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We analyzepp elastic scattering data at the highest accelerator energy region (10,As<62.5 GeV! through
a multiple diffraction approach. The use of Martin’s formula in a model developed earlier is substituted by the
introduction of a complex elementary~parton-parton! amplitude. With this the total cross section and ther
parameter may be simultaneously investigated and, with the exception of the diffraction minimum at some
CERN ISR energies, a satisfactory description of all experimental data is obtained. Total cross section ex-
trapolations to cosmic-ray energies (As.6 TeV! show agreement with the reanalysis of the Akeno data
performed by Nikolaev and also with Gaisser, Sukhatme, and Yodh results, leading to the prediction
s tot

pp(As516 TeV!5147 mb. Physical interpretations and critical remarks concerning our parametrizations and
results are also presented and discussed.@S0556-2821~97!04917-5#

PACS number~s!: 13.85.Dz, 11.80.Fv, 11.80.La

I. INTRODUCTION

Elastic proton-proton scattering is the most simple pro-
cess in high-energy hadronic interactions. Despite the
amount of experimental data available and model descrip-
tions of these data, a treatment based exclusively in the field
theory of strong interactions, the quantum-chromodynamics
~QCD!, is still missing. Beyond the intrinsic interest coming
from this fact, new expectations are associated with the next
proton collider, the CERN Large Hadron Collider~LHC!,
optimistically planned to begin experiments at 14 TeV in
2005. The situation suggests that a fundamental and difficult
task for present and future developments is to find connec-
tions between model descriptions and reliable calculational
schemes in QCD. Since elastic scattering incorporates soft
processes one expects that nonperturbative formalisms will
play a fundamental role.

Based on the above considerations we have investigated
elastic proton-proton scattering through phenomenological
approaches and, simultaneously, looking for connections
with nonperturbative QCD treatments. With this strategy, we
improved some aspects of a multiple diffraction model de-
veloped earlier. The main points concern the use of a com-
plex elementary~parton-parton! amplitude instead of Mar-
tin’s real-part formula and the selection of more suitable
parametrizations for the free parameters. With this, we
achieved a good~but limited! description of the main physi-
cal observables in the accelerator energy domain. Based on
these satisfactory results we extrapolate our parametrizations
to cosmic-ray energies in order to investigate total cross sec-
tions.

In this report we present in some detail all the underlying
aspects of the work, related to both the technical matters and
to the general ideas and physical interpretations.

The material is organized as follows. In Sec. II we briefly
recall the experimental status~accelerator and cosmic-ray
data! on pp scattering and outline a survey of some theoret-
ical results that show the present relevance of the multiple
diffraction formalism. In Sec. III we describe the model, the

improvements introduced, the predictions for the physical
observables in the accelerator energy region and the extrapo-
lations to cosmic-ray energies. Discussions, physical inter-
pretations and critical remarks concerning the main results
are the content of Sec. IV.

II. EXPERIMENTAL AND THEORETICAL CONTEXTS

Elasticpp scattering is essentially characterized by three
physical observables: differential cross section, total cross
section and ther-parameter~ratio of the forward real to
imaginary part of the scattering amplitude!. From these, oth-
ers quantities may be derived such as the slope parameter
and integrated elastic and inelastic cross sections@1#.

Experimental data on these observables obtained and
compiled nearly fifteen years ago, still remain the only
source of information at high-energies extending up to
As562.5 GeV, the CERN Intersecting Storage Ring~ISR!
energy region@2,3#. Experimental information onpp total
cross sections in the range of energyAs:6240 TeV exists
from cosmic-ray data on Extensive Air Showers@4–6#. How-
ever, since the proton cross section is extracted from the
proton-air cross section through phenomenological models
@5# the results are model dependent. Also, the analysis per-
formed by the Akeno Collaboration@4# was recently criti-
cized by Nikolaev who claimed that the Akeno results have
been underestimated by about 30 mb@6# and this is in agree-
ment with the results early obtained by Gaisser, Sukhatme,
and Yodh@5#. This is a central point in our work and we will
discuss this discrepancy in Secs. III and IV. Anyway, before
the CERN’s LHC proton-proton collider, cosmic-ray results
remain the only source of information onpp interactions at
the highest energies.

