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Recently several experimental groups analyzed data op— n7 p and 7 p— 7a’n reactions with an
exotic 1~ P wave and found conflicting evidence for an exotic meberi1™ *(1405). High statistics data
on these reactions are presently being analyzed by the BNL E852 Collaboration. All these analyses are based
on the crucial assumption that the production amplitudes do not depend on nucleon spin. This assumption is in
sharp conflict with the results of measurementsrofo— 7~ 7 n, 7 n—7"7"p, andK* n—K* 7 p on
polarized targets at CERN, which find a strong dependence of production amplitudes on the nucleon spin. To
ascertain the existence of an exotic mesori (1405), it is necessary to perform a model-independent am-
plitude analysis of reactions ™ p— o p and 7~ p— n7°n. We demonstrate that measurements of these
reactions on transversely polarized targets enable the required model-independent amplitude analysis without
the assumption that production amplitudes are independent of nucleon spin. Two variants of the Monte Carlo
method are proposed for finding the amplitudes and their errors. We suggest that high statistics measurements
of the reactionsT p— n7 p and 7~ p— 77°n be made on polarized targets at BNL and at Protvino IHEP
and that model-independent amplitude analyses of these polarized data be performed to advance hadron
spectroscopy on the level of spin-dependent production amplit(868556-282(197)04219-1

PACS numbegs): 13.88+¢€, 13.75.Gx

I. INTRODUCTION 7~ p— nn'n are described by 14 spin-dependent production

amplitudes: twoS-wave amplitudess,, six P-wave ampli-

The search for meson states with ngg-guantum num- tudesP?, P, , andP; , and sixD-wave amplitudesD?,
bers such ag”®=0"",1"%,2"", ... has attracted much D, andD;, wheren=0,1 is the nucleon helicity flip

o
a_lttentIO[l in rece_nt years. of spoemal |mp0[tance are the reagr= INp—Xo|. The amplitudess,, PY, andD? describe the
tions " p—nm p, m p—nmn, and 7 p—7y'N. IN  production with dimeson helicith\ =0 and correspond to
these reactions the dimeson system is produced predomjisnatural exchange. The amplitude§ ,D; and P, ,D;"
nantly in spin stated=0 (S wave, J=1_(P wave, and  goscripe production with a dimeson helicityl and corre-
J=2 (D wave for masses up 2.6 GeV. Itis thewave that  gqnq to unnatural and natural exchanges, respectively.
is of special interest as it carries exotic quantum numbers  p| previous amplitude analyses of reactions
1=1J°¢=1"* for reactons = p—pm p and - p—ym p, m p— nw’n, andw” p— 5y’n on unpolar-
7 p—nm°n andI=0J"“=1"" for 7~ p—y7y'n. ized targets are model dependent. They use a very strong
Measurements ofr~p—»7°n at 100 GeVt by the  simplifying assumption that the production amplitudes do
GAMS Collaboration[1] found large forward-backward not depend on nucleon spj5—7]. The purpose of this as-
asymmetry with pronounced features at around 1300 MeVsumption is to reduce the number of amplitudes by half and
Similar forward-backward asymmetry was found in measurethus to enable the amplitude analysis of unpolarized mo-
ments of 7" p—n7 p at 6.3 GeVEt by the KEK E-179 ments measured in these reactions to proceed. These analy-
Collaboration[2,3]. The higher statistics measurement of ses simply ignore the nucleon helicity flip index
m p —nm p and 7w p— 5»7’n reactions at 18 Ge/ by Using such an enabling assumption, the different collabo-
the BNL E-852 Collaboration[4] confirmed significant rations found the exoti¢=11"" meson, but in different
forward-backward asymmetry in the data beginning at aramplitudes. The GAMS Collaboration reported a'{ 1405)
invariant mass of about 1.2 GeV in both reactions. The bestate with a width of 180 Me\[1] observed only in the
havior of the asymmetry suggests the presence of a largemplitude|P°|?. The KEK E-179 Collaboratiofi2,3] found
exotic P wave interfering with the dominam wave withits ~ a |P~|2 nonresonating, but found a resonance’{1323)
a,(1320) resonance. The question arises whether there isveith a width of 143 MeV in the amplitudeP |2 and possi-
resonant production of thg~ or 7 state in the exoti®  bly in |P°2 The VES Collaboration[8] measured
wave. The reliable determination of the existence of an ex# p— n7 p andw p— ' 7 p at 37 GeVt at IHEP Pro-
otic resonance in a 1" P wave requires a model- tvino and found a possible 1" (1400) state only in the am-
independent amplitude analysis of the data. plitude |P*|2. Amplitude analysis of the BNL E-852 Col-
The reactions m p—nm p, = p—nw’n, and laboration higher statistics data at 18 Ge\i$ in progress,
but it also uses the simplifying assumption that production
amplitudes do not depend on nucleon spin. All these analy-
*Electronic address: svec@hep.physics.mcgill.ca ses are subjected to an eightfold ambiguity and in Refs.
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[2, 3, § all eight solutions are presented. tested directly in measurements on polarized targets. In a
For completeness we note that the GAMS Collaboratiorprevious papef26] we have shown how all these conse-
measured the reactiom p— n7'n at 38 GeVt [9] and  quences are in contradiction with the CERN polarized data

