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Rare top quark decayst—bW*Z and t—cW*W~
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The large value of the top quark mass implies that the rare top quark deeay$v*z, sw*z, and
dW'Z, and t—cW'W~ and uW'W~, are kinematically allowed so long agy=my+mz+mgy
~171.5 GeVtmy or m=2my+m, .~160.6 GeVtm, , respectively. The partial decay widths for these
decay modes are calculated in the standard model. The partial widths depend sensitively on the precise value
of the top quark mass. The branching ratio fesbW" Z is as much as % 10~ ° for m,=200 GeV, and could
be observable at the CERN Large Hadron Collider. The rare decay niede®V"W~ and uW"W~ are
highly Glashow-lliopoulos-Maian{GIM) suppressed, and thus provide a means for testing the GIM mecha-
nism for three generations of quarks in thec, t sector.[S0556-282197)01113-2

PACS numbeis): 14.65.Ha, 12.15.Ff, 12.15.Hh

Now that the top quark mass is known to be quite large, ithe narrow width approximation. There is some numerical
is possible to examine the question of which rare decaylifference with Ref[4] which probably stems from the in-
modes of the top quark are kinematically allowed processelusion of finite width effects in that calculation. In addition,
The current average value of the top quark mas€xplicit analytic formulas for the squared amplitude of
m,=175+8 GeV [1,2] from the Collider Detector at t—bW?"Z are presented in this work. These formulas do not
Fermilab (CDF) and DO Collaborations implies that appear elsewhere in the literature, and are useful for more

the decayst—bW'Z, sW'Z, and dW'Z are allowed detailed studies of the decay mode. Finally, the decay widths
decay modes of the top quark so long asfor the other rare decay modés-cW"W~ and uW"W~

also are computed. A search for these decay modes directly
tests Cabbibo-Kobayashi-Maskaw@KM) unitarity in the
u-quark sector.

m=my+mz+mg~171.5GeVtmy. The rare decays

t—cW'W~ and uW'W~ also are allowed if
my—2my,+m, ,~160.6 GeWm, , . For the present central
value of the measured top quark mass, all of these processes
are occurring at or near threshold, and are highly phase space
suppressed. The decals:cW"W~ anduW*W™ are also The rare decay—bW"Z proceeds via the three tree-
highly Glashow-lliopoulos-MaianiGIM) suppressed, and level graphs drawn in Fig. 1. The amplitudes for these Feyn-
thus are not likely to be seen at standard model rates. Thman diagrams are

decayst—d;W*Z, however, are not GIM suppressed and
are potentially observable at the CERN Large Hadron Col-
lider (LHC). The partial decay widths for these rare decay
modes rapidly increase for larger values of the top quark
mass, and thus are very sensitive to the precise value of the
top quark mass. Since the decay widths are proportional to
[Via|? 1=1,2,3, the rare decaly—bW"Z (with [Vy,|*~1) X{9t v"PL+ Ot ¥"Pr}
will dominate unless the value of the top quark is below or

nearly at threshold for this process.

We begin with the calculation of the partial decay width
I'(t—bW"Z) in the standard model. The branching ratio for A,=Vy,
this decay process has been computed previously by Decker,
Nowakowski, and Pilaftsi$3] and Mahlon and Parkp4].!

The authors of Refl4] included the finite widths of th&V ><<
andZ in their calculation, and found a significant enhance-

ment in the decay width near threshold due to finite width
effects. There is some disagreement in the numerical results
of Refs.[3] and[4]. The numerical results presented here are
basically consistent with the published results of Réf.in
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FIG. 1. t—bW"Z. Feynman diagrams correspond to the ampli-
tudesA;, Ay, and A;.

where the four-momently,, k,, andk; are given by
K1=Pt—Pz= Pt Pw,
4

Ko=pi—Pw=Pprt Pz,

K3=Ppi—Pp=Pwt Pz,

and the couplings of th boson to the left- and right-handed
top and bottom quarks are
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1 2
E_ §S|n2¢9w) ,

gtL:(

11
=l -+ —sinzew),

2 3 ®

gbR=(%sin26W).

In the above amplitudes?| r stand for the left- and right-
handed projectord®, g=(1+ ys)/2, and 6,y is the weak
mixing angle. The amplitudel; depends on the triple gauge
vertexW*W~Z. This amplitude has been written in unitary
gauge, where there is a contribution to fWegauge-boson
propagator proportional tk%kglm\z,\,. The amplitude also can
be written in 't Hooft—Feynman gauge&€ 1), where this
contribution is replaced by the exchange of the would-be
Goldstone boson of thev.