From the theoretical point of view it is well known that a
pure QCD description of the elastic hadron scattering has not
yet been obtained. Perturbative QCD cannot be extended to
the soft region and pure nonperturbative QCD is not able to
predict scattering states. Although the bulk of experimental
data has been successfully described by different models in
different contexts@7#, a widely established and accepted ap-
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proach is still missing. The same can be said of a pure QCD
understanding of the subject.

As stated before, we are interested in the interface
phenomenology/nonperturbative QCD. For this we will limit
this introductory discussion to some ideas directly related to
this subject.

Despite the above difficulties, there has been in recent
years important progresses in the framework of nonperturba-
tive QCD, concerning soft processes. Looking for a micro-
scopic approach able to explain phenomenological results,
Landshoff and Nachtmann associated the Pomeron to the
exchange of two abelian gluons with modified propagators
@8#. Following this analysis, Nacthmann extended the ap-
proach to the case of non-Abelian gluons in a functional
representation of scattering matrix elements and eikonal ap-
proximation @9#. With this, the quark-quark amplitudes are
associated with a gluonic correlation function. However,
since physical observables are connected with hadron-hadron
amplitudes, a central problem concerns the construction of
these amplitudes from the elementary ones.

One way to treat this problem is based on the stochastic
vacuum model@10#. The hadronic amplitude is constructed
through scattering amplitudes for Wilson loops in
Minkowski space-time~loop-loop scattering!, leading to
gauge invariant amplitudes@11#. With this nonperturbative
framework general characteristics concerning total cross sec-
tions and slope parameters in high-energy hadron-hadron
scattering may be described@11#.

Another way to construct the hadronic amplitude from the
elementary one is by means of Glauber’s multiple diffraction
theory @12# and this is the point we are interested in. The
approach is based on the impact parameter and eikonal for-
malisms as follows: Assuming azimuthal symmetry in the
collision of two hadronsA andB, the impact parameter for-
malism connects the eikonalx and the elastic hadronic scat-
tering amplitude by@12#

F~q,s!5 i E
0

`

bdb@12eix~b,s!#J0~qb![ i ^12eix~b,s!&,

~1!

whereq252t is the four-momentum transfer squared,b the
impact parameter,J0 the zero-order Bessel function and the
angular brackets denote the symmetrical two-dimensional
Fourier transform. In the first order Glauber multiple diffrac-
tion theory the eikonal is expressed as the Fourier transform
of the products of the hadronic form factors,GA andGB , by
the averaged elementary~parton-parton! amplitude f , @13#,
namely:

x~b,s!5^GAGBf &. ~2!

This approximation means that at any time one constituent of
a hadron interacts with only one constituent of the other
hadron. This corresponds to the generalized form of the
Chou-Yang model@14#, once a well-defined Fourier trans-
form for the elementary amplitude is assumed@15#.

The importance of this phenomenological framework in
the search for connections between experimental data and
calculational schemes in nonperturbative QCD has been re-
cently expressed in the work by Grandel and Weise@16#.
Making use of the Dosch and Kra¨mer ansatz for the gluonic

correlation function@11# the authors calculated the elemen-
tary ~parton-parton! amplitude f (q) in the high-energy ap-
proximation. Then, introducing a monopole parametrization
for the unknown hadronic form factors in Eq.~2! the had-
ronic amplitude~1! could be calculated, leading to the dif-
ferential cross section. With this, the authors obtained a sat-
isfactory description of the differential cross section data for
pp and p̄p elastic scattering at ISR and CERN Super Proton
Synchroton (Sp p̄S) energies, in the region of small transfer
momentum (q2&2.0 GeV2) @16#.

Despite all these developments we see that the connec-
tions between nonperturbative QCD approaches and the bulk
of physical observables still depends strongly on phenom-
enological models andad hocparametrizations. In this sense
we understand that the role of a constant feedback on phe-
nomenological information is crucial for present and future
developments.

In particular we see that the multiple diffraction formal-
ism may be a powerful tool in the test of suitable parametri-
zations. Simultaneously it may contribute with the search of
reliable calculational schemes at differents levels of the
theory ~e.g., the stochastic vacuum model!. We stress also
the importance of the energy dependences which may be
extracted from parametrizations for the form factors and el-
ementary amplitudes. Since the theoretical approaches~non-
perturbative! mentioned above make use of asymptotic en-
ergy limits, the full increase of the total cross section, the
shrinkage of the diffraction peak, the energy dependence of
the r-parameter and even possible residual differences be-
tweenpp and p̄p scattering at the highest energies have not
yet been explained.

