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We calculate the phase shifts in pion-nucleon scattering using the heavy baryon formalism. We consider
phase shifts for the pion energy range of 140 to 200 MeV. We employ two different methods for calculating
the phase shifts—the first using the full third order calculation of the pion-nucleon scattering amplitude and the
second by including the resonancesD andN* as explicit degrees of freedom in the Lagrangian. We compare
the results of the two methods with phase shifts extracted from fits to the pion-nucleon scattering data. We find
good to fair agreement between the calculations and the phase shifts from scattering data.
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The amplitudes for nonleptonic decays of hyperons are
modulated by the final state strong scattering in the manner
of the Fermi-Aidzu-Watson theorem@1#. These final state
phase shifts are crucial in calculating the various
CP-violating asymmetries in hyperon decays@2#. Some of
the asymmetries depend on sind whered is some combina-
tion of the final state scattering phase shifts and a knowledge
of d is necessary to make predictions forCP violations in
hyperon decays. Recently there have been new calculations
@3# of L2p scattering phase shifts in the framework of
heavy baryon chiral perturbation theory~HBCHPT!, with
much smaller results than some earlier dispersive estimates
@5#. Calculations ofL2p phase shifts are relevant to the
measurement ofCP violation in the hyperon decayJ→Lp
@2#. An experiment to measure the combined asymmetry
Da5DaL1DaJ will be carried out in the near future at

Fermilab@4#. Here, for example,DaJ5aJ1aJ̄ and DaJ

is proportional to tan(ds2dp). As a test of how reliable these
phase shift calculations might be, we apply the same tech-
niques to calculate the pion-nucleon phase shift in the energy
range Ep5140–200 MeV, where experimental data exist
and can be compared to the predictions. It is important to
point out that the calculations in Ref.@3# were done in a
SU(2)L3SU(2)R HBCHPT and so we believe that a calcu-
lation in thep2N sector should be a good test of the reli-
ability of the calculations in Ref.@3#.

The pion-nucleon Lagrangian in the heavy baryon has
been written down toO(p3) ~see Ref.@6# and the references
therein! and has been used to calculate theS-wave scattering
lengths for pion-nucleon scattering at threshold@7#. Recently
the pion nucleon scattering has been calculated toO(p3) in
Ref. @8#. We will use the Lagrangian to calculate the phase
shifts away from threshold. Our purpose in this paper is to
check that calculations of the phase shifts based on the
HBCHPT are in reasonable agreement with the experimental
data. We will not be aiming for precise matching of the
theoretical and the experimental numbers but rather we will
be satisfied if our calculations agree with the data to a factor
of about 2. In the next section we describe the pion-nucleon

Lagrangian and describe our calculations while in the fol-
lowing section we discuss our results and summarize our
calculations.

I. PION-NUCLEON LAGRANGIAN

The basic framework that we will employ to calculate the
phase shifts is the heavy baryon chiral perturbation theory
@9#. As is well known, the relativistic formalism of the chiral
Lagrangian with baryons suffers from some severe problems
which arise because the baryon mass does not vanish in the
chiral limit and is not small relative to the scale of chiral
symmetry breaking scaleLx . The baryon four momentum
is, therefore, not small relative toLx which results in the loss
of the one to one correspondence between the loop and the
small momentum expansion in CHPT. In the heavy baryon
formalism, the baryons are treated as static sources and only
the baryon momentum relative to the rest mass is important.
The Lagrangian in this limit is constructed by taking the
extreme nonrelativistic limit of the relativistic Lagrangian
and expanding in inverse powers of the heavy baryon
masses. In this formalism the one to one correspondence
between the loops and the small momentum expansion is
restored.

The lowest order SU(2)L3SU(2)R invariant pion
nucleon Lagrangian can be written as@6#

Lrelativistic5 c̄ F ig•D2m1
gA

2
gmg5umGc

——→
static limit

c̄ @ ig•D1gAS•u#c, ~1!

where

Sm5
ig5smnvn

2
,

Dm5]m1Vm ,
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Vm5
1

2
@ j†]mj1j]mj†#,

um5 i @ j†]mj2j]mj†#

j5eipaTa /Fp

~pa represents the pion with isospin indexa!,

vn is the nucleon four velocity and in the rest frame of the
nucleonSm is the spin operator.Fp593 MeV is the pion
decay constant,Ta51/2ta are the isospin generators, and
gA;1.26 is the axial vector coupling measured in the neu-
tron b decay. This Lagrangian generates the vertices

vector coupling:
1

4Fp
2

«abc~v•k11v•k2!tc,

axial vector coupling:
gA

Fp
S•k2 ta,

where k1 is the incoming pion momentum andk2 is the
outgoing pion momentum. To the Lagrangian above we have
to add the pion LagrangianLp,p whose form is well known
~for a recent review see Ref.@6#!. We can organize the La-
grangian in terms of the small momentum in the calculation