found evidence for a new sta¥(1920). The unusual pro- on #N;—#7 "7 N andK"n,—K*x p (see Figs. 1 and 2
duction and decay properties could be understoad1#920)  of Ref. [26]). We must conclude that the CERN polarized
had a norqq structure, being either a'0" or 2** glueball ~ data invalidate the assumption that production amplitudes do
oral=01"* exotic meson. Unfortunately, the low statistics N0t depend on nucleon spin. Consequently, some of the re-
does not allow even a model-dependent amplitude analysigults of analyses of~p— na~p and7~ p— 77°n may not
The simplifying assumption that the production ampli- be reliable.
tudes do not depend on nucleon spin is not necessary in The question of reliability of amplitude analyses based on
measurements on polarized targets. In 1978, Lutz and Ryihe assumption of the independence of production ampli-
bicki showed [10] that measurements of the reactionstudes on nucleon spin is of special importance to searches for
aN— 7 7~ N andKN—K=N on a polarized target yield exotic resonances such as1(1405) inm p—y= p and
enough observables that model-independent amplitude pP— 77°n reactlons or confirmation of the narraw(750)
analysis is possible, determining the spin-dependent produétate inz~p— 7°7%n reaction. Only a model independent
tion amplitudes. The measurement of these reactions is ¢nalysis will resolve questions concerning the existence of
special interest to hadron spectroscopy because they pernsiich resonances that are not seen in the integrated mass spec-
one to study the spin dependence of resonance productidfim but only on the level of spin dependent production am-
directly on the level of spin-dependent production ampli-plitudes.
tudes. Several such measurements were done at the CERNIN a previous papef26] we have shown how measure-
Proton Synchrotron. ments of 7 p—7°#°n on a polarized targets allow a
The high statistics measurement ef p—= 7'n at model-independent amplitude analysis of this reactamd
17.2 GeVE on an unpolarized targgl1] was later repeated 7 p— 77n). Using the results of Lutz and Rybicki0], we
with a transversely polarized target at the same engtgy  show in this work that measurements of p— 7~ p and
17]. Model-independent amplitude analyses were performedr  p— 77°n on a polarized target again allow a model-
for various intervals of dimeson mass at small momentunindependent determination of moduli of all production am-
transfers —t=0.005-0.2 (GeVk)? [12-19 and over a plitudes and cosines of certain independent relative phases.
large interval of momentum transfert=0.2—1.0 (GeV/c)2 We find an eightfold ambiguity, which is the same situation
[16,17. as in model-dependent analyses of unpolarized data. We pro-
Addltlonal information was provided by the measurementpose that hlgh statistics measurementsrop— 7~ p and
of " n— =7 p andK "n—K* 7~ p reactions on a polar- 7 p— n7°n be made at Brookhaven Multiparticle Spec-
ized deuteron target at 5.98 and 11.85 GeY18,19. The trometer and at IHEP Protvino in conjunction with measure-
data allowed one to study theevolution of mass depen- ments ofm~p— w%7n reaction on polarized target.
dence of moduli of amplitude$20]. Detailed amplitude The paper is organized as follows. In Sec. Il we review
analyseg21,22 determined the mass dependence of ampli-our basic notation and definitions of observables and ampli-
tudes at larger momentum transfers=0.2—0.4 (GeVk)2.  tudes. In Sec. Il we present the expressions for unpolarized
The crucial finding of all these measurements was thé&nd polarized moments in terms of amplitudes. In Sec. IV we
evidence for a strong dependence of production amplitudediscuss the method of the model- Independent amplitude
on nucleon spin. The process of resonance production is veignalysis of data onr"p—»n7 p and 7~ p— 7 %n on po-
closely related to nucleon transversity or the nucleon spifarized target. In Secs. V and VI we describe two variants of
component in the direction perpendicular to the productiorihe Monte Carlo method for finding the amplitudes and their
plane. For instance, im~p— 7' n at smallt and dipion  errors. The paper closes in Sec. VII, where we present a
masses below 1000 MeV, all amplitudes with recoil nucleonsummary and our proposals.
transversity “down’ are smaller than transversity “up” am-
plitudes, irrespective of.dimesqn spin .and helicity. In par- Il. BASIC EORMALISM
ticular, the S-wave amplitude with recoil nucleon transver-
sity up is found to resonate at 750 MeV in both solutions The kinematical variables that describe the reactions
[23-29 irrespective of the method of amplitude analysis7 p— n7 p and7™ p— »7°n on a polarized proton target
[25], while the S-wave amplitude with recoil nucleon trans- at rest ares,t,m,6,¢,¢,8, wheres is the center-of-mass
versity down is nonresonating and large in both solutions. Isystem(c.m.s) energy squared, is four-momentum transfer
is important to stress that the discovery of the narrow scalato the nucleon squared, andlis the invariant mass of thgmr
statea(750 in m p—7 w nandw n—at7 p[24,29  system. The angles,¢ describe the direction of; in the
was possible only because these reactions were measured g~ or 77° rest frame. The anglé is the angle between
polarized targets that allowed the model-independent detethe direction of target transverse polarization and the normal
mination of the spin-dependent production amplitudes. n to the scattering plan@=ig. 1). The direction of normah
The assumption that production amplitudes inis defined according to Basel conventionfbyX g,,,., where
7 p—nm p and 7 p— n7°n do not depend on nucleon j, and p,~ are the incident and dimeson momenta in the
spin contradicts all that we have learned from the measurgarget proton rest frame. The anglés the angle between the
ments of#N— " 7~ N on polarized targets at CERN. Ap- direction of target polarization vector and its transverse com-
plied to the reactionsr p—a #'n and 7w n—="7"p, ponent(Fig. 1). The analysis is usually carried out in the
the assumption has observable consequences that can tehannel helicity frame for theym dimeson system. The
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helicities of initial and final nucleons are always defined inin the following we will consider onlyS-wave @=0),
the s-channel helicity frame. P-wave J=1), andD-wave g=2) amplitudes. Since the
When the polarization of the recoil nucleon is not mea-experimental moments witM >2 vanish, we will restrict
sured, the unnormalized angular distributiorvaf~ or 7° the dimeson helicity\ only to values\=0 and\ = *=1.
production on polarized protons at rest at fixegdn, andt The amplitudesHiAn’mp(s,t,m) can be expressed in