Based on all these considerations, in the next sections we
will investigate elasticpp scattering in the context of a mul-
tiple diffraction model.

III. MULTIPLE DIFFRACTION MODEL

A. Previous approach and Martin’s formula

From a phenomenological point of view, multiple diffrac-
tion models are currently identified by each particular choice
of parametrizations for the form factors,GA ,GB and elemen-
tary amplitude,f in Eq. ~2! @15#. With this, the hadronic
amplitude~1! may be investigated and then, in principle, the
physical observables referred to in the beginning of Sec. II

ds

dq2 5puF~q,s!u2, ~3!

s tot~s!54pIm$F~q50,s!%, ~4!

r~s!5
Re$F~q50,s!%

Im$F~q50,s!%
. ~5!

In a previous approach, elasticpp and p̄p scattering were
investigated in a multiple diffraction model through the fol-
lowing parametrizations for the form factors and elementary
amplitude@17,18#

G5S 11
q2

a2D 21S 11
q2

b2D 21

, ~6!
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f 5 iC

12
q2

a2

11
q4

a4

, ~7!

wherea2, b2, a2, andC are free parameters. We introduced
here a small change in the previous notation of the elemen-
tary amplitude which will be suitable in what follows.

The justifications for the above parametrizations were ex-
tensively discussed and explained in@18# and @19# and will
not be reproduced here. We only recall that Eq.~7! is in
agreement with the results from model-independent analysis
for the dynamical part of the eikonal as obtained by Buenerd,
Furget, and Valin@20# and Carvalho and Menon@21#. Dis-
cussion on this subject may be found in@15# and @22#.

With the parametrizations~6! and ~7! the eikonal in Eq.
~2! is purelly imaginary and so the hadronic amplitude~1!. In
the previous approach the real part of this amplitude was
estimated through Martin’s formula@23#

ReF~q,s!5
d

dq2
@rq2ImF~q,s!#, ~8!

using the experimentalr value at each energy. With this
approach a satisfactory description of experimental data on
differential and integrated cross sections was obtained
@17,19,24#.

However, a crucial point concerns the use of the above
formula and this deserves some discussion. First, as derived
by Martin the formula holds only for values of the momen-
tum transfer infinitesimally small and at the asymptotically
high-energy regime@23#. The formula may also be derived
through the geometrical scaling hypothesis@25# and in this
case its applicability should be limited to the ISR energy
region. Corrections to Martin’s formula were introduced by
Henzi and Valin@26# and numerical analysis from fits of
experimental data by Kundra´t and Lokajicĕk puts serious
limits in its applicability concerning momentum transfer
@27#. This result however has been recently criticized by Ka-
wasaki, Maehara, and Yonezawa who present results favor-
ing the applicability of the formula in the whole region of the
momentum transfer with the data available@28#.

Despite this controversial aspect, a serious problem with
the use of Martin’s prescription is thatr(s) is an input pa-
rameter at each energy and so cannot be investigated. This
led us to try a different procedure in the determination of the
real part of the hadronic amplitude and in the next section we
introduce a possible solution for the problem.

B. Complex elementary amplitude

In the context of the multiple diffraction formalism, Eqs.
~1! and ~2!, associated with a complex hadronic amplitude,
FAB , one should expect a complex elementary~parton-
parton! amplitude

f ~q,s!5Ref ~q,s!1 i Imf ~q,s!.

FIG. 1. Results for the elasticpp differential
cross section atAs552.8 GeV. The imaginary
part of the amplitude was calculated using previ-
ous parametrizations@17,18# and the real part
through ~a! Martin prescription~8!, and ~b! the
ansatz~10!, with l50.055. In both cases it is
shown the contributions from the real part~dot-
ted!, imaginary part~dashed!, and complex am-
plitude ~solid!. Experimental data onds/dt are
from @3# and ther value in Martin’s formula
from @2#.
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In this sense, the approach discussed in the last section cor-
responds to the assumption of Ref (q,s)50 and

Imf ~q,s!5C

12
q2

a2

11
q4

a4

. ~9!