The total amplitude is given byl=.4,+ .4,+ A3, and the
amplitude squared is

|A[Z=] Ay |?+[ Ag|?+[ Ag|?+ 24147 + 2 A A5 + 24, A3,

(6)
where the identities
AL AS = A, AT
Ap A3 = A AT, (7
Ay A3 =Ag A5,

have been used.

The square amplituded,|? is
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+_2'(pt pz)| (Ki-pPp)(Ki-Pz)

g* 1 \? 1
|A1|2:|th|2(2co§¢9w)<kf—mz) (49tLH(k1 Pt (K1 Pp) — 1(pt Po)

t

1 2 1 4
_Eki(pb'pz) (pb pw){(kl Py (Ky- pw) — 1(pt pw) |+ m2 mz(pt'pz)(pb'pw)[(kl‘pz)(kl'Pw)
wimz
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12mtgtLglR((k1 Po) + (K- Pw)(Py- Pw) +2mig? {(pt-pb)+ 2 (Pt P2)(Py P2)
z

1,
- Ekl(pw' pz)
W

2 4
(pt Pw) (Pp- pw)+m 2(pt P2)(Pb- Pw)(Pw- pz)]> (8)

wm

The square amplitudeA,|® is related to.Ay|? by the interchangeg, <0y ., M—Mp, PPy, andky—ky:

2y 9 L D N 17 YN Iy 00 (Ko D) — 12
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2 2
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4
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The square amplitudieds|? is

2_ 2 94C0520W 1 ? 2 2 2 2 2/ 2 2 2
| A3l ?= V| 2 kg_m\zN 4(pt- pp)y —3(Miy+mz) +2y(my—m3z) — y(My+m3z) +2(1— y)(Pw: Pz)
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W W

+4[ (Pt Pw) (Po* Pz) + (Po* Pw) (Pt P2)]

4 1
X[—2+47+272+ W(l—v)(pw-szmz (1 2y+ ) (pw- P2)?
Z

W
X{—6+2y*+|2 i*'_ -2y —= ! ! (Pw-Pz2)— ! (1= %) (pw- Pz)? (10
ms;  mg m: md m2,m2 ’

where y=(1—m§/m\2,\,) in unitary gauge. In 't Hooft—Feynman gauge, one obtains the same expression=wéir’6,, and
cog4, replaced by ,/my)2. The terms in|A5|? proportional toy are antisymmetric undep,—p,, pw—p; and
my<— m; while the terms which are independentpfr proportional toy? are invariant under this interchange.

The interference termi, A3 is
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g’ 1
AlAZ |th| 2CO§ 6W

1
2= )(gt gb,_{ 6(ky1-k2)(Pe- Pp) = 2(Ky- py) (K- Pp) = 2(Ky- Pu) (Kz2- Py)
_m_i[(kl'k2)(pb'pZ)(pt'pZ)+(k1'pZ)(k2‘pZ)(pt'pb)+(k2'pZ)(kl'pt)(pb'pZ)+(k1'pZ)(pt‘pZ)(kZ'pb)

4
= 2(pt- Pz) (K- pPp) (K- Pz) = 2(K1- P2) (Pp- P2) (K- P ]— m_\zN[(kl' K2) (P Pw) (Pt Pw) + (K1 Pw) (K2 Pw) (Pt Pp)
+ (Kz- pw) (K1 Pp) (Pt Pw) + (K1 Pw) (Po- Pw) (K2- Pt) = 2(Pp- Pw) (K1 - Po) (Ka- Pw) — 2(K1 - Pw) (Pt Pw) (K2 Pp) ]

4
+ m[(kl- k2) (Pw P2){— (Pt Po) (Pw: P2) +(Pp P2) (Pt Pw) + (Po Pw) (P P2)}+ (Pw: P2)*{ (K1~ Pr)(Ka- Pp)
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+2(kq- pw) (K2 Pw) (Pp- P2) (Pt Pz) — (K1 Pp) (K2- P2) (Pt Pw) (Pw- Pz) — (K2 o) (K1- P2) (Pp: Pw)(Pw: Pz)
— (K- ) (K2 p2)(Po- Pw)(Pw: Pz) — (K2- Pp) (K1 P2) (Pt Pw) (Pw: Pz) — (K1 Pr) (K2 Pw)(Po: P2)(Pw: Pz)

— (K2 Pp) (K- pw) (Pt P2) (Pw Pz) — (K1~ Pp) (K2 Pw) (Pw P2) (Pt P2) — (K2- Po) (K1 Pw) (Pb- P2) (Pw: P2) ]
2 2 4 2
+2mMGr O] 3(Ke P+ (K1 P2) (P Pz) = 7 (P Pw) (Ke Pw) + =7 (Pw P2)[ (K1 Pw) (Pr- P2)
z W wmz

