
Maintaining a wormhole with a scalar field

Dan N. Vollick
Department of Physics, Okanagan University College, 3333 College Way, Kelowna, British Columbia, Canada V1V 1V7

~Received 16 January 1997!

It is well known that it takes matter that violates the averaged weak energy condition to hold the throat of
a wormhole open. The production of such ‘‘exotic’’ matter is usually discussed within the context of quantum
field theory. In this paper I show that it is possible to produce the exotic matter required to hold a wormhole
open classically. This is accomplished by coupling a scalar field to matter that satisfies the weak energy
condition. The energy-momentum tensor of the scalar field and the matter separately satisfy the weak energy
condition, but there exists an interaction energy-momentum tensor that does not. It is this interaction energy-
momentum tensor that allows the wormhole to be maintained.@S0556-2821~97!07720-5#

PACS number~s!: 04.20.Gz, 04.20.Jb

INTRODUCTION

A wormhole is a handle which connects two different
space-times or two distant regions in the same space-time
@1–3#. To keep a wormhole open it is necessary to thread its
throat with matter that violates the averaged weak energy
condition @1,2#. In other words, there exist null geodesics
passing through the wormhole, with tangent vectors
km5dxm/ds, which satisfy*0

`Tmnkmknds,0. Such matter
obviously violates the weak energy condition which states
that TmnUmUn>0 for all nonspacelike vectorsUm. The
weak energy condition ensures that all observers will see a
positive energy density. Matter that violates the weak energy
condition is called exotic. Thus it takes exotic matter to hold
a wormhole open.

Most discussions of exotic matter involve quantum field
theory effects, such as the Casimir effect@4#. In this paper I
show that it is possible to generate the exotic matter required
to maintain a wormhole classically. This is accomplished by
coupling a scalar field to matter which satisfies the weak
energy condition. The energy-momentum tensor of the scalar
field and the matter separately satisfy the weak energy con-
dition, but there exists an interaction energy-momentum ten-
sor that does not. It is this interaction energy-momentum
tensor that allows the wormhole to remain open.

To create a wormhole I take two static, spherically sym-
metric, scalar-vac solutions of the Einstein field equations
and join them together. A surface energy-momentum tensor
will exist on the surface where these two manifolds are
joined. This surface energy-momentum tensor violates the
weak energy condition. However, if its source is a scalar
field coupled to matter, I show that the energy-momentum
tensor of the matter and of the field can both satisfy the weak
energy condition. The violation of the weak energy condition
for the total energy-momentum tensor is produced by the
interaction energy-momentum tensor. In addition to satisfy-
ing the weak energy condition I show that the matter and
scalar field also satisfy the dominant energy condition. The
dominant energy condition ensures that the four velocity as-
sociated with the local flow of energy and momentum is
nonspacelike. Thus a wormhole can be maintained classi-
cally by coupling a scalar field to matter that satisfies the
weak and dominant energy conditions.

EQUATIONS OF MOTION
AND THE ENERGY-MOMENTUM TENSOR

Consider a collection of timelike particles interacting with
a scalar fieldf. The action will be taken to be@5#
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wherexn
m(tn) and Un

m are the position and four velocity of
thenth particle,tn is the proper time along its world line,mn
is its rest mass,ln(tn) are Lagrange multipliers, and thean
are coupling constants.

The scalar field equations are found by varying the action
with respect tof(x) and are given by
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whereh25¹m¹m . The equations of motion for the particles
are found by varying the action with respect toxn

m(tn) and
are given by
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Contracting withUn
m gives
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Thus
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ln5anf. ~6!

The equations of motion for the particles are then given by

d
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~7!

The energy-momentum tensor of the field and particles is
given by

Tmn5
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dS

dgmn
. ~8!