Lacking both theoretical and experimental information about
the elementary phase we will assume, as a first approxima-
tion, a proportionality relation between real and imaginary
parts at each energy@29#

Ref ~q,s!5l~s!Imf ~q,s!, ~10!

where l(s) is a free parameter. With this assumption the
eikonal in Eq.~2! may be expressed by

x~b,s!5~l1 i !V~b,s!, ~11!

where, for the proton-proton case,

V~b,s!5^G2Imf ~q,s!&, ~12!

with G given by Eq.~6! and Imf (q,s) by Eq. ~9!. With this,
the real and imaginary parts of the hadronic amplitude read

Re$F~q,s!%5^e2V~b,s!sin„lV~b,s!…&, ~13!

Im$F~q,s!%5^12e2V~b,s!cos„lV~b,s!…&. ~14!

Substituting parametrizations~6! and~9! for G and Imf in
Eq. ~12!, the ‘‘opacity’’ V(b,s) is analytically evaluated.
Then, Eqs.~13! and~14! lead to the differential cross section
~3!.

As a first test of the ansatz~10! we calculate the imagi-
nary part of the hadronic amplitude, using yet the parametri-
zations from the previous approach@17,18#; then the real part
was evaluated through both Martin’s prescription~8! and the
ansatz~10!. For pp elastic scattering atAs552.8 GeV~larg-
est interval in momentum transfer with data available@3#! the
differential cross section is well described forl50.055 and
we display both results in Fig. 1.

TABLE I. Values of the free parameters from fits ofpp differ-
ential cross section andr data at each energy.

As C(s) a22(s) l(s) Ca2

~GeV! ~GeV22) ~GeV22)

13.8 9.970 2.092 20.094 4.77
19.4 10.050 2.128 0.024 4.72
23.5 10.250 2.174 0.025 4.71
30.7 10.370 2.222 0.053 4.67
44.7 10.890 2.299 0.079 4.74
52.8 11.150 2.370 0.099 4.70
62.5 11.500 2.439 0.121 4.72

FIG. 1 ~Continued!.
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We see that the predictions for the real part are similar in
both cases: they present two zeros~change of sign! and its
contributions to the differential cross sections are important
only in the dip region.

Since the imaginary part of the amplitude presents a zero
and the real part of the Martin formula is obtained by the
derivative ~8!, the contribution of this part is out of phase
and then the differential cross sections does not vanish in the

dip region@23#. With the assumption~10! for the elementary
amplitude the same effect is obtained in the hadronic ampli-
tude due to sin and cos terms in Eqs.~13!, ~14!, and the
result is in qualitative agreement with the predictions of ze-
ros ~change of sign! from dispersion relation@30#.

Based on this satisfactory result with the complex elemen-
tary amplitude, we investigated the simultaneous descrip-
tions of all physical observables referred before, Eqs.~3!,
~4!, and~5!. To our knowledge this has never been achieved
through geometrical or multiple diffraction models and we
will return to this point later.

Trying global descriptions forpp elastic scattering, be-
sides the use of the complex elementary amplitude, we re-
analyzed the fits and parametrizations, improving some as-
pects of the previous approach. We discuss in detail the
central points in what follows.

C. Fits of experimental data

As explained in the last two sections, our approach has
only five free parameters: two associated with the form fac-
tor, a2 and b2, and three with the elementary amplitude,
C, a2, andl.

We analyzed 7 sets ofpp experimental data above 10
GeV ~Table I! and the fits were performed only of the dif-
ferential cross section data@3,31# and r parameter data
@2,32# at each energy. The fit procedure consists of two steps.

~1! Takingl50 in Eq. ~11! the hadronic amplitude, Eqs.
~13! and ~14!, is purely imaginary. For this case we deter-
mined the values of the parametersC, a2, b2, anda2 that
reproduce the differential cross section data at each energy
so as to present the zero at the dip position.

FIG. 2. Values of the free parametersC anda22, from Table I,
that fit experimental data~circles! and parametrizations through
Eqs.~16! and ~17! ~solid line!.

FIG. 3. Values of the free parameterl, from Table I, that fit
experimental data~circles! and parametrizations through Eq.~18! in
the cases~19! ~dot! and ~20! ~dash!.
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~2! With the values of the above four parameters as input
we then calculated the value ofl that reproduces the experi-
mentalr value at each energy.

Step ~1! comes essentially from the previous approach
and has been discussed and explained in detail in@19#.

With the above procedure a satisfactory description ofr
and ds/dq2 experimental data was obtained with two con-
stant free parameters

a258.20 GeV2, b251.80 GeV2, ~15!

and only three parameters depending on the energy:C(s),
a2(s), andl(s). The values are shown in Table I for each
set analyzed.

