pm and (12j/2)pm,
and the outgoing and incoming quarks carry (x1j/2)pm and
(x2j/2)pm, respectively. Since the nucleon cannot have
negative longitudinal momentum, the limit onj is obviously

0,j,2. ~3!

A more careful analysis usingD'
2 .0 leads to the more strin-

gent constraint 0,j,A2t/M̄ . On the other hand, since
quarks cannot carry more longitudinal momentum than the
parent nucleon, one has the constraint onx:

21,x,1. ~4!

When x.j/2 both quark propagators in Fig. 1 represent
quarks. Whenx,2j/2 they represent antiquarks. In these
regions, the OFPDs are analogous to the usual parton distri-
butions. In the intermediate region2j/2,x,j/2, the quark
propagators contain one quark and one antiquark, and here
the distributions resemble a meson’s wave function ampli-
tude.

The off-forward parton distributions display characteris-
tics of both the forward parton distributions and nucleon
form factors. In fact, in the limit ofDm→0, one finds@9#

H~x,0,0!5q~x!, H̃~x,0,0!5Dq~x!, ~5!

whereq(x) andDq(x) are the forward quark and quark he-
licity distributions, defined through similar light-cone corre-
lations @23#. It must be pointed out that while theDm→0
limit is quite simple and natural for the OFPDs, it cannot be
taken literally for the kinematics of the DVCS process,
where a finitet-channel momentum transfer is essential to
simultaneously maintain the initial photon deeply virtual and
the final state photon real.

On the other hand, the first moment of the off-forward
distributions are related to the nucleon form factors by the
following sum rules@8,9#:

E
21

1

dxH~x,j,t !5F1~ t !, ~6a!

E
21

1

dxE~x,j,t !5F2~ t !, ~6b!

E
21

1

dxH̃~x,j,t !5GA~ t !, ~6c!

E
21

1

dxẼ~x,j,t !5GP~ t !. ~6d!

HereF1(t) andF2(t) are the Dirac and Pauli form factors,
and GA(t) and GP(t) are the axial-vector and pseudoscalar
form factors of the nucleon. Thex-integrated distributions on
the left-hand side of Eqs.~6! are in fact independent ofj.

The sum rules~6! provide important constraints on any
model calculation of the OFPDs.

Generalizing the sum rules~6!, let us multiply Eq.~1a! by
xn21 and integrate overx from 21 to 11, which gives

nm1nm2•••nmn^P8uc̄ iDJ m1••• iDJ mn21gmncuP&

5Hn~j,t !ū~P8!n” u~P!1En~j,t !ū~P8!
ismnnmDn

2M
u~P!,

~7!

where

Hn~j,t !5E
21

1

dxxn21H~x,j,t !, ~8!

and likewise forEn(j,t). The derivativeDJ m is defined as

DJ m5
1

2
~DW m2DQ m!, ~9!

where

DW m5]Wm1 igAm, ~10a!

DQ m5]Qm2 igAm. ~10b!

The left-hand side of Eq.~7! is an off-forward matrix ele-
ment of the twist-2 operator

O2
m1•••mn5c̄ iDJ $m1••• iDJ mn21gmn%c2traces, ~11!

where the braces$•••% represent symmetrization of indices.
On general grounds, a matrix element ofO2

m1•••mn is a sum of
terms composed of form factors~which are functions oft
only!, appropriate Lorentz structures constructed fromP̄m,
Dm and the Dirac matrices, and nucleon spinors. Thej de-
pendence in Eq.~7! arises only from contracting a vectorDm

in any of the Lorentz structures with the null vectornm.
Therefore thej dependence of the moments of the OFPDs is
in the form of polynomials. To find the degree of the poly-
nomials, notice that there are at mostn contractions ofnm

with Dm in the nth moment. ThusHn(j,t) andEn(j,t) are
polynomials of degreen in j, a result which is not obvious
from the definition itself. The same considerations apply to
the bilocal operator withg5 dependence.

III. BAG MODEL ESTIMATE OF OFF-FORWARD
PARTON DISTRIBUTIONS

Having outlined the basic definitions and results for the
OFPDs, we now present a calculation of the OFPDs in a
simple version of the MIT bag model@20#. As mentioned in
the Introduction, our choice of the MIT bag is based on the
fact that it has quark degrees of freedom, and gives reason-
able results for the electromagnetic form factors@22,24#, as
well as for polarized and unpolarized parton distributions
@21–23#. However, being a model, it has a number of un-
wanted artifacts, such as a sharp boundary, absence of glu-
ons, and the breaking of translational invariance and chiral
symmetry. Nonetheless, we believe that our results should
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provide a reasonable first guess of the unknown distributions
at low-energy scales. There are, of course, many other
nucleon models in existence in which the OFPDs could be
calculated; however, we see no clear reason why these mod-
els would be more reliable than that considered here. The
issue of evolution of the distributions to higher-energy scales
will be addressed in a separate publication.