L~p,N!5L1~p,N!1L2~p,N!1L3~p,N!, ~2!

whereLi(p,N) generates terms of;pi , p being the small
momentum. As already mentioned the scattering amplitude
has been calculated to third order in the small momentump
in Ref. @8#. The low energy constants that appear in the chiral
Lagrangian were fixed by fitting to the available pion-
nucleon data on the threshold parameters like scattering
lenghts, volume, effective ranges, etc., the pion-nucleons
term, and the Goldberger-Treiman discrepancy. It was noted
in Ref. @8# and also verified by us that the full third order
calculation results in a better description of the data. How-
ever, the expansion in the small momentum appears to be
slowly converging with contributions from the various orders
being sometimes of the same magnitude indicating the im-
portance of higher order calculations. The calculations are
expected to give good agreement with data near threshold
but we will use these results to calculate the phase shifts
away from threshold in the energy range 1080<As<1130
MeV. As mentioned in the introduction we are only intersted
in a reasonable agreement, by about a factor of 2, of our
calculations with the experimental data.

The low energy constants inL2(p,N)1L3(p,N) have
also been estimated from the resonance exchange approxi-
mation. The basic idea is to start from a fully relativistic
Lagrangian involving the pion and the nucleon resonances.
The resonances are then integrated out from the theory to
produce the higher dimensional terms in the pion-nucleon
Lagrangian. In this scenario theD and theN* ~1440! and the
other resonances are not included as dynamical degrees of
freedom in the effective theory for pion-nucleon scattering.
The resonance approximation is clearly expected to work
well close to threshold so that the resonances are far enough
to be integrated out of the theory. The fact that theD(1232)

is sufficiently close to the energy region we are interested in
can be a motivation to include theD as an explicit degree of
freedom in the chiral Lagrangian. We therefore include theD
in our calculations and write the total Lagrangian as

L5L~p,N,D!5L~p,N!1L~p,N,D!. ~3!

The disadvantage of including theD as an explicit degree of
freedom is that the consistent power counting in HBCHPT is
destroyed. This problem can be solved by treating
mD2mN5D as a small parameter and then considering a
chiral Lagrangian expansion in the small momentump
which now includes theD @10#. Moreover, the full third or-
der calculation should also include the additional loop con-
tributions due to theD. In this paper, however, we will not
follow the approach of Ref.@10# but for the purpose of the
paper it will be sufficient to include only the tree level con-
tribution fromL(p,N)1L(p,N,D). A calculation based on
this approximation may give a better description of the data
for theP33 phase shift, where theD shows up as a resonance,
compared to a calculation without theD included in the La-
grangian. However, we would like to stress that a full con-
sistent third order calculation including theD should be per-
formed before drawing any conclusion about the inclusion of
theD in the Lagrangian. We will also include theN* (1440)
in the Lagrangian whose effect may be important for theP11
phase shift. We will also expand the tree level contribution
of the D and theN* resonances in powers of the small mo-
mentum and try to understand the dominant contributions
@11#.

Following Jenkins and Manohar@12# one can incorporate
the D by writing the Lagrangian

L~pND!5
3gA

2A2Fp

@ T̄maum
aN1N̄um

a Tma#, ~4!

Tm15
1

A2 F D112
D0

A3

D1

A3
2D2

G , ~5!

Tm25
i

A2 F D111
D0

A3

D1

A3
1D2

G , ~6!

Tm352A2

3 FD1

D0 G , ~7!

where

um
a 5 iTr~Taj1]mUj1!,

U5j2.

We can include theN* ~1440! in our calculation also and
write the interaction Lagrangian involving theN* , pion, and
the nucleon as
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L~pNN* !5gN* NpcN* S•u cN . ~8!

The couplinggN* Np can be fixed from the branching fraction
of N*→Np @13#.

In the static limit the momentum of off-shellN,D and
N* ~1440! are written as

PN5mNv1k,

PD5mDv1k,

PN* 5mN* v1k,

where

k;p;kp!mN,D,N* .

The propagators for the various fields in the heavy baryon
limit are

SF~N!5
i

v•k
5SF~N* !,

SF~D!52
i

v•k2D Fgmn2vmvn1
4

3
SmSnG ,

while the pion propagator is

D~p!5
i

q22mp
2

.

Calculation procedure

The pion-nucleon scattering amplitude with the outgoing
~incoming! pion carrying the isospin indexb(a) can be writ-
ten as

Tba5T1dab1 i«bacT2tc. ~9!