In order to obtain a formalism able to make predictions to
other energies we then proceed to investigate parametriza-
tions for the data displayed in Table I.

D. Parametrizations as a function of the energy

The choice of suitable and consistent parametrizations is a
crucial point, mainly concerning extrapolations. We will dis-
cuss this aspect in detail in what follows and also in Sec. IV.
We first analyze the dependences ofC anda22, which de-
termines the imaginary part of the hadronic amplitude~and
so the total cross section! and after the dependence ofl
~associated only with the real part of the amplitude!.

The values ofC and a22 from Table I are displayed in
Fig. 2 and we see that both increase with the energy, present-
ing positive curvatures.

Experimentally, total cross sections grow like@ lns#n,
n51 or 2, at and above ISR and there is indication of
‘‘qualitative’’ saturation of the Martin-Froissart bound,
n52.260.3 @33,7#. Also, from gauge field theory, lowest
order cross sections for particle production~unitarity! present
lns terms@34,35#. Based on these facts and from the behavior
shown in Fig. 2, we introduced fits through polynomials

(
n50

N

anF ln
s

s0
Gn

,

which is different from our early parametrizations@17–19#.
Both sets of points are statistically consistent with polynomi-
als of second degree@36# and through linear regression we
obtained@37#

C~s!514.321.65@ ln~s!#10.159@ ln~s!#2 ~GeV22!,
~16!

1

a2 52.5720.217@ ln~s!#10.0243@ ln~s!#2 ~GeV22!

~17!

and we tooks051 GeV2. In Fig. 2 we show the above
parametrizations together with the fit values from Table I.
Physical interpretations and critical remarks concerning pa-
rametrizations~16! and ~17! will be presented in Sec. IV B.

In the case of parameterl the choice of a suitable param-
etrization demands further discussions. Empirical analysis of

FIG. 4. Model predictions for the differential
cross sections in cases 1, Eq.~19!, and 2, Eq.~20!
~indistinguishable! and experimental data~@31#
for As513.8 and 19.4 GeV and@3# for the other
energies!. Curves and data were multiplied by
factors of 1062.
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the influence ofl in the hadronic amplitude showed that its
behavior is similar to that of ther parameter. That is, ifl
increases~decreases! alsor increases~decreases! andl50
at the same energy value wherer50. We will return to this
point in Sec. IV C. Since there is no experimental informa-
tion on r(s) above 62.5 GeV we have, in principle, serious
limitations in the choice of parametrizations. That is, in order
to make extrapolations to high energies in our strictly phe-
nomenological approach, we should infer ther behavior or
investigate limiting cases. With this last possibility in mind,
we recall the general belief that, aboveAs;100 GeV,r(s)
has a maximum and then goes asymptotically to zero through
positive values@7#. However, how fast this happens depends
on model assumptions. In order to test these possibilities we
considered two different approaches to zero, which could be
understood as some kind of limiting cases, that is, slow and
fast convergences. The point as we shall show is to investi-
gate the influence of these assumptions in the description of
the experimental data.

In Fig. 3 we display the values ofl from Table I. Based
on this behavior and on the above considerations we intro-
duce the following general parametrization:

l~s!5
A1ln~s/s0!

11A2@ ln~s/s0!#1A3@ ln~s/s0!#2
. ~18!

In this formulas0 controls the point wherel(s) @andr(s)#
reaches zero andAi , i 51,2,3 the maximum and asymptotic
behavior. As the two limiting cases we took

case 1: A156.9531022, A250.118,

A351.5031022, ~19!

case 2: A159.0831022, A250.318,

A351.70310210 ~20!

ands05400 GeV2 in both cases. Figure 3 shows these pa-
rametrizations up toAs5105 GeV.

With the parametrizations forC(s), a22(s), and l(s),
Eqs. ~16!, ~17!, and ~18!, respectively~cases 1 and 2!, and
result ~15! for the remaining parametersb2 anda2, all free
parameters are completely determined. Through the formal-
ism described in Secs. III A and III B, Eqs.~6!, ~9! and~12!
to ~14!, the three physical observables~3!, ~4! and~5! may be
predicted.

E. Model predictions and experimental data

As explained in Sec. III C our fits were performed only on
differential cross section andr parameter data in the interval
As513.8262.5 GeV. In this section we first check the pre-

FIG. 4 ~Continued!.
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dictions in the intervalAs5102100 GeV ~accelerator en-
ergy region! and then display the extrapolations up to 105

GeV ~cosmic-ray energies and future accelerators!.