can be writter{10] as terms of nucleon helicity amplitudes with definitehannel

_ . exchange naturality. The nuclegachannel helicity ampli-
1€, 4,6)=1y(Q) +Prcosi c(Q)+Prsinyd o 2) tudes describing the production gfr~ (or »7°) system in

+PLIL(Q), (2.1 theS-, P-, andD-wave states are
n
whereP;=Pcosd andP, = Psiné are the transverse and lon- HO _ HO =S  for O~ £+ o+ 1_
gitudinal components of target polarizatiBrwith respect to 0+0+ =50 Horo-=5 2 Y 2
the incident momentuniFig. 1). In the data analysis of an-
gular distribution of the dimeson system, it is convenient to HL  —p0 Kl —pO for 0 i 1- 1"
use expansions of the angular distributions in terms of o+0+ =~ Fo» Horo-=F1 TONO —=—1 ==,
spherical harmonics. In the notation of Lutz and Ryb[dk]
we have ) Ps=Py | PP,
Hijp oo = Hijjo=—7—, (29
L L V2 V2
lu(Q)= > thReyk (Q),
LM + 1+
H3, 0.=Dg, H3, o, =D? for 0”5 —2" =,
lc(Q)=2 pyReYy(Q),
o 2.2 o _Dg*Ds ., Di+Dj
) ) +1+,0+ V3 ) +1+,0— VI
LM At large s, the amplitudess,,P?,P, ,D%,D., n=0,1, are
dominated by the unnatural exchanges. The amplitudes
IL(Q)=> ghImYy(Q). P, ,D., n=0,1, are dominated by natural exchanges. The
LM indexn=|\,—\,| is the nucleon helicity flip.

The observables measured in experiments on transversely
The momentsy, are unpolarized and are measured in experipolarized targets are most simply related to nucleon transver-
ments on unpolarized targets. Experiments with transverselyity amplitudes of definite naturalityf10,19,27. With
polarized targets measure transverse polarized monpgnts k= 1A72, they are defined as
andrl,, but not the longitudinal polarized momentg; .

More details on these observables are given in R&fs.26]. S=K(Sp+iS;), S=k(S—iSy);
The reactionm p—nm p (or 7 p—yw°n) is de- _
scribed by production amplitudd, o, (s,t.m,6,¢), where PO=K(P3+iPY), P°=k(P3—iP?);
Ap and N, are the helicities of the proton and neutron, re- - L = o
spectively. The production amplitudes can be expressed in P™=Kk(Py +iPy), P =k(Py—iPy);
terms of production amplitudes corresponding to definite _
dimeson spin) and helicity\ using an angular expansion P*=k(Pg —iP;), PT=k(Pg +iP;); (2.9
S DO=k(D3+iDY), D°=k(D3-iDY);