Our job is to calculateT1,T2. Having obtained these we can

isolate theT(isospin)5 1
2 and T(isospin)5 3

2 amplitudes in
the following manner. We first calculate

T~pp2→pp2!5T11T2,

T~pp2→np0!52A2 T2.

We can then use these amplitudes to extract

aT5 1/25T~pp2→pp2!2
1

A2
T~pp2→np0!

5T112T2, ~10!

aT5 3/25T~pp2→pp2!1A2 T~pp2→np0!

5T12T2. ~11!

Next we expand the isospin amplitudes in partial waves
(S,P waves! as

aT5 1/25S111~2P131P11!cosu

1 isinus–n̂ ~P132P11!, ~12!

aT5 3/25S311~2P331P31!cosu

1 isinus–n̂ ~P332P31!, ~13!

where the subscripts refer to twice theI (isospin ) and
J(angular momentum) values,n̂5(k13k2)/uk13k2u, and
u is the scattering angle.

For a given partial wave amplitudeA2I ,2J the phase shift
d2I ,2J , for small phase shift, is

A2I ,2J1;eid2I ,2Jsind2I ,2J'd2I ,2J , ~14!

wheres is the center-of-mass~c.m.! energy. The scattering
amplitude is in general complex and it develops an imagi-
nary part at orderp3. The above approximation assumes that
the imaginary part of the scattering amplitude is small for
small phase shifts. The contributions fromL1 to the ampli-
tudes are

T15
gA

2

Fp
2 v

i«mnrsvrSsk1mk2n ,

T25
v

2Fp
2 F12

gA
2~v22k1•k2!

v2 G , ~15!

wherev5v•k. The contributions from theD exchange are

T~pp2→pp2 with D exchange!

5F 3gA

2A2F

2

3G 2

i ū pF ~v22k1•k2!
v22D

v22D2

1 i«mnrsvrSsk1mk2n

D22v

v22D2Gup , ~16!

T~pp2→np0!5F 3gA

2A2F

2

3G 2

A2i ~2 ū n!

3F ~v22k1•k2!
v

v22D2

1 i«mnrsvrSsk1mk2n

D

v22D2Gup , ~17!

where

D5mD2mN .

From these expressions one can check that there is a pole
only for the P33 channel where theD shows up as a reso-
nance.

Following Ref. @11# we can, forv,D, expand theD
contribution in powers ofv/D. We can think of the various
terms in the expansion as coming from higher order terms,
beginning at orderp2, of the chiral Lagrangian. We will
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truncate the expansion at orderp4 and compare the results
with the calculation done with including the fullD contribu-
tion.

The contributions fromN* are

T15
gN* Np

2

Fp
2 v

i«mnrsvrSsk1mk2n

v

v22M2

2
gN* Np

2Fp
2 ~v22k1•k2!

M

v22M2
,

T25
gN* Np

2

Fp
2 v

i«mnrsvrSsk1mk2n

M

v22M2

2
gN* Np

2Fp
2 ~v22k1•k2!

v

v22M2
, ~18!

where

M5mN* 2mN .

In this case the pole shows up in theP11 channel at theN*
mass. Like in the case for theD, we will also do an expan-
sion to orderp4 by expanding the denominator in the above
equations in powers ofv/M .

We therefore consider two cases in our calculations. In
the first case we include theD and theN* ~1440! in the
effective Lagrangian and consider only the tree level contri-
butions. For the second case we will use the full third order
calculation without theD and theN* given in Ref.@8#. All
the details of the calculation can be found in Ref.@8# and we
do not repeat them here. We will call the results of the cal-
culations of the two cases as Result 1 and Result 2.

II. RESULTS AND DISCUSSIONS

In this section we present and discuss our results. We
show our results for theS11, S31, P11, P13, P31, and P33
partial waves. We compare our result to phase shifts ex-
tracted from fits to pion nucleon scattering data which were
obtained from theSAID program@14#. In each figure we show
generally three curves. Two curves show the calculation for

FIG. 1. S11 phase shifts. The solid, dotted lines correspond to
calculation 1, 2 while the symbol ‘‘circle’’ represents the phase
shifts extracted from fits to the pion-nucleon scattering data.

FIG. 2. S31 phase shifts. The solid, dotted lines correspond to
calculation 1, 2 while the symbol ‘‘circle’’ represents the phase
shifts extracted from fits to the pion-nucleon scattering data.

FIG. 3. P11 phase shifts. The solid, dotted lines correspond to
calculation 1, 2 while the symbol ‘‘circle’’ represents the phase
shifts extracted from fits to the pion-nucleon scattering data.

FIG. 4. P13 phase shifts. The solid, dotted lines correspond to
calculation 1, 2 while the symbol ‘‘circle’’ represents the phase
shifts extracted from fits to the pion-nucleon scattering data.