+ (Pt Pw)(K1-Pz) — (Pw- P2) (K1- py)]

2 4
+2m$gthbL{ 3(kz: Po) + 7 (k2 P2) (P P2) ~ (1 (Po- Pu) (k- Pw)

t—>— o 7 (Pw: P2 (K2 Pw) (Po- Pz) + (Po* Pw) (K2- Pz) — (Pw: P2) (K2- Pp) ]
Wz
2
+2mfmpg, s | —5+ —2—2mwmz(pw pz)? (11

A1 A% is invariant under the simultaneous interchangges,— gy, ., M— My, Py Py, andky—ks.
The two interference termd; A5 and. 4,43 are

ALAz = |V1b|< 4)(k§1 )(kzl )(gtL{ AL (2= ) (k1 pw) (Pt~ Pp) + (K1-Pp) (Pr- Pw) = 3(K1- Po)(Po- Pw)]
+4[(2+7)(k1'pz)(prpb)+(k1-pt)(pb-pz)—3(k1-pb)(pt-pz)]—%V(Hw(krpw)[Z(pt-pw)(pb~pw)
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+ (Pt Pz) (Po- Pw) — (Pw: P2) (Pt~ Po) + (Pp- P2) (Pt Pw) ] — rr%v(3+ ¥)(Pw- P2)[ (K1 Pw) (Pt Po)
—(prpw)(k1~pb)+(pb'pw)(k1~pt)]+525(3—y)(pwpz)[(k1~pz)(pt‘pb)—(pb~pz)(k1-pt)

4
+ (Pt P2)(Kq- pb)]+ mZm (1+ Y)(Pw: P2)(Po- Pw)L (K1 Pw) (Pt~ Pz) — (Pw- P2) (K1-P) + (Pt Pw)(K1-P2)]

4
mwmz(l Y)(Pw: P2) (Pt P2 (K1 Pw)(Pb: Pz) — (Pw P2) (K1-Pp) + (P Pw) (K1 P2)]

1
2 57 Y| (Pw: P2)(Pp* Pw)

1 7
+4mtgt (=44 v)(Pp-Pw) +(—2+ ¥)(Pp- pz)+_2‘
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1(3 1 1
+ @(5— Ey)uow- P2)(Po-P2) + [z (15 7)(Pw P2) (P pw)]) (12)
and

N1 1
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4
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|
where y=1—m3/m3, or sirfé,. The interference terms T(t - b W Z ) (GeV)

A, A3 and A; A5 are related by the interchangeg, S L
“0p pr M= My, PPy, andk;—ks.

The above square amplitudes have been written in terms ]
of k; andk,, andp; andpy, in order to exhibit the symme- o 7
tries of the square amplitudes explicitly. The total square ]
amplitude can be rewritten in terms of the three dot products 1
(P Pw). (Po* P2), and @y ), by eliminatingpy, ky, and .| i
k, in the above formulas. f ]

The partial width for the decay mode-bW" Z is given
by the three-body phase space integral

[(t—bW*Z)= f dmdm? A2, (14)

1
(277)3 32mt3 5x1078 - .
where the invariant square massua%:(pi+pj)2 are de-
fined in terms of the momenta of the final particles, and the

spin-averaged square amplitude 0

P S S S USRI N S N
180 185 190 195 200

m, (GeV)

— 1
|Al#= 1A%, (15)

. . FIG. 2. T(t—bW"Z) as a function of the top quark mass for
since one averages rather than sums over the top quark spify. —go.3 Gev,m,=91.2 GeV,m,=4.5 GeV, siff,=0.23, and

The partial decay widti'(t—bW"Z) is plotted in Fig. 2 |vy|2=1. The partial decay width vanishes at threshold, where
as a function of the top quark mass. The phase space intega|=m,+my,+m,.
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FIG. 3. B(t—bW?"Z) as a function of the top quark mass for  FIG. 4. T'(t—d;W"* Z)/|V,|? as a function of the top quark mass
my=280.3 GeV,m;=91.2 GeV,m,=4.5 GeV, and sif},=0.23.  for m,,=80.3 GeV,m,=91.2 GeV, siki,=0.23, andny =0. The
The branching ratio vanishes at threshold, whemg=m,  partial decay width vanishes at threshold, whemg=my+ms.
+my+mz. This graph is relevant for the decas:dW*Z andt—sW'Z.