From Eq.~1! the energy-momentum tensor is given by
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There is therefore an interaction energy-momentum tensor
given by

T~ I !
mn5(
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This interaction energy-momentum tensor is necessary if

¹mTmn50 ~11!

is to give the correct equations of motion for the particles.
Now consider a collection of particles which all have the

same value ofa/m ~the simplest possibility would be to take
an56mn!. From Eqs.~3! and~9! it can be seen that it is the
trace of the particle energy-momentum tensor which acts as
the source of the scalar field. In the continuum limit Eqs.~3!
and ~9! become

h2f52a* Tm ~12!

and

Tmn5~11a* f!@~r1P!UmUn1Pgmn#1¹mf¹nf

2
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2
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where

Tm53P2rm ~14!

is the trace of the matter energy-momentum tensor,r is the
rest mass density,a* 5a/m, andP is the pressure.

WORMHOLE SOLUTIONS

In this section exact wormhole solutions with matter
energy-momentum tensors that satisfy the weak and domi-
nant energy conditions will be found. The first step is to
obtain static spherically symmetric solutions to the scalar-
vac Einstein field equations. Two such solutions will then be

joined at the radial coordinater 5b. In the process of joining
these manifolds together, surface energy and stresses will be
produced atr 5b. The properties of the surface energy-
momentum tensor will then be examined in relation to the
various energy conditions.

The metric will be taken to be of the form

ds252eadt21eb@dr21r 2~du21sin2u df2!#. ~15!

The Einstein field equations
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give the three independent equations
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The scalar field equation is

]
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Equation~17! plus Eq.~19! gives
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The general solution to this differential equation, which sat-
isfies the boundary conditiona1b→0 asr→`, is

a1b52 lnS 12
A

r 2D , ~22!

whereA is an integration constant. Using this to eliminateb8
in Eq. ~17! gives

1

2
a91

Aa8

r ~r 22A!
1
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r
50. ~23!

The solution of this equation is

a5ADE dr

r 22A
, ~24!

where D is an integration constant. The solution fora de-
pends on whetherA.0, A,0, or A50. It turns out that
A50 gives a flat space-time and that there is no consistent
solution forA,0. Thus I will only consider the caseA.0.
The solution to Eq.~23! which satisfies the boundary condi-
tion a→0 asr→` is
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a5a lnS 12
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where a5 1
2 DAA and Gm/a5AA. The solution forb can

then be found from Eq.~22! and the line element is given by
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a
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In the weak field limit,uGm/aru!1,

g00.2S 12
2Gm

r D . ~27!

Thusm is the gravitational mass.
The scalar field can be found from Eq.~20!. The solution

which satisfies the boundary conditionf→0 asr→` and is
consistent with Eq.~18! is given by

f56A42a2

16pG
lnS 12Gm/ar

11Gm/ar D ~28!

with 22<a<2. Since Eqs.~26! and~28! are invariant under
a→2a only 0<a<2 needs to be considered. Note that for
a52 the above solution reduces to the Schwarzschild solu-
tion in isotropic coordinates.

The space-time geometry appears to be badly behaved at
r 5Gm/a for aÞ2. The Ricci scalarR5gmnRmn is given by

R5
2G2m2r 4

a2 ~42a2!S r 1
Gm

a D 2~41a!S r 2
Gm

a D ~a24!

,

~29!

which diverge as r→Gm/a. The curvature scalar
I 5RmnabRmnab also diverges asr→Gm/a. Thusr 5Gm/a
is a physical singularity in the space-time. In fact, it is a
naked singularity since it can be seen by distant observers.
Thus, when joining the manifolds atr 5b it is necessary to
takeb.Gm/a.

Before joining the two scalar-vac manifolds together it is
convenient to change coordinates. Letl be a new radial co-
ordinate withl 50 at r 5b and

dl25S 11
Gm

ar D 4S 12Gm/ar

11Gm/ar D ~22a!

dr2. ~30!

On one manifold take 0< l ,` and on the other take
2`, l<0. The manifold that consists of these manifolds
joined atl 50 has the line element
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a

dt21dl21r 2S 11
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ar D 4

3S 12Gm/ar

11Gm/ar D ~22a!

~du21sin2u df2!, ~31!

wherer 5r ( l ) and2`, l ,`. The coordinatesr and l are
related via

dr

dl
56S 12

Gm

ar D 22S 12Gm/ar

11Gm/ar D ~a/221!

, ~32!

where the plus sign corresponds to the manifold withl .0
and the minus sign corresponds to the manifold withl ,0.