The starting point of our calculation is Eq.~1!, which is

written in terms of a coordinate system for whichPW 1PW 8 is
chosen to be in thez direction. The lightlike vectorspm and
nm are given by

pm5L~1;0,0,1!, nm5
1

2L
~1;0,0,21!, ~12!

whereL specifies the frame of reference. According to Eq.
~12! the ‘‘1’’ and ‘‘ 2’’ components of a vectorkm are pro-
portional tok•n andk•p, respectively. We chooseL5M̄ /2
so that the initial and final nucleon momenta are

Pm5~M̄ ;2DW /2!, P8m5~M̄ ;DW /2!, ~13!

which corresponds to the Breit frame. Obviously in such a
frame the three-momentum of the nucleon has transverse
components. Thet-channel momentum transfer squared be-
comes

t52DW 254~M22M̄2!. ~14!

The variablej in this frame is therefore related to the pro-

jection of DW in the z direction,

j52Dz /M̄ , ~15!

i.e., DW 5(DW ' ,2jM̄ ). For calculations in a model without
exact translational invariance, the choice of frame is part of
the model assumptions. In principle, a different result could
be obtained if, for instance, one chooses instead a frame
where the initial nucleon was at rest. Nevertheless, we be-
lieve that the main features of our result will be weakly
frame dependent, as in many other similar types of calcula-
tions.

Recall that the coordinate space wave function of a quark
in the rest frame of the MIT bag is given by

c~rW !5A4pNR3S j 0~e0r !

isW • r̂ j 1~e0r !
D x, ~16!

whereR is the bag radius,e05v0 /R is the quark energy,
and v052.04 is lowest-frequency solution of the bag
eigenequation, tanv05v0 /(12v0). The functionsj 0,1 are the

spherical Bessel functions (r[urWu), and x is the quark
spinor, equal to (0

1) for a nucleon with spin in the1z direc-
tion, and (1

0) for spin in the2z direction. The normalization
N is given by

N25
v0

2R3~v021! j 0
2~v0!

. ~17!

The radius in the basic version of the bag model is given by
the relation:RM54v0 @20,23#.

Calculation of the OFPDs requires the wave function of a
moving nucleon. One must therefore boost the rest frame

wave function~16! to a frame moving with velocityvW . In-
cluding the time dependence of the quark wave function ex-

plicitly, c(t,rW)5exp(2ie0t)c(rW), the effect of a Lorentz
boost on the wave function can be represented by@24#

cvW~ t,rW !5S~LvW !c„~ t2vW •rW !coshv;rW1 v̂•rW~coshv21!

2vW t coshv…

5exp@2 i e0~ t2vW •rW !coshv#S~LvW !

3c„rW1 v̂•rW~coshv21!2vW t coshv…, ~18!

where

S~LvW !5expS v v̂•aW

2
D 5cosh

v

2
1 v̂•aW sinh

v

2
. ~19!

Here the rapidityv is related to the velocity byv5tanh21 v,

wherev[uvW u. In the Breit frame the velocity of the initial

nucleon isvW 52DW /2M̄ , so that

coshv5
M̄

M
, sinhv5

uDW u
2M

. ~20!

Here we basically treat the independent quarks in the bag as
free particles, ignoring the fact that they are confined by the
bag boundary, which again is a part of the model assump-
tions.

In practical calculations, it will be more convenient to use
a momentum space wave functionw(k), which is simply

related to the coordinate space wave functioncvW(t,rW) by a
Fourier transformation:

cvW~ t,rW !5S~LvW !E d3kW

~2p!3 exp@2 i ~ ẽ0t2 k̃W•rW !#w~kW !,

~21!

where ẽ05(e01kW•vW )coshv, k̃W'5kW' , and k̃W i5(e0vW

1kW i)coshv, with kW i5(kW• v̂) v̂. The momentum space wave
function is given by

w~kW !5A4pNR3S t0~k!

sW • k̂t1~k!
D x, ~22!

wherek[ukW u, and the functionst0,1 are given by:

t0~k!5
j 0~v0!cos~kR!2 j 0~kR!cosv0

v0
22kW2R2

, ~23a!

t1~k!5
j 0~kR! j 1~v0!kR2 j 0~v0! j 1~kR!v0

v0
22kW2R2

. ~23b!