was performed numerically for the parameter value
my=80.3 GeV, my;=91.2 GeV, my,=45 GeV,
sirfe,=0.23, andV,,| = 1. The partial width is plotted over
the range fronm;=176 GeV, where the partial width van-
ishes, tom;=200 GeV, where the partial decay width is

“on the precise value of the top quark mass. The branching
ratio is greater than I for m=187 GeV. The extreme
sensitivity of the branching ratio to the top quark mass im-
plies that the decay mode could be used to extract or bound

the top quark mass. The decay mode also is sensitive to the
2.5X10 ° GeV. The branching rati®(t—bW?*Z) also is Pd y

. i resence of the triple gauge verték”W~Z with the stan-
plotted as a function of the top quark mass in Fig. 3, assump p'e gaug W

! . ' ) dard model coupling.
ing that the total width of the top quark is dominated by The rare decay—bW*Z is at threshold for the present

t—bw?: central value of the top quark mass, so the decays
g2 t—sW"Z and t—dW"Z could be more important if
C(t—bWH = V|2 =— ——3A\Y2(m? ,m3,,m?) t—bW"Z is kinematically forbidden or just allowed. Alter-
64 my,m; natively, it might be possible to look at these modes by ap-

2

: : ) ; +
x {mé+mf— 2mé,+ m2m2, plying a tight cut on the invariant mass of thé™ and Z

momenta to exclude—bW"Z but not t—sW'Z and
+m§m\2N_ 2mt2m§}, (16) dW"Z. The partial decay widths for theandd final states

can be obtained from the partial decay width for thenode

where by replacingm, by mg or my, and |Vy,|? by |V]? or

V,4|?. The partial decay width (t—d,W*Z)/|V|? is plot-
N(X,Y,2)=Xx2+y?+ 72— 2xy—2yz— 2XZ. 17 Vel P Y (t=a, JVilis p

The CKM matrix elementV,,|? cancels out of the branching

ratio. The branching ratio increases from zero fiae=176 C
GeV to 1.0 10" ° for m,=200 GeV? Although this branch-

ing ratio is too small to be observed at the Tevatron, it is

large enough to be interesting for the LHC which is expected

to yield about a million fully reconstructed top quark events d

per year[6]. The observability of this decay mode depends !

2The value of the branching ratio for this valuerofis consistent A\ ia
with the result of Mahlon and Parkg] in the narrow width ap-
proximation. There is some numerical difference with their narrow
width results for smaller values @, , which probably stems from w*
the inclusion of finite width effects proportional ,,/m,, and
I';/m; in their calculation. FIG. 5. t—cW"W".
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ted as a function of the top quark mass for vanishinbg in

. 2
i _
Fig. 4. The partial width divided by the CKM matrix element A= Vi Ve i) €xy- €+ U(Pe)
squared is zero at threshold whemg=my,+m, and in- 1=d.sb V2
creases to 210 ° GeV atm,=200 GeV. For canonical
values of|V,¢? and|V,4|?, these partial widths will be too [ ,
small to be observed at LHC. X YMPL( k—mj) Y'PLu(py), (18)

. t—cW*W-

The rare decay—cW"W~ proceeds through tree-level wherek=p.+ pyw-=p;— pw+. The spin-averaged amplitude
graphs with intermediatd, s, andb quarks, as depicted in squared is given by
Fig. 5. The amplitude for the decay is

4
g 1 1 1,
E) (kz—mf><k2—mﬁ)4{{(k'pt)(k'pC)_Ek (pc'pt)}

— 1
| A| 2= 5% Vti VéjV?chk

2 1 1
Tz (pt~pw+)[(k-pc)(k~pw+)—§k2(pc-pw+) +(pc-pw){(k-pt)(k-pw)—Ekz(pfpw)D
'wW
4 1,
+_m4 (Pt Pw+)(Pe Pw-) (k'pWJr)(k'pW’)_Ek (Pw+-Pw-) | (> (19
W

where the factor of 1/2 comes from averaging over the top 1 1 N

quark spin. Note that this square amplitude can be derived 1ﬂ('€—>Cw+W7)=W Wf dmzdmi; | Al%, (20)
from Eq.(8) or (9). The amplitude squared can be rewritten . . L, 2

in terms of the three dot productp{: pw+), (Pc- Pw-), and where the invariant square massm%—(pﬁrpj) are de-
(Pw- - Pw-) of the final particle momenta by eliminating fined in terms of the momenta of the final particles. It is

andk in the above formula. possible to perform thm\2,v+w_ integration explicitly, so that
The partial width for the decay mode—cW'W~ is  the partial width is given by an integral over=mZ,-
given by the three-body phase space integral =(pct Pw-)?=(pi— pw+) 2=k

