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We analyze the atmospheric neutrino data in the context of three flavor neutrino oscillations taking account
of the matter effects in the Earth. With the hierarchy among the vacuum mass eigenvgiigs= u3, the
solution of the atmospheric neutrino problem dependggs ,ug—,ui and the 13 and 23 mixing anglésand
. Whereas the sub-GeV atmospheric neutrino data imposes only a lower limii;eri0 3eV?, the zenith-
angle-dependent suppression observed in the multi-GeV data Bgifsom above also. The allowed regions
of the parameter space are strongly constrained by the multi-GeV data. Combined with our earlier solution to
the solar neutrino problem which dependsdi= u3— u? and the 12 and 13 mixing anglesand ¢, we have
obtained the ranges of values of the five neutrino parameters which solve both the solar and the atmospheric
neutrino problems simultaneousi50556-282(97)05411-9

PACS numbdss): 14.60.Pq, 95.85.Ry

I. INTRODUCTION larger for small values of zenith angléownward going neu-
trinos). Kamiokande have analyzed their data assuming that
In recent years, deep underground detectors have beghe smaller observed value Bfis caused by neutrino oscil-
measuring the flux of neutrinos produced in the atmospherdations. They have done two independent analyses, one as-
(Unless explicitly stated, we call neutrinos and antineutrinossuming two flavor oscillations between, — v, and the other
collectively as neutrinos.These neutrinos are produced from assuming two flavor oscillations betweep— v,. For both
the decays ofr™ and K~ mesons which, in turn, are pro- the cases, they obtain a mass-squared difference
duced by cosmic ray interactions with the atmosphere. Ongm?~ 102 eV? and a mixing angle nearly 45°. Since the
expects the number of muon neutrinos to be twice the numupward going neutrinos travel large distances inside the earth
ber of electron neutrinos. The predictions of detailed Montenefore entering the detector, matter effects may be important
Carlo calculations confirm that the ratio of the flux of muon for these, especially at higher energj@s8]. Therefore one
neutrinos® v, 10 the flux of electron neutrino®,_is about must take matter effects into consideration while analyzing

2 [1,2). The predicted neutrino fluxes from different calcula- v, < v, oscillations.

tions differ significantly from each othefby as much as Atmospheric neutrino problem was analyzed in the three
30%), but the predictions for the ratio of the fluxes flavor neutrino oscillation framework previously. In Rg8]
(I)VM/CI)Ve are in good agreement with each other. The largghe sub-GeV data were analyzed under the assumption that

water Cerenkov detectors Kamiokande and IN@ have one of the mass differences is much smaller than the other.
measured this ratio and have found it to be about half of & matter effects due to the passage of neutrinos through

what is predicted4]. The experimental results are presentediN€ €arth were included and the allowed values of neutrino
in the form of a double ratio parameters were obtained. Various other authors have ana-

lyzed, in the context of three flavor oscillations, accelerator
and reactor data in conjunction with the sub-GeV atmo-

N”u spheric datd10] or the multi-GeV data with zenith angle
N, r dependence includgd 1]. However, in both these cases the
R=__ obs_ _obs ) earth matter effects were not taken into account.
N,,# 'mc Several authors have attempted a simultaneous solution of
N, the solar and atmospheric neutrino problems in three flavor
e’ MmC oscillation scenarios. The solution in Rdfl2] assumes

maximal mixing between all the three flavors and derives the

Kamiokande Collaboration have presented their resultgonstraints on the mass differences. The solution thus ob-
for neutrinos with energy less than 1.33 Geb-GeV data  tained restricts the mass difference to be very small
[5] and for neutrinos with energy greater then 1.33 GeV(~1071°e\?) and is somewhat fine-tuned. Other solutions

(multi-GeV  data [6]. For the sub-GeV data, have assumed the mass hierarchy that was considered in Ref.
R=0.60"§0¢+0.05 and for the multi-GeV data, after aver- [9] and obtained the allowed regions in the neutrino param-
aging over the zenith angl®=0.57"555+0.07. The value eter spacg13—16. However, all these analyses were based
of R has no significant zenith angle dependence for the subsn the sub-GeV atmospheric neutrino data. The multi-GeV