One of the most important issues in calculating the off-
forward matrix elements of single-particle operators in inde-
pendent particle models like the bag is momentum conserva-
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tion. In the following, we discuss this issue in some detail,
which in the end will motivate the approach we take in per-
forming the calculation. In independent particle models,
strictly speaking, the form factors of any one-body operator
must be zero. Since the momentum transfer through the one-
body operator affects the active quark only, the remaining
spectator quarks maintain their original states. On the other

hand, if a momentum transferDW is given to the whole
nucleon, each of the quarks must receive a momentum trans-

fer DW /3, since before and after the interaction, the model
nucleon must move as a whole. Thus, as a result of the mo-
mentum mismatch, the form factors must vanish. In a realis-
tic situation, however, the nucleon wave function contains
correlations. The momentum transfer injected to a single
quark is in turn transferred through correlations to the other
constituents, and asymptotically is equally shared among
them. In independent particle models, however, these vital
correlations needed for form factor calculations are missing.

In the literature, several common approaches have been
adopted to deal with this issue. In one approach, model wave
functions with no definite center-of-mass momentum are
used @22,24#. Form factors are calculated from a Fourier
component of the single-particle operator,

Ô(DW )5*d3rWeirW•DW Ô(rW). In this type of calculation, the mo-
mentum transfer to the model nucleon and to the individual
quarks is not well defined. If a boosted single-particle wave
function is used, roughly speaking, the momentum transfer

to each spectator quark isDW /3. On the other hand, the mo-
mentum transfer through the active quark is approximately

(12e0 /M )DW , which arises from the combined effects of
boost and the action of the single-particle operator.~The rela-
tive sign of the two effects appears somewhat counterintui-
tive, but is nonetheless correct.!

In principle, a better approach would be to use initial and
final nucleon wave functions with definite momentum, which
can be approximately obtained, for instance, through the
Peierls-Yoccoz projection@26# or the center-of-mass free-
dom separation method@27#. In such calculations, all quarks
share equally the momentum transfer to the nucleon. In par-
ticular, the active quark in which the single-particle operator

acts is injected with a momentumDW /3 only. Since the state of
the two spectator quarks also changes from the initial to the
final nucleon, the effective operator which induces such a
transition is actually a three-body operator.

A calculation of the OFPDs incorporating the effects of
Lorentz boosts and projections is rather involved, and in
practice not particularly illuminating. Instead, we consider a
simpler alternative, by modifying the momentum transfer
through the active quark in the approach of Ref.@24#.
Namely, we let the effective momentum transfer through the

active quark behDW , whereh is taken to be a parameter. As
mentioned above,h512e0 /M in an unprojected calcula-
tion. Ultimately,h in our calculation will be determined by
fitting the electromagnetic form factors of the nucleon, but
one can expecth to be around 1/3, in the spirit of the
momentum-projected calculation discussed above.

The matrix element of the bilocal operator is calculated
using the boosted wave function of the active quark,

2M̄E dl

2p
eilxE d3reiDW •rWc̄2vW~2ln/21rW !GcvW~ln/21rW !5

2M̄

coshv E d3k

~2p!3 dXx2n2S k̃11
D1

2 D C
3$w†~k8!S~L2vW !g0GS~LvW !w~k!%, ~24!

whereG5n” or n” g5 andk8[ukW8u, kW85kW1D̃W . The effective momentum transferD̃W is given by

D̃W5h
DW

coshv
. ~25!

Choosing for simplicityDy50, and using cylindrical coordinates to perform thek integration, thed function in Eq. ~24!

reduces to a constraint on thez component ofkW :

kz5
M̄

12~coshv21!Dz
2/t

Fx2
1

2M̄
S ~2e01D̃z!coshv1uD̃W usinhv2

2DxDz

t
kx~coshv21!D G . ~26!