4

1 1 1fg (my—my)? ( 1 )( 1 )
Frt—=cWW )=———5—=-| —= Vi VEVEV f dx
(—> ) (277_)3 32rnt3 2( \/E) % tjVejVitkVck (mc+mW)2 )(—m].2 X—mi

1
xg)\l’z(x,mg M3 )N2(x,m?2 ,m\z,v){ (x+mZ—ma)(x+mZ—m3)

1
2 2 2 2 2 2 2 2 2 2 2 2
+ -z [(x—m{—my) (X+mg—myy,) (X—mg +mg,) + (X—mg— mg,) (X+mg—mg,) (X—mg+myy,) ]
'W

+m%[(x—m?+m5v><x—m?—m@)(x—m%msv)(x—mi—msm]. (21
W

The integrand of Eq(21) is symmetric under the interchang'é<—>m§ , but this symmetry is broken by the limits of integration

of the remaining phase space integral. An important observation about the decay width is that the width vanishes for
m?=0 or mg=0 by CKM unitarity:

V,jVe;=0. (22)

j=ds.b

This GIM suppression can be made manifest by replacing thedtgoark propagators by
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2

1 1 1l m -
x—m? x—m?| X _x(x—mjz)’ @3
which implies that the integrand is multiplied by
mZmg
- (24)
Thus, the final formula for the partial width is
B 1 1 1/ g
T(t—cW'W ):WW (T 2 Vy Ve ViV L(m? mg ,m2,m? m,), (25)

where the integral equals

2 1 1 1
|(mf, mg, ¢, m¢, m§,) = mmkf((mt iy dx( )( >2x N206mE, mi) N0 mg i)

2
me+myy)? X—mj

1
2 2 2 2 2 2 2 2 2 2
X1 (X+mf—my,) (X+mg—my,) + oy [(X—mf—mi) (X+mE—mg,) (X—mg+mg,)
W

1
2_ 2 2_ 2 2, 2 21 2 2_ 2
+(x—mc—mW)(x+mt—mW)(x—mc+mW)]+m—4[(x—mt+mw)(x—mt—mw)
W

><(x—m§+m\2,\,)(x—m§—m\2,\,)]]. (26)

Numerical integration of Eq(26) (which assumes that t—bW?"Z is potentially observable at LHC rates for top
GIM suppression is operatiyshows that the decay width is quark masses above 187 GeV, and could be used to accu-
completely dominated by the contribution with rately determine the top quark mass. The decay amplitude
mf=mg=mj. The partial width is plotted in Fig. 6 as a also depends on the triple decay verwXW"Z, and there-
function of the top quark mass fomy=80.3 GeV, fore tests for the presence of this coupling and its value. The
m.=1.5 GeV, sikf,=0.23, andV,,=0.036-0.046. The
two curves correspond to the lower and upper values of the
CKM matrix elementV.,. The partial width vanishes at
threshold wherem,=m.+2m,,, and is at most~10 *?
GeV form;= 200 GeV. This extremely small partial width is
a direct consequence of three-family unitarity of the CKM
matrix in theu-quark sector. If the GIM suppression condi-
tion Eq.(22) is relaxed, the integral appearing in E(al) is
a factor of 2<10° Iarger thanl(m3,mz,m2,m?,m3,) for
each value ofn2 andmZ. Thus, it is quite possible that the |
rare decay—>c\/\f*W occurs at an observable level in non-  exies |-
standard model theories. A search for this rare decay mode i
would directly test CKM unitarity of théc rows of the CKM I
matrix. axio- b

The partial width for the rare decay-uW'W~ can be I
obtained from the above with the replacemertu. The I
partial width for the up mode is even smaller than for the axies -
charm mode due to smaller CKM matrix elements. This de-
cay mode can be used to test CKM unitarity of thierows »
of the CKM matrix. 0o ——

170 180 180 200
m, (GeV)

[t - ¢ W* W) (GeV)

1.2x10712 ———————T—

8x10-13

Ill. CONCLUSIONS
FIG. 6. T (t—cW"W"™) as a function of the top quark mass for

The partial widths for the rare top quark decay modesm,=80.3 GeV, m.=1.5 GeV, sif4,=0.23, andV.,=0.036
t—bW"Z, sW"Z, dW"Z, cW'W~, and uW*W~ have —0.046. The partial decay width vanishes at threshold, where
been calculated in the standard model. The decay mod@,=m.+2m,,.
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