1. Accelerator energy region

Figures 4 and 5 show the model predictions~cases 1 and
2! for thepp differential cross section,r parameter and total

cross sections, together with the experimental data available.
We observe that in this interval, cases 1 and 2 are distin-
guishable only forr(s) ands tot

pp(s) and belowAs;15 GeV.
With the exception of the diffraction minimum~dip! at the
highest ISR energies, the agreement with the experimental
data is quite good. In Sec. IV C we will return to this over-
estimation of the differential cross section in the dip region.

2. Extrapolations to higher energies

Assuming that our parametrizations hold at higher ener-
gies we calculate the predictions forr(s), s tot

pp(s) up to
As5102 TeV ~cosmic-ray region! and for the differential
cross sections at 10, 15, and 20 TeV~future LHC!.

We show in Fig. 6 the predictions forr(s) in cases 1 and
2 ~Fig. 5! and the experimental data available. We under-
stand that case 1 should be the most reliable from a conser-
vative point of view. The similarities betweenr(s) andl(s)
~Fig. 3! will be discussed in Sec. IV C.

The predictions for the total cross section are shown in
Fig. 7, together with accelerator data~Fig. 5! and results
from cosmic-ray experiments which, due to the existing dis-
crepancies, we briefly review in what follows.

The information available on proton-proton total cross
section, s tot

pp , from cosmic-ray air showers are obtained
through thep-air inelastic cross section,sp-air

inel . However,
either the determination of thesp-air

inel or the relation between
sp-air

inel ands tot
pp are model dependent@5#. In the detailed analy-

sis of data from Fly’s eyes experiment, Gaisser, Sukhatme,
and Yodh~GSY!, estimated the limit

s tot
pp>130 mb at As;30 TeV.

FIG. 5. Model predictions for ther parameter~a! and total cross
section~b! in cases 1, Eq.~19! ~solid!, and 2, Eq.~20! ~dash! and
experimental data~@2# and@32# for r and@2# and@38# for the total
cross section!.

FIG. 6. Predictions for ther parameter in cases 1 and 2 and
experimental data~Fig. 5!.
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Making use of the Chou-Yang relation betweens tot
pp and the

slope parameter, they calculated@5#

s tot
pp5175227

140 mb at As540 TeV.

More recently, based on analysis of the extensive air shower,
the Akeno Collaboration presented results in the interval
As:6225 TeV. In particular they found@4#

s tot
pp5133610 mb at As540 TeV,

which is incompatible with the GSY result. However, Ni-
kolaev showed thatsp -air

inel inferred by the Akeno group
should be identified with an absorption cross section and that
this originates an increase of;30 mb in the Akeno results
for s tot

pp . From the Nikolaev analysis@6#,

s tot
pp51602170 mb atAs540 TeV,

which is in agreement with the GSY calculation.
Although the Akeno results are usually referred to in the

literature, the analysis either by Nikolaev or by GSY seems
correct and both are incompatible with Akeno.

All this information is displayed in Fig. 7, together with
accelerator data and our predictions in cases 1 and 2. We see
that the model predictions are in complete agreement with
Nikolaev and GSY results and this implies in a faster in-
crease of the total cross section than usually believed. In
particular we predict

s tot
pp5147 mb at As516 TeV,

and

s tot
pp5176 mb atAs540 TeV.

Further discussion on the subject will be presented in Sec.
IV A.

Concerning the differential cross section, we calculate the
predictions in the region to be reached by the CERN’s LHC,
which are displayed in Fig. 8. The results present no dip but
a shoulder atutu;0.5 GeV2 and atutu.4 GeV2 the curves
decrease smoothly with no other structures.

IV. DISCUSSION

The model described presents three parameters that de-
pend on energy:a2, C, andl. In this last section we discuss
some critical points and physical interpretation concerning
the parametrizations and predictions.

A. High-energy extrapolations and total cross sections

Our parametrizations~16! and~17! for C(s) anda22(s),
respectively, were based on experimental information only in
the interval 13.8<As<62.5 GeV and in both cases the
points indicate an increase with the energy~Table I, Fig. 2!.
A crucial question concerns this limited region since differ-
ent explicit parametrizations, statistically consistent with the
set of points, may differ arbitrarily when extrapolated to
higher energies.