GeV data. However, for the multi-GeV daf,is smaller for data and its zenith angle dependence were not included. In a
large values of zenith angl@pward going neutringsand is  recent analysis of the multi-GeV data earth matter effects
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and the zenith angle dependence were taken into account Mgzung(Uv)T. (5)
[17]. However, this analysis considered the atmospheirc neu-
trino problem only. For the propagation of neutrinos through the earth, we need

~ Inthis paper, we analyze the Kamiokande multi-GeV datao take the matter effects into account. The charged current
in the framework of three flavor neutrino oscillations. The scattering between electrons ang induces an effective
solar neutrino data and the sub-GeV data of Kamiokandenass-squared term forv, which is of the form
were analyzed earlier in the same framewtB]. We only  A=2,2G.N,E, whereN, is the number density of electrons
assume that, of the two mass differences in the problem, thenq £ s the neutrino energj19]. This term is present only

smaller one is chosen to solve the solar neutrino problem ang; ihe e— e element in the flavor basis so the mass-squared
the larger one will be relevant for the atmospheric neutringytrix including the matter effects is

problem. We do nota priori, make any assumption about

the form of the mixing matrix. Our starting point is the same A 0O O
as that in Ref[9]. We include the matter effects due to the
i M2=M2+|0 0 O (6)
passage of neutrinos through the earth. We take the allowed m v :
values of neutrino parameters from our earlier work as in- 0 0O

puts. The zenith-angle-dependent suppression of multi-GeV
data places strong further constraints on the parameter spaan is a Hermitian matrix and can be diagonalized by unitary
allowed by the solar neutrino problem and the sub-GeV atmatrix U™, which relates the flavor eigenstates to matter de-
mospheric neutrino data. In Sec. Il, we define our theoreticahbendent mass eigenstates
framework and derive the oscillation probabilities. In Sec.
lll, we describe the comparison of the theoretical predictions Ve vy
with the Kamiokande data and determine the allowed regions [
of the neutrino parameters. In Sec. IV we discuss our results V| =UT P2 ], @)
and present our conclusions. A brief discussion of the recent v, vy
Liquid Scintilation Neutrino Detecto{LSND) result[18] is
also included. where the superscriph stands for matter. We denote the
matter dependent mass eigenvaluesngsm,, andms. The
Il. THEORY matter dependent mixing matrld™ can be parametrized in
] ) o terms of three mixing angles in a manner similar to that of

Here we descrlbe_.the three flayor neutrino mixing andyv ¢ given in Eq(3). The matter dependent mass eigenval-
calculate the probability for a neutrino producedr@sto be Les and mixing angles can be obtained, in terms of the
d_etected aggz, wherea andg are flavo_r indices. The flavor y,3cuum parameters am, by solving the eigenvalue prob-
eigenstates are related to the mass eigenstates by lem of Mﬁq in Eq. (6)

The distance scales and the energy scales in the solar
neutrino problem and the atmospheric neutrino problem are
v, |=U"| v3|, (20  very different. Therefore, one needs two distinct mass scales
to solve the solar and the atmospheric neutrino problems
simultaneously. To satisfy the constraints from all the three
solar neutrino  experiments, one must choose
8,1~107° eV2, which is roughly the matter terrA for the
solar neutrinos due to their passage through the sun. As we

UY=UZ(y) x UPhassc Y13 ) x U ), (3) Wil shortly see, the sub-GeV atmospheric neutrino data im-
pose a constraintd;;=10 3 eV2. Hence 83> 8. If
whereU'l(6;) is the two flavor mixing matrix between the ,;~10"° eV?, the oscillation length corresponding to it,
ith andjth mass eigenstates with the mixing anglg_ For even for the minimum of the atmospheric neutrino energies,