Evaluating the expression in the braces in Eq.~24! explicitly for G5n” , and equating the spin-independent components on both
sides, leads to

H~x,j,t !1
t

4M2 E~x,j,t !5Z2~ t !~4pN2R6!
M̄

12~coshv21!Dz
2/t

E dk'dw

~2p!3 k'H t0~k!t0~k8!1Fkz8coshv

1
2Dz

t
kW8•DW sinh2

v

2 G t0~k!t1~k8!

k8
1Fkzcoshv1

2Dz

t
kW•DW sinh2

v

2 G t1~k!t0~k8!

k

1@kW•kW82D̂•~kW D̃z2D̃Wkz!sinh v#
t1~k!t1~k8!

kk8 J , ~27!
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where the effects of the spectator quarks are included in the factorZ(t) @24#:

Z~ t !5
N2

coshv E
0

R

drr 2 j 0~e0uDW ur /M̄ !@ j 0
2~e0r !1 j 1

2~e0r !#. ~28!

If one compares thesy components in Eq.~24!, on the other hand, a different combination ofH andE arises:

H~x,j,t !1E~x,j,t !5Z2~ t !~4pN2R6!
2MM̄

12~coshv21!Dz
2/t

E dk'dw

~2p!3
k'H sinhv

uDW u
t0~k!t0~k8!1F kx8

Dx

coshv

2
2Dz

t

~kW3DW !y

Dx

sinh2
v

2
G t0~k!t1~k8!

k8
2F kx

Dx

coshv2
2Dz

t

~kW3DW !y

Dx

sinh2
v

2
G t1~k!t0~k8!

k

1F ~kW3D̃W!y

Dx

2
kW•kW822ky

2

uDW u
sinhvG t1~k!t1~k8!

kk8
J . ~29!

Expressions for the individual functionsH andE are then obtained by solving Eqs.~27! and ~29! directly.
For the helicity-dependent caseG5n” g5 again one can obtain two independent combinations ofH̃ and Ẽ by comparing

different spin components in Eq.~24!. Equating coefficients ofsz leads to

2S 12
Dz

2

4M̄ ~M1M̄ !
D H̃~x,j,t !2

Dz
2

2MM̄
Ẽ~x,j,t !5Z2~ t !~4pN2R6!

2M

12~coshv21!Dz
2/t

E dk'dw

~2p!3
k'H F coshv

1
2Dz

2

t
sinh2

v

2
G t0~k!t0~k8!1F kz81

Dxkx8

uDW u
sinhvG t0~k!t1~k8!

k8

1F kz2
Dxkx

uDW u
sinhvG t1~k!t0~k8!

k
1F ~2kzkz82kW•kW8!coshv

1
2Dz

t
~kz~kW1kW8!•DW 2DzkW

2!sinh2
v

2
G t1~k!t1~k8!

kk8 J , ~30!

while thesx components give

2
DxDz

2M̄ ~M1M̄ !
H̃~x,j,t !2

DxDz

2MM̄
Ẽ~x,j,t !5Z2~ t !~4pN2R6!

2M

12~coshv21!Dz
2/t

E dk'dw

~2p!3
k'

3H F2DxDz

t
sinh2

v

2
G t0~k!t0~k8!1F kx82

Dxkz8

uDW u
sinhvG t0~k!t1~k8!

k8

1F kx1
Dxkz

uDW u
sinhvG t1~k!t0~k8!

k

1F ~kxkz81kzkx8!coshv

1
2Dz

t
~kx~kW1kW8!•DW 2DxkW

2!sinh2
v

2
G t1~k!t1~k8!

kk8 J . ~31!
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By fixing the bag radius to beR54v0 /M @20,23#, the model
then has essentially one parameterh. This can be constrained
by comparing the model predictions for the Sachs electric
and magnetic form factors of the proton,

GE~ t !5F1~ t !1
t

4M2 F2~ t !, ~32a!

GM~ t !5F1~ t !1F2~ t !, ~32b!

with the available data@28,29#. The form factors can be ob-
tained from Eqs.~6a! and ~6b! by integrating theH and E
distributions in Eqs.~27! and ~29! directly. Note that the
results are in fact equivalent to those given forGE andGM in
coordinate space in Ref.@24#. Furthermore, in a calculation
for the proton with an SU~6!-symmetric wave function, the
combinations of the electric, baryonic, and axial charge fac-
tors appear in such a way as to reduce the final result to that
for a single quark. In Fig. 2 we show the predictedt depen-
dence ofGE for two values of the parameterh ~h50.35 and
0.55!. The t dependence of the magnetic form factorGM is
shown in Fig. 3. In both cases the bag model results are in
quite good agreement with the data. Because the effects of
boosting the bag are enhanced for largerutu, one would ex-
pect in general the bag model to be more reliable at smaller

values ofutu. The small-utu data~including the charge radius
and magnetic moment! do favor the larger valueh50.55,
while a better fit can be achieved at largeutu with h50.35.
Note that whileGE(0) is independent ofR andh, the value
of the magnetic momentGM(0) depends on the bag radius
andh. This shows that different prescriptions of calculating
form factors within the model can give different answers
even at small momentum transfers. This is just one of the
artifacts of the explicit breaking of translational invariance in
the bag model.