To find the surface energy-momentum tensor I will use
the method developed by Israel@6,7#. The surface energy-
momentum tensor

Sm
n5 lim

e→0
E

2e

e

Tm
ndl ~33!

is given by

8pGSm
n5gm

n2dm
ng ~m,n50,2,3!, ~34!

where

gm
n5K1m

n2K2m
n , ~35!

K1m
n is the extrinsic curvature of the surfacer 5b on the

manifold with l>0, andK2m
n is the extrinsic curvature of

the surfacer 5b on the manifold withl<0. For m or n51,

Sm
n50. UsingKmn52 1

2 gmn,l gives

St
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ab D 22
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b
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and
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f5S 1
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a2b2 D 21S 11
Gm

ab D 22

3S 12Gm/ab

11Gm/abD ~a/221!S 11
G2m2

a2b2 D . ~37!

In the previous section it was shown that the energy-
momentum tensor for an ideal fluid coupled to a scalar field
is given by

Tmn5~11a* f!Tm
mn1¹mf¹nf2

1

2
gmn¹af¹af,

~38!

whereTm
mn is the usual energy-momentum tensor for an ideal

fluid. The scalar field equation was also shown to be

h2f52a* Tm . ~39!

The surface energy momentum tensor does not have the form
of an ideal fluid energy-momentum tensor because it con-
tains only surface stresses~i.e., Tuu,TffÞ0 butTll 50!. For
matter which produces surface stresses I will take Eqs.~38!
and ~39! with

Tmn
m 5@sUmUn1S~dm

udu
n1dm

fdf
n!#d~ l !, ~40!
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wheres is the surface density andS is the surface stress.
Using Eqs.~31! and~33!–~35! to find Sn

m and equating it to
Eqs.~36! and ~37! gives

~11a* f!s52S 1
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a2b2 D . ~42!

For 0<a<2 it is easy to show that (11a* f)s,0 and
(11a* f)S.0.

Now consider the various energy conditions. An energy-
momentum tensorTmn will satisfy the weak energy condition
if TmnUmUn>0 for all nonspacelike vectorsUm. If the weak
energy condition is satisfied all observers will measure a
positive energy density. An energy-momentum tensor will
satisfy the dominant energy condition if it satisfies the weak
energy condition and ifTmnUm is nonspacelike for all non-
spacelike vectorsUm. If the dominant energy condition is
satisfied all observers will measure the four vector associated
with the local flow of energy and momentum to be nonspace-
like. It is easy to show that the scalar field energy-
momentum tensor satisfies the weak and dominant energy
conditions.

The matter energy-momentum tensorTm
mn will satisfy the

weak energy condition iff@8,9#

s>0 and s1S>0. ~43!

Both of these conditions will be satisfied iff 11a* f<0.
From Eq.~28! this gives

16a*A~42a2!

16pG
lnS 11Gm/ab

12Gm/abD<0. ~44!

For a solution to exist the lower sign must be chosen if
a* m.0 and the upper sign must be chosen ifa* m,0.

Tm
mn will satisfy the dominant energy condition iff it sat-

isfies the weak energy condition and@8,9#

s>S. ~45!

This will be satisfied iff 11a* f<0 and

S 12
Gm

ab D 2

1
2Gm

ab
~12a!>0. ~46!

For 0<a<1 this will be satisfied for allGm/b. For
1,a<2 this will be satisfied for

2a,
Gm

b
<a22aAa221. ~47!

The final energy condition, which appears in some of the
singularity theorems, is the strong energy condition. For
s.0 the matter energy momentum tensor will satisfy the
dominant energy condition iff@8,9#

s12S>0. ~48!

From Eqs.~41! and ~42! it can be shown that the strong
energy condition will be satisfied iffm<0. Since the strong
energy condition does not have a strong physical motivation,
unlike the weak and dominant energy conditions, I will not
impose it onTm

mn ~in fact the strong energy condition can be
violated by a massive classical scalar field@8#!.

Now consider the scalar field equation

h2f5a* ~s22S!d~ l !. ~49!