U
Ve Vq

Vv, yg

where the superscript denotes vacuum. The unitary matrix
UY can be parametrized as

simplicity, we neglect th&C P violation and set) phase_ | is of the order of the diameter of the earth. In the expression
In the mass basis the mass-squared matrix is diagonal ai@r the oscillation probability,, can be set to zero. There-
can be taken to be fore the oscillations are dependent on only one mass differ-
enceds; in the atmospheric neutrino problem.
,uf 0 O 0O 0 ©O In the approximation of neglecting,,, it is straightfor-
2 ward to show that the oscillation probability is independent
Mg: 0w 0 :'“il 0 S 01, 4 of the mixing anglew. Including maltgter effect); does ngt alter
0O O ,u§ 0 0 o3 this conclusion. Note, however, that neglectifig does not

reduce the problem to an effective two flavor mixing. The
where 8,,= u3— uf and 83,= u3— u2. Without loss of gen-  three flavor nature of the problem is reflected by the fact that
erality we can take.3> w,> u4 SO that bothd,, and §3; are  the oscillation probability is a function of the mass difference
positive. For extreme relativistic neutrinos, the oscillation §;; andtwo mixing angles¢ and . In the case of an effec-
probability depends only on the mass-squared differences stve two flavor mixing, the oscillation probability is depen-
we ignore the first termu?l. dent on one mixing angle only. When the matter effects are
In the flavor basis, the mass-squared matrix is nondiagoncluded the mixing angley remains unaffected but the
nal and is given by angle ¢ becomes matter dependefi:
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631SIN2¢
= Y, (tg))= (UEA U VI U
tan2¢, 55,0052 — A 8 <VB| o(ta)) zl ; 2 ai i Y\ Bj
. . . Wity m2(ty—ty)

The mass eigenvalue of]' remains O(actually it is of the xexg —i —- |exg —j ———" |
order of 5,5 which we are neglecting hereThe other two 2E 2E
matter-dependent mass eigenvalues are given by (14

The probability of oscillatiorP,; is given by the modulus
square of the above amplitude.t}f—t, is set equal to zero
(that is if the total time of travel is equal to the time of travel

1
M3=5 (351t A) ~ V(3510052 —~ A) 7+ (3315in26) 7],

© through the atmospher¢hen the expression in EqL4) re-
duces to the simple vacuum oscillation amplitude. The same
2‘_1 5 i 5 is true if the matter effects are ignored; i.e.Uf"=U? and
ma—i[(531+A)+ V(831€052p— A)*+ (5315in2¢)°]. m=u.
(10) For bins 1, 2, and 3, the distance travelled in earth is

much larger than the distance travelled in the atmosphere.
Thereforet, is much smaller thamy for these bins and can
be neglected. Neglecting, simplifies the expressions for
by —A. oscillation probability and we obtain the expressions derived

The neutrinos produced in the atmosphere enter the earfif'lier in Ref[9]. However, for bins 4 and 5, the distance of
after travelling through the atmosphere for about 20 km anarayel in atmosphere is comparable. to that in earth. Therefore
finally reach the detector after travelling through the earth!1 iS Of the same of order of magnitude gsand cannot be
The distance travelled through the earth is a function of th&'€glected. Keeping, # 0 in Eq.(14) properly takes into ac-
zenith angle. For the five bins considered by Kamiokandé&©unt the nonadiabaticity in the abrupt change in density
[6], the average values of the cosine of the zenith angle ar¢hen the neutrino enters the earth.

—0.8,—0.4, 0.0, 0.4, 0.8 and the average distances travelled
through the earth are 10210, 5137, 832, 34, 6 km, respec-
tively [12].

A neutrino of flavor «, produced in the atmosphere at ) ] ) )

time t=0, propagates through the atmosphere as a linear First we briefly describe our analysis of the sub-GeV data

combination of the vacuum mass eigenstates. If the neutrinBNd highlight the contrast between it and the analysis of the
enters earth at time=t,, its state vector at that time can be Multi-GeV data. Matter effects are unimportant for the sub-
written as GeV data. If the earth is taken to be a slab of density

5.5 gm/crd, the matter ternA for the sub-GeV neutrinos is
less than 3.&% 10 “ eV2. As we will shortly see, the sub-
GeV data sets a lower limit od;,>102 eV2. Hence the
matter effects can be neglected and the expressiorB fpr
in the sub-GeV analysis are simply the vacuum oscillation

Reexpressing the vacuum mass eigenstates in terms of flavefobabilities
states, we have
Pas=(Us1U5) 2+ (UbaU)*+ (UlsUgs)°