Having fixed the model parameters, one can now calcu-
late the individual OFPDs as a function ofx andj, for dif-
ferent values oft. Again, assuming the SU~6! wave function
for the proton, one multiplies the right-hand side of Eq.~27!
by a factor 2~1! and that of Eqs.~29!, ~30!, and ~31! by a
factor 4/3 (21/3) to solve for the up~down! quark distribu-
tions. In Figs. 4~a! and 4~b! we first show the distributions at
t50 ~andj50! for 21,x,1, for both theu andd quark
flavors. Because the small-utu form factors are better de-
scribed with a largerh value, for consistency we use here
h50.55. Note that the distributionsH andH̃ in Fig. 4~a! for
u and d quarks are just the forward unpolarizedu(x) and
d(x), and polarizedDu(x) and Dd(x) parton distributions,
respectively. BothH and H̃ are in fact independent ofh.
Furthermore, the first moments ofH andH̃ at t50 explicitly
satisfy the normalization conditions@equal to 2 and 1 for

FIG. 2. t dependence of the proton electric form factorGE(t)
for h50.35 ~solid! and h50.55 ~dashed!. The bag radius in this
and subsequent figures is fixed byRM54v0 . The data are from
Refs.@28,29#.

FIG. 3. t dependence of the proton magnetic form factorGM(t)
for h50.35 ~solid line! and h50.55 ~dashed line!. The data are
from Refs.@28,29#.

FIG. 4. Off-forward parton distributions att50 for theu andd
flavors: ~a! H andH̃, which correspond to the usual spin-averaged
and spin-dependent distributionsq(x) andDq(x), respectively;~b!

E and Ẽ for h50.55. Note thatẼ/2 is plotted.
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unpolarizedu and d quarks, and (4/3)gA and (21/3)gA ,
wheregA50.65 for a quark, in the polarized case, respec-
tively#. The tensor and pseudoscalar distributionsE and Ẽ,
however, shown in Fig. 4~b!, do depend rather strongly onh.
The peak value ofẼ for the u quark, for instance, would be
;6 for h512e0 /M50.75 ~with R54v0 /M !. The first
moment ofE at t50, summed over both theu andd flavors,
is equal toGM(0)21 ~as in Fig. 3!, while the first moment
of the flavor singletẼ is GP(0)'6 for h50.55.

Note also that the calculatedx distributions do not vanish
entirely atx51, which simply reflects the fact that the initial
and final nucleons are not good momentum eigenstates.
However, the effect is only slightly noticeable forẼ, and is
negligible for the other distributions. In addition, because the
bag model does not have the correct Regge physics built in,
we cannot expect the calculated distributions to reproduce
the small-x behavior of the structure functions. As for the
forward parton distributions, the results are more reliable at
moderate values ofx;1/3, where both the calculated and
empirical distributions have a strong peak.

In Figs. 5–10 the distributions for both theu andd quarks

are shown as a function ofx and j, for t521 and
t522 GeV2. Throughout we use the valueh50.35 on ac-
count of the better agreement with the form factor data at
largeutu ~see Figs. 2 and 3!. One can see that the dependence
on j is quite weak. According to the discussion
in the last section, this means that the form factors of
the twist-2 operators associated with the structure
P̄m1••• P̄mn21ū(P8)gmnu(P) dominate over other form fac-
tors. We do not have a simple explanation for this. Thet
dependence of OFPDs, however, is rather strong, as expected
from the above form factor behavior. Experimentally, the
most interesting region for DVCS is 1,2t,2 GeV2. For
too smallutu, QED radiative effects mask the processes sen-
sitive to the OFPDs. On the other hand, for too largeutu, the
distributions become too small to be measurable.

Since the moments ofH(x,j,t) and H̃(x,j,t) are related
via Eq. ~7! to form factors of twist-2 operators, the same
QCD counting rule arguments@30# can be applied to study
the large-utu behavior of the OFPDs as for then50 case.
Simple analysis shows that the helicity-conserving form fac-
tors, and therefore also the distributionsH andH̃, should fall
off like 1/t as2t→`.

FIG. 5. Off-forward parton distributionH(x,j,t) for the u
quark, as a function ofx and j, for ~a! t521 GeV2 and ~b!
t522GeV2.