However, constraints on the choice of parametrizations
may be found through physical information available and
this played an important role in our approach. As mentioned
in Sec. III D, our strategy was based on the general assump-
tion of the expected lns behavior of soft processes and on the

FIG. 7. Predictions for the proton-proton total cross section and
experimental informations: accelerator data@2,38# ~crosses!, Akeno
@4# ~circles!, Nikolaev @6# ~triangles!, GSY limit at 30 TeV@5# (↑)
and GSY result at 40 TeV@5# ~square!.

FIG. 8. Predictions for thepp differential cross section at 10
~solid!, 15 ~dash!, and 20 TeV~dot!.
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reasonable hypothesis of polynomial functions on lns. With
these constraints, we have a linear system in the free param-
eters of the polynomials~with the exception of the assumed
values051 GeV! and the statistical solution is unique@36#,
leading to the forms~16! and~17! which describe the points
quite well.

On extrapolating the predictions for the total cross section
to cosmic-ray energies, our results agree very well with both
analyses by Nikolaev@6# and by Gaisser, Sukhatme, and
Yodh @5# ~Fig. 7!. Since the approaches by these authors are
totally independent of the considerations and assumptions we
have made, and, as far as we know, there is no criticism
concerning their results, the agreement shown in Fig. 7 sug-
gests a real increase of thepp total cross section faster than
generally expected. In particular we predict

s tot
pp591.6 mb atAs51.8 TeV,

which is higher than even the Collider Detector at Fermilab

~CDF! result for p̄p, s tot
p̄p580.0362.24 mb@39#. This seems

to favor the ‘‘Odderon hypothesis’’@40#, a problem which
still ‘‘remains entirely open both from the theoretical as well
as from the experimental point of view’’@41#.

B. Blackening and expansion

The parametera2 coming from the hadronic form factor
~6! is associated with the radius defined by

R2~s!526
dG~q,s!

dq2 U
q250

and from Eq.~6!

R~s!5~0.483!F 1

a2~s!
1

1

b2G1/2

~ fm!. ~21!

Through parametrization~17! for a22 and b251.80
GeV2, Eq. ~15!, the radius increases with the energy as
shown in Fig. 9. We can then interpret the parametera2 as
associated with the well known ‘‘expansion effect’’@35#.

The parameterC corresponds to the ‘‘absorption con-
stant’’ in the Chou-Yang picture@14,42# and is associated
with the number of constituent partons in the context of the
Glauber approach@12,13#. It then controls the ‘‘blackening
effect’’ coming from the absorption. Our results, as in the
previous approach@17,19#, mean that hadrons become
blacker and simultaneously larger as the energy increases, in
agreement with the ‘‘BEL behavior’’~Black, Edgie, and
Large! found by Henzi and Valin@43#.

These effects may be investigated through the behavior of
the inelastic overlap function,Gin(b,s), which is calculated
from the unitarity condition in the impact parameter space
@44#

2 ReG~b,s!5uG~b,s!u21Gin~b,s!, ~22!

whereG(b,s) is the profile function, the Fourier transform of
the hadronic amplitude~1!:

G~b,s!512eix~b,s!. ~23!

In Fig. 10 we showGin(b,s) as function of the energy and
for some fixed values of the impact parameterb. In the re-
gion 10 to 100 GeV@part ~a!# we observe the simultaneous
increase ofGin at all values of the impact parameter. In part
~b! we show the central (b50) and peripheral (b51 fm!
regions extrapolated toAs5105 GeV. We observe that in the
central region the curvature becomes negative above
As5100–200 GeV and in the peripheral region, above
As;103 GeV. The black disk limit (Gin51) however seems
very far to be reached, i.e., much higher than 105 GeV.

SinceC(s) anda2(s) control the blackening and expan-
sion effects, respectively, the dimensionless quantityCa2

gives information on the influence of each effect as function
of the energy. Figure 11 shows the predictions obtained by
means of parametrizations~16! and ~17! up to 105 GeV,
together with the values from fit~Table I!. We observe a
minimum atAs;30 GeV, a change of sign in the curvature
~becomes negative! aboveAs.103 GeV and the asymptotic
limit value ;6.5 ~from the parametrizations!.