Equations(8), (9), and(10) are valid for neutrinos. For anti-
neutrinos, we get a similar set of formulas withreplaced

IIl. CALCULATION AND RESULTS
A. Sub-GeV data

2t
I‘I’a(tl)>=2i UZieXl1<—i%)lvi”>- (11

E Uii*|VA>-

N

12

v v v v d521
+2U%,U%,U%, Uj,c08 253

|‘1’a(t1)>22 UZieXD( -5

After entering the earth, the neutrino propagates as a linear
combination of the matter-dependent mass eigenstates. We
take the earth to be a slab of constant density. At the time of

detectiont=t,, the state vector takes the form

d
+2u31ug3ugluggcos< 2.53—31)

+2U%,U%,U%,UY COE<253di32 (15
a2~ a3~ B2~ B3 . E ’

whered is the distance of travel in meter8’s are the mass
differences in eV, andE is the neutrino energy in MeV.
Because we have neglected @@ violating phase, the os-
cillation probability for the antineutrinos is the same as that
for the neutrinos. Sincé,, is very small, the cosine term
containing it in Eq(15) can be set equal to 1. The other two
cosine terms are dependent 85 (and §3,= 83,), the neu-

2
“t
W (tg)) =, uz,iexp(—i—”' 1)2 urxS ym
i 2E A J J

Xexp -l —F5—

| ij . (13

Hence the amplitude for the neutrino produced as flavat
t=0 to be detected as a neutrino of flay®rat timety is
given by

trino energy and the distance of travel which is related to the
zenith angle. As mentioned earlier, the double rd&iale-
fined in Eq.(1) does not have any zenith angle dependence
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TABLE |. Zenith-angle-dependent data from Kamiokaréé

Binno. (cos) (distance (km) ric Fobs obs
1 0.8 10210 3.0 087733 029708
5 0.4 5137 2.3 1.0633 0.46'31
3 0.0 832 21 1.07°9% 0510
. 04 34 23 14505 06392
5 0.8 6 3.0 3918 13708

Y(deg)

satisfies the experimental constraints atlével whereas the
region between dashed lines satisfies the experimental con-
straints at 1.6 level. One important point to be noted in this
analysis is that the sub-GeV data place only lower bound on
d31. The allowed region inp— ¢ plane is quite large.

20~

B. Multi-GeV data

P — The multi-GeV data of Kamiokande have been presented
0 10 % $(deg) % 40 * for five zenith angle bins in Ref6]. For each of these bins,
the observed numbers of electronlike events and muonlike
FIG. 1. Allowed region ing— ¢ plane by the sub-GeV data events and their Monte Carlo expectatigmsthout neutrino

(with 83,=10"2 eV?) at 1o (enclosed by solid lingsand at 1.6 oscillations have been given. From these one can calculate
(enclosed by broken linas. two sets of ratios

r =
sible to replace the distance dependent terms in(Eg). by Me e
their average values. This replacement is possible only if the
average distance travelled contains many oscillation lengths. ( Nlu)
obs

i
for the sub-GeV data. One can account for this if it is pos- i _(E{i) (17)
MC

The above condition sets a lower limit on the mass differ- M obs=

encedy;>10"2 eV? [16]. Note that this lower limit is con-

sistent with the approximatiods;> 8,,~10"° eV?, which ,

was made so that both solar and atmospheric neutrino prond the set of double ratios

lems could be solved simultaneously. N
Pgﬂ become independent &, and the neutrino energy Robs™obd "uc

when the distance-dependent terms are replaced by their % cach bini=1.2 5. Wesummarize the multi-GeV

erage values. They are simply functions of the mixing angle%Iata of Kamiokar;dc’ééj |n .Table |

¢ and ¢ alone. In this approximation, the expression for the .

double ratioR can be written a§16]

N (18

(19

Muons produced in the charged curré@C) interactions
of v, can either decay in the detector or pass out of the
1 detector. Hence the-like events are subdivided into fully
pe 4 _— po contained(FC) and partially containedPC) events. How-
B Iye o (16 ©ven all thee-like events are fully contained. The efficiency
' of detection for each type of event is different and is a fun-
tion of the neutrino energy. Thus we have three detection
wherer,c is the Monte Carlo expectation of the ratio of efficienciesef(E), ep(E), ande®(E). We obtained these
numberu-like events to the number a&-like events. From efficiencies from Kamiokande Collaboratip®l]. The detec-
the sub-GeV data of Kamiokande, we fingc=1.912 and tion efficiency for a particular type of event is defined to be

R=0.60f8;8§t 0.05[5,16]. We take the allowed values of the ratio of the number of correctly identified CC events of

¢ from our analysis of solar neutrino data which restrictsthat type to the number of generated G or v, events.