56 4325PION-NUCLEON PHASE SHIFTS IN HEAVY BARYON . . .



the two cases described above and the the third curve shows
the phase shifts obtained from fits to experimental data from
the SAID program. The errors for the phase shifts are avail-
able from theSAID program for certain single energy values.
They vary typically from 0.1 to 0.3 degrees. In the energy
range we are interested in there are no error calculations
available for the phase shifts for theP13 and theP31 partial
waves. We, therefore, do not show the error bars in our
graphs. We also limit ourselves to small phase shifts, typi-
cally, ,10 degrees or in the energy range 1080–1130 MeV,
corresponding to a pion energy rangeEp'140–200 MeV,
which includes theL→Np region.

In Fig. 1 we show theS11 phase shifts. We find the agree-
ment with data is good to about 1100 MeV for calculations 1
and 2 beyond which the calculated phase shifts are larger
than the experimental ones. The results of calculation 2
based on the calculations of Ref.@8# are in better agreement
with the data compared to calculation 1. In Fig. 2 we show
the S31 phase shifts. The agreement between the results of
calculation 1 and experiment is reasonably good, with the
result of calculation 1 being in better agreement with data
than calculation 2, though near threshold the result of calcu-
lation 2 is in better agreement with data. In Fig. 3 we show
the P11 phase shifts. The agreement between data and the
calculation is better for Result 2 which describes the data
quite well for most of the energy range. The tree level con-
tribution from theN* included in Result 1 improves agree-
ment with data, but as already mentioned the result of calcu-
lation 2 describes the data better than calculation 1,
indicating perhaps the importance of the other resonances
whose effects are included in the low energy constants of the
chiral Lagrangian if one believes in the resonance approxi-
mation. We also note that theN* (1440) may be far enough
in mass from our region of interest to give the dominant
contribution to the phase shift. In Fig. 4 we show theP13
phase shifts. There is moderate agreement with data. The
agreement of calculation 2 with data is much better than that
of calculation 1 again. In Fig. 5 we show theP31 phase
shifts. LikeP13 the agreement is moderately good with data,
with results of calculation 1 and calculation 2 being less and
more than the data. The result of calculation 2 is in good

agreement with the data to the center-of-mass energy of 1100
MeV. In Fig. 6 we show theP33 phase shifts. The agreement
here with experiment is quite good. In this case calculation 1
is in better agreement with experiment than the results of
calculation 2. We also perform calculation 1 but expand the
D and N* contributions toO(p4). The result of this calcu-
lation is close to those of calculation 1 to aboutEc.m.51100
MeV, where the the effects of the higher order terms~higher
thanp4) in the expansion are not significant. Similar agree-
ments between the results of this calculation and calculation
1 are also found for the otherP- and theS-wave phase shifts
for Ec.m.<1100 MeV.

In the light of our results it appears that the results of
calculation 2 are in better agreement with data than the re-
sults of calculation 1 except for theS31 and theP33 phase
shifts. For theP33 phase shift this is probably due to the fact
that theD contribution dominates the phase shift. However,
as mentioned earlier, the expansion in small momentum is
slowly converging and higher order terms are important. The
inclusion of higher order terms in calculation 2 may improve
the agreement with data for theP33 phase shift.

In summary we have calculated theS andP phase shifts
in pion-nucleon scattering in heavy baryon chiral perturba-
tion theory. We find that HBCHPT can give reasonable de-
scription of the phase shifts away from threshold in the en-
egy range 1080–1130 MeV. The inclusion of theD may be
necessary for theP33 phase shift but no final conclusion can
be reached until higher order calculations are done. Based on
these results, the results obtained earlier forL2p phase
shifts are probably correct within a factor of 2 and thus con-
firm the smallness of theL2p phase shifts and in turn the
smallness ofDaJ .

We would like to thank G. Valencia, B. L. Young, and K.
Lassila for useful discussions. This work was supported in
part by U.S. DOE Grants No. DE-FG 03-94ER40833~S.P.!
and No. DE-FG02-92ER40730~A.D.!.

FIG. 5. P31 phase shifts. The solid, dotted lines correspond to
calculation 1, 2 while the symbol ‘‘circle’’ represents the phase
shifts extracted from fits to the pion-nucleon scattering data.

FIG. 6. P33 phase shifts. The solid, dotted lines correspond to
calculation 1, 2 while the symbol ‘‘circle’’ represents the phase
shifts extracted from fits to the pion-nucleon scattering data. In this
figure we also show the result of calculation 1~Result 3! with theD
and theN* contributions expanded toO(p4), represented by the
long-dashed line.
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