Hyo,= 20 2 (23+D)YH3, o (s,tm)dio(6)e™ B
23 D™ =k(Dg +iDy), D" =k(Dy —iD});
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D*=k(D{ —iD;), D" =k(D{ +iDj). Using the results of the Lutz and RybidkiO], we obtain
the following expressions for moments  with

The nucleon helicity and nucleon transversity amplitudes difc= V4m:  unpolarized moment,
fer in the quantization axis for the nucleon spin. The trans-
versity  amplitudes S,P°P  P"D°D D" ctd=lgtlpotlp +lps+ipotip-+lp+,
(S,P°,P~,P",D°D",D") describe the production ofr
state with the recoil nucleon spin antiparallel or do(par- 1 4
allel or up relative to the normaii to the production plane. cty=2R(SP’)+ ER( PoDO)
The amplitudes are normalized such that the reaction cross
sectionX = d?g/dmdt, 3
_ _ _ +2\/:[R(P‘D‘)+R(P+D+)],
3 =812+18/2+ PO 2+ [PO 2+ [P |2+ [P~ |2+ |P|? >

+|P*|2+|D°|%+|D°|?+|D~|2+|D |2+ |D "2

6 2
_ ct}=2x/§R(SP—)+2\[§ R(POD‘)—Z\[g R(P™DY),
+|D*|2. (2.6)

Amplitude analysis is usually carried out with normalized 2 1 0 2
amplitudes for which the surt2.6) is equal to 1. Then for Cto:ﬁ'PO_ E“P*HP*HZR(SD )+ 3 V5l po
each amplitudA=S, ... ,D* we have

— V5
0<|A]2<1, 0<|A|?<1. 2.7) + = (Ip-+1p+),

The unnormalized amplitudes are simp#|2S and |A|%S, 5 2 TG

— + ; ; ;
A=S,...D". ltis these unnormalized moduli squared that ct?=2 \/: R(P°P~)+2V3R(SD )+ R(D°D "),
reveal the existence of resonances that cannot be seen in the 5 7
spin-averaged cross sectidAo/dmdt

cti= E(| -1 +)+—30(| ——lp+)
Ill. OBSERVABLES IN TERMS OF AMPLITUDES 2 5P P 7 VDb D™/

. . (3.6
It is useful to express the momerifs andpt, in terms of

quantities that do not depend explicitly on whether we use 5 \/\ 00 6 o -
nucleon helicity or nucleon transversity amplitudes. The re- =6 35 R(P"D%) - E[R(P D7) +R(P"DT)],
quired quantities are spin-averaged partial-wave intensity

A= A2+ A=A+ | Ay 2 3.1 ctszsﬁR(poD)+1_2R<pDo)
17%N35 J35 ’

and partial-wave polarization

PA:|A|2_|A—|2:26A|m(AOAT), (32) Ctg:2\/g[R(PD)_R(P+D+)],

where ex=+1 for A=S,P°,P~,D° D~ and ex,=—1 for
A=P* D*. We also need spin-averaged interference terms 4 4

. CtO:7IDO_7(ID7+ID+)!
R(AB) = RdAB* +AB* ) = RquBo'f' GAEBA]_B]_),

(3.3 4
. cti== J15R(D°D"),
Q(AB)=Re(AB* — AB*) = Re( egAoB* — €xA;BY). 7
(3.9
L : ; . 4 2y10
Then momentdy, are expressed in terms of intensitigs ctz=—=— (Ip-=Ip+);

and interference termR(AB). The moments,pk,I are ex-
pressed in terms of polarizatiols, and interference terms
Q(AB). The momentsry, are interferences between the
natural Lanq unnatural exchange amplitudes. To describe mo- cpd=Pgs+Ppo+Pp —Pp++Ppo+ Py —Pp+,
mentsry, , it is useful to introduce notation

polarized momentg,';,, :

N(AP+):RdAP+*_F*), (35) Cpé=2Q(SF9)+%Q(PODO)
5

N(AD*)=RegAD"* —AD **), '
whereA=S,P%,P",D%D". +2\[§[Q<PD>—Q<P+D+)],



L - 6 - 2 -
cp;=2v2Q(SP)+2 gQ(F>°D )—2 gQ(P DY),

22 p 2 (Pp-—P )+2Q(SD°)+2*5 P
Cc = = 0— —= - + —— 0
Po 5 P /5 P P 7 Fbo

\J5

+ T(PD—_ PD+),

cpi=2 \/g Q(P°P7)+2v2Q(SD )+ @Q(DOD),

6 V30
cp;= \[g (Pp-+Pps)+ == (Pp-+Pp1),
(3.7

3 3 o0po 6 -N- e
©P3=6 /35 AP~ ==[Q(P" D)~ Q(P*D )],
5 3 om . 12 -
cp1=81/3; Q(P'D HEQ(P DY),