FIG. 6. As for Fig. 5, but for thed quark.
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IV. FORM FACTORS OF
THE ENERGY-MOMENTUM TENSOR

In this section we review the role of the form factors of
the QCD energy-momentum tensor played in the spin struc-
ture of the nucleon and their relation with the OFPDs. In
particular, we present the first model calculation of the form
factors of the quark part of the energy-momentum tensor.

Since the publication of the European Muon Collabora-
tion ~EMC! measurement@1# of the fraction of the proton’s
spin carried by quarks, the spin structure of the nucleon has
been studied extensively in the literature. A deeper under-
standing of the problem, however, requires one to examine
more closely the angular momentum operator in QCD. This
can be written as a sum of quark and gluon contributions@9#:

JWQCD5JWq1JWg , ~33!

where

JWq5E d3rrW3TW q5E d3r F1

2
c†SW c1c†rW3~2 iDW !cG ,

~34a!

JWg5E d3rrW3~EW 3BW !, ~34b!

where summations over flavor and color indices are implicit,

andTW q andEW 3BW are the quark and gluon momentum den-

sities, respectively. The Dirac spin matrix is denoted bySW ,

andDW is the covariant derivative. By analogy with the mag-
netic moment, the separate quark and gluon contributions to
the nucleon spin can be obtained from the form factors of the
momentum density or, equivalently, the QCD energy-
momentum tensor at zero momentum transfer.

The symmetric, conserved, gauge-invariant energy-
momentum tensorTmn of QCD can be separated into quark
and gluon components:

Tmn5Tq
mn1Tg

mn , ~35!

where the quark part is

Tq
mn5

1

2
~ c̄g$miDW n%c1c̄g$miDQ n%c!, ~36!

FIG. 7. Off-forward parton distributionH̃(x,j,t) for the u
quark, for~a! t521 GeV2 and ~b! t522 GeV2. The d quark dis-
tribution is obtained by multiplying by21/4.

FIG. 8. Off-forward parton distributionE(x,j,t) for the u
quark, for~a! t521 GeV2 and ~b! t522 GeV2.
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and the gluon part is

Tg
mn5

1

4
gmnF22FmaFa

n . ~37!

Using Lorentz covariance and invariance under the discrete
symmetries, one can expand the matrix elements ofTq,g

mn in
terms of four form factors:

^P8uTq,g
mn uP&5ū~P8!@Aq,g~ t !g$mP̄n%

1Bq,g~ t !P̄$misn%aDa/2M1Cq,g~ t !~DmDn

2gmnt !/M1C̄q,g~ t !gmnM #u~P!, ~38!

where the braces$•••% on the superscripts denote symmetri-
zation. Substituting the above into the nucleon matrix ele-

ment ofJWq,g , one finds fractions of the nucleon spin carried
by quarks,Jq , and gluons,Jg @9#:

Jq,g5
1

2
†Aq,g~0!1Bq,g~0!‡, ~39a!

Jq1Jg5
1

2
, ~39b!

where in the rest frame of the nucleon,

Jq,gSW 5^PuJWq,guP&, ~40!

with SW the polarization vector of the nucleon. This role of the
form factors of the total energy-momentum tensor has been
first noted by Jaffe and Manohar@31#.

Measuring the form factors of the energy-momentum ten-
sor in practice is very difficult, partly because there is no
fundamental probe which couples to them.~The graviton
does, but only to the total tensor.! Because of asymptotic
freedom, the form factors can be measured through deep-
inelastic sum rules, as explained in Ref.@9#. According to
our definition of OFPDs, it is simple to show that

E
21

1

dxxH~x,j,t !5A~ t !1j2C~ t !, ~41!

FIG. 9. As for Fig. 8, but for thed quark. Note that it is
2E(x,j,t) which is plotted.

FIG. 10. Off-forward parton distributionẼ(x,j,t) for the u
quark, for~a! t521 GeV2 and ~b! t522 GeV2. The d quark dis-
tribution is obtained by multiplying by21/4.
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E
21

1

dxxE~x,j,t !5B~ t !2j2C~ t !. ~42!

Combining these one obtains

E
21

1

dxx@H~x,j,t !1E~x,j,t !#5A~ t !1B~ t !, ~43!

where thej dependence drops out.
For the spin structure of the nucleon only small values of

t are relevant. However, reaching smallt in real experiments
will be difficult; so some knowledge of thet dependence of
the form factors is essential. In the remainder of this section,
we will present a detailed calculation of the form factors of
the ~quark flavor-singlet part of the! energy-momentum ten-
sor in the bag model. In principle, one can already obtain the
form factors from the sum rules~41!–~43!. However, here
we will present an independent derivation, from which not
only can one check the calculations on OFPDs, but also ob-
tain the form factors not accessible from the above sum
rules.