Integrating froml 52e to l 5e gives

a* ~s22S!57A42a2

pG

Gm

ab2 S 12
G2m2

a2b2 D 21S 11
Gm

ab D 22

3S 12Gm/ab

11Gm/abD ~a/221!

. ~50!

As before, if the weak energy condition is to be satisfied by
Tm

mn , the lower sign must be chosen ifa* m,0 and the
upper sign must be chosen ifa* m,0. Equation~50! is a
constraint ons andS, which are given by Eqs.~41! and~42!.
Combining this with Eqs.~41! and ~42! gives

~11a* f!56
a* ~12Gm/2b1G2m2/a2b2!~Gm/ab!21

ApG~42a2!
.

~51!

Since 12Gm/2b1G2m2/a2b2.0 ~for 0<a<2! any solu-
tion of this equation will automatically satisfy the weak en-
ergy condition ~choosing the upper or lower sign as dis-
cussed above!. This equation can be written as

f ~x!52x22ax127Llx2
1

2
L2xlnS 11x

12xD50, ~52!

where L5A42a2, l5A4pG/a* , and x5Gm/ab. For
0<a,2, limx→61f (x)52` and f (0)52. Thus for
0<a,2 there is at least one positive and one negative value
of x, in the interval (21,1), which satisfiesf (x)50. For
a52, f (x)52(x22x11) which has no real zeros. Thus, for
a52 it is not possible to join the two manifolds, independent
of whether the energy conditions hold or not. This might
seem strange at first since the manifolds are Schwarzschild
space-times, which can be joined with the appropriate sur-
face energy and stress. However, in the usual Schwarzschild
case there is no scalar field. In the case examined here the
vanishing of the scalar field gives the additional constraint
s22S50, which is inconsistent with the energy and stress
produced by joining the Schwarzschild space-times. Thus for
0<a,2 there exists at least one value ofGm/ab that cor-
responds to a space-time in whichTm

mn satisfies the weak
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energy condition. If the range ofa is restricted to 0<a<1
the correspondingTm

mn will also satisfy the dominant energy
condition. For 1,a,2 Eq. ~47! must be checked to see if
Tm

mn satisfies the dominant energy condition. Fora52 it is
not possible to join the manifolds together.

Before leaving this section I want to show that it is not
possible forTm

mn to satisfy the weak energy condition if the
gravitational field described by Eq.~31! is weak. In the weak
field limit x!1 and Eq.~52! reduces to

~a6lL!x.2. ~53!

For x to be small it is necessary thatulLu@1. Thus
6lLx.0, which implies that

6a* m.0. ~54!

If Tm
mn satisfies the weak energy condition the lower sign

must be chosen ifa* m.0 and the upper sign must be cho-
sen if a* m,0. This is clearly inconsistent. Thus Eq.~31!
cannot describe a weak gravitational field ifTm

mn satisfies the
weak energy condition. In fact, it can be shown numerically
that the smallest value ofuxu that satisfies Eq.~52! ~with the
appropriate sign! is uxu.0.75.

CONCLUSION

The energy-momentum tensor for a scalar field coupled to
an ideal fluid was derived. In addition to the energy-
momentum tensor for the matter and the scalar field there
exists an interaction energy-momentum tensor. The interac-
tion energy-momentum tensor can violate the weak and
dominant energy conditions even if the matter and scalar
field energy-momentum tensors do not. It is the interaction
energy-momentum tensor that allows the wormhole to be
maintained.

A wormhole was created by joining two static, spherically
symmetric, scalar-vac solutions of the Einstein field equa-
tions. A surface energy-momentum tensor that violates the
weak energy condition exists on the surface where the two
space-times are joined. If the source of the energy-
momentum tensor is taken to be a scalar field coupled to
matter I showed that the energy-momentum tensor of the
matter and scalar field can satisfy the weak and dominant
energy conditions. The violation of the weak energy condi-
tion is produced by the interaction energy-momentum tensor.
Thus a wormhole can be maintained classically by coupling
a scalar field to matter that satisfies the weak and dominant
energy conditions. Finally, I showed that it is not possible for
the matter energy-momentum tensor to satisfy the weak en-
ergy condition if the gravitational field is weak.
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