6
CD§=2\[7[Q(PD)+Q(P+D+)],
4 6 4
¢Po=7Poo— 7(Pp-—Pp+),
4_4 o —
cpg=7 V15Q(D°D"),
4

2410
CPa=—=— (Pp-+Pp+);

and polarized momentsy :
1 + 2 Op+ 6 on+
cry=—2v2N(SP")-2 gN(D PT)-2 gN(P D"),

2410

6
cri= —2\[g N(P°P*)—2V2N(SD")— —— N(D°D"),

6 2./30
crgz—z\[g N(P’P*)—\/—_ N(D~D™),

7
cri=+ Jl?% N(D°P+)—8\/§3 N(P°D"), (3.8
cri= —2\/5 N(D‘P*)—Z\[g N(P"D"),
cri= —; J15N(DOD "),

4
cr‘2‘=—7 JION(D D).
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IV. MODEL-INDEPENDENT AMPLITUDE ANALYSIS

Our starting point is the observation of symmetry in the
relations for moments, andpk, . We find that we gepy;
from tk/l by replacing intensitie$, by polarizationse,Pp ,
e=+1 for A=SP°.P~,D°D~ and er,=-1 for
A=P* D", and by replacing the interference terms
R(AB)—Q(AB) for unnatural exchange amplitudes and
R(P*D*)——Q(P*D™) for natural exchange amplitudes.
To solve the system of equatiod;,‘, and p"M it will be useful
to work with transversity amplitudes. Then the definitions
(3.1)—(3.4) suggest the construction of two sets of equations
corresponding to the sum and difference of the momd@pts
and pk,l . In this way we get two independent sets of equa-
tions for amplitudes of opposite transversity.

The first set of new observables reads

c
2= (tg+ pp)

=|S/%+|PO2+|P~[2+[P*[2+|D%2+[D %+ [D 7|2,

c
2

4

V5

3 -
+2\[§[RG(P_D_*)+RG(P+D+*)],

a,== (t5+pj) =2Re&SP** )+ —Reg P°D %)

c
agzz(ti-i-p%)

6
=2ﬂRe(SP*)+2\[§Re(P°D*)

\F - 0%
—2\/gRe(P7D),

Cc

2 1 —

= —|P%2— —(|P"|?+|P"|?)+ 2ReSD*)
ﬁl | ﬁ(l *+[P o
2.5 5 —

+ 258 oo X2 (-2 (B,

c
a5=§(t§+p§)

6
=2 \[gRe(POP*)+2\f2Re(SD*)
2410

+TRe(D0D’*),
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c
a5=>5 (t3+p3)

6 J—
_ e —-12_|p+]2
—\f5<|P =P )
+@<|D-|2—|D_+|2>,
4.1
c
5(to+py)

3
— 0 O0x
6\/;5de >

—i[Re(P’D’*)+Re(P_*D_**)],

V35

a7:

c
ag=>5 (t7+p3)

zgﬁdeoD*)+ Equ*DO*)
35 /35 !

c
a9=§(t§+p§)

6 _
=2\[7[RG(P‘D‘*)—RG(P+D+*)],
C
alozi(tg"‘pg)

6 4 —
_21po2_ Tt in-12 12
= [D?P= —(ID7[*+ D7),

c 4
an=5 (t{+p}) = VI5R&DD *),

c 210

10 —
a1=5 (t3+p2) = —— (ID7|*>~[D*]?).
2 7
The first set of equationgt.l) involves seven moduli

ISLIPLIPTLIPTI.ID,[D7.[D7], (4.2
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The second set of observablas i=1,2, ...,12, corre-
sponding to the differences of momemk;ﬁ and p',;,l involves
the same moduli and cosines as the first set but for ampli-
tudes of opposite transversity: seven moduli

ISLIPLIPTLIP*ID?ID"|[D*], (4.7)

ten cosines of relative phases between unnatural exchange
amplitudes

cog ysp),C0g ysp-),COL ysp0),COE ysp-), (4.8
oY ypop-),COS Ypopo), COK Ypop-),
COS(?P-DO)-COQ%—D—),COSTDOD-), 4.9

and one cosine of relative phase between natural exchange
amplitudes

COY Yp+p+)- (4.10

We will now show that the cosindd.4) and(4.5) can be
expressed in terms of the cosinds3). For instance, we can
write

Ypop-= ¢po— dp-
=(ps— ¢p-) = (Ps— Ppo)=
Ysp-— Vs (4.1)

Then

COY ypop-) = COY Ysp0) COY ysp-) +SIN( ysp0)SIN( y5p-).
(4.12

Since the signs of the sines sjaf) and sinfgp-) are not
known, we write

sin(yspo) = espolsin( ysp), 4.13

Sin(ysp-) = esp-[sin( ysp-)|.