¢ to be in the range € ¢$=<50° [16]. We find the allowed Fully contained events are produced by muons of low energy
region in the¢— ¢ plane by requiring the theoretical value and hence by neutrinos at the lower end of the spectrum.
calculated from Eq(16) to be within 1o or 1.60 uncertainty Almost all of the partially contained events are produced by
of the experimental value. In our previous analysis we reneutrinos of high energy. The shapes of the efficiency curves
stricted the range of to be 0< /<45°. However, given the are roughly as follows.

assumptions we made about vacuum mass eigenvalues, theefc is nonzero only for smaller neutrino energies. It has
most general possibility is to allow to vary between 0 and its maximum value of 0.2 &,=2 GeV and falls sharply to
90° [20]. The new region allowed by the sub-GeV data,0 whenE,=5 GeV.

where ¢ was restricted by the solar neutrino data apds epc rises sharply from 0.1 to 0.8 in the neutrino energy
allowed to vary between 0 to 90°, is shown in Fig. 1. Therange 2 Ge¥E,<20 GeV. Then it slowly decreases at
region between the solid lines is the parameter space whidchigher energies.

=0 ., p0
Pee+ rMCPMe
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€® rises to about 0.6 at abolt,=10 GeV and slowly
decreases at higher energies.

The Kamiokande data set gf-like events is the sum of 80
both fully and partially contained events. Hence we add the
efficiencies for fully and partially contained events to obtain
the number of muon events. .

The expected number qf-like and e-like events, in the 60
absence of neutrino oscillations, is given by

v(deg)

Ny ve= f [, (E)o(E)+ ¢ (E)o(E)]

40

X (efc(E) +epd E))dE, (20

Nelwc= f [6,(E)o(E)+ ¢, (E)o(E)]e*(E)E, 20 -
(21 ‘

where ¢'s are the fluxes of the atmospheric neutrinos at the
location of Kamiokande. These are tabulated in R&f.as e ———

. . 0 10 20 30 40 0
functions of the neutrino energyfrom E=1.6 GeV to $(deg) °

E=100 GeV} and the zenith angler and o are the charged
current cross sections of neutrinos and antineutrinos respec- FIG. 2. Allowed region ing— ¢ plane by 5 bin analysis of
tively with nucleons. The cross section is the sum of themulti-GeV data (with 103 eV?<§;,<10"* eV?) at 1o (enclosed
quasielastic scattering and the deep inelastic scattébil®). by solid lines and at 1.6 (enclosed by broken lings
The values for quasielastic scattering are taken from Gaisser
and O’Connel[22] and those for the DIS are taken from the matter ternA. These are calculated using the formulae in
Gargamelle dat&23]. In calculating the DIS cross section, Egs.(8), (9), (10) and(14). The probability of oscillation for
we took the lepton energy distribution to be given by theantineutrinosP, 4, in general, is different fron® , ; because
scaling formula(which is different for neutrinos and an- of the differentA dependence.
tineutrinog and integratedio/dE, from the minimum lep- From Egs.(22) and (23) we can calculate the ratio of
ton energyE,=1.33 GeV to the maximum lepton energy u-like events toe-like events in the presence of oscillations
Emna=E,—M_,. The maximum lepton energy is chosen by to be
defining DIS to contain at least one pion in addition to the _
charged lepton and the baryon. The differences in the fidu- i (N'ﬂ) (24)

osc

cial volumes and exposure times for fully contained and par- Fosc™ _g
tially contained events have been incorporated into the de-