The bag energy-momentum tensor is a sum of quark and
empty-bag contributions. The quark part can be written

Tq,bag
mn 5

1

2
~ c̄g$mi ]n%W c1c̄g$mi ]n%W c!, ~44!

wherec is the quark field in the bag. Using the bag’s equa-
tion of motion,i ]”c5d(r 2R), it is easy to see thatTq,bag

mn is
traceless. From the general theorem proved in Ref.@32#, the
bag quarks contribute 3/4 of the nucleon’s mass. However,
as we shall see below, the quarks in the bag carry all of the
momentum of the nucleon.

The form factorsA, B, C, andC̄ are calculated from the
matrix elements ofTq,bag

mn by taking various components of

Tq,bag
mn and comparing with the form in Eq.~38!. TakingDW to

be in thez direction, one finds, from theTq,bag
0i components,

A~ t !1B~ t !52Z2~ t !~4pN2R6!E d3k

~2p!3

3H kx
2

coshv

t1~k!t1~k8!

kk8
1

M

uDW u
S e0

M
2

ht

4M̄2D
3F S t0~k!t0~k8!2

kzkz8

kk8
t1~k!t1~k8!D sinhv

1S kz8

k8
t0~k!t1~k8!2

kz

k
t1~k!t0~k8!D

3coshvG J . ~45!

In the case of no Lorentz boost,v50, and the combination
A1B is unity att50. According to Eq.~39a!, this represents
the fact that the total angular momentum~spin plus orbital!
of quarks in the bag is 1/2. In Fig. 11 this is illustrated by the
dotted curve. With a Lorentz boost and a momentum transfer

fraction to the quarkh,12e0 /M , the value ofA(0)1B(0)
is no longer unity. This can be understood from the fact that
the boosted bag wave function does not have the correct
Lorentz symmetry. For a smaller valueh50.35 ~solid line!
one finds thatA1B at t50 is now'0.5. However, as dis-
cussed in the previous section, the small-t form factors are
more accurately described with a largerh, h50.55 ~dashed
line! which givesA(0)1B(0)'0.7.

In dispersion theory, thet dependence of form factors is
controlled by the nearest singularities in thet channel. For
A(t)1B(t), the quantum number of the channel is the exotic
state withJPC5121. There is no conclusive evidence at the
present time for the existence of resonances in this channel,
although theoretical investigations indicate that hybridqq̄g
mesons could exist in the mass range of 1.3–1.9 GeV@33#. If
the dispersive behavior ofA(t)1B(t) is dominated by large-
mass resonances, thenA1B will vary slowly with t, at least
noticeably slower than the electromagnetic form factor. Al-
though the bag calculation does indicate such a trend, the
evidence is not strong. We suspect therefore that either thet
dependence of the bag prediction is not reliable or multipion
cuts in the form factor are important. Further study in this
direction is called for.

To obtain the individual form factorsA, B, C, andC̄, one
can take other components of the tensorTq,bag

mn . The Tq,bag
00

component gives

A~ t !1
t

4M2
B~ t !2

t

M2
C~ t !1C̄~ t !

53Z2~ t !~4pN2R6!S e0

M
2

ht

4M̄2D
3E d3k

~2p!3
$t0~k!t0~k8!1 k̂• k̂8t1~k!t1~k8!%,

~46!

where the factor of 3 is the number of valence quarks, and
from theTq,bag

xx ~or Tq,bag
yy ! components one gets

FIG. 11. t dependence of the form factorA1B of the nucleon
energy-momentum tensor, for the unboosted calculation with
h512e0 /M ~dotted line!, and for the boosted result withh50.55
~dashed line!, andh50.35 ~solid line!.
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t

M2 C~ t !2C̄~ t !53Z2~ t !~4pN2R6!
1

M coshv

3E d3k

~2p!3 kx
2H F t0~k!t1~k8!

k8

1
t1~k!t0~k8!

k Gcoshv1
t1~k!t1~k8!

kk8
UD̃WUsinhvJ .

~47!

Finally, theTq,bag
zz components give a fourth equation:

C̄~ t !523Z2~ t !~4pN2R6!
1

2M E d3k

~2p!3 ~kz1kz8!