Hence

cog ypop-) = COY ys)COY Ysp-)

+€epop—/(1—CoS ysp) (1~ COS ysp0),
(4.19

whereepop- =+ 1 is the sign ambiguity. The remaining co-
sines in Eqs(4.4) and(4.5 can be written in the form simi-

lar to Eqg. (4.14 with their own sign ambiguities. The sign
ambiguities of cosine$4.4) and (4.5 can be expressed in

and ten cosines of relative phases between unnatural eerms of sign ambiguities corresponding to the sines

change amplitudes
cog ysp),C0g Ysp-),CO% Ysp0),COS Ysp-), (4.3
€O Ypop-),CO¥ Ypopo),COY Ypop-), (4.9

cog yp-po),COS Yp-p-),CO Ypop-), (4.5

and one cosine of relative phase between natural exchange

amplitudes

COS(%*D*)- (46)

sin(ysp), sin(ysp-), Sin(ysm), and sinfgp-). We can write

€pOp- = EgpPP€gp,

€pOpO= ESPESDD, (4.19
€pOp-= €EgpO€gp,
€p-p0= €gp- €50, (4.16

€p-p- = €sp-€sD

€pOp— = €spP€sp-
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The reversal of all signgsmw, esp-, espo, andegp- yields  the right-hand sides of Eq#4.1) fall into the error range of
the same signs in Eq$4.15 and (4.16. The sign ambigu- all observablesa;,a,, ... ,a;,. If they do, the values of
ities (4.16 are not independent. They are uniquely deter-moduli and cosines are retained and collected. Otherwise the
mined by the sign ambiguitie@.15. Only sign ambiguities selection is rejected. In eachm(t) bin we thus obtain a
(4.15 are independent and there are eight, sign combinationdistribution of values for each modulus and cosine from
in Eq. (4.195. The following table lists all eight allowed sets which we calculate the average value and from its range the

of sign ambiguities of cosine@.4) and(4.5): asymmetric error bars for each amplitude. The same proce-

dure is applied to the second set of equations for amplitudes

1 2 4 5 5 7 8  of opposite transversity and for each selection of sign ambi-

guities. The solutions of the two sets are not entirely inde-
€pOp- + -+ + = =+ = pendent because the normalized moduli must satisfy the con-
€pOpO + + - + - + - —  dition (2.6) with £ =1. This means that we can use Monte
€pop- + + + - + - - - Carlo to select randomly 13 moduli and use E2.6) with
€pppo + - - + + - - 4+ 3=1 to calculate the 14th modulysay|D*|?). However,
€p-p- + - + - - + - +  this calculated modulus must still satisfy the condition
€p0p - + + — — — — 4 4 0<|A|2< 1.

We will refer to this method of finding a solution and its
Using expressions liké4.14 for cosines(4.4) and (4.5, errors for amplitudes as the inverse Monte Carlo method. We

the number of unknowns is reduced to 12. With each choicfOte tha‘g this m_ethod can be a_pplied éalsoo to find a solution
of sign ambiguity from the above table we have a set of 12" anjpl_ltucljeds h theEreaé:tiomf 37772%7 n when theG
equations for 12 unknown that can be solved numerically b)yvave is includedsee Eq/(6.1) of Ref. [26]]

the x? method or by Monte Carlo methods described in the
Secs. V and VI below. Of course, there is an eightfold am- VI- MULTISTAGE INVERSE MONTE CARLO METHOD

biguity and we obtain eight solutions for modu#.2) and Instead of selecting random values of the moduli and in-
cosines(4.3 and(4.6) in each (n,t) bin. Since each solution yenendent cosines all at the same time, we can proceed in
is uniquely labeled by the choice of sign ambiguities, there i%tages, taking into account the structure of Edsl). How-
no problem linking solutions in neighboringm(t) bins.  ayer, the aim will be the same: to find in eadh,) bin a
Similarly, we obtain eight solutions for modul#.7) and  gjstripution of values for each modulus and independent co-
posmes(4.8) and(4.11) from the second set of equatioas, sine and to calculate from this distribution the average value
1=12,...12. i ) . and asymmetric error bars of the amplitudes.

The eight solutions from the first set of equatioas In the first stage we select moduli consistent with the four

i=1,2,...12, are independent of the eight solutions ob-gqyations in4.1) that contain only moduli. We start with
tained from the second set of equatiams i=1,2, ...,12.