tection efficiency ef{E). From Egs.(20) and (21) we  and the double ratio

calculate our estimation of the Monte Carlo expectation of

rc. the ratio of theu-like events to thee-like events. The '

r osc

I
numbers we obtain are within 10% of the values quoted by ROSC_FE' (25
Kamiokande collaboration in Reff6]. The differences could
be due to the different set fluxes usgaif] and due to the If the atmospheric neutrino deficit is due to neutrino os-
simple approximation we made for the cross sections. cillations, then the double ratioR,. given in Eq. (25)
In the presence of oscillations, the numbenofike and  should be within the range of the corresponding observed
e-like events are given by double ratiosRy,., which are given in Table 1. We searched
for the values of the neutrino parametepsys and &3, for
i = [ I p——" i which the predicted values @&, satisfy the experimental
NiJose f [¢”MP"“G+¢WP“"U+¢%PG"U constraintspon the double ratios for zl the fi\f)e bins. The

ranges of variation in the three parameters are the following.
(1) 0<¢=050°. This is the range ot allowed by the
solar neutrino problem. For this range #f there exist val-
ues ofé8,; andw such that all the three solar neutrino experi-
ments can be explaindd6,25.
1 _ (2) O=¢=<90°. ¢ is varied over its fully allowed range.
+ ¢, Pueole®dE, (23) (3) 1072 eV?< §3;<10 * eV2. The lower limit is given
. by the sub-GeV data and the upper limit is the largest value
whereP ,z's are the probabilities for neutrino of flavarto  allowed by the two flavor analysis of the multi-GeV data by
oscillate into flavorg, derived in the last section. These os- Kamiokande[6].
cillation probabilities are functions of the distance of travel The results are plotted in Figs. 2, 3, and 4. Figure 2 gives
d, the mixing anglesp and ¢, the mass differencé;; and  the projection of the allowed region on tige- ¢ plane, Fig.

+ ¢ Pa,o (st ef)dE (22)

Nelosc= f (¢, Pecr+ &, Peco+ ), PLec
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_________________________

(X0 I \ ]

8y (eV2)
Y{deg)

20 - 7

P S I SR S S S IS
A S S Y S S SN S S S R SN 0
0.001
0 10 20 30 40 50 0 10 20 30 40 50

#(deg) ¢(deg)

L . . FIG. 5. Allowed region in¢— ¢ plane by 4 bin analysis of
FIG. 3. Allowed region |nd>° 93 plane by 5 bin analysis of - i =0\ data (with 10°% eV?< §3,;<10 ! eV?) at 1o (enclosed

multi-GeV data (with G<#=<090°) at 1o (enclosed by solid lings by solid lines and at 1.6 (enclosed by broken lings

and at 1.6 (enclosed by broken lines. y ' y

3 gives the projection on thé — 3, plane, and Fig. 4 gives tron neutrino flux is less than that of the muon neutrino flux
1 3 . . B agege

the projection on they— 85, plane. The solid lines enclose and the oscillation probabilitieB,,; are all less than 1. Us-

the regions of parameter space whose predictions lie withill'9 thesei factsi, one C?n show from E(s)) and(24) that, in

the experimental range given byrluncertainties. The bro- generaly os:= rS'V'C or R°55°$.1' Therefore, the_ region of over-

ken lines enclose regions whose predictions fall within rangd@P betweerRg,s and Ry is very small. It is 0.9-1.0 for.

given by 1.6 uncertainties. 1o uncertainties. It is possible that this small overlap is im-
As seen from Table I, the uncertainties in bin 5, whichPOSINg a very strong constraint, leading to a situation where

has(cosf)=0.8, are quite large compared to the uncertaintiedhe bin with the largest uncertainty is essentially con.trollmg

in the other four bins MOI‘EOVEIbe is greater tharrf,lc the allowed values of the parameters. Because of this unsat-

. \obs . L X T i
through most of its range. Hence the double r&ig=>1 for isfactory situation, we redid the analysis ignoring the con-

most of its range. The Monte Carlo expectation of the elec—Stralnt from pm 5. We searcped for regions of parameter
space for which the values &, are within the ranges of

correspondindRy, for only the first four bins.