3H kz8

k8
t0~k!t1~k8!1

kz

k
t1~k!t0~k8!J . ~48!

Solving Eqs.~45!–~48!, we plot in Fig. 12 the resulting form
factors as a function oft for h50.35. All form factors fall
off monotonically as2t increases, withA(t) being the larg-
est ~and positive!, and others relatively smaller~and nega-
tive!. Note that for a radiusR54v0 /M , the form factor
A(0)51, which according to the definition of the form fac-
tors simply reflects the fact that all the momentum of the
nucleon is carried by quarks.

The trace condition on the quark part of the bag energy-
momentum tensor implies that not all of the form factors are
independent. In fact, it is easy to show that

A~ t !1
t

4M2 B~ t !2
3t

M2 C~ t !14C̄~ t !50. ~49!

We have checked that this relation is in fact satisfied to a
very good approximation in the bag model, despite the vio-
lation of Lorentz symmetry after boosts. The above equation
indicates that the normalization of the nonconserving form
factor is fixed toC̄(0)51/4. It must be pointed out, how-

ever, that the above relation is not true in QCD because the
renormalized quark part of the energy-momentum tensor has
a trace anomaly@34,35#.

V. CONCLUSION

In this paper we have presented a detailed study of a new
class of nucleon observables, the off-forward parton distribu-
tions. The physical significance of the distributions has been
explained in a partonic language, and their relations to form
factors of twist-2 operators made explicit. Thej dependence
of the moments of the OFPDs is found to have a rather
simple polynomial form. We have made the first model cal-
culation of the distributions using the MIT bag model, with
the specific details of the model fixed by requiring one to
reproduce the electromagnetic form factors of the proton and
the gross features of the parton distributions at a low-energy
scale. In relation to the spin structure of the nucleon, we have
also studied the form factors of the energy-momentum tensor
in the bag model, focusing on thet dependence in the range
of 0 to 22 GeV2.

The model calculation includes the effects of Lorentz
boosts of the quark wave function and spectator quarks. The
j dependence of the distributions turns out to be extremely
weak, indicating that the form factors of the twist-2
operators associated with the Lorentz structure
P̄m1••• P̄mn21ū(P8)gmnu(P) are dominant. Thet depen-
dence of the OFPDs, on the other hand, is much stronger,
and roughly follows that of the elastic form factors. Our
results for the combinationA1B of the tensor form factors
provide the first concrete indication of their possiblet depen-
dence, which will be important for the extraction of the value
at t50, since this gives the total angular momentum carried
by quarks in the nucleon.

An important issue to be addressed in the future is theQ2

evolution of the OFPDs. There have been many attempts in
the literature to connect bag model calculations with low-
energy observables and develop a phenomenology at higher
energies thoughQ2 evolution, typically starting from scales
of O;0.2 GeV2 @21#. In this approach the OFPDs would
firstly need to be evolved before one could make direct esti-
mates of the experimental cross sections. The evolution
equations for the off-forward distributions, which interpolate
the Brodsky-Lepage@36# and Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi ~DGLAP! @37# evolution equations, have
been derived in Refs.@10,12,13#. The technology for solving
these new evolution equations is currently being developed.
In addition, Balitsky and Braun@38# have shown the
Brodsky-Lepage equations to be equivalent to evolution
equations for so-called string operators@39# on the light-
cone. Apart from the evolution, the model calculations of the
OFPDs could also be refined in future by including Lorentz
boosts together with momentum projections.

The most relevant experiment from which the off-forward
distributions and tensor form factors can be extracted is
deeply virtual Compton scattering@9,10#. In practice, the
DVCS process will be overwhelmed at smallt by the Bethe-
Heitler process, whose cross section has a QED infrared di-
vergence att50, so that one cannot go to too smallt. One
may get around this to some extent by subtracting the~cal-
culable! Bethe-Heitler contribution or by isolating the virtual
Compton and Bethe-Heitler interference term@40# through

FIG. 12. t dependence of the form factorsA, B, C, andC̄ of the
energy-momentum tensor, forh50.35.
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single-spin asymmetry or combined lepton-antilepton scat-
tering @10#. Other processes which can also provide informa-
tion on the OFPDs include diffractiver andJ/c production
@13–18#, which are sensitive to the off-forward gluon distri-
bution. A series of dedicated experiments at suitable ma-
chines, such as HERMES, ELFE, or at Jefferson Lab, can in
future explore these new distributions, and thus provide valu-
able information on the distribution of spin in the nucleon.
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