Consequently, there will be a 64-fold ambiguity in the partial 7 _
wave intensities, which we can write b,=——a;,=|D " |?>—|D*|%. (6.2
24/10

LAGL D =|ADP+HIAGIZ i,j=12,....8, (41
AlLD=IAOIE+IADI 1 (.19 The values oby, lie in the range fronb,,(min)=b;,— Aby,

whereA=S,P°. P~ ,P* D°D~,D". As in the case of am- t0 by (max)=bj,+Ab;,. Obviously
plitude analysis ofr p;— 7 7"n at 17.2 GeV¢ [12-17,
the unpolarized moments;, should come from measure-
ments on unpolarized targets.

by,(min) +|D " [2<|D"|2<by(max+|D |2 (6.2

We seleciD *|2 such that

V. INVERSE MONTE CARLO METHOD O<|D_+|2<1 6.3
In the usualdirec) Monte Carlo methodi24] the normal- _
ized amplitudes are analytically expressed in terms of nor- blz(min)+|D+|2< 1,
malized moments. The moments are then randomly varied L
within their errors, and for each such selection new ampli- by (max +|D*|2>0.

tudes are calculated. If physical values are obtained for the

amplitudes, they are retained. Amplitudes with unphysicalThen we selectD ~|? by the Monte Carlo method such that
values are rejected. The distributions of physical values ofwo conditions are satisfied. The first condition is
amplitudes define their randerron and average values. The

method has the advantage that it retains the identity of dif- ID7|?+|D*|?<1. (6.4
ferent analytical solutions where ambiguities exist. Unfortu- N ) )
nately, Eqs(4.1) cannot be solved analytically. The second condition are the inequalitiés2). If these con-

In the inverse Monte Carlo method we make use of theditions on |D‘|2_and |D*|? are satisfied, we go ta;, to
fact that the normalized moments are expressed in terms &glect|D°|%. Define
normalized amplitudes with moduJA|<1 and cosines of .
relative phases-1=cosy<+1. We can randomly vary the - N
e . y vaw bi=52a1=3|D%2~2(ID"*+[D*[?). (6.5

values of moduli and cosines within these ranges and see if
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We select| D°|? by the Monte Carlo method and verify the
conditions

ID%2<1-|D"|2-|D*?, (6.6
byg(min)+2(|D~|2+[D*[?)

S|DO|2

<b,(max+2(|D |2+|D*|?).  (6.7)

Notice that Eq.(6.7) provides an additional condition on
ID”|2 and|D*|?:

b,o(min) +2(|D |2+ |D *|?)<1, 68
byo(max) +2(|D |2+ |D *|?)>0.

Wwith |D? and |D~| now fixed we obtain additional con-
straint froma,,. Define

b11:4L\/1—5a11:|D0”D_|005(¢D0D)- (6.9
Hence
—|DY|D " |<by=<+|DY|D7|. (6.10
But by, is in the range
b1y(min)<bj;<bjy(max. (6.1

To obtain a physical value of casfop-) the inequalities
(6.10 and(6.11) must overlap. If no overlap exists, we have
to go back and select neyD° and |D~| until we get a
nonempty overlap.

Next we go toag. We first select by Monte Carlo calcu-

lation |P*|2 and|P~|? such that

[P*|2<1-|D%2~[D"|?~[D*[2, (6.12
P~[2<1-[P7|?~[D%?~[D"[>~[D7]%, (613
and then verify the consistency conditions
30 —
a6<min>—g<|o-|2—|o+|2>
6 — V30
= \[g (IP[?=|P*|?)=<ag(max — ——(|D"|?
-D*P?), (6.14

If the bounds(6.14) are not satisfied we use Monte Carlo
calculation to select neyP |2 and|P~|2. If these bounds
are satisfied we seletP?|? and|S|? by Monte Carlo calcu-
lation such that

0<|POP<1-|P~[2=[P*[?~[D%P~|D[>~[D* 2,

0<|8f2<1-[ P2 [P~ |2~ [P" [~ DO~ [P~ [D 2
(6.19

M. SVEC

The sum

|SI2+|PO2+|P~ |2+ [P |2+ |D%*+|D " |>+|D"|?

(6.16
must be within the error range @f; . If this bound is vio-
lated, we select anothéB|? and |P°? or even|P~|? and
|P*|2, and if necessary alg®?|?, [D~|?, and|D*|?.

In the next stage we determine the five independent co-
sines in Eqs(4.1) defined as

C1=C0g ysp), C2=COLysp-), (6.17
C3=COY Yspp), C4=COK ¥sp-),
C5=COY Yp+p+).
We also define, for,j=1,2,3,4,
cij(s)=cicj+sij\/(l——ci2)(l——cj2_), (6.18

whereg;; is the sign ambiguity. In the following a selection
of one of the eight sign ambiguitiésee the table of Sec. )V
will be understood and we will write;; instead ofcj;(e). It

is convenient to organize the relevant equations in the fol-
lowing way:

a,=2|5||D%cy+A, (6.19
4 ol
a;== V15D°|D " [cas, (6.20
6
az=2v2|S||P"|c,+2 §|PO||D7|014
2 - 0
~ g [P7IID%%czs, (6.2
6
as=2\/7|SIID‘|C4+2\[§IF’OIIP‘Iclz
24/10
+——|D%[D"cas, (6.22

B2 PD st 2P ID0czs, (623
Ag= - C f— Co3, .
8 35 14 \/3—5 23

6 o-iip- STaT
ag=2 7{|P [ID7[cq—|PT|IDT|cs}, (629
8= 2/S]|Plcy+ — |PY)|D%cyq

J5
3 ip-1lp- SHInE
+2 g{|P [ID"[cogt+|PT|ID"|cs}, (6.25

6 -
37:?5{‘@|P0||D0|013_|P_||D_|CZ4_|P+||D+|05}-

NE=
(6.26
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In Eq. (6.18 A is the fixed term of moduli ira,.