] The results of the 4 bin analysis are plotted in Figs. 5, 6,
______________ ] and 7. Figure 5 gives the projection of the allowed region on
l \ ;] the ¢— ¢ plane, Fig. 6 gives the projection on tle— 53,

| ] plane, and Fig. 7 gives the projection on t#e- d5;, plane.

| ] As before, the solid lines enclose the regions satisfying 1

i T \ vetoes and the broken lines enclose regions allowed by
|
|
|
|

0l T T T T T

1.60 vetoes. Comparing the corresponding figures we find
that the allowed values of parameters for the 4 bin fit are the
001 - o | almost identical to those from the 5 bin fit at &.G&vel. The
[ ! 1 allowed regions at & level are somewhat larger compared
] to the 5 bin fit. This is not surprising because the bin 5

. imposes a very strong constraint at- devel. If this con-
straint is relaxed, then a somewhat larger region is allowed.
The 4 bin fit shows that the 5th bin, which has the largest
uncertainty, does not exercise undue influence on the selec-
tion of the parameter space.

&, (eV?)

0001 T e IV. DISCUSSION AND CONCLUSIONS
v(deg)

The parameter space shown in Figs. 1-4, together with
FIG. 4. Allowed region ing— 83, plane by 5 bin analysis of the allowed values fow and &,; from our earlier work 16,
multi-GeV data (with 8 $=<50°) at 1o (enclosed by solid lings  provides a complete solution to the solar and the atmospheric
and at 1.6 (enclosed by broken lings neutrino problems in the framework of three flavor neutrino
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R T S A e

001 [

8y (V)

0.001
0 10 20 3¢

#(deg)

FIG. 6. Allowed region in¢— &3, plane by 4 bin analysis of
multi-GeV data (with G<#=<090°) at 1o (enclosed by solid lings

and at 1.6 (enclosed by broken lings

40

50

ings can be obtained for the following choices of the angles:
veer v, for ¢=90° vee v, for ¢=0; and v, v, for
¢=0.

Any solution to the atmospheric neutrino problem should
suppress the muon neutrinos, enhance the electron neutrinos
or do both. Thev,<— v, channel, which suppresses electron
neutrinos but leaves muon neutrinos untouched, cannot ac-
count for the atmospheric neutrino problem. Hence any so-
lution of atmospheric neutrino problem should be away from
the effective two flavow.<— v oscillations. The large value
of the angle is just a reflection of this fact. The allowed
region includes the valug=90°. Then the atmospheric neu-
trino problem is explained purely in terms of the two flavor
oscillations betweemw«+ v, , with the relevant mass differ-
ence beingdz;. In this case, the solar neutrino problem is
solved by v.— v, oscillation which is determined by the
mass differences,; (and the mixing angles and ¢).

How important are the matter effects in the analysis of the
multi-GeV data? It can be seen from Figsd2-2(f) of Ref.

[6] that most of the expected multi-GeV events are caused by
neutrinos with energies less than 10 Géswer 80% for
muonlike events and over 90% for electronlike eventhe
matter term, for a neutrino of energy 5 GeV, is about
2% 102 eV2. Since the initial range we considered 8y,

oscillations. The salient features of the results of the mum'varied from 103 eV t0 0.1 e\?, a priori one must include

GeV analysis are the following.

the matter effects in the expressions for the oscillation prob-

Most of the parameter space allowed by the multi-GeVypijities. However, the value ofs; in the allowed region,
data is a subset of the space allowed by the sub-GeV dataespecially for the & vetoes, where it is about 0.03 &Ms

The range 0f65, allowed by 1o vetoes is extremely nar- ¢ |arger than the matter term. Therefore, it is likely that
row. It is very close to the best fit value given by the tWo (ne matter effects may not play an important role in deter-

flavor analysis of Kamiokande.

The value ofys is always large ¢=40°) and¢=90° is

allowed.

In the region allowed by & vetoes¢ is always nonzero.

¢=0 is allowed only at 1.6 vetoes.