C. Forward real-to-imaginary ratios of the partonic
and hadronic amplitudes

An essential characteristic of the Glauber multiple diffrac-
tion formalism is to connect elastic scattering cross sections
for composite particles~originally nuclei and after nucleons!
with the scattering amplitudes of their individual components
~originally nucleons and after partons, respectively!
@12,13,45#. In this context, the assumption~10! of propor-
tionality between real and imaginary parts of the elementary
~parton-parton! amplitude means that, in particular,

l~s!5
Ref ~q50,s!

Imf ~q50,s!
,

FIG. 9. Radius calculated through Eq.~21! with b251.80 GeV2

and parametrization~17! for a22.
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i.e., at the partonic levell(s) plays the same role asr(s) at
the hadronic level, Eq.~5!. The similarities referred to in
Sec. III D betweenl(s) andr(s) may be seen by compari-
sons of Figs. 3 and 6~cases 1 and 2!.

The hypothesis thatl does not depend on the momentum
transfer is a very simple one and has been used here only as
an ansatz. Despite this, from Fig. 1 the resulting contribution
of the real part of the hadronic amplitude to the differential
cross section is in qualitative agreement with the results ob-

tained through Martin’s prescription.
On the other hand, in the context of our approach, the

limitations of this simple ansatz appear when we try simul-
taneous descriptions of cross sections~differential and total!
and ther parameter. As we show in Fig. 4, the predictions
overestimate the differential cross section in the dip region at
the highest ISR energies, leading to a limited description of
the set of physical observables. With the exception of this
point, all the predictions are in agreement with the experi-
mental data~Figs. 4 and 5!. Since the total cross section is
calculated from the imaginary part of the hadronic amplitude
our novel results at cosmic-ray energies are independent of
the effect in the dip region.

We observe that the ansatz~10! may be formally equiva-
lent to some other geometrical and multiple diffraction mod-
els characterized by complex eikonals@20,45–47#. The novel
point here was to treat this hypothesis explicitly and investi-
gate its consequence in the context of the Glauber approach,
as, for example, the strong correlation betweenr(s) and
l(s) seen in Figs. 3 and 6.

To our knowledge, simultaneous and complete descrip-
tions of cross sections~differential and total! and ther pa-
rameter, still remain an open problem in geometrical and
multiple diffraction models. For this reason, we hope, our
results may bring insights for further and deeper develop-
ments.
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FIG. 10. Inelastic overlap function calculated from the eikonal
through Eqs.~22! and ~23!.

FIG. 11. Predictions for the dimensionless quantityCa2 ~see
text! and points from fit~Table I!.

4348 56A. F. MARTINI AND M. J. MENON



@1# M.M. Block and R.N. Cahn, Rev. Mod. Phys.57, 563 ~1985!.
@2# Experimental data onr and total cross sections between 23.5

and 62.5 GeV: U. Amaldi and K.R. Schubert, Nucl. Phys.
B166, 301 ~1980!.

@3# Differential cross section data between 23.5 and 62.5 GeV:
K.R. Schubert, inTables on Nucleon-Nucleon Scattering, ed-
ited by K.-H. Hellwege, Landolt-Bo¨rnstein, Numerical Data
and Functional Relationships in Science and Technology, New
Series, Vol. I/9a~Springer-Verlag, Berlin, 1979!.

@4# M. Hondaet al., Phys. Rev. Lett.70, 525 ~1993!.
@5# T.K. Gaisser, U.P. Sukhatme, and G.B. Yodh, Phys. Rev. D

36, 1350~1987!.
@6# N.N. Nikolaev, Phys. Rev. D48, R1904~1993!.
@7# G. Matthiae, Rep. Prog. Phys.57, 743 ~1994!.
@8# P. Landshoff and O. Nachtmann, Z. Phys. C35, 405 ~1987!.
@9# O. Nachtmann, Ann. Phys.~N.Y.! 209, 436 ~1991!.

@10# H.G. Dosch, Phys. Lett. B190, 177 ~1987!; H.G. Dosch and
Yu.A. Simonov,ibid. 205, 339 ~1988!.

@11# H.G. Dosch, E. Ferreira, and A. Kra¨mer, Phys. Lett. B289,
153 ~1992!; 318, 197 ~1993!; Phys. Rev. D50, 1992~1994!.

@12# R.J. Glauber, inLectures in Theoretical Physics, edited by
W.E. Brittenet al. ~Interscience, New York, 1959!, Vol. I, p.
315; High Energy Physics and Hadron Structure, edited by S.
Devonset al. ~Plenum, New York, 1970!, p. 207.
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