To proceed, we first select such that the right-hand side
(rhg of Eq. (6.19 is in the error range ofa,,
as(min)=<a,=<a,(max). Then we seled, such that the rhs of
Eq. (6.20 is in the error range of;;. Next we make a
Monte Carlo selection of; andc, such that the rhs of Eqgs.
(6.22), (6.22, and(6.23 are within the error range ds,
as, andag, respectively. Wittc,, ¢,, c3, andc, thus fixed
we seek by Monte Carlo calculation the valuecgfwith the
rhs of Eq.(6.24) within error range ofiy. Finally, we verify
the consistency of4, . .. ,c5 with Egs.(6.25 and(6.26). If
an inconsistency is found, first we try new selectiongof
If this does not work, we go back to new selectiong pand
C, in Egs. (6.2)—(6.23. If inconsistencies persist, we try
new selections o€; andc, in Egs.(6.19 and(6.20.

AMPLITUDE ANALYSIS OF REACTIONS 7 p—nm p AND. ..
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may not be true at large momentum transfers. In this case
one has to use the formalism developed by Sakr&jda,
which takes into account the helicitios= =2 of the D
wave.

The importance of the nucleon-spin dependence of ampli-
tudes is not just a mathematical possibility; it is an experi-
mental fact that has been firmly established by the CERN
measurements on polarized targegt2—22. Once the am-
plitudes have been reconstructed from the data on a polarized
target, their dependence on nucleon spin should be examined
by checking their dependence not only on the invariant mass
m but also on the variables ands. We point out that in
formation experiments at low energies, if a three-body isobar
decay of the resonance could be studied, then it is possible to
incorporate the nucleon spin dependence of amplitudes with-

A similar procedure is applied to the second set of equaOut a polarized target. Of course, this is not possible in pro-
tions for amplitudes of opposite transversity. In this approactfluction experiments at higher energies.

the normalization conditiof2.6) with >=1 may not be sat-

Instruments shape research and determine which discov-

isfied exact]y by the average values of the moduli Squared eries are made. Polarized targets have proven themselves to

Multistage inverse Monte Carlo method involves obvi-

ously more programming than the simple inverse Montghat high statistics measurements of the

be valuable and important tools of discovery. We propose
reactions

Carlo method. Only practical experience can tell whichm P— 77 p and 7 p— 57°n be made on polarized tar-

method is preferable.

VIl. SUMMARY

Measurements ofr p—a #'n, # ' n—x" 7 p, and

gets at the BNL Multiparticle Spectrometer and at the IHEP
in Protvino, in conjunction with high statistics measurements
of m p—7°7°n on polarized targets. Such experiments
will also be feasible for the recently proposed Japanese Had-
ron Project(JHP. When built, JHP will be a high-intensity

K*n—K* 7~ p on polarized targets at CERN found evi- 50-GeV proton accelerator complex with high-quality pion,
dence for a strong dependence of pion production amplitudegaon and antiproton secondary beai#8]. The availability
on nucleon spin. This evidence invalidates the assumptioof such secondary beams will make JHP an ideal facility for

[5,6] that production amplitudes inm~p— 7 p and

hadron spectroscopy using polarized targets in a search for

m~ p— na’n reactions do not depend on nucleon spin. Thenew resonant states at the level of spin-dependent production
amplitude analyses of these reactions based on the assungmplitudes.
tion of the independence of production amplitudes on

r)ucleon spin are th.us insuffic[ent and are IikeI_y to be unre- ACKNOWLEDGMENTS
liable. To ascertain the existence of exotic resonance

1-7(1405) and study its properties, a reliable, model- | wish to thank B. B. BrabsofBNL E852 Collaboration
independent amplitude analysis is required. Nucleon spin ior triggering my interest in BNL E-852 measurements of
not only relevant to the dynamics of production processes. ltr_p— »7 p and =~ p— 57°n reactions and Yu. D. Pro-
also allows the model-independent determination of spinkoshkin (GAMS Collaboration and A. Zaitsev(VES Col-
dependent production amplitudes from measurements déboration for stimulating correspondence. This work was
7 p—nm p andw p— n»7°n on polarized targets, as we supported by Fonds pour la Formation de Chercheurs et
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