From the parametrization af’, effective two level mix-

01

5y (eV2)
o
2
T

0.001
0 20 40

V(deg)

60

80

mining the allowed parameter regions in the analysis of the
multi-GeV data. To check this we reran our program with the
matter term set equal to zero. With this change, the double
ratiosRy, defined in Eq(24), changes by about 10% in the
first bin and by about 5% in the second bin. There is no
discernible change in the other three bins. Since the errors in
obs are about 30%, these small change®jj. do not lead
to any appreciable change in the allowed regions of the pa-
rameter space. However, the effect of matter terms may be-
come discernible when more accurate data from Super Ka-
miokande become available.

Since the earth matter effects seem to play no role in the
determination of the parameter space, can one interpret the
observed zenith angle dependence purely in terms of vacuum
oscillations? For an energy of 5 GeV, the mass square dif-
ference 102 eV? corresponds to an oscillation length of
about 1200 km. Thus bins 1 and 2 contain many oscillation
lengths and the second and the third cosine terms in the
vacuum oscillation probability, given in Eq15), average
out to zero. For bins 4 and 5 the cosine terms are almost 1.
In bin 3, these terms take some intermediate value. Therefore
we have large suppression in the first two bins, almost no
suppression in the last two bins and moderate suppression in
the middle bin.

Even though matter terms play no important role in the
multi-GeV analysisy.+ v, oscillations provide a better fit
to data compared to,« v, oscillations. Inv < v, oscilla-

tions, thev, flux is suppressed whereas thg flux is un-
touched. Thus the double rati®&. do become less than 1
but the large suppression observed in bins 1 and 2 is difficult

FIG. 7. Allowed region ing— 83, plane by 4 bin analysis of
multi-GeV data (with 8= $<50°) at 1o (enclosed by solid lings
and at 1.6 (enclosed by broken lings
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to achieve via this channel. Feg+ v, oscillations, thev, 0.03 eV¥=<63<0.3 e\’ (28

flux is reduced and, flux is increased. This occurs even i ) ) )

whenP =P, , which is the case for vacuum oscillations, From the analysis of multi-GeV atmo;pherlc neutrino data
because the flux of, is roughly twice the flux ofv, before we have the upper limit orb3;=<0.06 eV (Figs 3 and 4
oscillations. Hence the double ratiB.. are smaller for the Hence there is a small region of overlap between the range of

- neutrin rameters requir h mospheric neutrin
case of ve—wv, oscillations compared to the case of eutrino parameters required by the atmospheric neutrino

I data and the LSND data. This suggests that the standard

v, v, oscillations and they fit the data better. three flavor analysis can accommodate all the data J@6r
We now make a brief .cor.nment on the LSND results 0ngng perhaps a fourth sterile neutrino is not needed.
the search fow ,— v oscillations[18] in the context of our In conclusion, we have analyzed the atmospheric neutrino

analysis of atmospheric neutrinos. The LSND collaboratiordata of Kamiokande in the context of three flavor neutrino
gives an oscillation probabilityaﬂ—e=(3.1f}jéi 0.5)x10° 2  oscillations. We took into account both the zenith angle de-
for muon antineutrinos in the energy range 20—60 MeV. Inpendence of the multi-GeV data and the matter effects due to

the framework described in Sec. II, the oscillation probabil-the propagation of the neutrinos through the earth. We ob-

ity relevant for the LSND experiment is the vacuum oscilla-tained the regions in neutrino parameters which solve both
tion probability the solar and the atmospheric neutrino problems. We found

that the matter effects have negligible influence on atmop-

0 0 ) , , d &3y sheric neutrinos even in the multi-GeV range. The allowed

we=Pue= S|n22<;/>3|n21,bsm2( 1-27?) . (26 regions of the parameter space with or without matter effects
are almost identical.

Note that both¢ and s have to be nonzero foP . to be As we finished this work, we came across a paper by
nonzero. In the region allowed by thervetoes of the multi-  Fogli et al.[27]. They have analyzed the sub-GeV data from
GeV atmospheric neutrino data we have various experiments and the zenith-angle-dependent multi-
GeV data from Kamiokande. Although a detailed compari-
min(sin*2 ¢sir’y)=0.04 for $=8°, ¢=40°, son is difficult, qualitatively our results agree with theirs.
max sinf2¢sirfy) =1 for ¢p=40°, =90°. ACKNOWLEDGMENTS
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